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Abstract The problem of equivalent parameters and the best constant factor
for the existence of quasi-homogeneous half-discrete Hilbert type inequality∫

Rm+

∞∑
n=1

G
(
nλ1/‖x‖λ2

m,ρ

)
anf(x)dx ≤M‖ã‖p,α‖f‖q,β

is discussed, and their applications in the study of operator boundedness and
norm are also considered.

Keywords Quasi homogeneous kernel, half-discrete Hilbert type inequality,
equivalent condition, best constant factor, boundedness of operator.

MSC(2010) 26D15, 47A07.

1. Introduction and preliminary knowledge

Suppose that ρ > 0,m ∈ N+, x = (x1, x2, · · · , xm),Rm+ =
{
x = (x1, x2, · · · , xm) :

xi > 0, i = 1, 2, · · · ,m
}
, ‖x‖m,ρ = (xρ1 + xρ2 + · · ·+ xρm)

1/ρ
. Spaces l and L are

defined by respectively

lαp =

ã = {an} : ‖ã‖p,α =

( ∞∑
n=1

nαapn

)1/p

< +∞, an ≥ 0

 ,

Lβq (Rm+ ) =

f(x) ≥ 0 : ‖f‖q,β =

(∫
Rm+
‖x‖βm,ρfq(x)dx

)1/q

< +∞

 .
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If λ1λ2 > 0, then the nonnegative measurable functionK(n, ‖x‖m,ρ) = G
(
nλ1/‖x‖λ2

m,ρ

)
is a kind of quasi homogeneous functions. In particular, it is homogeneous of order
0 as λ1 = λ2. If 1

p + 1
q = 1(p > 1), what are the parameter conditions for the

validity of multiple integral half-discrete Hilbert type inequality as follows?∫
Rm+

∞∑
n=1

G
(
nλ1/‖x‖λ2

m,ρ

)
anf(x)dx ≤M‖ã‖p,α‖f‖q,β . (1.1)

That is, what conditions do the parameters p, q, α, β, λ1, λ2 meet if there is a con-
stant M that makes (1.1) true? Is this condition necessary at the same time? This
question is undoubtedly very important. In this paper, these issues are discussed,
and the best constant factor when the inequality holds is also considered. Finally,
their applications in the boundedness and norm of operators are discussed. Related
literatures can be found in [1–3,5–17]

Lemma 1.1 ( [4]). Suppose that ai > 0, αi > 0(i = 1, 2, · · · ,m), ψ(u) is measurable,
then ∫

∑m
i=1

(
xi
ai

)αi≤1;xi>0

ψ

(
m∑
i=1

(
xi
ai

)αi)
dx1 · · · dxm

=
a1 · · · amΓ

(
1
α1

)
· · ·Γ

(
1
αm

)
α1 · · ·αmΓ

(
1
α1

+ · · ·+ 1
αm

) ∫ 1

0

ψ(u)u
1
α1

+···+ 1
αm
−1du,

where Γ(t) is Gamma function.

According to Lemma 1.1, it is not difficult to get∫
‖x‖m,ρ≤r

ψ (‖x‖m,ρ) dx =
Γm(1/ρ)

ρm−1Γ(m/ρ)

∫ r

0

ψ(u)um−1du,

∫
‖x‖m,ρ≥r

ψ (‖x‖m,ρ) dx =
Γm(1/ρ)

ρm−1Γ(m/ρ)

∫ +∞

r

ψ(u)um−1du.

Lemma 1.2. Assume that 1
p+ 1

q = 1(p > 1), ρ > 0, λ1λ2 > 0,m ∈ N+,
1
λ2

(
αλ2−mλ1

p +
βλ1−λ2

q

)
= c, K(n, ‖x‖m,ρ) = G

(
nλ1/‖x‖λ2

m,ρ

)
is nonnegative and measurable,

K(t, 1)t−
α+1
p +c is monotonically decreasing on (0,+∞). Denote that

W1 =

∫ +∞

0

K(1, t)t−
β+m
q +m−1dt,W2 =

∫ +∞

0

K(t, 1)t−
α+1
p +cdt.

