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Abstract In this paper, we consider the existence and exponential stability
in mean square of mild solutions to second-order neutral stochastic functional
differential equations with random impulses in Hilbert space. Firstly, the
existence of mild solutions to the equations is proved by using the noncompact
measurement strategy and the Moénch fixed point theorem. Then, the mean
square exponential stability for the mild solution of the considered equations
is obtained by establishing an integral inequality. Finally, an example is given
to illustrate our results.
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1. Introduction

Impulsive differential equations give a model to describe the system with occurrence
of an abrupt change in the state at some time points. Many authors have studied
the various kinds of differential equations with fixed time impulses [5,9, 19,20, 31].
But in the real world, impulses often exist at random time points. To better reflect
this phenomena in reality, Wu and Meng [30] brought forward the general differ-
ential equations with random impulses, where the impulsive moments are random
variables and any solution of the equations is a stochastic process. The properties
of mild solutions to some integer-order differential equations with random impulses
have been obtained, for example [1,6,13,14,16,24,25,27,28]. The random impul-
sive differential equations involving fractional derivative also have been discussed
in [26,32] and so on.
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As we known, impulsive stochastic differential equations played an important
role in modeling many practical processes. However, in some actual cases, ran-
dom effects not only arising from Gaussian white noise but also from other factors.
Therefore, it is significant to integrate random impulsive effects into systems. As far
as we known, the earliest research on stochastic differential equation with random
impulses can been seen in [29]. The existence and uniqueness of solutions to the fol-
lowing stochastic differential equation with random impulses have been investigated
by Zhou and Wu [33],

dx(t) = p(t, z(t))dt + o(t, z(t))dwy a.e., t > to, t # &k,
z({k) = bk(Tk)IE(gk—) a.e., k= 17 27 Tty
=z,

where 75, denotes the waiting time and & denotes the impulsive moment. Both are
random variables and satisfy £ = tg,&x = &1 + 7% for Kk =1,2,--+; wy is an m-
dimensional Wiener process; z is a random variable. Li et al. [11] have discussed a
class of random impulsive neutral stochastic functional evolution inclusions with the
same type impulsive condition as in [33]. Authors have proved the existence of mild
solutions for their considered equations by using multi-valued mapping fixed point
theorem of kakutani type and theory of evolution systems under the assumption
that the semigroup is compact. Recently, the existence and Hyers-Ulam stability
of mild solutions for random impulsive stochastic functional ordinary differential
equations have considered in [10] by using Krasnoselskii’s fixed point theorem.

As one of the differential equations with important applications, second-order
differential equations have also drawn attentions of more and more scholars. The
study of the second-order stochastic differential equations have been considered by
many researchers, such as [2,3,7,18,23] and the references therein.

Motivated by the above discussion, in this paper, we consider the following
second-order neutral stochastic functional differential equations with random im-
pulses:

d[.’IJ/(t) - g(taxt)] = [A.’E(f) + f<t7 mt)}dt + U(ta xt)dW(t)7 t> th t 7& é-kta
2(&k) = br(Te)2 (&), @' (&) = ()2’ (&), k=1,2,..., (1.1)
Tty = ¢7 x/(tO) = l/%

where A : D(A) C H — H is the infinitesimal generator of a strongly continuous
cosine family {C(t),t > 0}. W (¢) is a given Q-Winer process with a finite trace
nuclear covariance operator > 0. 7 is a random variable defined from € to
Dy = (0,dg) for k =1,2,---. Suppose that 7; and 7; are independent of each other
as i # j, (4,5 = 1,2,---). The impulsive moments & are random variables and
satisfy & = &g—1+ 7k, k = 1,2, -+, Obviously, {£x} is a processes with independent

increments. 0 < tg = &§ < & < & < - <& < - < klim & = oo, and
—00
z(&) = \ lifm z(t). by : Dp — H, for each k¥ = 1,2,---. The time history
—&k—0

z¢(0) = {x(t+0) : —7 < 6 <0} with some given 7 > 0. Moreover, g, f,o,and ¢,
will be specified later.

The main purpose of this paper is to study the existence and exponential stability
of system (1.1). Firstly, basing on the properties of sine and cosine operators and
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taking the random impulsive efference into account, we give the definition of mild
solutions of (1.1). Without the need to assume that the system (1.1) generates a
compact semigroup, we deal with the existence problems of mild solution to this
system by using Monch fixed point via measure of noncompactness. In particular,
to overcome the difficulty caused by the presence of random term, we apply a new
noncompact measure criterion for Ito6 integrals. Then, we discuss the exponential
stability of mild solution for considered system by establishing an integral inequality
that applied to second-order functional differential equations with random impulse.
Our work may generalize some existing results of second-order impulsive stochastic
differential equations to more general random impulses cases.

The rest of our paper contains the following five sections. Section 2 provides
some basic definitions, notations and lemmas. Section 3 is devoted to the existence
of mild solutions of (1.1) under weakly compactness conditions combining with the
strategies of noncompact measurement and Moénch fixed point theorem. In Section
4, the mean square exponential stability for the mild solution of (1.1) is studied in
Hilbert spaces. In Section 5, an example is given to show our exponential stability
result. At last, we conclude the paper and give the future research direction in
Section 6.

