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EXISTENCE OF SOLUTIONS TO
FRACTIONAL DIFFERENTIAL EQUATIONS
WITH FRACTIONAL-ORDER DERIVATIVE

TERMS*

Ai Sun'2?, Youhui Su®', Qingchun Yuan? and Tongxiang Li?

Abstract The study in this paper is made on the nonlinear fractional d-
ifferential equation whose nonlinearity involves the explicit fractional order
Dg +u(t). The corresponding Green’s function is derived first, and then the
completely continuous operator is proved. Besides, based on the Schauder’s
fixed point theorem and the Krasnosel’skii’s fixed point theorem, the sufficient
conditions for at least one or two existence of positive solutions are estab-
lished. Furthermore, several other sufficient conditions for at least three, n or
2n — 1 positive solutions are also obtained by applying the generalized Avery-
Henderson fixed point theorem and the Avery-Peterson fixed point theorem.
Finally, several simulation examples are provided to illustrate the main results
of the paper. In particularly, a novel efficient iterative method is employed for
simulating the examples mentioned above, that is, the interesting point of this
paper is that the approximation graphics for the solutions are given by using
the iterative method.
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theorems, numerical simulation.
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1. Introduction

Generally speaking, the fractional differential equation comprises integer order dif-
ferential equation, and therefore, in the description of properties of various mate-
rials, fractional order models are more accurate than integer order models. Frac-
tional calculus provides potentially the useful tools for solving differential and in-
tegral equations, and other problems [13,15]. The fractional differential equation
or fractional calculus has enjoyed considerable popularity due to their applications
in various sciences, such as physics, chemistry, biology, engineering, finance and
dynamical control, etc [1,4,11,12,21,22,25,29]. More recent results are described
in [3,8,14,18-20,23, 24,26-28].
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In [6], Goodrich investigated the following problem

Dg,u(t) + f (t,u(t)) =0, te(0,1), n—-1<a<n,
u(0) =0, i=0,1,---,n—2,
|:Dg+u(t):|t:1:03 1§ﬂ§n723

where D, is the standard Riemann-Liouville fractional derivative of order a (n —
1 <a<mn)and f: [0, 1] x [0,4+00) — [0,400) is continuous. By applying the
Krasnosel’skii’s fixed point theorem, he proved the existence of at least one positive
solution.

In [5], Chen et al. studied the following fractional differential equation

D¢, u(t) + f (t,u(t),u'(t))) =0, te(0,1), n—1<a<n,
u(0) =0, i=0,1,---,n—2,
|:D§+U(t):| =1 = 07 2 S ﬁ S n— 27

where n > 4 (n € N), D, is the standard Riemann-Liouville fractional derivative of
order v and f(t,u,u’) : [0, 1] x [0, +00) x R — [0, +00) satisfies the Carathéodory
type condition. They obtained sufficient conditions for the existence of at least
one or multiple positive solutions to the above equation by using the fixed point
theorems.

In [10], Luca considered the following fractional differential equation

DS u(t) + f (t,u(t)) =0, te(0,1),
u(0) = u/(0) = u”(0) = --- = u(»2)(0) = 0,
DY u(1) = [y Dy, u(t)dH(t),

wherea €R, a € (n—1,n], neN, n>3, p, geR, pe [1,n—2], ¢ €[0,p], DE,
is the standard Riemann-Liouville fractional derivative of order k (k = «, p, q), and
the nonlinearity f may change sign and may be singular in the points ¢t = 0, 1. Luca
obtained the existence and multiplicity of positive solutions for the above equation
by means of the Guo-Krasnosel’skii fixed point theorem and some height functions
defined on special bounded sets.

For the existence of positive solutions to the nonlinear fractional differential e-
quation, some authors have obtained a few results, for details, see [14, 18-20, 23,
24,26-28] and the references therein. It is also noted that the above mentioned
references [5, 6, 14, 18-20, 24, 26-28] only considered the existence of positive solu-
tions of fractional differential equation whose nonlinear terms are not involved with
fractional derivative. Besides, they failed to further provide numerical simulation
and comprehensive results of positive solutions to fractional differential equations.
Therefore, it is quite necessary to give the numerical simulation and existence for
positive solutions to fractional differential equations whose nonlinearity involves the
explicit fractional order Dg Lu(t) in all respects.

Motivated by above-mentioned ideas, we all-sidedly consider the following frac-
tional differential equation

Dg.u(t) + f (Lu(t), Dju(t)) =0, te(0,1), 0<B<0-1,
uld(0) =0, i=0,1, ,n—2, (1.1)

(DY u(t)],_, — (1) =0, 0 <A< s, 0<0<n-2,
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where n >4 (n € N), a € (n — 1,n], Df; is the standard Riemann-Liouville frac-
tional derivative of order a and f(t,u,Délu(t)) : [0, 1] x [0, +00) x R — [0, +00)
is a the nonnegative continuous function. The numerical simulation and existence
of positive solutions are discovered in the study. The corresponding Green’s func-
tion is derived first, and then the completely continuous operator of equation (1.1)
is proved. Besides, based on the Schauder’s fixed point theorem and the Kras-
nosel’skii’s fixed point theorem, the sufficient conditions for at least one or two
existence of positive solutions to equation (1.1) are established. Furthermore, sev-
eral other sufficient conditions for at least three, n or 2n — 1 positive solutions
to equation (1.1) are also obtained by applying the generalized Avery-Henderson
fixed point theorem and the Avery-Peterson fixed point theorem. Finally, several
simulation examples are provided to illustrate the main results of the paper. In
particularly, a novel efficient iterative method is employed for simulating the ex-
amples mentioned above, that is, the interesting point of this paper is that the
approximation graphics for the solutions are given by using the iterative method.

This paper is organized as follows. Section 1 is the introduction of the paper.
In Section 2, we state some basic definitions and technical lemmas which lay the
way for the latter part. In Section 3, the corresponding Green’s function and some
properties for equation (1.1) are listed. In Section 4, the completely continuous
operator of fractional differential equation (1.1) is derived. In Section 5, by applying
the Schauder’s fixed point theorem and the Krasnosel’skii’s fixed point theorem,
we discussed the existence of single or twin positive solutions to problem (1.1).
Moreover, we provide two examples and the approximation graphics of the solutions.
In Section 6, by using the generalized Avery-Henderson fixed point theorem and
the Avery-Peterson fixed point theorem, the existence criteria for at least three or
arbitrary n or 2n — 1 positive solutions to problem (1.1) are established. And two
examples with graphics are given here to illustrate our main results.

2. Preliminaries

In this section, some basic definitions and technical lemmas are introduced first to
help us understand the discussions in what follows.

Definition 2.1. The Riemann-Liouville fractional integral of order a > 0 of a
function y: (0, 4+00) — R is given by

1 t
ISy(t) = =—— [ (t—9)*""y(s)d
0+y( ) F(OZ) /0 ( S) y(S) S,

provided that the right side is pointwise defined on (0, +00).

Definition 2.2. The Riemann-Liouville fractional derivative of order o« > 0 of a
function y : (0, +00) — R is given by

Dgalt) = o (jt) / (1= sy Ty s)ds,

provided that the right side is pointwise defined on (0, 4+00), where n = [a] + 1.

Definition 2.3. Let E be a real Banach space. A nonempty closed convex set
P C FE is called a cone if for all z € P and A > 0, Ax € P and if x, —x € P then
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z = 0. Every cone P C E induces an ordering in E given by x < y if and only if
y—zx € P

Definition 2.4. A map J is said to be a nonnegative continuous concave functional
on a cone P of a real Banach space E if § : P — [0, 400) is continuous and

Otz + (1 —t)y) = t6(x) + (1 —1)d(y)

for all z,y € P and ¢t € [0,1]. Similarly we say the map 7 is a continuous convex
functional on a cone P of a real Banach space E if n : P — [0, 400) is continuous
and

n(te + (1= t)y) <tn(z) + (1= t)n(y)
for all z,y € P and t € [0, 1].

Lemma 2.1 (Lemma 1, [9]). Ifa > 0,8 > 0,u(t) € L]0, 1], then

(i) DIy ult) = I %ult), o> f;

(it) D§ 16 u(t) = u(t);

(iii) I, Dg u(t) =u(t) + >0 ct®", n—1<a<n, g€eR,i=12-,n,

D, u(t) € L[0,1];

. r(8+1 -

(iv) Do+ :F(ﬂ(filja)tﬂ a B>-1, >a—1,t>0.
Lemma 2.2 (Lemma 2, [9]). Let o > 0. Then the differential equation

D8‘+u — O

has unique solution u(t) = c1t* ! + cot® 2 4 - fct* " €R, i =1,2,--- 0
heren —1 < a <n.