Then
λ2W1 = λ1W2

and

ω1(n) =

∫
Rm+

K (n, ‖x‖m,ρ) ‖x‖
− β+mq
m,ρ dx =

Γm(1/ρ)

ρm−1Γ(m/ρ)
n−

λ1
λ2

( βq−
m
p )W1,

ω2(x) =

∞∑
n=1

K (n, ‖x‖m,ρ)n−
α+1
p +c ≤ ‖x‖

−λ2λ1 (αp−
1
q−c)

m,ρ W2.
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Proof. According to 1
λ2

(
αλ2−mλ1

p + βλ1−λ2

q

)
= c, let t−λ2/λ1 = u, we have

W1 =

∫ +∞

0

K(t−
λ2
λ1 , 1)t−

β+m
q +m−1dt

=
λ1

λ2

∫ +∞

0

K (u, 1)u
λ1
λ2

( β+mq −m+1)−λ1λ2−1du

=
λ1

λ2

∫ +∞

0

K(u, 1)u−
α+1
p +cdu =

λ1

λ2
W2.

Hence λ2W1 = λ1W2.
By Lemma 1.1, one gets

ω1(n) =
Γm(1/ρ)

ρm−1Γ(m/ρ)

∫ +∞

0

K(n, t)t−
β+m
q +m−1dt

=
Γm(1/ρ)

ρm−1Γ(m/ρ)

∫ +∞

0

K
(

1, t · n−
λ1
λ2

)
t−

β+m
q +m−1dt

=
Γm(1/ρ)

ρm−1Γ(m/ρ)
n−

λ1
λ2

( β+mq −m+1)+
λ1
λ2

∫ +∞

0

K(1, u)u−
β+m
q +m−1du

=
Γm(1/ρ)

ρm−1Γ(m/ρ)
n−

λ1
λ2

( βq−
m
p )W1.

Notice that K(t, 1)t−
α+1
p +c is monotonically decreasing on (0,+∞), thus

ω2(x) = ‖x‖
−λ2λ1

(
α+1
p −c

)
m,ρ

∞∑
n=1

K
(
‖x‖−λ2/λ1

m,ρ n, 1
) (
‖x‖−λ2/λ1

m,ρ n
)−α+1

p +c

≤ ‖x‖
−λ2λ1

(
α+1
p −c

)
m,ρ

∫ +∞

0

K
(
‖x‖−λ2/λ1

m,ρ u, 1
) (
‖x‖−λ2/λ1

m,ρ u
)−α+1

p +c
du

= ‖x‖
−λ2λ1

(
α+1
p −c

)
+
λ2
λ1

m,ρ

∫ +∞

0

K (t, 1) t−
α+1
p +cdt = ‖x‖

−λ2λ1

(
α
p−

1
q−c
)

m,ρ W2.

2. Main results

Theorem 2.1. Suppose that 1
p + 1

q = 1(p > 1), ρ > 0, λ1λ2 > 0,m ∈ N+,
1
λ2

(
αλ2−mλ1

p + βλ1−λ2

q

)
= c,K(n, ‖x‖m,ρ) = G

(
nλ1/‖x‖λ2

m,ρ

)
is nonnegative and

measurable, K(t, 1)t−
α+1
p and K(t, 1)t−

α+1
p +c are monotonically decreasing on (0,+∞),

and

W0 = |λ2|
∫ +∞

0

K(1, t)t−
β+m
q +m−1dt

is convergent, then
(i) There are constant M > 0, for ∀ã = {an} ∈ lαp , f(x) ∈ Lβq

(
Rm+
)
, the neces-

sary and sufficient conditions for the validity of inequality∫
Rm+

∞∑
n=1

K (n, ‖x‖m,ρ) anf(x)dx ≤M‖ã‖p,α‖f‖q,β . (2.1)
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is c ≥ 0.

(ii) When c = 0, the best constant factor of (2.1) is

inf M =
W0

|λ1|1/q|λ2|1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p

.