2. Preliminaries

Let H and K be two real Hilbert spaces. For convenience, we denote their norm by
| - || and denote their inner product by < -,- >. L(K, H) represent the space of all
bounded linear operators from K into H. Let (2, .%, P) be a complete probability
space equipped with a normal filtration {%; };>,. %, containing all P-null sets.
We suppose {&k, k > 0} generate a counting process {N(t),t > to} and 9,5(1) denote
the minimal o-algebra generated by {N(r),r < t}. We suppose {W (¢),t > to} is a
K-valued Winer process and denote the 3‘}(2) = o{W(r),r < t}. Referring to [29],
we assume that 9‘8), 9‘8), and %, -adapt random variables ¢, ¢ are mutually
independent, and .%#; = ft(l) v ﬁt@).

We assume that there exists a complete orthonormal system {e,}°2, in K, a
bounded sequence of non-negative real numbers A, such that Qe, = A,en,n =
1,2,.... Let {B.(t)}(n = 1,2,...) be a sequence of real valued one-dimensional
standard Brownian motions mutually independent over (Q2,.#,P). A Q-Wiener
process can be defined by W (t) = £2° v/ A, B, (t)en, (t>0). Set ¢ € L(K, H), we
define

101 = TrQu™) = > |V Antbenl|.
n=1

If |43, < oo then 4 is called a Q-Hilbert-Schmidt operator. Let Lo (K, H) denote
the space of all Q-Hilbert-Schmidt operator ¢ : K — H. The completion Lq (K, H)
of L(K, H) with respect to the topology induced by the norm ||-||q, where ||¢H2Q =<
1,1 > is a Hilbert space. B

Let T € (t0,+00),J = [to,T],Jk = [gk;€k+1)7k =0,1,...,.J = {t cte Jt#£
&k = 1,2...}. We denote Lo(Q, H) the collection of all square integrable, .%;-
measurable, H-valued random variables, with the norm |||z, = (E|z||?)2, where
the expectation E is defined by Elz||? = [, |z||*dP. L3(2, H) denotes the family
of all square integrable .%#; -measurable, H-valued random variable in Ly (€2, H). Let
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piecewise continuous space PC(J, L2(Q, H)) = {z : J — L2(), H) : x is continuous
on every Jy, and the left limits (&, ), 2'(§, ) exist, k =1,2,...}
In this paper, we denote the space C = C([—, 0], H) consisting of all piecewise
continuous functions mapping from [, 0] to H with the norm ||z||; = sup |z(s)||
t—7<s<t
for each t > ty. We denote by B the Banach space B([to—7, T, L2(€2, H)), consisting
of piecewise continuous, .%;-measurable, C-valued processes. The norm defined by

1
2

Izl = (sup Elz7)=.
teJ

Next we introduce some definitions and properties of sine and cosine operators.
More details can refer to [22].

A bounded linear operators family {C(t),t € R} is called a strongly continuous
cosine family if and only if

(i) C(0) = I (I is the identity operator in H);

(ii) C(t)x is continuous in t, for all x € H;

(i) C(t+s) + C(t — s) = 2C(#)C(s) for all t,s € R.

The corresponding strongly continuous sine family {S(¢),t € R} is defined by

¢
S(t)x = / C(s)xzds, =€ H, t € R. (2.1)
0
Then the following property holds:
t
A / S(s)uds = [C(t) — Cl(to)]a- (2.2)
to

Lemma 2.1 ( [22]). Let {C(¢),t € R} be a strongly continuous cosine family in H,
then for all s,t € R the following results are true:

(i) C(t)=C(-1);

(11) S(s+t)+S(s-t)=2S(s)C(t);

(11i) S(s+t)=S(s)C(t)+S(t)C(s);

(iv) S(t)=-S(-);

(v) C(t+s)+C(s-t)=2C(s)C(t);

(vi) C(t+s)-C(t-s)=2A85(t)S(s).

Before investigating the mild solution of (1.1), we consider the second-order
neutral functional differential equation, which is given by

d[u'(t) — g(t,u)] = Au(t)dt + f(t,ue)dt, t >0, (2.3)
uw=¢peCu0)=9peH, te(-7,0], .

where A is the infinitesimal generator of a strongly continuous cosine family {C(t),t €
R*} and the functions g, f € L(0,T; H).

Lemma 2.2. A continuously differentiable function u(t) : [0,T] — H s called the
mild solution for Cauchy problem (2.3), if it satisfies

u(t) =C (£ (0} (1) [p—g (0, )] + / C(t—5)g(s, us)ds+ / S(t—s)f(s,us)ds >0,
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where
1
S(t) = — / MR(N% A)d;
r

211

C(t) = QL / MAR(N A)d),
i Jr
and I is a suitable path.
Proof. Using the Laplace transform,
L(d[u'(t) — g(t, ue)])(N) = AL( () — g(t, ue) ) (N) — [u'(0) — g(0, uo)]
= NL(u(t))(\) — Ad(0) = AL(g(t, ue))(A) — [ — 9(0,9)].