Lemma 2.3 (Lemma 3, [7]). Let P be a cone in a Banach space E. Assume (4
and Qo are open subsets of E with 0 € Q1 and Q1 C Qa. If A: PN (Q2\Q) — P is
a completely continuous operator such that either
(i) |Tz| < ||z||,Yz € PNOQy and ||Tz| > ||z||,Vz € PN 0Ny, or
(i) |Tz|| > [|z||,Vz € P NI and | Tx| < |z||,Ve € PN OQ2. Then A has a
fized point in PN (22\Q1).

For each d > 0, let P(v,d) = {z € P:v(x) <d}, where v is a nonnegative
continuous functional on a cone P of a real Banach space F.

Lemma 2.4 (Lemma 4, [16]). Let P be a cone in a real Banach space E. Let ¢, ¢
and v be increasing, nonnegative continuous functionals on P such that for some
c>0and H >0, v(z) <((z) <(z) and ||z|| < Hv(z) for allz € P(v,c). Suppose
that there exist positive numbers a and b with a < b < ¢, and T: P(v,c) — P is a
completely continuous operator such that:

(1) v(Tx) < ¢ for all z € OP(v,c);
(i1) ¢(T'z) > b for all x € IP((,b);
(i11) P(¥,a) # 0 and (Tx) < a for x € OP(¢,a).
Then T has at least three fived points x1, o and w3 belonging to P(v,c) such that

0 < ¢(x1) < a<P(za), ((z2) <b<((x3) and v(zsz) < c.
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Lemma 2.5 (Lemma 5, [17]). Let P be a cone in a real Banach space E. Let ¢, ¢
and v be increasing, nonnegative continuous functionals on P such that for some
c>0and H > 0,v(z) < {(z) <¥(z) and ||z|| < Hv(z) for allz € P(v,c). Suppose
that there exist positive numbers a and b with a < b < ¢, and T: P(v,c) — P is a
completely continuous operator such that:

(i) v(Tx) > ¢ for all x € OP(v,c);
(i1) ¢(T'z) < b for all x € IP(C,b);
(ii1) P(¥,a) #0 and (Tz) > a for x € OP(y,a).
Then T has at least three fived points x1, x5 and x3 belonging to P(v,c) such that
0 < ¢(x1) < a<(xa), ((r2) <b<((x3) and v(z3) < c.

Let 7 and ¢ be nonnegative continuous convex functionals on P, § be a non-
negative continuous concave functional on P and 6 be a nonnegative continuous
functional on P. We define the following convex sets:

P(p,0,b,d) ={x € P: b<d(z), p(z) <d},
P(p,n,8,b,c,d) ={z € P: b<d(x), n(z) <c, o(x) <d},

and
R(p,0,a,d)={z € P: a <0(x), p(x) <d}.

Lemma 2.6 (Lemma 6, [2]). Let P be a cone in a real Banach space E, and n, ¢, §
and 0 be defined as the above. Moreover, 8 satisfies O(Nz) < N0(x) for 0 < N <1
such that for some positive numbers h and d,

5(x) < 0(x) and |2 < hep(x) (2.1)

holds for all x € P(p,d). Suppose that T: P(p,d) — P(p,d) is completely contin-
uous and there exist positive real numbers a,b, c, with a < b such that:
(i) {x € P(p,n,08,b,c,d) :6(x) > b} # 0 and 6(T(x)) > b forz € P(p,n,d,b,¢,d);
(i1) §(T(x)) > b for x € P(p,d,b,d) with n(T(x)) > ¢
(iii) 0 ¢ R(p,0,a,d) and 0(T(z)) < a for all x € R(p,0,a,d) with 0(x) = a.

Then T has at least three fized points x1,x2,x3 € P(p,d) such that

o) <d fori=1,2,3, b<d(x1), a <b(x2) and 6(x2) < b with O(z3) < a.

3. The Properties of Green’s Function

In this section, the corresponding Green’s function and some properties of the
Green’s function are derived which are needed in the discussions.

Lemma 3.1 (Lemma 7). Assume that y(t) € L[0,1], then the following fractional
differential equation

Dg u(t) +y(t) =0, te(0,l), n—1<a<mn, n>4,
u(0) =0, i=0,1,---,n—2, (3.1)

(D u(t)],_, = Mu(1) =0, 0<A< i, 0<6<n—2
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has the unique solution

u(t) = /0 G(t, 5)y(s)ds,

where
ta*1(1—s)“*9*1[r(a)—ﬁg((g)—e)(ks)e]—L(t—s)afl’ 0<s<t<l1,
Gt:5) = 4 ot (1 et ()ALt (1—e) Veteaot (3.2)
LT(a) ) stss<l,

is the Green’s function of problem (3.1) with n > 4, here L = I'(a) — AI'(a — ).

Proof. According to Lemma 2.1, the general solution to problem (3.1) is
u(t) = —I§,y(t) + crt® oot F 4 et (3.3)
wheren —1<a<mn, ¢; € R, i=1,2,--- ,n. Observe that

W)= —I57 () Fa(a— Dt 2 +eo(a =2t 3 + -+ o (@ —n)t*
u'(t) = —I577y(t) +a(a— D) (a—2)t* 2+t ep(a—n)(a —n — 1)t "2

The boundary conditions () (0) = 0, i =0,1,---,n — 2 implies that c; = - - -
¢n = 0. In view of the boundary conditions [DJ, u(t)];=1 — Au(1) = 0, we get

Au(l) = =A[IE y(t)]i=1 + Act,
[Dfsu®)]i=1 = =157 "y(D)]i=1 + 1 [Dg 1% o=,
and
ALy (t)]e=1 — Aer — [I(?Iey(t)]m +a [D8+t"‘_1]t:1 =0.

Based on the Definition 2.1 and the equality mentioned above, the following equality
is derived

11— g)2 -1 (q) — o — —5)?
e e -

I(a)[[(e) = AT (a - 0)]

Finally, take ¢; into (3.3), and with the fact that ¢; =0, i =2,---n, we get that

u(t) :/0 —%y(s)ds

Liom1(1 — 5) =1 (a) — AD(ar — 0)(1 — 5)°]
' /o I(a)[[(a) — AL(a — 6)] y(s)ds
1
= ; G(t,s)y(s)ds.
Thus, the proof is completed. 0

Lemma 3.2 (Lemma 8). Let G(t,s) be given as (3.2) and 0 < * <6 —-1<n-—3,
then we have

(1) Df*G(t, 8) is a continuous function on the unit square [0,1] x [0, 1];
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(ii) DY G(t,s) > 0 for (t,s) € [0,1] x [0, 1];
(iii) maxe(oq Df*G(t, s) = Dtﬂ*G(l, s) for each s € [0, 1];
(iv) there exists a constant v* € (0,1) such that

min DY G(t,s) > ~v* max DY G(t,s) =~*DP G(1,s),
te[d ] t€l0,1]

where Df* denotes fractional partial differential of order 8* with respect to t,
and
1 a—B*—1
()

* P0) 0 p
DB ta—l — 7#&-6 —1'
o T
By Definition 2.2 and Lemma 2.1, we have

Proof. Note that

2P 1 (1—9)* 0 D (a) = AT (@—0) (1—8)° | —L(t—s)*~#" !
Dt’B*G(t S): LF(O&*,B*) 9 OSSStS]w
? a—p*—1 a—60—1 0
t (1—s) LP(LF_(([;Z;)\F(Q—Q)O—S) ]’ 0 <t<s<l.
(3.5)
Let
DY G (t,5) = S AR @ AN 0 1oL g < s <<,

and

Df*Gg(t,s) _ 8 *1(1—S)Q*Z*zgrfal;xr(a—e)(1—s)"]’ 0<t<s<l.
It is easy to see that property (i) holds since Df "Gy and Df "G, are continuous
on their domains and D} Gy (s, s) = DY Gy(s, ).
Now, we consider that

R el Y O R BT e e

DY Gt s) =
t2=PF"=2(1_5)2=0=1[D(a)—AT(a—0)(1—s)?]
LF(a—B(’}—l) 2, 0<t<s< 1.