Proof. (i) Suppose that there are constant M > 0, such that (2.1) holds. If c < 0,
for 0 < ε < −c/|λ1|, take

an = n(−α−1−|λ1|ε)/p, n = 1, 2, · · ·

and

f(x) =

‖x‖
(−β−m−|λ2|ε)/q
m,ρ , ‖x‖m,ρ ≥ 1,

0, 0 < ‖x‖m,ρ < 1.

Then the right side of (2.1) satisfies

M‖ã‖p,α‖f‖q,β = M

( ∞∑
n=1

n−1−|λ1|ε

)1/p(∫
‖x‖m,ρ≥1

‖x‖−m−|λ2|ε
m,ρ dx

)1/q

=M

(
1 +

∞∑
n=2

n−1−|λ1|ε

)1/p(
Γm(1/ρ)

ρm−1Γ(m/ρ)

∫ +∞

1

t−1−|λ2|εdt

)1/q

≤M
(

1 +

∫ +∞

1

t−1−|λ1|εdt

)1/p(
Γm(1/ρ)

ρm−1Γ(m/ρ)

1

|λ2|ε

)1/q

=
M

ε|λ1|1/p|λ1|1/q
(1 + |λ1|ε)1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/q

.

Since K(t, 1)t−
α+1
p is monotonically decreasing on (0,+∞), the left side of (2.1)

satisfies∫
Rm+

∞∑
n=1

K (n, ‖x‖m,ρ) anf(x)dx

=

∫
‖x‖m,ρ≥1

‖x‖−(β+m+|λ2|ε)/q
m,ρ

( ∞∑
n=1

K (n, ‖x‖m,ρ)n−(α+1+|λ1|ε)/p

)
dx

=

∫
‖x‖m,ρ≥1

‖x‖
− β+m+|λ2|ε

q −λ2λ1
α+1+|λ1|ε

p
m,ρ

 ∞∑
n=1

K

(
n · ‖x‖

−λ2λ1
m,ρ , 1

)(
n · ‖x‖

−λ2λ1
m,ρ

)−α+1+|λ1|ε
p

dx

≥
∫
‖x‖m,ρ≥1

‖x‖
− β+m+|λ2|ε

q −λ2λ1
α+1+|λ1|ε

p
m,ρ

∫ +∞

1

K

(
u · ‖x‖

−λ2λ1
m,ρ , 1

)(
u · ‖x‖

−λ2λ1
m,ρ

)−α+1+|λ1|ε
p

du

dx

=

∫
‖x‖m,ρ≥1

‖x‖
− β+m+|λ2|ε

q −λ2λ1
α+1+|λ1|ε

p +
λ2
λ1

m,ρ

[∫ +∞

‖x‖
−λ2
λ1

m,ρ

K (t, 1) t−
α+1+|λ1|ε

p dt

]
dx

≥
∫
‖x‖m,ρ≥1

‖x‖
−m−λ2λ1 c−|λ2|ε
m,ρ

[∫ +∞

1

K(t, 1)t−
α+1+|λ1|ε

p dt

]
dx

=
Γm(1/ρ)

ρm−1Γ(m/ρ)

∫ +∞

1

t−1−λ2λ1 c−|λ2|εdt

∫ +∞

1

K(t, 1)t−
α+1+|λ1|ε

p dt.
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So we get(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)∫ +∞

1

t−1−λ2λ1 c−|λ2|εdt

∫ +∞

1

K(t, 1)t−
α+1+|λ1|ε

p dt

≤ M

ε|λ1|1/p|λ2|1/q
(1 + |λ1|ε)1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/q

< +∞. (2.2)