It follows from (2.3) that

NL(u(t))(A) = Ab(0) = AL(g(t, ue)) (V) — [ = 9(0, §)] = AL(u(t))(X)+Lf (£ ue))(A).-

Thus, we have

L(u(t))(N) = (NI = A)THAG(0) + ¢ — g(0,8) + AL(g(t, ue))(N) + Lf(t,ur)) (V)]
= L(C[®)(N)¢(0) + LIS@)e = 9(0,0))(A) + L(C(t) * (g(t, ur))(A)
+ LS (@) * (f(tur))(N)-

Then taking the inverse Laplace transform, we get

u(t) = C(t)o(0) + S(t)[e /Ct—s susds—i—/St—s (s,us)ds

The proof is completed. O

Take any value t of the random variables &, then the differential equation with
random impulses can be regarded as that with general impulses. Consider the linear
second-order differential equation with impulses conditions as shown below:

u’(t) = Au(t) + f(t),t > 0, t # t,
u(0) = ug, u'(0) = (2.4)
u(tk) :bku( ) (tk) —bku (tk) k= 1,2,...,
where 0 =g < t; <ty <--- <t <---, {tk,k > 1} is a sequence of fixed impulsive
points, f(¢) : [0,T) — H is an integrable function.

Lemma 2.3. The piecewise continuous differentiable function u(t) : [0,T] — H is
a mild solution of (2.4), if and only if x(t) satisfies the integral equation

t;

HbC uO+HbS vo—i—ZHb S(t—s)f(s)ds

=1 j=1 ti-1

—|—/ S(t—s)f(s)ds, t € [th,thy1), k=0,1,---. (2.5)
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Proof. (i) For t € [0,¢1), the mild solution has been studied in [21],

u(t) = C(t)up + S(t)vo + /Ot S(t—s)f(s)ds, t€0,t1).

(ii) For t € [t1,t2), we set

u(t) = C(t —t1)u(ty) + St —t1)u'(t1) + t S(t—s)f(s)ds, t € [t1,t2). (2.6)

t1

Since
u(ty) = bru(ty ), u'(t) = b/ (t]),

and from (i) we know
u(ty) = C(tr)uo + S(tr Yo + / " S(ty — ) f(s)ds: (2.7)

W () = AS(t)uo + Ct1 v + /O "t — 5)f(s)ds. (2.8)
Thus,

U,(t) :blC'(t — tl)C(t1)uO + blS(t — t1)AS(t1)U,0
+ b10<t - tl)S(tl)Uo + bls(t — t1>C(t1)’U0

+b10(t—t1)/015(t1 —s)f(s)ds+bls(t—t1)/015(t1 — $)f(s)ds

+ tS(t—s)f(s)d& t € [t1,t2).

ty

Applying Lemma 2.1, we get

w(t) =by C(t)uo + b1 S(t)vo + by /0 'St — ) f(s)ds

+ tS(t—s)f(s)ds, t € [t1,1t2).

t1
(111) For t € [tg,tg),

t

u(t) = C(t — ta)u(tz) + S(t — to)u'(t2) + t S(t—s)f(s)ds

= C(t —ta)bou(ty ) + S(t — t2)bou/ (t5 ) + [ S(t — s)f(s)ds. (2.9)
to
From the conclusions of (ii), we know

to t

u(ty ) = b1C(ta)uo + b1 S(t2)ve + by | Stz —s)f(s)ds+ [ S(t2 —s)f(s)ds;
: (2.10)

W (t5) = biAS(ta)uo + biC(ta)vo + by /O " C(ts — 5)f(s)ds + /t Cts — ) (s)ds.
(2.11)
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Taking these into (2.9) and using Lemma 2.1, we have

tl t2
u(t) :bgblc(t)uo + bgbls(t)’vo + baby S(t— S)f(S)dS + ba S(t — S)f(s)ds
0 t1
/ St— dS tE[tQ,tg)
Similarly, for all ¢t € [tg, txr1),
k k
a(t) =[] b:C(t)uo + [ :S(t)vo
i=1 i
t
+ ZHb / St —s)f(s)ds +/ S(t—s)f(s)ds, € [ty trri1).
i=1 j=1 ti1 12

O

If the impulses exist in random, that is to say, we do not know when or how

many impulses occur in a period of time. Hence, according to Lemmas 2.2, 2.3, we
define the mild solution of system (1.1), applying index function, for ¢ € J.

Definition 2.1. For a given T € (o, +0), a F-adapted process function {z €
B,tg — 7 <t < T} is called a mild solution of system (1.1), if

(i) z¢,(s) = ¢(s) € LY(Q, B) for —17 < s < 0;

(i) 2'(to) = ¢(t) € LY(Q, H) for t € J;

(iii) the functions g(s, x+), f(s, ), o(s, ) are integrable, and for a.e. ¢ € J, the
following integral equation is satisfied:

+o0o k
t)ZZ[Hbi(ﬂ‘)O(t—fo +Hb 7;)S(t —to)[e — 9(0, ¢)]

k=0 i=1

+2Hb 7 /

zl]z -1

7

C(t—s)g(s,xs)ds + / C(t—s)g(s,xs)ds

+ZHb Tj/ S(t—s)f(s,zs)ds+ S(t—s)f(sws)ds

zl]z

+ZHb T]/ St —s)o(s,xs)dW(s)

1=1j=1
t
5 S(t—s)o—(s,xs)dW(s)]I[Mw(t), t e [to, T), (2.12)
Gk
where

k
[T 65(r5) = a1 (ri—1) - bi(7),
j=i

and I4(+) is the index function, i.e.,

1,if te A,
0, if t¢ A.

IA(t) =
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Next, we recall the following relevant knowledges of non-compactness measure
theory.

The definition of the Hausdorff non-compactness measure for a bounded set B
in any Hilbert space H can be described as follows:

a(B) = inf{e > 0; B has a finite ¢ — net in H}.