Evidently, for 0 <t < s <1, since 0 < A < F{O(t(i)e)’ we observe
[(a) — AT(a —0)(1 —5)? > T(a) —T(a)(1—s5)? =T(a)[l — (1—-15)] >0,

which implies Df*+1G2(t,s) > 0 on its domain. Similarly, for 0 < s < ¢t < 1, by
0 < p*<60—1, we have
tF 721 — 5)2 0D (@) — Al (v — 0)(1 — 5)7] — L(t — 5)*F 2
=t 721 — 5)* 0D (a) — Al(a — 0)(1 — 5)]
~ (@) = AD(a - 6)](1 = 3)°7"~%)
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>0 =2{(1 — 5)**~1[P(a) — AT(a — 6)(1 — 5)"]
— [[(@) = Al(a = 0))(1 = 5)*77" 7%}
=t (1 = 5)* T[T (@) = AT(a = 0)(1 — 5)°)
— [[(@) = AT(a = 0)](1 — 5)* 771}
zto‘_ﬁ*_Q(l — )0 UT(a)1 - (1 s)g_B*_l}
+ AN —0)(1— )P 1 —(1—s)P
>0

[
[

which means Df*HGl (t,s) > 0, for each s.

It implies that DE*G(t, s) is increasing on ¢ for each s. Consequently, (ii7) holds.
Now observe that, for every fixed admissible s, we have that DQB e (0,5) = 0. Then,
as (7i1) implies that Df*G(t, s) is increasing on its domain, we get Df*G(t, s) >0,
for (t,s) € [0,1] x [0,1]. So, (4i) holds.

It follows from the property (ii7) that

. . DGy (4, e (0,17,
min DfG(t,s)_DfG(ls>{ 1(3,8), s€(0,3]

1
2
re[h.1] 2 DY Gy (4.5), se[b),
()7 7 1-9)" " T T (@) AT (@) (1-5)) - L(}-)" """
e e (04),
(1) =F" 1 (1_5)* ==L [P (a) — AT (a—0)(1—s)]
. IT(a—B") ) se[3,1).

Let 4
D! G (L

d)(s):tﬁ*i(ws).

Dt G(l?s)

Observe that for 0 < s < %

(3)2=8"=1(1 — 5)°==1[[(a) — AT(a — 0)(1 — 8)°] = L (3 — )" "~

B(s) = (1-— s)a—e—l[r(a) —Al(a—6)(1 —5)] — L(1 — S)Q(X—B*—l
_ <1>a B*—1 _ S)a—O 1[ ( ) /\F(O{ _9)(1 5)19] L(l _28)(1_[3*_1
2 1 —3)2 01 (a) = A\['(a — 0)(1 — 8)¢] — L(1 — s)>=B"~1
- <1>a B*—1 _ S)a—e—l[r(a) )\I‘( 9)(1 )«9] I (1 _ S)a_B*_l
= 1 — 5)04 60— 1[F(a) )\F( 9)(1 )0} L(l 7 S)G‘*ﬁ**l

o

Now, according to (3.6) and L’Hospital’s rule, we get
lim (¢, s)

s—0+

(1)~ =11 — 5)°=01[[(a) — AT(a — 0)(1 —5)?] — L (4 — )" "

: [
= Jm, (1 —s)2=0=1[[(a) — A\[(ar — 0)(1 — 5)%] — L(1 — s)Qa—B*—l
i (1 @ D) — AT(a— 6)(1 — 5)? — L (1 —2s)"7
TS0 (2) (o) — AT(a —0)(1 —5)f — L(1 — 5)9=8"
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2

s <1>H*_1 ME(a = 0)(1 = )1 +2(0 - B)L(1—25)" 7

= lim :
s—04 )\QF(OL — 9)(1 — 5)971 + (9 . 6*)L (1 _ 8)9_5 1

_ <1)oz—,6*_1 M (o — 60) +2(0 — B*)L

2 M (o — 0) + (0 — B*)L

1 a—pB*—1
> = . 3.7
>(3) (37)
On the other hand, by 0 < A < F{o(i)e)’ for % < s < 1, we have

(3711 = )1 (a) = AT = 6)(1 — )]

) = g7 1[0 (a) — AT(a — 0)(1 = 5)7] = L(1 =)~ F 1

N\ T(a) — AT(a — 0)(1 — 5)°

B <2> I(a) = AT(a—60)(1 —s)? — [['(a) — Al'(a— 0)](1 — s)?=#"
N\ T'(a) — Al(a — 0)(1 — s)°

B ( ) L(a)[1 = (1 =)=+ Al(a = O)[(1 — )77 — (1 — 5)7]
< ( I'(a) —T'(a)(1—s)?

a—pB*—1
) L)1 = (1= )7+ T(a)[(1 - 5)?7F" — (1 = s)°]
Hence, for % < s <1, by the above, let

) e ()
o= @)M*_l e i LIRS <1>a_ﬁ*_l.

| =

N | =

N | =

Al (0 —0)(1 —s)? — L(1 —s)f=6" = \ 2
Define
€ R E il 0 ) (C et 2 € et MRS 0,1]
(s) = (=571 (@) A (a—0)1-5)?] - L(-s)a— 7 -1 2]
B e m s € (1]
Let

. 1 a—B*—1
7 - 2 9

where v*(0) = lims_,04+ v*(s) > 0 due to (3.7). It is obvious that 0 < ~* < 1.
Consequently, we have

min D’ G(t,s) > v* max DI G(t,s) =v*DY G(1, ).
re[3 1] ve(0.1)

Remark 3.1. In equality (3.5), considering the special case 5* = 0 , we have

(i) G(t,s) is a continuous function on the unit square [0, 1] x [0, 1];
(ii) G(t,s) >0 for (¢,s) € [0,1] x [0, 1];
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(iii) maxyejo,1) G(t,s) = G(1,s) for each s € [0, 1];
(iv) there exists a constant vy € (0, 1) such that

min G(t,s) > v9 max G(t,s) = vG(1,s),
i GlE.5) 2 20 s Gt 9) = 30619

1 a—1
()

Remark 3.2. In equality (3.5), choosing 8 > 0, by Lemma 3.2, we have

where

min DPG(t,s) > 7 max DPG(t,s) =D’ G(1, s),
ve[31] re(0,1)

where

Then,
min {7, 7%} = Yo

Lemma 3.3 (Lemma 9). Let G(t,s) be given as (3.2), 0 < <60 —1<n-—3, and
n—1<a<n, and then we have

()
DiG 1,5) < —————G(1, s),
for all s € [0,1].
Proof. According to 0 < 8 < «, there is
DPG(1.s) (1=5)° =" [[(a)=AL(a=0)(1=5)"|~L(1=5)" """ LI(@) g ¢cp<q
t yS) (1—8)c= -1 (a)—AT'(a—0)(1—s)9]—L(1—s)>*—1 LI (a—p)’ =2 =" ="

G(1,s ) (1-5)*" 1 [I(a)-Al(a—0)(1—5)°] LT(a)
( ) (1—5)*=?=1I['(a)—AI'(—0)(1—5)?] LT (ax—P3)’ 0<t<s<l,

INA
=
o

|
=

Thus, for any s € [0, 1], we can conclude

4 S 71—‘(0[) S
DIG(1,5) < 5 =560 9)

4. The Completely Continuous Operator

In this section, we establish the completely continuous operator for equation (1.1),
and then we obtain that finding the solution to fractional differential equation (1.1)
is equivalent to finding the fixed points of the associated completely continuous
operator.
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Suppose that E = C'([0,1], R), then F is a Banach space endowed with norm

1
lull = (lull§ + ull3)* .

where
= ma t
”qu tIen[O}i] |u( )| )

and

- D ()]
lulls = macx |Dg,u)

The cone P C E is defined by

2 E2

P= {u € E:u(t) >0, min u(t) > vollul, n{l}n]D&_u(t) > vollull2, t €0, 1]}
te[3,1

te[$.1]
(4.1)
Assume that y(t) = f (t,u(t), D§+u(t)>, then it follows from Lemma 3.1 that

the solutions of fractional differential equation (1.1) are the corresponding fixed
points of the operator T: F — E, which is defined by

Tu :/0 G(t,s)f (s, u(s), Dngu(s)) ds (4.2)
/1 te=1(1 — 8)*=0=1[I(a) — AD(a — 6)(1 — s)?]f (s,u(s), D&u(s)) ds
~Jo I'(a)['(e) = Al'(a — 0)]

t(t—s)2Lf (3, u(s), D€+u(s)) ds
_/0 () '

For our later convenience, we denote

1 1
M:/ G(1, s)ds, N:/ DPG(1, 5)ds,
0 0

1
2

1 1
S:/ G(1,s)ds, T:/ DPG(1, s)ds.

