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Abstract This paper investigates nonlinear set-valued functional differential
equations with initial value conditions. By introducing the notion of Hukuhara
partial derivative of set-valued function, using the comparison principle and
the method of quasilinearization, we obtain monotone iterative sequences of
approximate solutions which converge uniformly and quadratically to the so-
lutions of such problems.
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1. Introduction

Recently, many researchers have shown great interest in set-valued differential equa-
tions in a semilinear metric space due to its applicability to multivalued differen-
tial inclusions and fuzzy differential equations and its inclusion of ordinary dif-
ferential systems as a special case. For some interest results on its basic theory
and applications, we can refer the reader to the results of the local existence
and uniqueness of solutions, the continuous dependence of solutions, the exis-
tence of extremum solutions and global existence [4, 9,17, 20, 25, 27]; the com-
parison principle, stability and instabilty of solutions for set-valued differential
equations [5-8,10, 16, 19, 22-24, 26, 29]. For a complete framework of set-valued
differential equations, we can see the monograph of Lakshmikantham et al. [18],
and the references cited therein. Meanwhile, the results of various kinds of set-
valued differential equations have appeared successively. For example, Ahmad and
Sivasundaram [2] investigated the monotone iterative technique for impulsive hy-
brid set integro-differential equations; Blasi, Lakshmikantham, and Bhaskar [11,12]
gave the result of existence of solution for set-valued differential inclusions in a
semilinear metric space; Drice and Mcrae [14, 15] obtained some basic results on
existence, uniqueness, and continuous dependence of solutions with respect to ini-
tial values for set-valued differential equations with causal operators; Lupulescu [20]
studied the successive approximations of solutions for set-valued differential equa-
tions and the differential inclusion and control in compact but non-convex spaces;
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Appala Naidu, Dhaigude and Devi [3], Bashir and Sivasundaram [5, 6], Hong [16]
and Slynjko [28] obtained some basic results and stability criteria in terms of two
measures for set-valued differential equations involving causal operators, set-valued
perturbed hybrid integro-differential equations with impulse, set-valued differential
equations on time scales and set difference equations in space conv R™ respectively.
We can also find some interesting results for set-valued functional differential equa-
tions in [1,13,21,30]. However, we noticed that the previous studies mainly focused
on the existence of solutions and the stability of solutions. There are few results of
convergence for set-valued differential equations and fewer results of convergence
for set-valued functional differential equations. In this paper, by introducing the
notion of Hukuhara partial derivative of set-valued function, using the comparison
principle and the method of quasilinearization, we consider quadratic approximation
of solutions for the following set-valued functional differential equations

(1.1)

DrU(t) = F(t,U(t),U(4(t))), t€J,
U(t) =9(t) € K.(R™), te Jo,

where U € C = C[J,K.(R")], F : J xC x C — K (R"), ¥ : Jy — K.(R") are
continuous set-valued mapping; J = [0,T], Jo = [-r,0], t —r < §(t) <t,r>0isa
constant; K.(R™) is a family of all nonempty compact and convex subsets of R™.

2. Preliminaries

We first give the notations and concepts for set-valued differential equations which
can be found in [18].

Let A and B be the nonempty closed subsets of the space K.(R™), the Hausdorff
metric between A and B is determined by the formula

DI[A, B] = max [sgg d(z, A), 51613 d(y, B)} ,
@ y

where d(z, A) = inf[d(z,y) : y € A].
It is known that (K.(R™), D) is a complete metric space. For any nonempty
subsets A, B,C, A" and B’ of the space K.(R™), A € R, we have

D[A+ C,B+C]| = DIA, B], D[A, B] = D[B, 4],

D[XA,AB] = A\D[A, B],

D[A, B < D[A,C] + D[C, B,

D[A+ A", B+ B'] < D|A, B] + D[A', B'].
Definition 2.1 ( [18]). Given any A, B € K (R™), if there exists an element C' €
K (R™) such that A = B 4 C, then we define the A — B as geometric difference of
A and B. if there exists a C € K.(R") such that A = B + C, and for any ¢ € C is

a nonnegative(positive) vector of n components satisfying ¢; > 0 fori = 1,2,--- | n,
then we define the A > B. Similarly, one can define A < B.

