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Abstract Under new conditions on weight functions b(x), this paper mainly
considers the exact boundary behavior of solutions to the following boundary
blow-up elliptic problems A u = b(z)f(u), = € Q, ulsgo = +oo for more
general nonlinearities f, where 2 is a bounded domain with smooth boundary
in RY, and b € C(Q) which is positive in Q.
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1. Introduction and the main results

In this paper, we analyze the exact asymptotic behavior of viscosity solutions to
the following problem

Doot =b(x) f(u), u>0, 2 €Q, ulgg =00, (1.1)

where ) is a bounded domain with smooth boundary in RY(N > 2), the last
condition means that u(x) — oo as d(z) = dist(x,00Q) — 0, and the solution is
called “boundary blow-up solution,” “large solution” or “explosive solution.”

The operator A, is the co-Laplacian, a highly degenerate elliptic operator given

by
N
Aot = (D*uDu, Du) = Z DiuD;juDju,
ij=1
b satisfies
(by) be C(Q) is positive in €,
and f satisfies
(f1) f€CY0,00), f(0) =0, f is increasing on (0, 00);

f. O _dv g
&) I G
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Aronsson [1] established that the co-Laplacian equation Asu = 0 is the Euler-
Lagrange equation for smooth absolute minimizers. Because of the high degeneracy
of the co-Laplacian, the associated Dirichlet problems may not have classical solu-
tions. Therefore, Crandall, Lions [5], Crandall, Evans, Lions [6] and Crandall, Ishii,
Lions [7] introduced the concept of viscosity solution. Later, Jensen [9] proved the
equivalence of absolute minimizers and viscosity solutions of the Dirichlet prob-
lem to the infinity harmonic equation and the uniqueness of the viscosity solutions.
Since then, the infinity Laplace equation has been considered widely, see [2-10] and
the references therein.

Juutinen and Rossi [10] first studied the existence, uniqueness and boundary
behavior of solutions to the following problem

ANu=u? ¢g>1, 2€Q, ulgg = oo,

with the normalized co—Laplacian

(D*uDu, Du).

When b satisfies (b1) and f satisfies (f1), Mohammed and Mohammed [11, 12]
first supplied a necessary and sufficient condition

oo dS S
/a o) < oo, Ya>0, F(s) :/0 f(v)dv, (1.2)

for the existence of solutions to problem (1.1). Moreover, they showed that
(i) if
badiam(§2) < U(0) /OO ds
odiam = —_—
o F(s)

then there are constants ¢y > 0 and § > 0 sufficiently small such that for any
solution u € C(2) to problem (1.1), it holds

wl(bgd(l’)) < u(:c) S 1/11(b1d($)) +co, T € Qg = {SC eQ: d(l’) < 5},

where b; = (min b(x))1/4, by = (maéc b(x))1/4, and v satisfies

e HAS
g
/ 2t V>0 (1.3)
wi(t) V/EF(s)

(i) if b=bg in Q and f satisfies the condition that
f(s)/s* is nondecreasing on (0, c0),

then problem (1.1) has a unique solution.

By means of Karamata regularly varying theory, Wang et al. [18] and [19], the
author [14] and Zhang [21] further showed the boundary behavior of solutions to
problem (1.1).

Next, we introduce two classes of functions.
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Firstly, we denote A the set of all positive non-decreasing functions k € C'*(0,v)
which satisfy

d (K1) _ s
Jm = <k:(t)) = Cy, where K(t) = /0 E(s)ds. (1.4)

It is easy to see that for each k € A,

K@)
tli)%l+ W =0 and Ck € [0, ].]

Next, let © denote the set of all Karamata functions L which are normalized
slowly varying at zero (the definition can be found in Section 2.) defined on (0, o]
for some o > 0 by

£(s) = coexp (/U y(:)dT) . se(0,0], (1.5)

where ¢y > 0 and the function y € C[0, o] with y(0) = 0.

To the best of the author’s knowledge, in the previous papers that consider
the exact asymptotic behavior of the solution u to problem (1.1) near 912, the
assumption on the weight function b(x) mainly depends on the set A. In this paper,
the assumption on the weight function b(z) mainly depends on the set ©.

Inspired by the above works, in this paper, we also consider the exact asymptotic
behavior of the solution w to problem (1.1) near 92 under the following structure
conditions on b and f.

Suppose b also satisfies the following condition:

(b2) there exist some L € © and a positive constant by such that

lim % =
a@)—0 (d(z))L(d(x))

where
@ 1— 1
A<0 and / ST)\(L(S» 3ds < oo for some a > 0, (1.6)
0
and f also satisfies

(f3) there exists Cy > 0 such that

lim H'(s) /OO ﬁdy =Cy, H(s):= (f(s))l/g, Vs > 0.

s—+o00o
In this paper, we mainly use the solution of the problem

> ds

By s, (1.7)
oty H(s)

to get our estimates.
Our main results are summarized as follows.
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Theorem 1.1. Let f satisfy (fi)-(fs) and b satisfy (bi)-(b2). If Cy > 1 and
4Ct + A1 = Cy) > 1, for the unique solution u of problem (1.1), it holds that

lim 716(96
d(x)—0 ¢(h(d(z)))

where ¢ is uniquely determined by (1.7),

~

= &o, (1.8)

h(t) = /O s L (s)ds, (1.9)

and

- 3bo g
0= ((4— NGy + (0= 1>> ' (1.10)

Remark 1.1. For the existence of solutions for problem (1.1), see A. Mohammed
and S. Mohammed [11,12].