Lemma 4.1 (Lemma 10). Suppose that f € C([0,1] x [0,400) X R, [0,+00)), then
the operator T: P — P is completely continuous.

Proof. Firstly, we prove that T: P — P is continuous.
Let v € P, from Lemma 3.2 and Remark 3.1, we know u(t) € P, u(t) >
0, and Dg Lu(t) > 0. Also, since f is nonnegative continuous function, we have

min Tu = min] /01 G(t,s)f (s,u(s), Dngu(s)) ds

te[4,1] te[i 1
1
= min G(t,s)f (s,u(s), Dngu(s)) ds

~Jo te[3,1]

> /01 Yo max G(t,s)f (5,u(5),D§+u(s)> ds

t€(0,1]
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=7ol[Tull1,
and
min T(D(H_u = mln/DGts ()D€+u( ))ds
te[$.1] te[i,1

= ) tg[linﬂ D; G(t,s)f( ,u(s),D&_u(s)) ds

> Tull2 > vol|Tw||2-

It implies TP C P. Hence, T: P — P is well defined. Since f € C([0,1] x
[0,400) x R, [0,+0)), G(t,s) € C([0,1] x [0,1]) and DtﬁG(t,s) € C([0,1] x [0,1]),
the continuity of T" is obvious.

Secondly, we show that T is compact. Let 0 C P be bounded, i.e. there
exists a constant r > 0 such that for each u € Q, = {u€ P:|u| <r}. By
virtue of the continuity and nonnegativity of f, there exists a K > 0 such that

‘f (8 u(s), D0+u( )) =f (s,u(s),D&_u(s)) < K, for each (t,u,D&_u) € [0,1] x
[0,7] x [=r,r]. By the definition of ||u||, we have

|[Tul|1 = max |Tu(t)] (4.3)
te[0,1]

= max /1 G(t,s)f (s,u(s),Dngu(s)) ds

te[0,1]

<Kmax/ G(t, s)d
te[0,1]

<K max G(t,s)ds
o t€[0,1]

<K/Gls

and

|Tulls = max ‘TD§+u(t)] (4.4)

= DJG(t, Dy d
tlen(z)ui:/ G(t, s) s ,u(s), 0+u(5)) s

<K max DY G(t,s)ds
o0 t€0,1]

gK/ DPG(1,s)ds
0
—KN.

Hence, we get

ol

ITull = (ITull? + | Tuld)® < K (M2 + N?)
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Thirdly, we prove that T" maps bounded sets into equicontinuous sets of P.
From Lemma 3.2 and Remark 3.1, we know D/ G(t, s) and G(t, s) are continuous in
[0,1] x [0,1]. Then DfG(t, s) and G(t, s) are uniformly continuous in [0, 1] x [0, 1].
Take t1,t2 € [0,1]. For any € > 0, there exists § > 0, whenever |t; — t3]| < J, we
have

|G(t2,8) — G(t1,8)| < %,
and

‘DfG(t27s) - DtﬁG(ths)‘ < £

Without loss of generality, we assume t; < ¢3. Using (4.3) and (4.4), for any u € €,
we have

Tu(t Tu(t <
[Tu(ts) = Tu(t:)ls < mas

< max/ G (ta, 5) — G(t1, s |‘f( $), D, u(s ))‘ds

te[0,1]

/1 [G(t2,s) — G(t1,8)] f (s,u(s),Dngu(s)) ds

and
[Tu(tz2) — Tu(ts)||2

/01 [DfG(tg, s) — DfG(tl, s)} f (s,u(s), Dg+u(s)) ds

< max
te0,1]

1
Smax/ ‘DfG(tg,s)—DfG(tl,s)Hf (s, )D0+u )‘ds

te[0,1] Jo

<e.

Therefore, we get

I Tu(ts) — Tu(ty)l| = [ITu(t) — Tu(t)[3 + [Tults) - Tu(t)|3]* < V2.

It follows from Arzela-Ascoli theorem that the operator T: P — P is completely
continuous. The proof is complete. O

5. Existence of One or Two Solutions

In this section, the existence of single or twin positive solutions to problem (1.1)
are discussed.

Theorem 5.1. Suppose that f € C([0,1] x [0, +00) x R, [0,+00)) and it meets the
growth condition: there exists a nonnegative function m(t) € L(0,1) N C[0,1] such
that

|f(t,u,11)| < m(t) + A\ |’LL|(T1 + A2 |U|(72 , i >0,0<0;<1,i=1,2.

Then there exists one positive solution to the problem (1.1).
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Proof. Take ¢ > max {37, (3\ M) ™51, (3A2N)ﬁ}. Let
P.={ueE:||ul<c},
where 7 = fol G(1,s)m(s)ds+ fol DPG(1, s)m(s)ds. Then, it follows from the above

1—0o 1—o
that 7 < £, MM < S5, AN < &2,

Now we show that T : P, — P,. If u € P., then we have

0 <u(t) < max |u(t)| < |ull < e,
te[0,1]

0 <IDg,u(t)] < max. | D u(t)] < flul <.

So,
[f(t,u,v)] <m(t) + A fe|™ + A2 le]”, i >0, 0<0; <1, i=1,2.
Also,
! B
7l = s [ Gt (s.0(6). D u(s)) ds
1 1
<A1 ]e|™ 4+ A2 |c|02)/ G(l,s)ds+/ G(1,s)m(s)ds
0 0
1
=(A1 |e|” + A2 || )M +/ G(1, s)m(s)ds,
0
and
! B B
(1T w||2 :tren[(s)iﬁ]/o D;G(t,s)f (s, u(s), D0+u(s)) ds
1 1
<O e + 2 |c|“2)/ DG, 5)ds +/ DG, 5)m(s)ds
0 0
1
=M1 || + A2 |¢|?)N +/ DPG(1, s)m(s)ds.
0

Thus,

ITull = (1T} + | Tull3)®

< ITull + [ Tullz < 74 ([l + Az )M+ N) S S+ 5+ 5 =c.

Consequently, T : P, — P.. From Lemma 4.1, we know T : P, — P, is
completely continuous. Also, by Schauder’s fixed point theorem, there exists a
solution to problem (1.1), which completes the proof. O

We now provide the following example to illustrate the our theoretical result.

Example 5.1. Consider the following the fractional equation problem
11 1
DEult)+ f (t,u(t)7 Dgw(t)) =0, te(0,1),
u®(0) =0, i=0,1,2, (5.1)
5
D, u(t)i—1 — 2u(1) =0, te(0,1),
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1
where v = D¢, u(t) and
f(tu,v) = t+2u? + 03,
Since |f| < t+ 2u? + |v|3, it is easy to see that the conditions of the Theorem
5.1 are satisfied. Then, applying the Theorem 5.1, this problem has one positive

solution. To obtain the approximation of the solution, we now use the iterative
method which is similar to what Wei et al. proposed in [23]. Firstly, given ¥ €

C0,1], let
1
:/G(t,s) s)ds, v(t /DGts (s)ds
0

Define an operator A : C[0,1] — C[0,1], b

(AD)(t) = f (t, /0 Gt )0 (s)ds, /0 ‘pia, S)W(s)ds) .

According to the continuity of G(¢,s) and ¥ (s), it is easy to prove that A is con-
tinuous operator. By the definition of the Green’s function, it is easy to see that if
U (s) is a fixed point of the operator A, then

1= /0 G(t, 5)¥(s)ds

is a solution to problem (5.1). And the vice versa.
Let

Wo(t) = f(£,0,0) for t € [0,1],

U 11(t) </GtsLT/k ds/D2 tslI/k()d>

where £k =0,1,--- .
From the proof of Wei et al. in [23], we know the operator A is contraction and
thls 1terat1ve method converges with the rate of geometric progression. Therefore,
fo (s)ds is a solution of problem (5.1), where ¥* is a fixed point of
operator A
Now we give the the numerical simulation of solution to problem (5.1) , that is,
the approximation of the solution to problem (5.1) is given in Figure 1.

Theorem 5.2. Suppose that f € C([0,1] x [0, +00) xR, [0, +00)) and the following
conditions hold:

(A1) there exists a constant a > 0 such that f(t,u,v) < aly for (t,u,v) € [0,1] x
[0 a] X [_a CL] where Al = mln{ \/iM —1 (\/iN)il}’

(A2) there exists a constant b > 0 such that f (t,u,v) > bAs for (t,u,v) € [5,1] x
[0,8] x [—b,b], where Ay = max {(v25)7!,(vV2T)~'}, and a # b.