For any compact set J C R, we give the Hukuhara integral of F' by

U(t) =Ul(to) + /t DyU(s)ds, teJ,
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that is
U(t) = Ulto) +/ F(s,U(s),U(d(s)))ds, teJ,

to

where the Hukuhara integral as follow

/ F(s)ds = [/ f(s)ds: f is a continuous selector of F}
J J

Corollary 2.1. If F: J — K.(R") is integrable, then

to t1 to
/ F(s)ds:/ F(s)ds+/ F(s)ds, to <t <to,
to to t1

/tAF(s)ds)\/tF(s)ds, AER.

to to
Corollary 2.2. If F,G : J — K.(R"™) is integrable, then D[F(-),G(-)] : J — R is

integrable and

D { /t:F(s) ds, /tt G(s) ds} < /t:D[F(s),G(s)] ds.

Definition 2.2 ( [18]). The set-valued mapping F : J x K.(R") x K. (R") —
K.(R™) is Hukuhara differentiable at a point to € J, if the limits

lim F(to+ h,U,U(3)) — F(to,U,U(9))

h—0t h
and
lim
h—0t h

exist in K.(R™) and equal to Dy F(ty).

Next, we give the concept of Hukuhara partial derivatives of set-valued function
which are useful in proving the main results.

Definition 2.3. The set-valued mapping F : J x K .(R") x K.(R") — K.(R") is
Hukuhara partial differentiable at Up, if there exists Dp,, F(t,Uo,U(6)) € 25"
such that the limits

F(t, Uy + hep, U(6)) — F(t, Uy, U(5))

i
e h
and
lim F(ta U07 U((S)) — F(t’ UO - hek:7 U(é))
h—0+t h
exist in the topology of (K.(R"), D) and are equal to Dy, F'(t,Uo,U(d)), where
ex = (eg, -+ ,el) is the vector that ei =0, k#jandef = 1.

Similarly, we can define the second partial derivative of F’ with respect to Uj.
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Definition 2.4. The set-valued mapping Dy, F' : J x K.(R") — 2Ke(R") g
Hukuhara partial differentiable at Up, if there exists Dy2 F(t, Uo,U(9)) such that
0

the limits
DHUOF(t, Uy + hey, U((S)) - l)HU0 F(t, Uy, U((S))

hli{{)l+ h
and
i Dy, (t,Uo,U(8)) = Dy, F(t, U — hey, U(0))
h—0t h
exist and are equal to DHIZ}OF(t,UO,U((S))7 where e = (e}, ,e}) is the vector

thateizo,k#jande’,jzl.
In addition, we give some suitable forms for the Hukuhara partial derivatives.

We first identify Dy, F(t,Uo, U(d)) in the following form:

OF(t, Uy, U(9))

Dy, F(1,Up, U () = | =5~

cug € Up € KC(R")} € 2K(R"),

where

8u0 8u01 ’ Ouon

such that %ﬂf”” € K.(R™) for each i. In the special case, when Uy, F' are
single-valued mapping, D, F(t, Uy, U(d)) reduces to n vectors

6FKLU@CM5»::<8FKLU@IM6» B 8PKLU@[M5»)

6UO 6u01 ’ 8u0n

which is usually written as an m X n matrix so that one can treat it as a linear
operator mapping any vector into another vector or any matrix into another matrix.
Similarly, we can identify Dy F(t,Up,U(6)) in the following suitable form:

0

OF?(t, Uy, U(9))

Dy F(t,Up, U(6)) = { Sup € Up € KC(R”)],

Ou
where OF(t,Uo,U()) OF(t,Uo,U(8))
8F2 (ta U07 U((S)) — (a 767(;(; . 9 ’813(7) )
Bug 8u01 ’ ’ 8110” ’
aaF(t,UO,U(S)) n
such that + e 2K(R") for each i. In the special case when Uy, F are

single-valued DH[z; F(t,Up,U(0)) reduces to n vectors or n X n matrix
0

AF (t,Uo,U(8)) OF (t,Uo,U(9))
aFQ(t>U07U(§)) _ a 3120 o 6 3120
oud duo1 T duon
PPF(t,Uo,U(8)) 9*F(t,Uo,U(8)) . . 9>F(t,Uo,U(%))
OuZ, Ouo10up2 Ou010Uon
*F(t,Uo,U(8)) 9°F(t,Up,U(8)) = . 8°F(t,Uo,U(9))
Oug20u01 8u32 Ouo20Uon
D’F(t,Uo,U(8)) 9*F(t,Up,U(8))  9°F(t,Uo,U(5))
2