Notice that 0 < ε < − c
|λ1| , then λ2

λ1
c + |λ2|ε < 0 and

∫ +∞
1

t−1−λ2λ1 c−|λ2|εdt = +∞,

which contradicts (2.2). Therefore, c ≥ 0.
Conversely, suppose that c ≥ 0. It follows from the mixed Hölder’s inequality

and Lemma 1.2 that∫
Rm+

∞∑
n=1

K (n, ‖x‖m,ρ) anf(x)dx

=

∫
Rm+

∞∑
n=1

K (n, ‖x‖m,ρ)

nα+1−cp
pq

‖x‖
β+m
pq

m,ρ

an

‖x‖ β+mpqm,ρ

n
α+1−cp
pq

f(x)

 dx

≤

∫
Rm+

∞∑
n=1

K (n, ‖x‖m,ρ)
n
α+1−cp

q

‖x‖
β+m
q

m,ρ

apndx

1/p

×

∫
Rm+

∞∑
n=1

K (n, ‖x‖m,ρ)
‖x‖

β+m
p

m,ρ

n
α+1−cp

p

fq(x)dx

1/q

=

( ∞∑
n=1

n
α+1−cp

q apnω1(n)

)1/p(∫
Rm+
‖x‖

β+m
p

m,ρ f
q(x)ω2(x)dx

)1/q

≤ W
1/p
1 W

1/q
2

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p
( ∞∑
n=1

n
α+1−cp

q −λ1λ2 ( βq−
m
p )apn

)1/p

×

(∫
Rm+
‖x‖

β+m
p −

λ2
λ1

(αp−
1
q−c)

m,ρ fq(x)dx

)1/q

=
W0

|λ1|1/q|λ2|1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p
( ∞∑
n=1

nα−pcapn

)1/p(∫
Rm+
‖x‖βm,ρfq(x)dx

)1/q

≤ W0

|λ1|1/q|λ2|1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p
( ∞∑
n=1

nαapn

)1/p(∫
Rm+
‖x‖βm,ρfq(x)dx

)1/q

=
W0

|λ1|1/q|λ2|1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p

‖ã‖p,α‖f‖q,β .

Take M ≥ W0

|λ1|1/q|λ2|1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p

arbitrarily, one can get (2.1).

(ii) When c = 0, assuming the best constant factor of (2.1) is M0, then we can
see from the previous proof

M0 ≤
W0

|λ1|1/q|λ2|1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p

,
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Rm+

∞∑
n=1

K (n, ‖x‖m,ρ) anf(x)dx ≤M0‖ã‖p,α‖f‖q,β .

For ε > 0 and δ > 0 small enough, let

an = n(−α−1−|λ1|ε)/p, n = 1, 2, · · ·

f(x) =

‖x‖
(−β−m−|λ2|ε)/q
m,ρ , ‖x‖m,ρ ≥ δ,

0, 0 < ‖x‖m,ρ < δ.

Then

M0‖ã‖p,α‖f‖q,β ≤
M0

|λ1|1/p|λ2|1/qε

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/q

(|λ1|ε+ 1)
1/p

δ−
|λ2|ε
q ,∫

Rm+

∞∑
n=1

K (n, ‖x‖m,ρ) anf(x)dx

=

∞∑
n=1

n(−α−1−|λ1|ε)/p

(∫
‖x‖m,ρ≥δ

‖x‖(−β−m−|λ2|ε)/q
m,ρ K (n, ‖x‖m,ρ) dx

)

=

∞∑
n=1

n(−α−1−|λ1|ε)/p
(

Γm(1/ρ)

ρm−1Γ(m/ρ)

∫ +∞

δ

K(n, u)u−
β+m+|λ2|ε

q +m−1du

)

=
Γm(1/ρ)

ρm−1Γ(m/ρ)

∞∑
n=1

n
−α+1+|λ1|ε

p −λ1λ2
(
β+m+|λ2|ε

q −m+1
)

×

(∫ +∞

δ

K(1, n−
λ1
λ2 u)

(
n−

λ1
λ2 u
)− β+m+|λ2|ε

q +m−1

du

)

=
Γm(1/ρ)

ρm−1Γ(m/ρ)

∞∑
n=1

n−1−|λ1|ε
∫ +∞

δ·n
−λ1
λ2

K(1, t)t−
β+m+|λ2|ε

q +m−1dt

≥ Γm(1/ρ)

ρm−1Γ(m/ρ)

∫ +∞

1

t−1−|λ1|εdt

∫ +∞

δ

K(1, t)t−
β+m+|λ2|ε

q +m−1dt

=
1

|λ1|ε
Γm(1/ρ)

ρm−1Γ(m/ρ)

∫ +∞

δ

K(1, t)t−
β+m+|λ2|ε

q +m−1dt.