Then problem (1.1) has at least one positive solution u such that ||u|| lies between
a and b.
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The approximation of the solution
T T T

0.1

0081

0.06

u(t)

0.04r

0021

Figure 1. the approximation of the solution to problem (5.1)

Proof. Without loss of generality, we assume that a < b. Let
Qe ={ueFl:||ul|<al.

For any u € PN 0S,, there is

telo,1]

It follows from Lemma 3.2 and condition (A1) that
1
[|Tul|; = max / G(t,s)f (s,u(s),D&_u(s)) ds
tel0,1] Jg
1
</ G(1,s)aM1ds

~Jo
=al; /01 G(1,s)ds
:aMmin{(\/?M)_l,(\/iN)_l}

<

)

Sl

and
! B B
Tl :tgl[gﬁ]/o DYG(t,5)f (s,u(s), D u(s)) ds
1
§aA1/ DPG(1,s)ds
0

:aNmin{(\/iM)*l,(\@N)*l}

<

5s

ma Ju(r)| < Jull <o and max ‘D&u(t)‘ < |yl < a.
telo,1
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Hence, we get

which implies that

Define

1
|Tull = (1Tull? + | Tul3)* < a.
|Tul|l < |Ju|| for ue PNogY,.

— fue B:lul <b},

for arbitrary u € P N 0, we have

max |u( )

(5.2)

<Jlu] <b and ‘Dﬂ t‘< <b.
< Jull <b and s | D, u(o)] < Jul

On the other hand, it follows from Lemma 3.2 and condition (A2) that

| Tull, = max
te[0,1]

= max
t€[0,1]

and

Gtsf

/Gtsf(su()D(Hu( ))ds

1
Tl = max [ DiGe s)f( u(s), Dy u(s)) d

> Dlat, DP d
max / G(t.5)f (s, u(s). Df u(s)) ds

2/ DPG(1, s)bAyds
1

=bA, /11 DPG(1,s)ds
=bT max {(\/55)71, (\@T)fl}

>

Sl

0+“ s) ds—!—/lG(t, s)f (s,u(s), D€+u(s))d8]
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Hence, we get
1
ITull = (I7ul? + 1Tul3)* > b,

which implies that

ITu|| > ||u| for we PN o. (5.3)
Using (5.2), (5.3) and Lemma 2.3, problem (1.1) has a positive solution u in
PN (2\24). The proof is complete. O
For u,v € P, we denote
¢ = lim sup St u,0) (t,u,v)7 R’ = lim sup f{tu,0) (t,u,v)7
(w0)=(0,0) ¢efo,1] U (u0)=0,0) tefo,] |V
o= lim sup Fltuv) , g = lim su fltu) U),
(u,0)=(0,0) tefo,1] U+ |v] (u,v)—(00,20) te0,1] u
t t
h> = lim sup fituv) v)’ = lim fltuv) U),
(u,0)—>(00,00) ¢efo,1] |V utlvl—oo o] w+ [v]
t t
fO _ f( ,U,U) foo — lim f( ,’LL7’U)

= im inf —> 1~ inf —2 27,
(u,0)—(0,0) t€[0,1] u~+ |v] ut|v|—oo te[0,1] u + |v]

Now, we prove the following results.

Theorem 5.3. Suppose that f € C([0,1] X [0, +00) xR, [0,400)) and the following
conditions hold:

(Z) hO S [O,Al),
(i) foo € (Q—oo) U {o0}.
Then problem (1.1) has at least one positive solution.

Proof. According to h® < A4, for any €; > 0, there exists a constant r; > 0 such
that for 0 < u < 71, there is

f (t, u,D§+u) < (W0 +1)|Df ul < Ay|DEul < Ay (5.4)

for (t,u,Délu) € 10,1] x [0,71] X [—71,71]. Let
Q,={uekE:|u|<r}.
By (5.4) and Theorem 5.2, we have
|Tu| < ||u| for ue PNoQ,.
On the other hand, using (4.1), we get
u+ |Dfyul > yo(ulls + l[ull2) > vo(lullf + ul3)? = yollul.

Also, it follows from fo, > % that there exists an H > 27y such that

Ay Ay
f (t,u,Dngu) > %(U—‘r |D€+u|) > %PYOHU‘” = A2Hu||7 (55)



504 A. Sun, Y. Su, Q. Yuan & T. Li

for all ¢ € [0,1] with u + ‘D&u‘ > H. Set

QH—{UEE u—|—‘D0+u‘<H},

then we see that ,., C Qp.
For any u € PN 0Qy, we have u + ‘D&u‘ = H. Using (5.5), we get

| Tul), = max]/olG(t,s)f (s,u( ), D u(s )) ds

te[0,1

te[0,1

1

— B
= . tIen[g,)i] G(t,s)f (s,u(s),D0+u(s)) ds

>max/ Gtsf(su()D0+u( ))ds

1
> / G(1,)As ullds

[l

>A2/Glsds|| ||>\/§

and

| Tul|y = max / DPa(t, s) s ,u(s), D€+u(s)) ds

> max / DPG(t,s)f (5 u(s ),Dg+u(s)) ds

te[0,1]

el

ZAz/l DG, s)ds|ul > 7

2

Thus, we obtain
ITu|| > |lu| for w € PN oK,,.

Consequently, by Lemma 2.3, we conclude that problem (1.1) has a positive
solution w in P N (Qg\Qy, ). O
We now provide the following example to illustrate the our theoretical result.

Example 5.2. consider the following the fractional equation problem

Dg+u(t)+f(t,u(t),D§+u(t)) =0, te(01),n-1l<a<n 0<B<O-1,
u(0) =0, i=0,1,---,n—2,

DY u(t)i=1 — Mu(1) =0, 0<A< (““)) 0<0<n-—2,

where v = Doéu(t) and

f (t,u(t),Déiu(t)) = "ty
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We can easily verify that i = 0 and f,, = oco. This implies that all the
conditions of the Theorem 5.3 are satisfied. According to the Theorem 5.3, this
problem has at least one positive solution.

Theorem 5.4. Suppose that f € C([0,1] x [0, +00) xR, [0, +00)) and the following
conditions hold:

(i) fo€ (22,00) U{ochs
(ii) h> € [0,A1).

Then problem (1.1) has at least one positive solution.

Proof. Since fy > %, choose g5 = fy — A2 (> 0), there exists a constant ro > 0

such that for 0 < u < ro, it holds b
8 B As 8 As
f (1t D) > (o= o)+ |Dul) = 22+ D) = 2aolful = Aol

for (t,u,D&_u) € [0,1] x [0,7r2] x [—7r2,T2).
From the above inequality, for (t,u, Dngu) € [%, 1] X [0, o] X [—ra, 2], we get
7 (t:u. DE ) = Aallul. (5.6)

Let
Qr, ={ue E:|u| <r}.

Taking (5.6) into account, by exactly the same way as in the proof of Theorem 5.3,
we can get
|Tu| > ||u| for ue PNOQ,,.

Let €3 = Ay — b (> 0). Since h*>° < Ay, there exists a r3 (> r3) such that
7 (t:u, D) < (h +e5) D, ul = A |D.ul (5.7)

for (t,u,D&u) € [0,1] x [rg,4+00) x (—00, —r3] U [r3, +00). Considering that
feC([0,1] x [0,+00) x R, [0,400)),
there exists a C3 > 0 satisfying
f (t,u,D§+u) <Oy for (t,u,D§+u) € [0,1] X [0, 73] x [—75, 73] (5.8)
By (5.7) and (5.8), we have
f (t,u,D§+u) < max{cg,A1|D§+u\} for (t,u,D§+u) € 10,1] x [0, +00) x R.

Take rg > max{C3/A1,2r2}. Let Q,, = {u € E: |lul]| <rs}, if u € PNIN,,, we
have |Ju|| = rs,

| Tul|; = max] /01 G(t,s)f (s, u(s), Dngu(s)) ds

te(0,1
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1

< G(t Cs, A |DE |t d
=, tren[aa’)f] (,s)max{ 3, Aq 0+“|} s

1
§A1r3/ G(1,s)ds
0
:A17‘3M

<3
7\/53

and
1
| Tull, = max / DPG(t,s)f (s,u(s),D&u(s)) ds
te(0,1] Jo
1
< max DfG(t,s) maX{C’g,Al\D§+u|}ds
o0 t€[0,1]
1
§A1r3/ DPG(1,s)ds
0
:A1T3N
T3
<—.
V2
Hence,
1Tl = (ITullf + 1 Tul3)* < rs.
This implies that problem (1.1) has at least one positive solution. O

Theorem 5.5. Assume that one of the following two conditions hold:

(i) ¢® €[0,A1), and fo € (& oo) U {ool;

Yo’

(i) fo € (ﬁ,oo) U {0}, and g € [0,A1).