Ougnduo1 Ouprn Ouo2 ouZ,
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2

which is usually written as an n x n® matrix so that one can treat it as a linear

operator mapping.

Definition 2.5. Let A = {a;;}" be a matrix, i, j = 1, N € N*. We call that A > 6
if a;; > 6 for 7,5 =1,2,..., N, where 0 is the element in R", which is regarded as a
point set.

3. Quadratic Convergence

In this section, the quadratic convergence of approximate iterative sequences are
proved by the quasilinearization method.

Let 6 be a null set of K.(R"), P € K.(R"), we denote ||P|| = {(|P|,---,|P"|)},
I1PI* = {(IP*?, -, [P%)}.
Definition 3.1. There exist V,W € C(Jy, K.(R™)) UC(J, K.(R™)), and V, W are
said to be

(I) natural lower and upper solutions of the problem (1.1) if

DV (t) < F(t,V(t),V(5(1)), ted,
V(t) <T(t), tedy,

and

DpW(t) = F(t, W(t), W(5(t))), teJ,
W(t) = ¥(t), te o,

(II) coupled lower solution and upper solutions of the problem (1.1) if

DV (t) < F(t,V(t),W(s())), ted,
V(t) <WU(t), te o,
and
DWW (t) > F(t,W(t),V(§(t))), teJ,
{W(t) > U(t), te .

Firstly, we give some lemmas which plays an important role in the proof of our
results.

Lemma 3.1. Assume that the following conditions hold:

(A31) V,W € C(Jo, K.(R™))|JC(J, K.(R™)) are natural lower and upper solu-
tions of the problem (1.1);

(A32) F € C[J x K. (R™) x K.(R"), K.(R™)], F(t,X,Y) is nondecreasing in both
X andY fort e J; and for any X1,X5,Y1,Ys € K.(R"), X1 > Xo, Y1 > Yo,
satisfy

Fi(t, X1, Y1) < Fi(t,X2,Y2) + L1 Z {(Xu — Xoj) + (Y1; — Ya5) |,

j=1

where Ly > 0 is a constant, and F; is a submap of the ith component of the
mapping F, i =1,--- n.
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Then V(t) < W(t) fort € [-r,T).

Proof. For t € Jy, by the condition (A4s.1), it’s easy to see that the inequality
holds. When ¢t € J, putting € = (e,¢,--- ,€) > 0 and defining W(t) = W(t) +
ee2(m+D L1t Noting that V(0) < W(0) < W(0), we can only prove that V(t) < W (t)
to arrive at the conclusion, due to the fact € is arbitrary. Suppose that ¢; > 0 is the
supremum of all positive numbers v, we have V (¢t) < W (t) on [0, 7] by V(0) < W(0),
it implies that V(§(t1)) < W(d(t1)). Now using the nondecreasing of F(t,U,U(4))
in both U and U(§) and the assumption (As2), we have

DuVi(t1) <Fi(t1,V(t1),V(6(t1)))
<Fi(t1, W(ty), W(6(t1)))

L0 Y0 [ (1) = Wi () + (5 (6(12)) = Wy (a(02))]

<DpWi(t) + 2(n + 1) Liee? DIt
=DgW,;(ty).

Therefore there exists an 1 > 0 satisfying
Vi(t1) = Wi(t1) < Vi(t) = Wi(t), t1 —n<t<ty.

This contradicts that ¢; > 0 is the supremum due to the continuity of the functions
involved and consequently V' (t) < W(¢) is true for ¢t € [—r, T]. O

Remark 3.1. Assume that (As2) holds and there exists
P e C(Jo, K.(R™))JCY(J, K.(R™)) satisfying

DyP(t) < F(t, P(t), P(5(1))), t€J,
P(t)g@, t e Jo.