Lemma 2.4 (see [4]). Let H is a real Hilbert space, B,D C H are bounded sets.
Then, the following properties hold:

(1) B is called a precompact set if and only if a(B) = 0;

(2) a(B) = a(B) = a(co(B)), where B and co B are the closure and the convex
hull of B, respectively;

(3) If bounded subsets B,D in H, B C D, then a(B) < a(D);

(4) a({z} U B) = a(B), for all x € H, and all nonempty subset B C H;

(5) a(B+ D) < a(B) + a(D), where B4+ D ={z +y;z € B,y € D};

(6) ao(BUD) < max{a(B),a(D)};

(7) a(AB) < |Ma(B) for any A € R;

(8) If D C C(J; H) is bounded, then

a(D(t)) < a(D), (2.13)

where
D(t) ={u(t): forallue D,te J}.

Furthermore if D is equicontinuous on J, then D(t) is continuous for t € J, and

a(D) = ilelL}i])a(D(t)). (2.14)

(9) If D C C(J; H) is bounded and equicontinous, then a(D(t)) is continuous
on J, and

! </Ot D(s)ds> < /Ot a(D(s))ds, for all t € J, (2.15)

where

¢ ¢
/ D(s)ds = {/ u(s)ds: forall ue D,t € J} ;
0 0

(10) Let {u,}52, be a sequence of Bochner integrable functions from J to H,
then D = {u,}52 is a bounded and countable set, and a(D(t)) is the Lebesgue
integral on H, satisfying

a ({/Ot Un(s)ds : n > 1}) < 2/0ta(D(s))ds. (2.16)

(11) If D is bounded, then for any e > 0, have sequence {u,}52; C D, such that
a(D) < 2a({un}ply) +e. (2.17)

Lemma 2.5. For the case that D C PC(J,H), it has been discussed in [8]. The
following results can be obtained.

(i) If D C PC(J,H) is bounded, then a(D(t)) < «(D) for all t € J, where
D(t) = {u(t) : forallu e D,t e J};
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(ii) Furthermore, if D is equicontinuous on each [tg,tx+1), k = 0,1,---, and
equicontinuous at {t, ,k =1,2,---}, then a(D) = sup,c; a(D(1));
(i1i) If D C PC(J, H) satisfies both conditions in (i) and (ii), then

a (fot D(s)ds) < fot a(D(s))ds.

In order to deal with the measure of stochastic integral term, we need the fol-
lowing conclusions:

Lemma 2.6 (see [15]). For any p > 1, and for an Lg(K, H)-valued predictable
process u(-) such that

5| Cutnaw ol < e - vy Elu)E) e, e

Lemma 2.7. If the set D C LP(J;Lo(K, H)), W(t) is a Q-Wiener process,then
for any p > 2, t € [to,T], Hausdorff non-compactness measure « satisfies

o [ DWW (E) < /7 = )5~ Da(D®),

where .

D(s)dW(s) = { t u(8)dW (s) : for all w € D,t € [to, T]}.

to
Details of the proof can refer to [17].

Combining with the Hausdorff’s measure of noncompactness, we use Monch
fixed point thorem to prove the existence of mild solutions of systems (1.1).

Lemma 2.8 (Monch’s Fixed Point Theorem). Let D is a bounded convex subsets
of H, and 0 € D. If a map F : D — H is continuous, and satisfies Monch’s
conditions, i.e., there exist a countable set M C D, M C eo({0}UF(M)), such that
M is a compact set. Then F has a fized point in D.

Definition 2.2. The solution of equation (1.1) is said to be exponentially stable
in mean square, if there exists positive constants C' > 0 and A > 0 such that

E|z(t)|* < Ce ™, t > to.

3. Existence of Mild Solution

In this section, we prove the existence of the mild solutions of random impulsive
stochastic differential equation (1.1). we need the following assumptions.
(H1) S(t),C(t) (t € J) are equicontinuous and there exist positive constants

N, N such that ~
sup [C(¢)[| < N, sup [|S(t)]| < N. (3.1)
teJ teJ

(H2) The function f: J x C — H satisfies the following conditions:

(i) For each t € J, the function f(¢,-) : C — H is continuous; and for each v € C,
the function f(-,v): J — H is measurable.

(ii) There exist a continuous function m(t) € L!(J,RT), and a continuous posi-
tive nondecreasing function O : Rt — R*, such that

E|lf(t0)lI* < m®)O(El|v[?),
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for arbitrary (t,v) € J x C, and the function Oy satisfying

(C]
lim inf 227 g
r—00 r
(iii) There exists a positive function K(t) € L'(J,R"), for arbitrary bounded
subset @ C C, the Hausdorff non-compact measure 8 satisfies

Bf(,Q)) < Kyp(t) sup  B(QO)).
—7<0<0
(H3) The function g : J x C — H satisfies that:
(i) For each t € J, the function g(t,-) : C — H is continuous; and for each v € C,
the function g(-,v) : J — H is measurable.
(ii) There exist a continuous function n(t) € L'(J,R*), and a continuous positive
nondecreasing function O, : RT — R*, such that

Bllg(t,0)|I* < n()04(E|lv]),
for arbitrary (t,v) € J x C, and the function 0, satisfying

(C]
lim inf ﬂ =0.
r—00 r
(iii) There exists a positive function K,(t) € L*(J,R"), for arbitrary bounded
subset @ C C, the Hausdorff non-compact measure [ satisfies

Ble(t, Q) < Ky(t) sup B(Q(H)).
—7<6<0
(H4) The function o : J x C — Lg(K, H) satisfies the following:
(i) For each t € J, the function o(t,-) : C — Lg(K, H) is continuous, and for
each v € C, the function o(-,v) : J — Lg(K, H) is measurable.
(ii) There exist a continuous function u(t) € L'(J,R*), and a continuous positive
nondecreasing function @, : Rt — R* such that

Ello(t,0)|I* < u(t)0s (El|v[?),
for arbitrary (¢,v) € J x C, and the function 0, satisfying
O, (r)

. . [ea
lim inf ——=
r—00 r

=0.