Yo
Then problem (1.1) has at least one positive solution.

Proof. Under the above assumptions, by using the similar way, it is easy to prove
that the conditions in Theorem 5.2 or Theorem 5.3 are satisfied. So we omit the
proof. O

Theorem 5.6. Assume that f € C([0,1] x [0,400) xR, [0,+00)) and the following
conditions hold:

(i) f° € [0, 5A1);
(i1) foo € (42,00) U {00}
Then problem (1.1) has at least one positive solution.

Proof. Since f° € [O, %Al), there exists a 4 > 0, such that
B 1 B 1
7 (8- Dfyu) < S (u+1DFl) < S A2l = Ayl (59)

for (t,u,D&_u) € [0,1] x [0, 74] X [—74, r4].
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Let Q,, ={u € E : |Ju|| < rs4}, in view of (5.9), we have
f (tu, Df ) < Mlull < Aar,
which implies that the condition (A1) of Theorem 5.2 holds. Thus,

|Tu| < ||u| for we PNoQ,,.

Notice that the condition (i%), in exactly the same way as in the proof of Theorem
5.2, we can get
|Tul| > |Ju| for uwe PNIQ,,,

where 75 > r4, and Q,. = {u € E : |Ju|| < r5}. So, we have completed the proof.
O

Theorem 5.7. Assume that f € C([0,1] x [0, 4+00) X R, [0,+00)) and the following
conditions hold:

(i) fo € (22,00) U{oo}
(i) f>~ € [0,3A1).
Then problem (1.1) has at least one positive solution.

Proof. Firstly, since fy € (%,oo) U {oc}, in view of condition (ii) of Theorem

5.4, we have
|Tu| > ||u| for ue PNoQ,,.

Secondly, according to f*° € [0, 3A1), there exists a rg (> r2) such that
£ (t:u, Dfyu) < 3afu+ Dfyul < 28s2lul] = Adul (5.10)

for (t,u,D&u) € [0,1] x [rg, +00) X (—00, —16] U [rg, +00).
Considering (5.10), and using the technique similar to the second part of the
proof in Theorem 5.4, we obtain that

|Tu|l < |lu|| for ue€ PN oQ,,,

where Q,., = {u € E : ||u|]| < rg}. Therefore, fractional differential equation (1.1)
has at least one positive solution. O

Next, we investigate the existence of at least two distinct positive solutions to
problem (1.1).

Theorem 5.8. Assume that f € C([0,1]x [0, +00) xR, [0,+00)). Ifh® =0, h™ =
0 and the condition (A2) in Theorem 5.2 is satisfied, then problem (1.1) has at least
two distinct positive solutions uy, us € P.

Proof. Since h? =0, take 0 < &1 < Ay, then there exists a p; > 0 such that

f <t7U7D€+U) < 61|D5+u| < A1|D€+U| < Aip:

for (t, u,D§+u) € [0,1] x [0, p1] X [=p1, p1], which implies that the condition (A1)

of Theorem 5.2 holds. Hence, we can get

|Tu|| < ||u|| for w e PNOQ,,
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where Q,, ={u e E: |lul]| < p1}.
Further, using the condition (A2) in Theorem 5.2, we can get that

|Aw|| > ||u|| for u € PN O,

where Q, = {u € E : ||lu|| < b}. Then we see that Q,, C Q. By virtue of Lemma
2.3, fractional differential equation (1.1) has at least a single positive solution u; €
PO@\2,,).
Finally, taking 0 < g5 < Ay, it follows from A = 0 that there exists an Hy > b
such that
f (t,u, D§+u) < &9 D ul < Ay|DEu) < Aylul] (5.11)

for (t,u,D§+u) € [0,1] x [Hy, +00) x (—o0, Hy] U [Hy, +00).
Let Qu, = {u€ E:|lu|| < Hi}. Then we see that Q, C Qp,. For any u €
PN oQy,, we have |Ju|| = Hy. By (5.11), we get
f (tauaDg+u> § AlHl,

which indicates that condition (A1) of Theorem 5.2 is satisfied. Thus, we obtain
that
| Tw]| < |lu| for uwe PNoQgy,.

Consequently, it follows from Lemma 2.3 that problem (1.1) has at least a single
positive solution ug in P N (g, \Qp) with
b < |lug|| and |ug| + | Dy, us| < Hy.

Evidently, u; and us are distinct. O
In a way closely similar to the above, we can obtain the following result.

Theorem 5.9. Assume that f € C([0,1] x [0,400) x R, [0,400)) and one of the
following two conditions hold:

(i) fo =00, foo =00, and the condition (A1) in Theorem 5.2 is satisfied;
(ii) g° =0, g°° =0, and the condition (A2) in Theorem 5.2 is satisfied.

Then problem (1.1) has at least two distinct positive solutions uy, ug € P.

6. Existence of Triple or Multiple Solutions

In this section, we will further discuss the existence of at least 3, n or 2n — 1
positive solutions to fractional differential equation (1.1) by using different fixed
point theorems in cone.

6.1. Three Solutions

Now, we define the nonnegative, continuous, increasing functionals v, v, { as fol-
lows,

- t DB u(t)| =
Y(u) tg}gﬁﬂ()ﬂgl[gﬁ]l or u(@®)] = [lullr + [Jull2,
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v(u) =((u) = Inax{ min _|D, +u(t)|, min u(t)} .

te[L,1] te[L,1]
We have
v(u) = ¢(u) <P(u) for each u € P,
and
Hull < w(u) < 2][ull.
Moreover, we know u( fo s)ds, by Lemma 3.3, we have
I'(a)
D ) < —— t). 6.1
e 1Dy u(t)] < (o= 3) trél[gfi”( ) (6.1)
Thus,
I'(a)
< .
lull2 < Tla—p) [[ulla
1
Since [|uf = (Jlull} + [[ul3)*, we get

[N

I?(a)

full < (1l + g sl

_VI(a—B)? +T(a)? lulls < VT (a = B)? +T(a)?

Mo —5) T — ) n leOl
Consequently,
a_ B2 )2 o _ B)2 Q)2
fu < OISO, ) - VIO IR ). )

Theorem 6.1. Assume that there exist real numbers a, b, ¢ such that 0 < a < b <

e, wherel = ¥ F(ar(a ;F(a . In addition, if f € C([0,1] x [0, +00) xR, [0, +00)),

and f (t,u,v) satisfies the following conditions:
(H1) f (t:u0) < sy for (tu,v) €[0,1] % [ ] x [ ~ae el

(H2) J (t.0.0) > by for () € [4.1] x [0.50] x [~£b. L)
(H3) f(t,u,v) < 57% for (t,u,v) € [0,1] x [0,a] x [~a,d.

Then problem (1.1) has at least three distinct positive solutions uy,us,us € P(v,c)
such that

0 < flutlls + [lurll2 < a < Jluz|l1 + [[uzll2,

max{ min \Dg+uQ|, min_ug p < b,
te[L,1] te[L,1]

b < max{ min |D0+u3|, min_ ug ¢ < c.
€] telb]
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Proof. Using a way similar to the first part of the proof of Lemma 4.1, it is easy
to see that T : P(v,c) — P. Now, we show that the conditions of Lemma 2.4 are
satisfied.
Firstly, according to (6.2), for any v € dP(v,c), we have that v(u) = ¢ and
I(a—p)?+T(a)?

llu]| < c. This implies that
l l s !
0<u(t) < —c and — —c< Dy u(t) < —c fortel0,1],
7o "o 7o
where [ = Y F(a = ;-)rm)? By condition (H1), we have

v(Tu) = max {tenﬁnl] |TD0+u( ), ten[linl] Tu(t)}

te[4,1]

