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1. Introduction

Let A, (p) denote the class of functions of the form:

f) =2+ 3 ap ™t (npeN) (L1)

k=n

which are analytic in the open unit disk U= {z: |z] < 1}. For n = p = 1, we write
A= A (1).

For functions f(z) and g(z) analytic in U, we say that f(z) is subordinate to
g(z) and write f(z) < g(2) (z € U), if there exists an analytic function w(z) in U
such that

lw(z)] <|z| and  f(z) = g(w(z)) (z€D).
If the function g(z) is univalent in U, then
f(z) <9(z) (2€U) & f(0)=9(0) and f(U) Cg(U).

For functions f;(z) € A,(p) (j = 1,2) given by

o0
fi(2) =27+ apyp 277,
k=n
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we define the Hadamard product (or convolution) of fi(z) and fa(z) by

o0

(fr* f2) (2) = 2P+ apyprarsp2z™?.

k=n

A function f(z) € A, (p) is said to be convex of order 5 (0 < 8 < p) if

2f"(2)
f'(2)

Let SL be the class of functions defined by

> >0 (z€0U).
SL = {f(z) €A: ‘(ZJ{;S))Q—l < 1}.

A function f(z) € SL if zf'(2)/f(z) lies in the region bounded by the right-half
of the lemniscate of Bernoulli given by |w? — 1| < 1. In terms of differential sub-
ordination, the class SL consists of normalized analytic functions f(z) € A sat-
isfying zf'(z)/f(z) < V14 2. The class SL was first introduced by Sokél and
Stankiewicz [10]. Recently, the S£-radii for certain well-known classes of functions
including the Janowski starlike functions were obtained in [1,9].

Motivated by the above and some recent works [2-7,11,12], we now introduce a
new subclass of A, (p).

Re <1+

Definition 1.1. A function f(z) € A, (p) (p > 2) is said to be in the class M, (a)
if it satisfies the second-order differential subordination:

l—a 1—p ¢/
p pf(z)+p(p—1)

(e

2P(2)<V1+ 2z (a>0; z€U). (1.2)

In this note we obtain inclusion relation and coefficient estimate for functions
f(2) belonging to the class M, («). Furthermore, we discuss the radius of convex
for functions in M, (0).

2. Geometric properties of functions in the class
M, ()
In order to derive Theorem 1 below, we need the following lemma.

Lemma 2.1. Let g(2) be analytic in U and h(z) be analytic and conver univalent
in U with h(0) = g(0). If

1
9(z) + ;zg’(Z) < h(2),
where Rep > 0 and p # 0, then g(z) < h(z).
Theorem 2.1. Let 0 < ag < ag. Then My (az) C My (aq).

Proof. Suppose that

9(z) = —— (2.1)
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for f(z) € Myu(az). Then g(z) is analytic in U and g(0) = 1. By using (1.2) and
(2.1), we have

1—ao 1—p o1 (&) 2—p et a2 /
—=2 7P (2) + 22PN (2)=g(2) + zq (z
<V1+z. (2.2)
An application of Lemma yields
g(z) < V1+z. (2.3)

Noting that 0 < ¢ < 1 and that the function /1 + z is convex univalent in U,
it follows from (2.1), (22.2) and (2.3) that

- 2 (2)

ST M) 4
(A 4 22 )+ (1- 2 ) gt

aq

p p(p—1)
as \ p p(p—1)
<V14z.
This shows that f(z) € M,,(«a1). The proof of Theorem 1 is completed. O
Theorem 2.2. Let f(z) € My(a), g(2) € A, (p) and

Re (2 Pg(z)) > % (z € D). (2.4)

Then (f x g)(z) € My, ().
Proof. For f(z) € M,(a) and g(z) € A,(p), we have

l_iazlfp xa) (2 o 227y ) (2
» (f g)()+p(p_1) (f*9)"(2)
1-a =P #(2)) % (27 Pg(z Y (2P )) (2 Pg(2
:T(z f()) ( g())+p(p_1)( f()) ( g())
— h(z) % (77g(2)) (25)
where
h(z) = I_TO‘ZH’ ORE (po‘_ GO <VITE (el @6)
From (2.4), we can see that the function 27 P¢(z) has Herglotz representation:
Pyl — du(z)
= [ e (27)

where p(z) is a probability measure on the unit circle |2| = 1 and flx|=1 du(z) = 1.
In view of the function /1 + z is convex univalent in U, it follows from (2.5),
(2.6) and (2.7) that

l—a _, w o) (2 «
T'Z (f g)( )+p(p71)

= / _ h(zz)du(z) < V1+z (2 €U).

7P (fx9)"(2)

This shows that (f * g)(z) € M, («). The proof of Theorem 2 is completed. O



Geometric properties of multivalent analytic . .. 793

Theorem 2.3. Let

f(z) =2 + i ap k2P TE € My (a). (2.8)
k=n
Then
lapsr| < plp—1) (k > n). (2.9)

“2(p+k)(ak+p—1) -
The result is sharp for each k > n.