Consequently,

Γm(1/ρ)

|λ1|ρm−1Γ(m/ρ)

∫ +∞

δ

K(1, t)t−
β+m+|λ2|ε

q +m−1dt

≤ M0

|λ1|1/p|λ2|1/q

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/q

(|λ1|ε+ 1)
1/p

δ−
|λ2|ε
q .

Let ε→ 0+, then

Γm(1/ρ)

|λ1|ρm−1Γ(m/ρ)

∫ +∞

δ

K(1, t)t−
β+m
q +m−1dt ≤ M0

|λ1|1/p|λ2|1/q

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/q

,

i.e.

1

|λ1|1/q|λ2|1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p

|λ2|
∫ +∞

δ

K(1, t)t−
β+m
q +m−1dt ≤M0.
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In addition, let δ → 0+, we have

W0

|λ1|1/q|λ2|1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p

≤M0.

Hence the best constant factor of (2.1) is

M0 =
W0

|λ1|1/q|λ2|1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p

.

3. Applications

According to the basic theory of Hilbert type inequality, (2.1) is equivalent to the
following two forms∫

Rm+
‖x‖β(1−p)

m,ρ

( ∞∑
n=1

K (n, ‖x‖m,ρ) an

)p
dx ≤Mp‖ã‖pp,α, (3.1)

∞∑
n=1

nα(1−q)

(∫
Rm+

K (n, ‖x‖m,ρ) f(x)dx

)q
≤Mq‖f‖qq,β . (3.2)

If the series operator T1 and singular integral operator T2 are defined by

T1(ã)(x) =

∞∑
n=1

K (n, ‖x‖m,ρ) an, T2(f)n =

∫
Rm+

K (n, ‖x‖m,ρ) f(x)dx, (3.3)

then (3.1) and (3.2) can be written as

‖T1(ã)‖p,β(1−p) ≤M‖ã‖p,αand ‖T2(f)‖q,α(1−q) ≤M‖f‖q,β .

Thus by Theorem 2.1, one has

Theorem 3.1. Assume that 1
p + 1

q = 1(p > 1), ρ > 0, λ1λ2 > 0,m ∈ N+,
1
λ2

(
αλ2−mλ1

p +βλ1−λ2

q

)
= c,K(n, ‖x‖m,ρ) = G

(
nλ1/‖x‖λ2

m,ρ

)
is nonnegative and mea-

surable, K(t, 1)t−
α+1
p and K(t, 1)t−

α+1
p +c are monotonically decreasing on (0,+∞),

operators T1 and T2 are defined as (3.3), and

W0 = |λ2|
∫ +∞

0

K(1, t)t−
β+m
q +m−1dt < +∞.

Then
(i) T1 : lαp → L

β(1−p)
p

(
Rm+
)

and T2 : Lβq
(
Rm+
)
→ l

α(1−q)
q are bounded operators

if and only if c ≥ 0;
(ii) When c = 0, the operator norms of T1 and T2 are

‖T1‖ = ‖T2‖ =
W0

|λ1|1/q|λ2|1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p

.



528 B. He, Y. Hong, Z. Li & B. Yang

Corollary 3.1. Suppose that 1
p + 1

q = 1(p > 1), ρ > 0,m ∈ N+, a ≥ 0, b ≥ 0 (a2 +

b2 6= 0), λ1 > 0, λ2 > 0, 1
λ2

(
αλ2−mλ1

p + βλ1−λ2

q

)
= c, α ≥ max{−1, pc− 1}, m(q −

1) < β < m(q − 1) + qλ2(a+ b), and

W0 =

∫ 1

0

1

(1 + t)
a

[
t

1
λ2

( β+mq −m)−1 + ta+b− 1
λ2

( β+mq −m)−1
]

dt.