Then P(t) <6 for t € [—r,T).
Lemma 3.2. Assume that the following conditions hold:

(A33) V,W € C(Jo, K.(R™))JCH(J, K.(R™)) are coupled lower and upper solu-
tions of the problem (1.1);

(A34) F € ClJ x K.(R") x K.(R"), K.(R™)], F(t,X,Y) is nondecreasing in X for
each (t,Y) and nonincreasing in'Y for each (t, X); and for any X1, X2,Y1,Ys €
K.(R™), X1 > X5, Y1 >Ys, t € J, satisfy

Fi(t, X1,Y) < Fi(t, X2,Y) + Lo Y _(X1; — Xo5),
j=1
Fi(t,X,Y1) > Fi(t,X,Y2) — Ly Z(Ylj —Ys;),

=1

where Ly > 0 is a constant, and F; is a submap of the ith component of the
mapping F,i=1,--- ,n.

Then V(t) < W (t) fort e [—r,T].
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Proof. For ¢t € Jy, by the condition (Aj33), it’s easy to see that the inequality
holds. When ¢ € J, putting € = (¢,¢,--- ,¢) > 0 and defining W(t) = W(t) +
eeb (DLt V(1) = V(1) — ee®" T2t Noting that V(0) < V/(0) < W(0) < W(0),
we can prove that V(¢) < W(t) to arrive at the conclusion V(¢) < W (¢t) for t € J.
In order to prove that conclusion, suppose that ¢; > 0 is the supremum of all
positive mumbers v, we have V (t) < W (t) on [0, 7] by V(0) < W(0), it implies that
V(6(t1)) < W(d(t1)). Now using the assumption (As.4), we have
DyuVi(t1) < Fy(ty, V(t1), W((t1))) — 3(n + 1) Lyee3 1 L2t
< Fi(ty, W(ty), W(8(t1))) — (n + 3)Loee3nHDLat
< Fi(t, W(tl) V(5(t))) — (n+ 3)L2663<n+1>L2t

+LQZ tl +LQZ (6( ))

< DHWl(tl) 3(n + 1>L2663("+1)L2t1
= DHWi(tl).
Therefore there exists an 7 > 0 satisfying V;(t1) — W;(t1) < Vi(t) = W,(t), t1—n <

t < t;. This contradicts that ¢; > 0 is the supremum due to the continuity of the
functions involved and consequently V' (¢t) < W (¢) is true for t € [—r,T]. O

Remark 3.2. Assume that (As4) holds and if
P,Q € C(Jy, K.(R"))JCY(J, K.(R")) are satisfying

Dy P(t) < F(t, P(t),Q(5(1))), telJ,
P(t) <0, tedJdy,

DHQ(t) > F(t7Q(t),P(5(t)))7 te J,
Q(t) =0, te o
Then P(t) <60 < Q(t) for t € [—r,T].

Lemma 3.3 ( [18]). Let U € C'(J,K.(R")). If DyU < AU + «. Then the
following inequality

N t

U(t) < Ultg)e™ —|—/ A= a(s)ds, te.J
to

holds, where A = (@ij) is a nxn matriz satisfying a;; > 6,1 # j, a € C(J, K.(R")).

In order to prove the convergence of the approximate solutions, we will apply the
method of lower and upper solutions coupled with the method of quasilinearization,
and will give the following two theorems finally.

Theorem 3.1. Assuming that the following conditions are satisfied:
(Cs5.1) Vo, Wy € C(Jo, K.(R™)) U CY(J, K.(R™)) are coupled lower and upper solu-
tions of the problem (1.1);

(Cs.2) there exist bound matric mappings Dy, F > 0, Dy, F < 60, and Dy,u, F,
i, = 1,2. Moreover, the quadratic form K(F(t,X,Y)) satisfying K(F) > 0
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on J x K.(R™) x K.(R™) is given by
K(F)=(X —a)' Dy, g, F(t,X1,Y1)(X — )
+2(X —a)T Dy, g, F(t, X1,Y1)(B - Y)
+(B=Y) Dy, F(t, X1, Y1) (8 - Y),
where Vo <a< Xy S X < Wy, Vo <B <Y1 <Y < W,

Then there exist monotone sequences {V,(t)}, {Wn(t)} converging uniformly to the
solution U(t) of the problem (1.1) and the convergence are quadratic.