(iii) There exists a positive function K, (t) € C(J,R"), for arbitrary bounded
subset @ C C, the Hausdorff non-compact measure g satisfies

Blo(t,Q)) < Ko(t) sup B(Q(F)), K5 =supKy(t).

—r<6<0 teJ

(H5) E{ H}%X{Hle ||b](7'J)||}} < 00, i.e., there exist constants M, for all 7; €
D; (j=1,2,...), such that

2 n;%x{f[:i 16 ()1} } < M.
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(H6) Let
H :=2N max{1, M }|| K| p1(s,r+) + 2NmaX{LM}HKJ“HU(J,R*)
+ 2N max{1, M}K:\/(T — to)Tr(Q) < 1.

Theorem 3.1. If assumptions (H1)-(H6) are satisfied, then there exists at least
one mild solution of the system (1.1).

Proof. We define the operator ® : B — B by ®x such that
(Qx)(t) = o(t), t € [to — 7. t0],

“+oo k
(@2)(t) = 3 [ [T (¢ — to)o +Hb (r)S(t = to)lp — (0, )]
k=0 =1
’ k
+ZHb (15) / C(t —s)g(s,zs)ds + C(t—s)g(s,ws)ds
i= 1_] 7
—|—ZHb Tj / St —s)f(s,xs)ds + S(t—s)f(s,xs)ds
+ZHb (15 / S(t—s)o(s,zs)dW (s)
=1 j=1
S(t — s)a(s,xs)dW(s)] Iecoon(®),  telto,T).

&k
Then the problem of finding mild solutions for problem (1.1) is reduced to finding
the fixed point of ®. Let B, = {x € B : ||z||% < r} stands for the closed ball with
center at x and radius r > 0 in B. We divide the proof into several steps:
Step I. 'We prove that there exits r such that ® maps B, into B,..
For t € J we have

oo k 2
E||(®a) (1)) <5E[ZHH@ NCE = to)16(0) gy 1) (1)

i=11i=1

<.

k 2
LT 1) e = 90, 6) i ) ()]

i=1

k k
DI W[ 1t =l s

10— )l lg(s, 22) 5] L .11y ()]

k k
> Tl [ szt

2
+ /5 1S = 97, 7l g 0)]

oo k k
#58[3 [ TT It W[ 18- et v

Mg

+58

s
I
-

Mg

+5E[

@
Il
-

t

&k

Mg

+5E[

S
Il
—

~.
—
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t 2
+ /E 1( = 5)lllots: 2)1dW ()} g (8] =53 R

where

k
Ry < N2B{max{[ ] [b:(m) [} Elo(0)* < N*ME[[6(0)]%.

i=1
Ry < N2E{ max{[ ] Is(r) 1} } Ell - 900, 9)]1
=1
< M*N?E|p — g(0,9)|%,

2 : 2 K 2
Ry < NE{max(L [ I(m) 3} (7= t0) [ Blg(s.) s
(At 0

< NQmax{l,M2}(T—t0)/ n(t)0,(E|z|?)ds,

to

k 2 t
Ri < BB max(L [T I} [ [ BUfGs s’
ngQmax{LM?}(T_to)/t m($)0 ; (Bl|z||2)ds,
_ k 0 2 ¢ )
Rs < NB{ max{1, T s ()11} } EH/t o (s, 2:)dW (3|
§N2max{l,M2}Tr(Q)/t E|lo(s,xzs)||?ds

ng?max{LM?}Tr(Q)/ ()04 (E|Jz||2)ds.

to

If we assume that ®(B,) ¢ B,, then for every positive constant » > 0, there
exists a 2" € B, such that E|/(®z")||% > r. Therefore

r< sup E|(®z")|7 <5 [JVQMQEIIMO)II2 + M2N?E||p — g(0, 6)|?
to<t<T
+ N?max{1, M*}(T — to)|In|l 11 (s,r)Oq(r)

+ N?max{1, M*}(T — to)||m|| 11 (12O (r)

+ N2 max{1, M*}Tr(Q)||pe]| 2 (12)O0 (7). (3.2)
Divide both side of the above inequality by 7, and taking r — oo.
Since
e S Oy
lim inf ﬂ =0, lim inf ﬂ =0, lim infﬂ =0,
r—00 r r—00 r r—00 r

taking these into (3.2), it implies that 1 < 0, which is a contradiction. Thus there
exists a r > 0, ®(B,) C B,.
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Step II. We prove that ® is continuous in B,.. Let {x,} — = in B, (as n — 00),
then

B[(@2")(t) — (@2)(t)|?