= max{ min / DPG(t,s)f (s u(s),Dngu(s)) ds,

mm / G(t,s) 3 ,u(s), D€+u(s)) ds}
< max{/ODfG(l7 s)f (s,u(s),Dg+u(s)>ds,/olC¥(l, s)f (s,u(s),Déﬂ_u(s))dS}

c ! c !
_ DG _ 1 .
< max{max{M, NT /0 Y G(1,s)ds, max{M, N7 /0 G( ,s)ds} <c

This implies condition (i7) of Lemma 2.4 is true.
Secondly, for arbitrary u € 9P((,b), we have ((u) = v(u) = b and ||ju|| < ,yl—ob.
Similarly, there is

l l l 1
0<u(t) < —b and——bgD’But < —b forte[,l].
®) Y0 Yo o+u(?) Y0 2

According to condition (H2), we obtain
¢(Tu) =v(Tu) = max< min \TD(H_U( )|, min Tu(t)
te[L,1] te[1,1]

max{ mln / DPG(t,s)f (s u(s),Dngu(s)) ds,

min / Gtsf(s u(s), D0+u( ))ds}

te ;,1

0 te[$.1]

1
= max { min DPG(t,s)f (s, u(s), Dg+u(s)) ds,
1

min_ G(¢,s)f (s,u(s),D&u(s)) ds}

0 te[3.1]

1 1
> max{/ DfG(l,s)f (s,u,Déﬂ_u) ds,/ G(1,s)f (s,u,D&_u) ds}
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b 1
v s v
>’Yomax{ = ax{S’ T}/ D/ G(1,5) = aX{S)T}/; G(l,s)ds}

>b,

which means condition (¢) of Lemma 2.4 is true.
Thirdly, for each u € dP(¢,a), we have that ¢)(u) = a and |ju|| < a. Hence, we
have
0<u(t) <a and fa<D0+u()<a for t € [0, 1].

Since § € OP(1,a), then P(1,a) # (). Further, it follows from condition (H3) that

(Tu) = o | DG, Tu(t)] + o Tu(t)

1
= max/ D, Gts)f(suD(Hu)ds—i— max/ G(t,s)f(s,u,Dngu)ds

te[0,1 te(0,1]
1 1
— B B B
= tren[ﬁa}i]D LY G(t,s)f (s,u,D0+u> ds + ; tren[g)i] G(t,s)f (s,u,D0+u) ds

1
:/ DtﬁG(l,s)f (5,u,D€+u> der/ G(1,s)f (5,u,D€+u> ds
0 0

a 1 1
< VN [/0 DtBG(l,s)ds—l—/o G(l,s)ds] < a.

Therefore, condition (7ii) of Lemma 2.4 is satisfied and the operator T has at least
three distinct positive solutions uq, us, us € P(v,c) such that

0 < flurlls + [[uallz < a < Jluzgllr + |luzl|2,

max{ min |D§_|rug|7 min us p < b,
te[4,1] te[4,1]

b < max< min |Dg+u3|, min ug p < c.
te[3,1] te[4.1]

O
We now provide the following example to illustrate the our main result and give
the numerical simulation of the solution.

Example 6.1. consider the following fractional equation problem

Dylu(t) + f (tu(t), Dg,u(t)) =0, te(0,1),
u(z) (0) =0, i=0,1,2, (6.3)
D§+u(t)t:1 —2u(1) =0, te(0,1),

where v = Déu(t) and

2 +160u'0 + (%)2, uw<l,
f(t7u7v) = 2
24160 + (555) u> 1.
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Notice that a = 131, = %, 0= %, A = 2. By calculation, we get that
8
M= /Glsds—/( Lt S)Sdsz0.1129,
o T(§)—20(2)

INE= Sl +20(2)[(1—s)C — (1 —s)3
Ny (R ERULEC PR EUR PR
L)) —20(2))

S = /Glsds—/( —s) - — ) ds ~ 0.0514, (6.4)
1 T(5)-2I(2)
e 1—8)¢]+20(2)[(1—s)¢ —(1—s)3
Ay G R ETER LIRS (L LETELL Py,
3 D(§)(T(5) —20(2)
L
1 3
Yo = (2) = 0.1575.
Choosing a = %, b =2 and ¢ = 35, we have a < b < dFc and
c
———— =~ 200.1
f(tu,v) < max{ M, N7 00.1570,
for (t,u,v) € [0,1] x [0,440.4098] x [—440.4098, 440.4098] ;
b
t ——— =~ 154.531
f(t,u,v) > Somax (8. T} 54.5319,

1
for (t,u,v) € {2,1] x [0,25.1663] x [—25.1663,25.1663] ;

1 11
ftu,v) < ~ 1.7373, for (t,u,v) € [0,1] x [O, } X {— ] ;

a
M+ N 2 272

It follows from the Theorem 6.1 that this problem has at least three distinct
positive solutions such that

1
0 < flurlls + fJlusll2 < 3 < luzllr + [[uzll2,

1
max { min _[D§, uz|, min uy » <2,
te[3.1] te[$.1]

2 < max{ min \D§+U3|, min ug} < 35.
te[L,1] te[L,1]

By the iterative method of Example 5.1, the numerical simulation of existence
to the solutions is obtained. With the same scale set in the graph, the solution ug
is very small and not easy to observe, and that is the reason why another graph is
established with larger scale. The graph of the approximation of the solutions is
given in Figure 2.

Theorem 6.2. Assume that there exist real numbers a,b,c such that 0 < a < b <
e, here | = YO 1y addition, if f € C(0,1] x 0, +00) x R, [0, +00))
and f (t,u,v) satisfies the following conditions:

(H1) f(t,u,0) > somdrgry for (tu,v) € [3,1] x [07%0} X {_Lc, joc} ;
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0 The approximation of the solution 03 The approximation of the solution
U0 "l
—u00] / 0.25
15 /
/ 0.2
/
510 €015
0.1
5
0.05
0 . L L L 0 /
0 02 04 06 08 1 0 02 04 06 08 1

Figure 2. the approximation of the solutions to problem (6.3)

(H2) f (t,10,) < iy Jor (bu,v) € 0,1] x [0, Lb] x [=Lb, Lo
(H3) f(t,u,0) > ==z for (t,u,v) € [0,1] x [0,a] x [~a,a].

Then problem (1.1) has at least three distinct positive solutions uy,us,usz € P(v,c)
such that

0 < lurlls + flurllz < a < fluz|lr + |luzll2,
max{ min \Dg+u2|, min_ ug p < b,
te[L,1] te[L,1]

b < max{ min |Dg+U3|, min ug ¢ < c.
te[1,1] te[L,1]

Proof. According to the Lemma 2.5, and using a way similar to the proof of
Theorem 6.1, we can obtain the desired result. O
Now, for u € P, we define the following functionals, by

- D? u(t t
o(u) nax, | Doy u(t)| + nax lu(t)|,

O(u) =n(u) = e, lu(t)],

0(u) = min wu(t).
(u) it (t)

It is obvious that ¢ and 1 are nonnegative continuous convex functionals on P, § is a
nonnegative continuous concave functional on P and # is a nonnegative continuous
functional on P. Moreover, for any u € P, we have

p(u) < 2||ull and yon(u) < 6(u) < n(u) = 0(u) < [lul.



514 A. Sun, Y. Su, Q. Yuan & T. Li

Theorem 6.3. Suppose that f € C([0,1] x [0,400) x R, [0,+00)) and there exist
constants a,b,d such that 0 < a < b < ~od. In addition, f(t,u,v) satisfies the
following conditions:

(RI) f(t,u,v) < M.dt,_N fOT (t7u7v) € [07 1] X KLW_(?_Q)CH X [_dv d];

(R2) f(t,u,v) > %LS for (t,u,v) € [5,1] x [b, 71’0] x [—d, d];
(R3) f(t,u,v) < 4 for (t,u,v) € [0,1] x [0,a] x [—d,d].

Then problem (1.1) has at least triple positive solutions uy,us,us € P such that

m[ax |DO+U’Z‘ + In[a‘X |U’( )| < d7 1= 17273a
tel0 0,1

b< min |ui|, a < max |uz|, min_|ug| < b, max lus| < a.
te[3.1] t€[0,1] te[$.1] t€[0,1]

Proof. For arbitrary u € P, we have 6(u) < n(u) and

Jull < flully + flull2 = e, | DG ult)] + max lu(®)] = o (u).