Proof. Let Dy, F(t,X,Y) = A(t,X,Y), Dy, F(t,X,Y) = B(t,X,Y). Consider
the sequences {V,,(t)}, {W,(t)} as follows
DigVasa () = F (& Va(£), Wa(8)) + At Vi (£), W (3(8)) [Vaa (8) = Va(0)|
+ Bt Vi (), Win(6)) [Wingr (8(2)) — Wn(a(t))}, ted, (3.1)
Vn+1(t) = \If(t), t € Jy,
and
DuWisr(t) = F(t, Wa(t), Vi (8)) + A(t, Vi (£), Wi (6)) [Wn+1(t) - Wn(t)}
+ B(t, Vi (), Wi (6)) | Vi1 (3(2)) — Vn(a(m], tel, (3:2)
Wn+1(t) = \I/(t), te Jy.

Firstly, we show that Vy(¢t) < Vi(t) < Wi(t) < Wy(¢t) for ¢ € [—r,T]. Putting

P(t) = Vo(t) — Vi(t), Q(t) = Wo(t) — Wa(2).
Case 1. For ¢ € Jy, by Vi(t) = U(t) = Wi (t) and the condition (C31), we can
see that

P(t) = Vo(t) = Vi(t) < 0 and Q(t) = Wo(t) — Wi(t) = 6.

Case 2. For ¢t € J, by (3.1) and (3.2), we have
DuP(t) <A(t, Vo(t), Wo(9)) P(t) + B
DuQ() 2A(t, Vi (t), Wo(6)Q(t) + B

<

In view of Remark 3.2, we obtain that P(t)
Vo(t) < Va(e), Wl()SWO()fortE[ r, ).

Similarly, we can show that Vi(¢) < Wy(t) for ¢ € [—r,T]. Putting P(t) =
Vi(t) — Wi (b).

Case 1. For ¢t € Jy, since Vi(t) = ¥(t) = Wi(t) and the condition (C51), we
can see that P(t) = Vi (t) — Wi(t) = 6.

Case 2. For t € J, using the condition (C5.2) with

K(F(t,Wo(t),Vo(d)))
= [Wo(t) ~ Vo(0)] D, (1, X, o) [ W) — Vo)

£ 2[Wot)~Vo(t)] i (1 X2, Ya) [Vol5(6)) ~Wo(5(1)]
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+ [Vo0(0) — Wo(8(8)] " Drryrr, (1, X, Y2) [Vo(6(8)) — Wo(60)].
where Vy < Xo < Wy, Vo <Yy < Wy. Then we have
DiP(t) =F (1, Vo (1), Wo(8)) + A(t, Va(£), Wo(8)) [V (1) — Vo ()]
+ Bt Vo (), Wo(8) [ W (8(8)) — Wo(5(1))]
= F(t, Wo(t), Vo(8)) = A, Vo(t), Wo ()
= B(t,Vo(t), Wo(9))[1A (8 (6(t))
<AL, Vo(t), W < )P(H) — <t vo< ) Wo(8))P(6(1))-

In view of Remark 3.1, we obtain that P(¢) < 6 on [—r,T], which means V;(t) <
Wi(t) on [—r,T]. Thus, it proves that

~—

i)~ wo(t)]

[—

(=)

Vo(t) < Vi(t) < Wi(t) < Wo(t), tel-nT].

Next, we will show that Vi(t), Wi(t) are coupled lower solution and upper
solutions of the problem (1.1).