+oo  k k
§3EHZ ZHbﬂ (75 / C(t—9)[g(s,z2) — g(s,z5)]ds

k=0 i=1 j=i

n / Ot — )lg(s,2) — g5, 2)ds) Tir o ()]

+3EHZ ZHb Tj / St —9)[f(s,zd) — f(s,2zs)]ds

k=0 =1 j=1
t

. S(t - s)[f(s,x?) - f(S,.’ES)}dS] I[Ek£k+1)(t)”2

—|—3E||Z ZHb Tj /1 (t—s)o(s,zl) — o(s,zs)|dW(s)

k=0 1i=1j=1 1
¢
n 2
A St —s)o(s,22) — (s, 2)]dW (s)| L g, ) D)
,

By the continuity of functions g, f, o in the assumptions of (H2)-(H4), and by
Lebesgue dominated theorem, for ¢t € J we have

B|[(®2™)(t) —(P)(t)]|* <N max{1, M*}(T — to)* tilipTE”g(S Jap) = g(s,x) |

+ N2 max{1, M*}(T — to)* sup_E|f(s,2%) — f(s,,)||

to<t<T

+ N?max{1, M?}(T — to) sup E|o(s,z?) —o(s,zs)?
to<t<T

— 0, (as n — 00).

Therefore, ||(®z™)—(Px)||% — 0 (asn — o), which implies that ® is continuous
in B,.

Step III. We show that the operator ®(B,) is equicontinuous on every Ji. Let
& <t <ty <&€ky1,k=0,1,2,..., and x € B,, then for any fixed x € B,., we have

E|[(@x)(t2) — (P)(t)]*

k
<sE|| [T 0i(m)[C(t2 — t0) — C(t1 = 10)]0(O)|”
k
+ 58] LT0ir) 1802 = t0) = (11 1ol ~ 90,9’

+5EHZHb - / Clts — 5) — Cltr — 8))g(s, 2,)ds

i=1 j=1 -1

+/ 1[C’(tg —8)—C(t1 — 3)]g(s,zs)ds + C( 92— 9)g (s,xs)dsH2

Ek t1
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ko &
+5E| T bi(m) / [S(ts — 8) — St — 8)] f (s, 2)ds
i=1 j=i i1
+/ 1[S(tz —38)—S(t1 — 8)]f(s,zs)ds —|—/t ’ Sty — S)f(S,xs)ds||2
) ko k ¢ '
+5E]| ZH%(@)/E [S(t2 — 5) = S(t1 — )]0 (s, 2.)dW (5)
+ / [S(ta — 5) — S(t1 — 8)]o(s,x5)dW (s) + ) : S(ta — s)o(s, xs)dW(s)Hz,

By the equicontinuity of C(t), S(t) of the assumption (H1), the assumptions of
(H2)-(H5), and Lebesgue dominated theorem, as to — t1, on every Ji we have

E[[(®2)(t2) — (2z)(t)|* — 0.

This proves that (®(B,)) is equicontinuous on J.

Step IV. We show that the Monch's condition holds.

Let B = co({0} U ®(B,)). For any D C B, without loss of generality, we
assume that D = {z"}52 ;. Then it is easy to verify that ® maps D into itself and
D c ¢éo({0} U ®(B,)) is equicontinuous on J. Now, we show that S(D) = 0, where
[ is the Hausdorff Measure of noncompactness.

Here, for convenience, we denote ® = ®; + $5 + &3 where

00 k
(@12)(t) =Y [J] bi(r)C(t = to)p(0) + [ [ bs(7:) S(t — to) (2 — 9(0, 8)]
k=0 i=1 =1
k & ¢
+ Z_H_bj(fj)/_ C’(tfs)g(s,:cs)dsnL/ C(t—5)g(s,x5)ds] T, ¢, 1) (1),
+o:_ i_l k &
(@)(®) =3 [ TIbim) | St = a)f(s.m)ds
k=0 1i=1 j=1i i—1

t
4 / S(t — 5)f(5,22)d5] Ty 01 (1),

+oo k k &
(@a)()) =3 [Y-[[bslr) [ St~ s)otsw)aw(s)
k=0 i=1 j=i i1
+ ¢ S(t— S)U(SaxS)dW(s)]I[Emﬁkﬂ)(t)'

By Lemma 2.4, Lemma 2.7 and the assumptions of (H1)-(H5), we have

t

BH(®12")(1)}nZ1) < 2max{l, M}N [ S({g(s, () }nZ1)ds

to

t
<2max{1, M}N [ Ky(s) sup B({z(0)};=)ds
to —7<0<0

< 2N mase{L MK, |1 e sup B({x" (0)320)
(S
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t

BU{(@22")()}321) < 2max{L, MIN [ B({f(s,27)}3,)ds

to
< 2 ma{L, MY 13 ey 500 B({o" (0122,
€

B{(Ps2™)(t) 1) < max{l,M}ﬁﬁ({/t o(s,zy)dW (s)}niy)
< 2max{1, M}N/(T — to)Tr(Q)K,(t) sup B({a}(6)},)

—7<6<0
< 2N max{1, M}/(T — to)Tr(Q) K sup B({z" ()} ).
teJ
Thus,

BH(@2") () }n1) <B{(P12™) (1) }n%1) + BH{(R22™) (1) }011) + B({(Rsz™) () }5L1)
<|2N max{1, M}| Kyl p1(s,r+) + 2N max{1, M}|| K¢l (s,r+)
+ 2N max{ 1, YK VT = 1) Tr(Q)] sup (" (1))1321)
<Hsup B(D(t))-