Proof. It is known that, if
p(z) =) bzl <¢(z) (2€U),
j=1

where ¢(z) is analytic in U and ¢(z) = z + - - - is analytic and convex univalent in
U, then |bj| <1 (j € N).
By (2.8) we have

(0%

p(p—1)

2
= = S (p+F)ak+p - Dapars

2 (1 ; CAPf() + 2Pf(2) 1)

o0

plp—1) =
<2(W/14+z-1) (z€l). (2.10)

In view of the function ¥(z) = 2(v/1+ 2z —1) = z+ --- is analytic and convex
univalent in U, it follows from (2.10) that

2(p+ k)(ak+p—1)
plp—1)

laprr| <1 (k> n),

which gives (2.9).
Next we consider the function f;(z) given by

1

p(p—1)
D c- m km+p
= m > M
fr(z) =2 +mz::1(km+p)(akm+p—l)z (k>n; z€U),
where
Ty _2=D--(h=m+1)
m m!
Since
1
Tazl_pf,;(z) + p(poi 1)22_7’]‘,2’(2:) =V1i+zF<V1+z (z€0U)
and

p(p—1)
E+p)(ak+p—1)
for each k > n, the proof of Theorem 3 is completed. O

Zp-‘rk)_'_'..

fu(z) = 2"+ 2(
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Theorem 2.4. Let 0 < p <p and £ <6 < 1. If f(z) € M,(0), then

Re {(1 —4) (;Zf}z)lf +6 (1 + Zj:;i?) } >0 (2] < r0), (2.11)

where rq is the smallest Toot in (0,1) of the equation

(1— 8)r2 (2—p+5( +p=2)) "+ 1-p+d(p—1)=0.

The result is sharp.
Proof. For f(z) € M,(0) we can write

( 1) )2 1), (2.12)

pzP~t

where ©(z) is analytic and |p(z)] < 1 in U. Differentiating both sides of (2.12)
logarithmically, we have

2f"(2) nz"p(z) + 2"y (2)

YR TP T 2 ee()

(z € V). (2.13)

SN2
Put |z =r <1 and (;;52) =u+ v (u,v € R). Then (2.12) implies that
2"p(z) =u—14iv (2.14)

and
1—r"<u<l14+7" (2.15)

With the help of the Carathéodory inequality:

Wl < el

it follows from (2.14) and (2.15) that

wfu-o (52 (- 55)
6|z

no
> — — - 7
>(1—-0)u+ps+ 2Re{1+zn } T 29(2)

-1 r2n
2(1—6)u+p6+n(5( Y )—f— (u )+t

n+1/)

2 u2 + v2 2pn—1(1 — r2)(u2+u2)%
=: H,(u,v)
and OH, (u0) 6
n(u,v v
—— = —F, 2.1
00) % (), (216)
where
2 2
P, (u,v) := nt

+
(u? +02)2  pn=1(1 —r2)(u2 4 02)2
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2 — ((u—1)% +0?)
rn= (1 —r2)(u? + 1)2)%

because of (2.14), (2.15) and |¢(z)] < 1 (z € U). In view of (2.16) and (2.17) we
see that

(2.17)

H,(u,v) > Hy(u,0)

n u— 2 77,.271
=(1-0)u+pd+ ; (1 - i) + 5;6”_1(11) — rg)u)- (2.18)

Next we calculate the minimum value of H,(u,0) on the closed interval [1 —
r™, 1+ r"]. From (2.18) we deduce that

d 1) 2 42— 1
L Hy(w,0)=1—6+ -2 R ——
du (u,0) + 2u? (n—|— rr— (1 — 7’2)>
0 2r(1 —r")
>1-96 —
T D <” 12 >
0
=1—-6+—-=1,(r), 2.1
+ 2(1 4 rm)? (r) (2.19)
where 21 )
r(1—r"
I =n- ——)—=>=".
n(r)i=n 1—1r2
Note that I (r) = %;’: > 0. Suppose that I,(r) > 0. Then
2r(1 — rntl
Liyi(r)=n+1-— 7(1 2 )
1— n+1 1 —pn
P S kit i Chd 0 N
1+r

Hence, by virtue of the mathematical induction, we have I,(r) > 0 for all n € N
and 0 < r < 1. This implies that

d
@Hn(u, 0)>0 1—-r"<u<l+r?). (2.20)
Further, it follows from (2.18) and (2.20) that

wefuo (752) +o (i 58} -

Z Hn(]- - rn’o) - P

n nor™
(=8 —(2—p+6(5+p—2))r"+1—p+p—1)
N 11—
_. Inlr)
=1 (2.21)

From the hypotheses of the theorem we can see that J,(0) =1—p+d(p—1) >0
and J,,(1) = =2 < 0. If we let 79 denote the smallest root in (0,1) of the equation
Jn(r) = 0, then (2.21) yields the desired result (2.11).
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To see that the bound rq is the best possible, we consider the function

f(z) = p/oz L1 — )2 dt € M, (0). (2.22)

It is clear that for z =r € (19, 1),

(1-0) (f'(’”) )2+5 <1+ Tf/'(r)) _p=)

pr] 7oy ) T e
which shows that rg can not be increased. The proof of Theorem 4 is completed.
Setting § = 1, Theorem 4 reduces to the following result. O

Corollary 2.1. Let f(z) € M,(0) and 0 < p < p. Then f(z) is convex of order p

m )
A< (2E2)
p+35—0p

The result is sharp.
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