For t € Jy, by (3.1) and (3.2), we know that Vi(t) = U(t) = Wy(¢). For t € J,
using (3.1) and the condition (C3.2) with

K (F(t, VA (), W1(5))
= [Va) = Vo] Do, B0 X3 v3) [Vi (1) — Vo)
+2[Valt) — Vo0 D F (1 X, ) [ W (5(0)) — Wa(3(1)
+ [Wa0(0) = Walo(8)] " Diryrry (1, X, ) [W(6(8)) — Wo(o(0)].
where Vi < X3 < Vi, Wy < Y3 < Wy. Then, we have
DiVi(t) =F(t, Vo(t), Wo(6)) + A(t, Vo, Wo(9)) | Vi (1) = Vo (#)|
+ Bt Vo, Wo(8)) [ W (5(1)) = Wo(5(1))|
F(t, VA(1), W1(9)).
Similarly, we have
Dy Wi(t) 2F(t, Wi (£), Va(6(1))),

which means that V;(¢) and Wi (t) are coupled lower solution and upper solutions
of the problem (1.1). Therefore, by induction we can show that

Vo(t) SVi(t) < ... S Viu(t) S W, (t) < ... S Wi (t) < Wo(t), te[—rT)]

and V,,(t), W, (¢t) are coupled lower solution and upper solutions of the problem
(1.1).

Next, we can show that the sequences {V,,(t)}, {W,(¢)} are uniformly bounded
and equicontinuous. Obviously, the sequences {W,,(t)} are uniformly bounded, we
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only prove that sequences {W,,(t)} are equicontinuous on [—r,T|. For s,t € [—r, T,
when s < t, we have

D[W,(t), W,(s)] <D Wn_1(0)+/0 {F(s,Wn_l(s),Vn_l(é(s)))

+ A8, Vie_1(8), Win_1(5)) [Wn(s) - WH(S)}
o+ B, Vao1(), Wa-1(6)) [ Va(8(5)) = Va1 (6(5)) | b,
W (0)+ [ {FEW,1(0, Vs (60)

+ A(ta Vn—l (t)a Wn—l(é)) |:Wn (t) - Wn—l(t):|

+ Bt Vo1 (8), W1 (6)) [Va0(8)) = Voo (3(2))| }dt]

_h /:{F@,Wnl(o,vnl(a(o»

+ AC Vot (€ Waoa (8)) [ W) = Wama (O)]

+ BC Var1(©) Wan1(0) [Val8(Q)) = Vara (8(0))] s, e}

t
< D

(G Wa-1(€), Va1 (5(C)))

S

+ A(C Vot (€ Waoa (8)) [ Wal€) = Wama (O)]

+ B(C: Va1(0): Wa1(6)) [Va (8(0)) = Vaa (8(6)) . 9] ¢
<M|t — s|.

Analogically we can show that the sequences {V,,(t)} are equicontinuous on
[—7,T]. In view of Ascoli-Arzela theorem, there exist the subsequences {V,,, } and
{W,,} converging uniformly on J to continuous functions V' and W respectively.

When there exists a unique solution of the problem (1.1), then, V = W for
t € [-r,T]; When the solution of problem (1.1) is not unique, let U(t) be one
solution of the problem (1.1), it is easily to obtain that V < U < W, that is V, W
are the minimal and maximal solutions of (1.1), respectively.

Finally, we show quadratic convergence of the approximate solution.

Let U(t) be the solution of the problems (1.1), and putting

Poga(t) =U(t) = Vo (t) 2 0 and Qua(t) = Wiga(t) = U(t) > 6.
Case 1. For t € Jy, since V;,11(t) = ¥(¢) = W, 11(t), we have

Poi1(t) = U(t) = Vipa(t) = 0 < max P2(t) + max Q2 (1),
Qri1(t) = Woii(t) —U(t) = 0 < max P2(t) + max Q2 (t).
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Case 2. For t € J, by (3.1) and (3.2), we have
Dt Pa () SA®U,U(0)) Po(t) = At Vo, Wa(0)) [ Pa(t) = Paa (1)
B(t, Vi, Wa(8)) [ Quaa (3(1)) = Qu(6(1))]
<A(t, Vi, W (8)) Pagr (£) — B(t, Voo, Wi (8)) Q1 (5(1))

+ P (1) [/ Dy F(t, sU(1) + (1—3)Vn(t),U(6))ds} P.(t)
+QT(t) DHzF (t, Vi (1), sW, (8) 4+ (1 — s)U((S))ds] Qn(5(1))