By Lemma 2.4 and assumption (H6), we know

B(D) < B(co({0} U (D)) = S(2(D)) < Hilelgﬂ(D(t)) = HB(D) < (D),

which implies 3(D) = 0, the set D is a relatively compact set. By Lemma 2.8, ®
has at least one fixed point = in B,.. That is to say, the system (1.1) has at least a
mild solution. This completes the proof. O

4. Exponential Stability

In this section, we study the exponential stability of system (1.1). In order to obtain
our exponential stability result, firstly, we establish the following delay integral
inequality.
Lemma 4.1. Assume that a function y : [t — T,+00) — [0,+00) and there exist
some positive constants a, B and n;(i =1,2,3,4) > 0 such that
nlefa(tfto) + 7726*5@7750) + 13 fti e—a(t—s) sup y(S + G)ds
oc[—7,0]

y(t) < S 4ma [y e 8 sup y(s +0)ds, t > to, (4.1)
oe[—T,0]

nlefa(t*to) + 77267'3@77&0)7 t e [tO - T, to]y
holds. If &+ <1, then

y(t) < Ce 1) ¢ e [tg, +00), (4.2)
where X € (0, A B) is a positive oot of the algebra equation:
13 AT M4 AT
— — =1 4.3
a2 TE e ; (4.3)
m (=) n2(B=X)

and C = max{m + 72,

naerTeto(@=X) 7 peATeto(B—2) S
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Proof. Let F(u) = -2’ + 7 Fer™ — 1, and then from (4.3) and existence
theorem of the root, there exist a positive constant A € (0, aAS), such that F'(\) = 0.
For any € > 0, let

(m+ela=A) (m+e@B-N
,'736)\7'6%(04—)\) ’ 774e>\7'et0(5_>\)

Ce = max{n; +n2 +¢, 1. (4.4)

In order to prove this lemma, we claim that (4.2) implies:
y(t) < Cee M0 e [ty — 7, +00). (4.5)

Obviously, for any t € (—7 + to, to], (4.5) holds. By contradiction, we assume that
there exists a t; > ty such that

y(t) < Cee Mt ¢ ¢ [ty — 7,t1) and y(t;) = Cee Mt7t0) (4.6)
then
y(ty) <mre@=to) 4 pe=Blti=to)

+7730/ alti=s) gup e AMsH0-t0) gg
oc[—,0]

+774C'€/ —B(t1—s) sup e AMst0—t0) g
to oe[—T,0]

¢
<me~otito) 4 poe=Blti—to) 4 77305/ 1 e t1=8) o= A(=T+s o) g

to

t1
+ n4Ce e Blti=s) = A=Hs—to) g

to
AT a—A AT A
<y =BG i)y, - MCLTETT s
- a— A B—A
+C. [ = Ae” + %e”]e‘A(tl_tO). (4.7
From the definition of A and C., we have
AT to(a—X) AT
nse’Te e’ (m+e)(a—A)
L SR L S wat Iy
< —e<0,
AT to(B—X) AT _
nie’e nae (2 +e)(B-A)
L IS0 S ey
< —e <0,
and s 774
AT AT
=1.
o — )\e + 53— )\e
Thus, by (4.7), we see that y(t;) < C.e *(=%) which is contrary to (4.6).
Therefore (4.5) holds. Since € is arbitrary small, (4.2) holds. O

For system (1.1), we need the following assumptions:
(A1) There exist positive constants K > 0 and p1, e > 0 such that ||C(¢)| <
Ke Mt ||S(t)] < Ke #2t, t > 0.
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(A2) There exist constants Ly, Ly, L, > 0, such that for any vi,vs € C,t > to,
Ellg(t,v1) = g(t,v2)|1* < LgElvr — va|F, Ellg(t,0)]| = 0;
E|f(t,or) = f(t,v2)||* < Ly Bllor — wall7, Ellf(t,0)]| = 0;
Ello(t,v1) = o(t,v2) || < Lo Ellvr — va|f, Ello(t,0)] = 0.

(A3) There exist constants M > 0, for all 7; € D; (j =1,2,...), such that

k
B mas( [T Ib,(r) I} } < 0.
ke
Theorem 4.1. Assume that (A1)-(A3) hold, then the mild solution of (1.1) is
exponentially stable in mean square provided that
5[max{1, M*}K?u; %L, 4+ max{1, M} K?u; ' (uy 'Ly + L,Tr(Q))] < 1. (4.8)
Proof. From the definition of the mild solutions of system (1.1), we have

+oo k

2
Elle(t)2 <5E[ ST 16 11CE — to) [16O0) e 01 (1)
k=0 i=1
+oo k 5
5B ST Ib IS — o)l — 90, 0) M ee 00 (8]
k=0 i=1
+oo k
1 5E] ZZHub 7 ||/ 1C(t - 9)llllg(s, )|l ds
k=0 i=1 j=1
2
+ / 1C( = )95, ) ldsl ey 0,1 (2]
+oo k
1 5E] ZZHnb 7 ||/ 1S(t — )1 £ (s, ) s
k=0 i=1 j=1
2
+ / 15(t — $)1F (s, 20) ldslTes 0,1 (8)]
+oco k
4 5E] ZZHnb 7 ||/ 15(t = )l (s, 22) [V (5)
k=0 i=1 j=1
t 9 5
[0 = 9l 2 W () 0,0 1= 50 (02 ),
k =1
(4.9)
where
Uy < MPK?E|¢(0)[|Pe 110, (4.10)
Uy < 2M2K2(E||g|? + Ly E||¢|2)e+2(—10), (4.11)
t
Us < max{1, M2}( [ Ke MU= E|g(s, )| ds)?
fo (4.12)

t
< max{1, M2} L, | 9 Bal s
to
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t
Uy <max{1, M2}( [ Ke U9 E| f(s,xs)|ds)?

