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Abstract The problem of equivalent parameters and the best constant factor
for the existence of quasi-homogeneous half-discrete Hilbert type inequality
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+ n=1

is discussed, and their applications in the study of operator boundedness and
norm are also considered.
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1. Introduction and preliminary knowledge
Suppose that p > 0,m € N,z = (21,22, -+ ,2p), R] = {ZC = (z1,Z2, " ,&Tm) :

z; > 0,1 =1,2,--- ,m}, z|lm,p = (xf—&-xg—i-“-—&—xﬁl)l/p. Spaces | and L are
defined by respectively

0o 1/p
Iy =19qa={an}:|allpa = (Z n“aﬁ) < 400,a, >0 5,
n=1

1/q
LA(RY) = f<x>zo:||f||q,5=(Am||x|ﬁ,pfq<x>dw> < oo

+
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If A1 A2 > 0, then the nonnegative measurable function K (n, [|z[lm,,) = G(n* /||z(32 )
is a kind of quasi homogeneous functions. In particular, it is homogeneous of order

0 as A\y = Ao If % + % = 1(p > 1), what are the parameter conditions for the
validity of multiple integral half-discrete Hilbert type inequality as follows?

[ XG0 leli,) enfado < Mol los (1)

+ n=1

That is, what conditions do the parameters p, q, a, 3, A1, A2 meet if there is a con-
stant M that makes (1.1) true? Is this condition necessary at the same time? This
question is undoubtedly very important. In this paper, these issues are discussed,
and the best constant factor when the inequality holds is also considered. Finally,
their applications in the boundedness and norm of operators are discussed. Related
literatures can be found in [1-3,5-17]

Lemma 1.1 ([4]). Suppose thata; > 0,c; > 0(i = 1,2,--- ,m),¥(u) is measurable,

then
m i o
/m (:”i)ai<1;zi>0w<i2_; <az> ) " '

=1\ a;

al...amr<ail)...r(a1) 1 . . .
_ m (u) L4 L du7

al...amf‘<i_~_...+$) 0

ay QAm

where T'(t) is Gamma function.
According to Lemma 1.1, it is not difficult to get

T x:Ll/p) ' w)u™ tdu
Jop bt = s vt tau

I M e T
/lxlm,pZTw(HmHm’p)dx_ o T(m/p) J, (u)u du.

Lemma 1.2. Assume that %—i—% =1(p>1),p>0, ) s >0,meN,, (%—i—

by
%) ¢, Kn,||zl|m,) = G(n)‘l/||x||f‘,f,p) is monnegative and measurable,

K(t, 1)t~ e i monotonically decreasing on (0,+00). Denote that

2l

too B+m too
Wy = K(1,t)t~ " ™ lde, W, = K(t, 1)t~
0 0

o

+
> teds,

Then
AW = X\ Wy

and

_otm ™1/p) —M(s_m
or) = [ K @l el o = T3
+

el

3 —etlic —32(5-4-¢)
wa(@) = K (n, [[allmp)n™ 7 ¢ < 2 Ws.
n=1
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Proof. According to /\% (0‘)‘2*’”’\1 + ﬂ’\lq_’\Z) = ¢, let t7*2/M =y, we have

p
+o0 N m
Wi = K(t‘ﬁ,l) S melyy
0
A\ (’”m m+1)—3L -1
K(u Du 2 du

DY

)\1 _atl )\

M R e S edn = M
N2 (s Ly DV

Hence )\2W1 = >\1W2.
By Lemma 1.1, one gets

D) [ e
wi(n) = ——17 K(n,t)t~ "o tm=1q
= ) Sy Y

__mQ/e) )/JrooK(l,t-ni;)t L bm—1 gy
0

p"1(m/p
m —+00
_ /e n—%(’%m—mﬂﬁ%/ K(1,w)u= 5 m 1y
p"I'(m/p) 0
I™(1/p)  _a(s_m)
= ——— 17 n X\a )W
p 1T (m/p) '