QT (W) [/ Dty F(1,Va(8),5U ) + (1 — )V, <6>>ds} (1)
<A1 Pyia(t) + AsQny1(5(t)) + C1P2(t) + D1Q2(5(1)),

where Dy, F' < Ay, —Ay < Dy, F' < Ay, D2 F' < B1, =By < Dy, F' < By,

—B3 < Dy, F < By, Dz ' < By, C1 = By + 3By, Dy = By + £B; and A;, B,
are nonnegative matrices, 1 = 1,2, j = 1,2, 3,4.
Similarly, we can show that

DHQn—H(t) SZ(t,Vn, Wn((s))Qn—H(t) (t an W (6)) n+1(5)

+ [ /O 1 Dy, F(t, SWi(t) + (1 — s)U (%), vn(a))ds} Qnlt)

| [ Do v, 000 - 90| .60
+ E(t, Vi, Wn((s))pn (5) - Z(tv Vi, Wn(5))Qn (t)
<A1Qni1 (1) + A2 Pry1(6)+Co P2 (1) +C3 PY(6)+ D2 Q5 (1) + D3 Q7 (9),

where CQ = %(31+B3), Cg = %(B2+B3 +3B4), D2 = %Bl +BQ, D3 = %(BQ+B4)
Consider the following problems

D& (t) = APy (t) + A2Qni1(5(1)) + C1P(t) + D1Q%(5(1)), te J,
§1(t) = Poya(t), teJy,

and

+ A1Qni1(t) + AaPny1(6(t)), teJ,
£(1) = Qua(t), te Jo.

Then, in view of Dg&1(t) > 0, Diéa(t) > 0 and P,y1(t) < &1 (t), Qni1(t) < &a(t)
for t € J, we have

{DH& (t) <A1&1(t) + Axéa(t) + CLP2(t) + D1Q2 (5(1)),
Dpé&(t) <A1&(t) + As&i () + CoP2(t) + C3Pr(6(t)) + D2Q5 (t) + DsQ7 (5(1)),

Furthermore, by Lemma 3.3, we have

{DH£2(t) = CoP; (1) + C3P(3(t)) + D@7 () + D3 @7, (8(1))

t
Ry () <€(t) < / eB<t—S>{ElR,%(s)+E2Ri(5)}dsgB—leBTA||R,,\|2, teJ,
0
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P, 1(t t A A C, 0
where R, .1(t)= () , &)= i) , B= P , Br= ' )
Qny1(t) §2(t) Ay Ay Cy Dy
0 D,
o CA=FE + By
C3 D3

Therefore, we have
max P, 1(t) < K; max P2(t) + Ko max Q2 (1),

max Qp+1(t) < K3max Pf(t) + K4 max Qi(t),

where K; are suitable positive matrices, i = 1,2, 3, 4. O
Similar to the proof of Theorem 3.1, we have the following result.

Theorem 3.2. Assuming that the conditions Vo, Wy are natural lower and upper
solutions of the problem (1.1), and (Cs.2) hold.

Then there exist monotone sequences {V,,(t)}, {Wn(t)} converging uniformly to
the solution U(t) of the problem (1.1) and the convergence are quadratic.

In fact, we can consider the sequences {V,,(t)}, {W,(t)} as follow

DigVos1(t) = F(t Va (1), Va(3(8))) + A(t, Vat), Va(0) [Vasa (1) = Va (1]
+ Bt Val8), Va (0)) [Vara (608) = Va(6(1))], €,
Vo1 (t) = U(t), te oy,
and
DHWn—H(t) = F(t, Wn(t)a Wn(6<t))) + Z(t? Vn(t)’ Vn(6)> {Wn-‘rl(t) - Wn<t)
+ B(t, Valt), Va(0)) [ Waia (8(8)) = W81, ¢ € U,
Wit (t) = ¥(t), te€ Jo,

forn =0,1,2,---. Similar to the proof of Theorem 3.1, We can show that monotone
sequences {V,, ()}, {W,(t)} converging uniformly to the solution U(t) of (1.1) and
its convergence is quadratic. We omit its details here.
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