to . (4.13)

Smax{l,MQ}KQMQ_ILf/ e 1= B z||2ds,
to
t
Us < max{1, M?}( [ K2 22(=9)B|o(s, z,)]%ds)

t t (4.14)

< max{l,MQ}KQLoTT(Q)/ e ") B|z||2ds.
to

Then putting (4.10)-(4.14) into (4.9), we obtained that for ¢t € J,
Elz(®)|I* < 5MK?E||¢(0)|Pe™107") + 10M2* K (E||¢||* + Ly E| ][ )e 20"

t
+ 5max{1,M2}K2u1_lL9/ e~ MU= sup  Ellx(s + 0)|*ds
to oe[—r,0]

t
+5max{1,M2}K2(u§1Lf+LGTT(Q))/ e #2(=9) sup  Ellz(s + 0)|ds.
to oc[—,0]

By Lemma 4.1 and (4.8), we obtain
E|lz||?* < Cem A7)t € [to, +00),
where A € (0, 1 A p2), and
C=max{5M*K>E||¢(0)|* + 10M>K>(E|ol* + Ly E||7),
5M2K2E|¢(0)]? (11 — A)[5e et ™= max {1, M2} K?u; L, 7,
LMK (B> +Ly B||¢]7) (2 —A) [5e T eto k=)
max{1, M*}K*(1iy' L+ Lo Tr(Q))] }.

This implies that the mild solution of system (1.1) is exponentially stable in
mean square moment. This completes the proof. O

5. An Application

In this section, we apply our results to a stochastic partial differential equations with
random impulses. We take the space H = L?([0,7]), Define A : D(A) ¢ H —+ H

by A = 36722, with domain

0 0?
D(A) ={z € H|z and a—z are absolutely continuous, a—z € H,z(0) = z(m) = 0}.
x x
For z € D(A), Az = — Y n? < z,2, > 2, where {2, : n € Z} is an orthonor-
n=1

mal basis of H, z,(x) = \/%ei"m n € Zt,z € [0,7]. We know that A gener-

ate strong continuous operators C(t) and S(¢) in a Hilbert space H, such that
C(t)z =302 cos(nt) < z,zn > 2, and S(t)z = >~ sin(nt)/n < z, 2z, > 2z, for
t € R. And we assume that S(t) is not a compact semigroup and 8(S(¢t)D) < 8(D),
where D € H denotes a bounded set, 5 is the Hausdorff measure of noncompactness.
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Consider the second-order neutral stochastic functional differential equation of
the form:

9.0 uy [°
il [ (a2
2 0 0
:[%Z(t,l’)+%/ p2(s)z(t+s)ds)|dt + % i p3(s)z(t + s)dW (1),
t>to, t # &, v € (0,7,
Z(ék?‘r) :p(k)TkZ(gk_7I)7 k: 1527"'5 (51)

0 0
&Z(fkvx) = P(k/’)Tk&Z(f;Zam)’
z(to, ) = ¢(0,x), 6 € [-r,0], z € [0, 7], r >0,

o olto,2) = p(a), = € 0,71,

z(t,0) = z(t,m) = 0.

Let 7, be a random variable defined on Dy, = (0, dy) where 0 < dj, < +o0, for k =
1,2,--- . Suppose 7; and 7; are independent of each other as i # j fori,j =1,2,---.
§o=to>0and & = 1+ for k =1,2,---. W (t) denotes a standard cylindrical
Wiener process in H. Further more, let p be a function of k. p; : [-r,0] — R are
positive functions and u; > 0 for i = 1,2,3. ||C(¢)|],[|S(¢)|| are bounded on R.
IC(®)] < e ™t and [|S(t)| < e ™t (t > 0).

We assume that

(i) The function p(0) > 0 is continuous on [—r, 0], f_OT p2(0)do < oo (i = 1,2,3).

(i) maox { T}, Ello(i)m 121} < 0.

Under the above assumptions, and by choosing some suitable functions 1, po, ts,p,
we can show that Ly = 54 f_or pi(0)do, Ly = 2 fi)r p3(0)do, L, = S5 fi)r uz(0)do.
Hence the hypothesis of Theorem 4.1 holds. From Theorem 4.1, we know the ex-
ponential stability in mean square for mild solution of system (5.1) are obtained,
provided that

1, M? ’ ’ O
max{L, M2 ru; / k2 (0)d0+max{1, M2} 22 / u3(0)do+— / 1#5(0)d0) < 5.

s

6. Conclusion

In this work, the existence and exponential stability results to second-order neutral
stochastic functional systems with random impulses has been presented. Using the
noncompact measurement and the Ménch fixed point theorem, the existence of mild
solutions has been proved. Here we applied a new noncompact measure criterion
for It6 integrals to solve the calculation of It integrals. The exponential stability
for the considered equations has been obtained by establishing integral inequality.
The control and optimization theory based on random impulses is our next research
topic. Further, we can also consider the case of random persistent impulses. For
some results on persistent impulsive effect on stability of functional systems we refer
to [12].
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