Notice that K(t, 1)t_aTirl+c is monotonically decreasing on (0, 4+00), thus

(x

_ ol
wa(x) = ||x||m ZK (||x||m)\2//\1n 1) (||£U\|mf\p2/’\1n) e
_ 22 (atl +oo e
ﬂwﬁﬂpaé K (N2l 1) (el )~ du
ESYEESER IR ES EECY P
= ||x||m>\1( P C) X1 K(t 1) —7+cdt7 Hx”m (p 2 C)W2.
0

2. Main results

Theorem 2.1. Suppose that ]% + % =1(p>1),p>0,\A2>0,me N,

)\12(0"\2 pm)‘l + ﬁqu—kz) = ¢, K(n, Hm||m’p) = G (n™/|z|2,) is nonnegative and

measurable, K (t,1)t 5 and K(t,1)t » ™ are monotonically decreasing on (0, +00),
and

+oo
= | A2 K (1, ¢yt S m=1g
0

s convergent, then
(i) There are constant M > 0, for Va = {an} € 1%, f(x) € LS (RT), the neces-
sary and sufficient conditions for the validity of inequality

[ S K el an @z < ]

+n1

poll fllap- (2.1)
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1s ¢ > 0.
(i1) When ¢ = 0, the best constant factor of (2.1) is
m 1/p
f M — Wo ™ (1/p) .
(A9 A [P X p =D (m/ p)

Proof. (i) Suppose that there are constant M > 0, such that (2.1) holds. If ¢ < 0,
for 0 <& < —c¢/| 1], take

an =nmom =Ml =1 9 .

and

m—|A
#a) = ||$H( B—m—|Xz2]¢) /q, Hx”m,p > 1,

0, 0 < fefmp < 1.

Then the right side of (2.1) satisfies

s 1/p 1/q
Mllallp,allfllg,s = M <Z n_l_'h'5> </ IIxII;ﬁ_'AQEdf@)
n=1 lz][m,p=1
0 1/p 1/q
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=M [14+) il < / i Relegy
< nzz:z p"L(m/p) Jy

+oo 1/p m 1/q
L rm1/p) 1
<M 1+/ t! |’\1€dt> <
< 1 pm T (m/p) [Aale

M rm(1/p) \"°
— (14 M)V — L)
SIS <pm—1r<m/p>

Since K(t, 1)7575%r1 is monotonically decreasing on (0, +00), the left side of (2.1)
satisfies

/ZK 2, . p) @ f ()

RY n=1
:/ Izl (ﬂ+m+M2I6)/q <ZK ) —(a+1+IA1€)/p> dz
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atit|A e

_ B+mt|Aale Ao atl+|Aq]e +o0 2o P - —
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(1 oo Ml at142le
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So we get

(1 +oo . ap +oo a+1 c
<m_1(/P)> / t! xpC ‘/\Q‘Edt/ K(t, l)t_%wdt
p L'(m/p) 1 1

M rm(1/p) \V
< (14 M)V —L < . 2.2
<+ () < 22
Notice that 0 < & < — 17, then :\\—fc—l— [A2le < 0 and f+°° fimRRealegy +o0,
which contradicts (2.2). Therefore, ¢ > 0.

Conversely, suppose that ¢ > 0. It follows from the mixed Hélder’s inequality
and Lemma 1.2 that

| S K (0, fellnp) an f(a)de

+ n=1
0o atl_cp B+
n- v I
:/ ZK(n,HmeJ,) — ftm On a+71n_’:p (z) | da
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00 atl—cp l/p
n a p
<| [ S Kl s
B n=1 [
B+m 1/q
S IIIIImp
<\ [ S K O fel) o 1)
RT p=1 n

I
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(]2
S

1/p 1/q
atl—cp Btm
B (n) / ety f9()wo()dz
n=1 RT

m 1/13 oo 1/p
1/pyisl/a I (1//)) w,g gf%
v () (SR

n=1

00 1/p 1/q
Wo (/o) "7 —
= 7 (o) (e ) ([ el e
IAL[1/4|Ag) p (m/p) — R

s 1/p 1/q
Wo ( ™(1/p) )“” / 5
= n“al x|, fi(x)dz
hS |)\1|1/q|)\2‘1/p pm=1T(m/p) nz::l Ry B4l ,pf (z)

W ( "(1/p) )”” ;
A Ve[ x| P \pm 1T (m/p)

m 1/p
r .
Take M > P\l‘l}ﬁgﬁll/p <pm—1§“1(g:}p)) arbitrarily, one can get (2.1).