This implies that the inequality (2.1) of Lemma 2.6 is satisfied.
Firstly, we show that T': P(p,d) — P(¢,d). For any u € P(p,d), we have

— D H<d
o(u) = tgl[%l o+u()|+tgl[g§]IU()|_ ,

By (6.1) and the above inequality, we have

max_|u(t)| < Mla—5)

—d.
t€[0,1] < I'o) + T'(a— B)
Using the condition (R1) that is f (¢,u,v) < M+N, we get

Tu) = DT T
o(Tu) tgl[gXI o Tu)] + m[gwf]I u(t)]

= max/ D; Gts)f(suD0+u)ds+ max/ Gtsf(suD0+u)d

te[0,1] te(0,1]
1 1

5 B
i tgl[gf]D PGt 9)f (s.0. D) ds+ | max G(t.5)7 (5., Df ) ds

1
B —
< M+N </ D;G(1, s)der/O G(l,s)ds> =d.

Hence, T : P(p,d) = P(p,d).
Secondly, taking u(t) b

= 2 since 0 < 79 < 1, then we have §(u) = 5(%) =2t 5
b, n(u) = n(%) = 7%’ go(vi) —O < d. This implies that

b b
— € {u€ P(p,n,0,b, —,d) : 5(u) > b}.
Yo Yo

Moreover, for v € P(p,n,d,b, %,d), we have b < u(t) < 7—1’0, |Dg+u(t)| <d, te
[3.1]. By the condition (R2), we obtain

§(Tu) = terr[unl]Tu—tem;I’ll / G(t, s) f(s u(s), D0+u( )) ds
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= 01 ten[linl] G(t,s)f (s, u(s), D§+u(s)) ds
> 1 min G(t,s)f (S,u(s),Dg+u(s)) ds

U4 te[d]

> ﬁl G(1,s)f (&u(s)7 D&u(s)) ds

1
b
>’)/0/é G(17 5)7075(15 = b,

which means condition (7) of Lemma 2.6 is true.
Thirdly, when u € P(y,d,b,d) with n(Tu) > 71’0, we have

0(Tu) > yon(Tu) > 'yoE =b.
70
Thus, condition (i) of Lemma 2.6 is satisfied.
Finally, we prove that condition (i7i) of Lemma 2.6 holds. By 6(0) =0 < a, we
know 0 ¢ R(p,8,a,d). When u € R(p,0,a,d) with 0(u) = a, using condition (R3),
we obtain

0(Tu) :tren[gﬁ] |Tu(t)|

= max /01 G(t,s)f (s,u(s),D&u(s)) ds

te[0,1]
1

= i tgaaﬁ] G(t,s)f (s,u(s),D&u(s)) ds

! a
</0 G(l,s)Mds:a.

This gives the desired result.
Consequently, by Lemma 2.6, problem (1.1) has at least triple positive solutions
u1, Uz, u3 € P such that

B ;o
maﬁ] | Do ui| + tren[aaﬁ] lu;| <d, i=1,2,3,

telo
b< min |u1|, a < max |ug|, min |ug| < b, max |ug| < a.
te[%,l] teo,1] ell, te[0,1]
O
Example 6.2. Let the fractional equation be given as (6.3) and
8, u € [0,1],
[t u,v) = q327u — 319, well,2], (6.5)
335. u € [2,+00).

By means of (6.4), choosing a = 1, b = 2 and d = 100, we have a < b < vyod and

d
<

~ 347.4647, for (t,u,v) € [0,1], x [0,36.8880] x [—100,100] ;
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b 1
f(t,u,v) oy ~ 246.8517, for (t,u,v) € [2, 1} , % [2,12.6992] x [—100,100] ;
Yo

F(tu,v) % ~ 8.8546, for (t,u,v) € [0,1] x [0,1] x [~100, 100] ;

Using the Theorem 6.3, this problem has at least three distinct positive solutions
such that

DP | <100, i=1,2,3,

Pl gl = 100 0=,

2 < min |uy|, 1 < max |us|, min
te[$.1] t€[0,1] te[$,1]

By the use of the iterative method of Example 5.1, the numerical simulation
of existence to the solutions is obtained. The graph of the approximation of the
solutions is given in Figure 3.

lug| <2, max |us| < 1.
te[0,1]

The approximation of the solution
T T T

u(

051

Figure 3. the approximation of the solutions to problem (6.5)

6.2. Arbitrary n Solutions

In this subsection, we will obtain that the existence for multiple positive solutions
to the problem (1.1) by using the generalized Avery and Henderson fixed point

Theorem.
Theorem 6.4. If there exist real numbers a;, b;, c; such that 0 < a1 < by < 71701 <

e ap < b, < %cm where | = w andi=1,2,--- ,n. In addition, if

feC([0,1] x[0,+00) xR, [0,+00)) and f (t,u,v) satisfies the following conditions:

(HH1) f (t,u,0) < sty for (tu,v) € [0,1] [0,%@] X {_;foci,%c@ ;

b; .
(HH2) f (t,u,v) > TS A for (t,u,v) € [%, 1} X [0, wiobl} X [—%bi, vl?bi}’
(HH‘?) f(taua 1}) < Ma_ﬁ fO’f' (t>uav) € [03 1] X [0,0,1'} X [7aiaai}‘

Then problem (1.1) has at least n distinct positive solutions.
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Proof. Now, we use mathematic induction to prove the result.
When n = 1, from the condition (HH3), we have

T:P, — P, CP,,.

By Schauder fixed point theorem, we can obtain that 7" has at least one fixed point
up1 € Pa1 .

When n = 2, let a = a1, b = b1, ¢ = c;, then it implies that the conditions of
Theorem 6.1 are satisfied. Thus, T has at least three distinct positive solutions w11,
u12 and uq3 such that

0 < [lutrllr + [uarlle < a1 < [Juaz|l1 + [Juaz]l2,

max { min \Dngulg\, min_wuyg p < by,
te[%’l] te[%vl

b1 < max{ min |Dg+u13|, n[lin Ulg} < cq,
1

teld,1 teld,1

Thus, the statement is valid for n = 2.

Assume that it is true for n = k. Then forn = k+1, let a = ag41, b = bg41, ¢ =
cr+1, we denote the solution by u; again. In addition, from the solution position
and local properties, we know that

0<max{ rr[lin |Dg+ui\7 rr[lin ul} <ecp, 1=1,2,---,k, (6.6)
t 1 1

€[$.1] tel3,

where ¢y = a;.
By Theorem 6.1, T' has at least three distinct positive solutions ux41,1, Uk+1,2
and 41,3 such that

0 < flurs+1alln + luesralle < appr < [Juksrzlln + lwkta,2ll2,
max {minte[%’l} |D€+uk+1,2\, minte[%’l} uk+1,2} < by, (6.7)
b1 < max {minte[%yl] |Dg+uk+173|, minte[%’l] U,k+173} < Ck41-

By (6.6) and (6.7), we get that

. 8 .
max {mmte[%’l] | Dy wil, min, s ) u7} < cp < bgt1, 65)
bk+1 < max {minte[%’l} |Dg+uk+1,3|, minte[%’l] uk+1,3} .

Thus, we have
U; #uk+1,37 1= 1725"' 7k'

Therefore, the statement holds for n = k + 1, that is, problem (1.1) has at least n
distinct positive solutions. O

Theorem 6.5. If there exist real numbers a;, b;, c; such that 0 < a1 < by < Wlfocl <

< an < b, < %cn, where | = W andi=1,2,--- n. In addition, if

feC([0,1] x[0,+00) xR, [0,+00)) and f (t,u,v) satisfies the following conditions:
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(HH1’) f (t,u,v) > m for (t,u,v) € [%, 1] X [0, WLUCZ} X [—%c,’, ,Yl—ucz} ;
(HHZ’) f(t,u,v) < m for (t,u,v) € [0,1] x [0, %bz} X [*,ylfobi, %bz} ;
(HH3’) f (t,u,v) > s for (t,u,v) € [5,1] x [0,a:] x [—ai, a;].

Then problem (1.1) has at least n distinct positive solutions.

6.3. Arbitrary 2n — 1 Solutions

In this subsection, we will provide the existence for arbitrary odd positive solu-
tions to problem (1.1) by using Avery-Peterson fixed point Theorem.
Similarly, by mathematical induction, we get the following result.

Theorem 6.6. Assume that f € C([0,1] x [0, +00) x R, [0,4+00)) and there exist
constants a;, b;,d; such that

0<ay <b <7dy <as <by <vyda <agz<--<ap<b, <ydn, n €N,

where 1 = 1,2, -+ ,n. In addition, f satisfies the following conditions:

(RR1) f (t,u,0) < g for (t,u,0) € 0,1] x [0, rray oy di] x [—di, di);

(RRQ) f(t,u,v) > fyl:)is fO’I’ (t,u,v) € [%71] X [blv %] X [7dzad1]7

(RR3) f(t,u,v) < 55 for (t,u,v) € [0,1] x [0,a4] x [~d;,d;].

Then problem (1.1) has at least 2n — 1 positive solutions.
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