The operators T1 and T2 are defined by

T1(ã)(x) =

∞∑
n=1

an(
1 + nλ1/‖x‖λ2

m,ρ

)a (
max{1, nλ1/‖x‖λ2

m,ρ}
)b , ã = {an} ∈ lαp ,

T2(f)n =

∫
Rm+

f(x)dx(
1 + nλ1/‖x‖λ2

m,ρ

)a (
max{1, nλ1/‖x‖λ2

m,ρ}
)b , f(x) ∈ Lβq

(
Rm+
)
,

then
(i) T1 is a bounded operator from lαp to L

β(1−p)
p

(
Rm+
)

and T2 is a bounded oper-

ator from Lβq
(
Rm+
)

to l
α(1−q)
q if and only if c ≥ 0;

(ii) When c = 0, the operator norms of T1 and T2 are

‖T1‖ = ‖T2‖ =
W0

λ
1/q
1 λ2

1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p

.

Proof. Notice that α ≥ pc− 1, α ≥ −1, then −α+1
p ≤ 0,−α+1

p + c ≤ 0,

K(t, 1)t−
α+1
p =

1

(1 + tλ1)
a

(max{1, tλ1})b
t−

α+1
p

and

K(t, 1)t−
α+1
p +c =

1

(1 + tλ1)
a

(max{1, tλ1})b
t−

α+1
p +c

are monotonically decreasing on (0,+∞).

According to m(q − 1) < β < m(q − 1) + qλ2(a+ b), one has 1
λ2

(
β+m
q −m

)
>

0, a+ b− 1
λ2

(
β+m
q −m

)
> 0, it can be seen that the integral in W0 is convergent.

And since

|λ2|
∫ +∞

0

K(1, t)t−
β+m
q +m−1dt

= λ2

∫ +∞

0

t−
β+m
q +m−1

(1 + t−λ2)
a

(max{1, t−λ2})b
dt

=

∫ +∞

0

u
1
λ2

( β+mq −m)−1

(1 + u)a (max{1, u})b
du

=

∫ 1

0

1

(1 + t)
a

[
t

1
λ2

( β+mq −m)−1 + ta+b− 1
λ2

( β+mq −m)−1
]
dt,

it follows by Theorem 3.1 that Corollary 3.1 holds.
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Take b = 0 in Corollary 3.1, then

W0 =

∫ 1

0

1

(1 + t)
a

[
t

1
λ2

( β+mq −m)−1 + ta−
1
λ2

( β+mq −m)−1
]

dt

= B
( 1

λ2

(β +m

q
−m

)
, a− 1

λ2

(β +m

q
−m

))
.

So we have

Corollary 3.2. Assume that 1
p + 1

q = 1(p > 1), ρ > 0,m ∈ N+, a > 0, λ1 >

0, λ2 > 0, 1
λ2

(
αλ2−mλ1

p + βλ1−λ2

q

)
= c, α ≥ max{−1, pc − 1}, m(q − 1) < β <

m(q − 1) + qλ2a, operators T1 and T2 are defined by respectively

T1(ã)(x) =

∞∑
n=1

an(
1 + nλ1/‖x‖λ2

m,ρ

)a , ã = {an} ∈ lαp ,

T2(f)n =

∫
Rm+

f(x)dx(
1 + nλ1/‖x‖λ2

m,ρ

)a , f(x) ∈ Lβq
(
Rm+
)
.

Then
(i) T1 is a bounded operator from lαp to L

β(1−p)
p

(
Rm+
)

and T2 is a bounded oper-

ator from Lβq
(
Rm+
)

to l
α(1−q)
q if and only if c ≥ 0.

(ii) When c = 0, the operator norms of T1 and T2 are

‖T1‖=‖T2‖=
1

λ
1/q
1 λ2

1/p
B
( 1

λ2

(β +m

q
−m
)
, a− 1

λ2

(β +m

q
−m
))( Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p

.

Take a = 0 in Corollary 3.1, then

W0 =

∫ 1

0

[
t

1
λ2

( β+mq −m)−1 + tb−
1
λ2

( β+mq −m)−1
]

dt

=
1

1
λ2

(β+m
q −m)

+
1

b− 1
λ2

(β+m
q −m)

.