(ii) When ¢ = 0, assuming the best constant factor of (2.1) is My, then we can
see from the previous proof

< W ( ™(1/p) )“”
AV N\ T (m/p) )
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[ K el anf @) < Mol

+ n=1
For ¢ > 0 and § > 0 small enough, let

4y = (1=l 1 g

—B—m—|X2]e
fay = 4 Tl Nl 2 0

0, 0 < [|2]lm.p < 6.

Then
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Let ¢ — 0T, then
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In addition, let 6 — 0%, we have

Wo ( "(1/p) )””<M
M [Vapo? \pmT(m/p) ) =

Hence the best constant factor of (2.1) is

W (rmu/,o) )”p
A /a|xo) P \pm T (m/p) )

3. Applications

According to the basic theory of Hilbert type inequality, (2.1) is equivalent to the
following two forms

p
JREE (ZK . [2llm,p) @ )dxswnangm (3.1)
+
0 q
> netoo ( | K @leln) f(z)d:v) < M4 5 (3:2)
n=1 +

If the series operator 77 and singular integral operator 75 are defined by

=Y K llellng) 0 TalF)o = [ K () So)dn, (33)

then (3.1) and (3.2) can be written as

T2 (@)l 51-py < Mlallp.aand [ T2()llg,a01-q) < M fllq.5-
Thus by Theorem 2.1, one has

Theorem 3.1. Assume that % + é =1(p>1),p>0, A2 >0,meN,,

)\12 (MM) =c, K(n,||z|m,p) =G (n)‘1/||x\|f‘n2p) s nonnegative and mea-
+1 1

surable, K (t, 1)t7T and K(t, 1)2570#7+C are monotonically decreasing on (0, 400),

operators Th and Ty are defined as (3.3), and

+ee _Bm
Wo = || K(1, 6t « ™™ 1t < 400.
0
Then
(i) Ty - 15 — Lg(lfp) (RT) and Ty : LY (RT) — 13(1*‘” are bounded operators
if and only if ¢ > 0;
(ii) When ¢ = 0, the operator norms of Ty and Ty are

W (1 1/p
T30 = 1720 = s (s )
N7 \ =TT ()
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Corollary 3.1. Suppose that % + % =1(p>1),p>0,meN;,a>0,b>0 (a® +

b2 #0),M1 >0, >0, (“2;7’”1 + ‘”1;”) = ¢, a > max{—1,pc — 1}, m(q —

1) < B <m(q—1)+qgr(a+b), and

1
0

The operators Ty and Ty are defined by

T1(a)(x) = _n Ji={an} €12,
1 > (14 ) (max{tm lal2,))
nh. = [ (z)dz . f@) € L (RY),

m PV A
¢ (1 llalle)” (max (L0 /el %))

then
(i) Ty is a bounded operator from lf,‘ to ij(l"’) (RT) and Ty is a bounded oper-

ator from LS (RT) to 197D it and only if ¢ > 0;
(i1) When ¢ = 0, the operator norms of Ty and To are

Ty = [ Ts]) = 1VVo ( Fj'll(l/P) )l/p-
AP \pm I (m/p)

Proof. Notice that o > pc— 1, > —1, then —QT'H <0, —O‘T'fl +¢<0,

. 1 .
K(t, 1)t 5% = . S
(15 )" (max{1, 1))
and 1
K(t, 1)t %+ = e

(14 tM)" (max{1,*})"
are monotonically decreasing on (0, 400).

According to m(q — 1) < 8 < m(q — 1) + gh2(a + b), one has )\% (MTM - m) >

0,a+b— %2 (Bzm — m) > 0, it can be seen that the integral in W} is convergent.