So we have

Corollary 3.3. Suppose that 1
p + 1

q = 1(p > 1), ρ > 0,m ∈ N+, b > 0, λ1 >

0, λ2 > 0, 1
λ2

(
αλ2−mλ1

p + βλ1−λ2

q

)
= c, α ≥ max{−1, pc − 1}, m(q − 1) < β <

m(q − 1) + qλ2b, operators T1 and T2 are defined by respectively

T1(ã)(x) =

∞∑
n=1

an(
max{1, nλ1/‖x‖λ2

m,ρ}
)b , ã = {an} ∈ lαp ,

T2(f)n =

∫
Rm+

f(x)dx(
max{1, nλ1/‖x‖λ2

m,ρ}
)b , f(x) ∈ Lβq

(
Rm+
)
.

Then
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(i) T1 is a bounded operator from lαp to L
β(1−p)
p

(
Rm+
)

and T2 is a bounded oper-

ator from Lβq
(
Rm+
)

to l
α(1−q)
q if and only if c ≥ 0.

(ii) When c = 0, the operator norms of T1 and T2 are

‖T1‖ = ‖T2‖ =
1

λ
1/q
1 λ2

1/p

(
Γm(1/ρ)

ρm−1Γ(m/ρ)

)1/p [ 1
1
λ2

(β+m
q −m)

+
1

b− 1
λ2

(β+m
q −m)

]
.

In Corollary 3.2, let m = 1, α = 1
λ2

(λ1−p), β = 1
λ1

(λ2 + q), the following results
can be obtained.

Corollary 3.4. Assume that 1
p + 1

q = 1(p > 1), a > 0, λ1 > 0, λ2 > 0, λ1 + λ2 >

p, 0 < 1
λ1λ2

+ 1
λ1q
− 1

λ2p
< a, α = 1

λ2
(λ1 − p), β = 1

λ1
(λ2 + q), operators T1 and T2

are defined by respectively

T1(ã)(x) =

∞∑
n=1

an
(1 + nλ1/xλ2)

a , ã = {an} ∈ lαp ,

T2(f)n =

∫ +∞

0

f(x)dx

(1 + nλ1/xλ2)
a , f(x) ∈ Lβq (0,+∞).

Then T1 is a bounded operator from lαp to L
β(1−p)
p (0,+∞), T2 is a bounded operator

from Lβq (0,+∞) to l
α(1−q)
q , and the operator norms of T1 and T2 are

‖T1‖ = ‖T2‖ =
1

λ
1/q
1 λ2

1/p
B

(
1

λ1λ2
+

1

λ1q
− 1

λ2p
, a− 1

λ1λ2
− 1

λ1q
+

1

λ2p

)
.

In Corollary 3.3, take m = 1, α = 1
λ2

(λ1 − p), β = 1
λ1

(λ2 + q), we have

Corollary 3.5. Suppose that 1
p + 1

q = 1(p > 1), b > 0, λ1 > 0, λ2 > 0, λ1 + λ2 >

p, 0 < 1
λ1λ2

+ 1
λ1q
− 1

λ2p
< b, α = 1

λ2
(λ1 − p), β = 1

λ1
(λ2 + q), operators T1 and T2

are defined by respectively

T1(ã)(x) =

∞∑
n=1

an

(max{1, nλ1/xλ2})b
, ã = {an} ∈ lαp ,

T2(f)n =

∫ +∞

0

f(x)dx

(max{1, nλ1/xλ2})b
, f(x) ∈ Lβq (0,+∞).

Then T1 is a bounded operator from lαp to L
β(1−p)
p (0,+∞), T2 is a bounded operator

from Lβq (0,+∞) to l
α(1−q)
q , and the operator norms of T1 and T2 are

‖T1‖ = ‖T2‖ =
1

λ
1/q
1 λ2

1/p

(
1

1
λ1λ2

+ 1
λ1q
− 1

λ2p

+
1

b− 1
λ1λ2

− 1
λ1q

+ 1
λ2p

)
.
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