And since

too B4m

Aol K(1,t)t "
0

+m_1dt

+o0 t7 Btm pm—1
= Ag/ _ ~dt
0 (14¢=22)" (max{1,t=*2})
+oo urg(ﬁtm —m)—1
= / s du
o (14w (max{l,u})
1
[ e e,
o (I+1)

it follows by Theorem 3.1 that Corollary 3.1 holds. O
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Take b = 0 in Corollary 3.1, then

1
1 L(BEm ) — a——ﬂm -
Wo = / [tut = e (5 }dt
(1+0)°
1 B84+m 1 B4+m
)
A Cas ) R Cas )
So we have
Corollary 3.2. Assume that * —I—% =1p > 1),p > 0,m € Ny,a > 0, >
0, > 0,72 (a”\zpmAl + 8= >‘2) ¢, « > max{—1l,pc— 1}, m(g—1) < B <
m(q — 1) + ghea, operators T1 and Ty are defined by respectively
n=3 - i={an} €ly
N )\2 a n p?
= (1l

f(x)dx

T(f)n: aaf(w)ELﬂ R™).
0=, (14 i, )

Then
(i) Ty is a bounded operator from I3 to L,ﬁ,(l*p) (RT) and T s a bounded oper-

ator from Lqﬁ (RT) to zij‘“‘f“ if and only if ¢ > 0.
(ii) When ¢ = 0, the operator norms of Ty and Ty are

L 1 ,B+m 1 B+m (1/p) \YP
T1||—|T2||—WB(A2( P m), a AQ( q m)><pmlr(m/p)> '

Take a = 0 in Corollary 3.1, then

1
Wo:/ [T R
0

So we have

Corollary 3.3. Suppose that zl) —|—é =1p > 1),p > 0,m € N_,b > 0,\; >
0, o > 0,/\1—2 (“AQ;m)‘l + 5)‘1(1_”\2) =c¢ a > max{—-1,pc— 1}, m(g—1) < 8 <
m(q — 1) + gAob, operators Ty and Ty are defined by respectively

B S
n=1 (maX{LﬂAl/H-THi\rLQ,p )
= [ S € 1 ).

v (max{1,m /[}a]]32,})

Then
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(i) T1 is a bounded operator from L to Lﬁ“"’) (RT) and Ty s a bounded oper-

ator from Lqﬁ (RT) to lf;(l_q) if and only if ¢ > 0.
(ii)) When ¢ = 0, the operator norms of Ty and Ty are

1 ™ (1/p) \? 1 1
73] = Il = (5 e —
AP \p T (m/ p) (B ) b— (B )

In Corollary 3.2, let m =1, = /\1—2()\1 -p), 8= )\%(}\2 +q), the following results
can be obtained.
Corollary 3.4. Assume that % +% =1(p>1),a>0,A >0,X >0+ X >
p,0 < ﬁ + ﬁq — ﬁ <a,a= %2(/\1 —-p),B8 = /\%(/\2 + q), operators Ty and Ty
are defined by respectively

o0

Ty(@)(z) =Y Wi#a — {an} €12,

n=1

_ [T fla)dae
TQ(f)n*/O m,f@)eLqﬁ (0, +00).

Then Ty is a bounded operator from Iy to Lff“*p) (0, +00), Ty is a bounded operator

from Lqﬁ (0, +00) to lg‘(l_q), and the operator norms of Ty and Ty are

1 1 1 1 1 1 1
T = |12 = B - a- T
” 1” H 2” )\}/Q)QI/P (/\1/\2 + )\1q /\2p7a )\1)\2 )\1(] + )\2}))

In Corollary 3.3, take m = 1, = /\1—2()\1 -p),B= /\1—1(/\2 + q), we have

Corollary 3.5. Suppose that * —|—é =1(p>1),b>0,A >0, 3 >0,A + Ao >

p,0 < ﬁ + )\}q )\2 <b, a= /\—2(/\1 —p),B = /\%(/\2 + q), operators Ty and Ty
are defined by respectwely

,a={an} € Ly,

+oo z)dz
T2<f)n:/0 : J@Ar 0y € 18 (0, +00).

max{1,n* /zA2})

Z max{l n>‘1 Jare )P

Then T is a bounded operator from iy to Lf,(l_p) (0, 400), Ty is a bounded operator

from Lqﬁ (0,400) to l?(kq), and the operator norms of Ty and Ty are

1 1 1
IT0]] = T2l = ( T T T T ) :
NP A\SE tae T P an T wa T
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