Remark 1.2. By the following Proposition 2.6, one can see that when A < 0, h in
(1.9) satisfies

3 La-a 1
Bt) = T LA 1),

Remark 1.3. Some basic examples of the functions which satisfy (f3) are

(i) When f(s) =sP, p> 3, Cf:p%?),

o(t) = (((p - 3)75)/3)%7 Vt>0.
When f(s

sP(lns)?, p>3, BER, s>, Cf:p%gy

When f(s esﬁ7 v>0, s>5, Cr=1.
is) When f(s) =e*"s, s> S, C;=1.

(i2) (s)
(iz3) When f(s):spe(l“s)ﬂ7 p>3, 0<fB<1, s>.9, Cf:ﬁ-
(is) (s)
( (s)

The outline of this paper is as follows. In sections 2-3, we give some useful
results that will be used in the next section. The proof of Theorem 1.1 will be given
in section 4.

2. Preparation

In this section, we first give a brief account of the definition and properties of
regularly varying functions that will be used in this paper (see [15-17]).

Definition 2.1. A positive measurable function f defined on [a, o), for some a > 0,
is called regularly varying at infinity with index p, written as f € RV, if for
each £ > 0 and some p € R,

)

im

S—00 f(s)

In particular, when p = 0, f is called slowly varying at infinity.

—¢r, (2.1)

Clearly, if f € RV,, then L(s) := f(s)/s” is slowly varying at infinity.
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Definition 2.2. A positive measurable function f defined on [a, 00), for some a > 0,
is called rapidly varying at infinity if for each p > 1

lim @

s—oo  §P

= 00. (2.2)

A positive measurable function g defined on (0, a) for some a > 0, is regularly

varying at zero with index o ( written as ¢ € RV Z,) if t — g(1/t) belongs to
RV_,. Similarly, g is called rapidly varying at zero if t — g¢(1/t) is rapidly
varying at infinity.
Proposition 2.1 (Uniform convergence theorem). If f € RV,, then (2.1) holds
uniformly for £ € [c1,ca] with 0 < ¢; < co. Moreover, if p < 0, then uniform
convergence holds on intervals of the form (aq,00) with a; > 0; if p > 0, then
uniform convergence holds on intervals (0, a1] provided f is bounded on (0, a;] for
all a1 > 0.

Proposition 2.2 (Representation theorem). A function L is slowly varying at
infinity if and only if it may be written in the form

L(s) = o(s)exp ( / ) y(TT)dT) , s> ai, (2.3)

1

for some a1 > a, where the functions ¢ and y are measurable and for s — oo,
y(s) = 0 and p(s) — co, with co > 0.

We call that )
L(s) = coexp (/ y(T)dT> , §>ay, (2.4)
al T

is normalized slowly varying at infinity and
J(s) = s"L(s), s> ar. (2.5)

is normalized regularly varying at infinity with index p ( and written as f €
NRV,).

Similarly, g is called normalized regularly varying at zero with index o, written
as g € NRVZ, if t — g(1/t) belongs to NRV_,.

A function f € RV, belongs to NRV, if and only if

4
f € C'ay,0) for some a; >0 and lim s/(s)

s5—»00 f(s)
Proposition 2.3. If functions L, Ly are slowly varying at infinity, then

=p. (2.6)

(i) L for everyo € R, eyL 4+ caLly (1 > 0, ¢ > 0 with ¢; + ¢co > 0), Lo Ly (if
Li(t) = +o0 as t — +00), are also slowly varying at infinity.
(ii) For every 6 >0 and t — +oo, t°L(t) — 400, tCL(t) — 0.

In(L (%))

(iii) For p € R andt — +oo, = %OandWAp,

Proposition 2.4. (i) If fi € RV,,, fo € RV,, with tlim fa(t) = o0, then fro fa €
—00
RV,

pP1p2"

(ii) If f € RV, then f* € RV, for every a € R.
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Proposition 2.5. If a function L be defined on (0,7], is slowly varying at zero.
Then we have

i — (2.1)
t—0+ j;" L(s) g ’
If further fon @ds converges, then we have
L
) _y (2.2)

m ——————
t L(s)
t—0t
fO s ds

Proposition 2.6 (Asymptotic behavior). If a function L is slowly varying at in-
finity, then for a > 0 and t — oo,

(i) f(: sPL(s)ds = (B 4+ 1)"H'TBL(t), for B> —1;
(i) [ sPL(s)ds = (=B — 1)~ PL(t), for B < —1.

Next, we give the precise definition of viscosity solutions for the problem (1.1).

Definition 2.3. A function u € C(Q) is a viscosity subsolution of the PDE A u =
b(z)f(u) in Q if for every p € C%(Q), with the property that u — ¢ has a local
maximum at some xg € €, then

Acop(mo) = b(xo) fu(zo)).

Definition 2.4. We say a function u € C(f2) is a viscosity supsolution of the PDE
Asu = b(z)f(u) in Q if for every ¢ € C%(Q), with the property that u — ¢ has a
local minimum at some g € €2, then

Acoip(mo) < b(xo) f(ulzo)).

Definition 2.5. A function u € C(f2) is a viscosity solution of the PDE A u =
b(x) f(u) in Q if it is both a subsolution and a supersolution. Finally, by a solution
of (1.1), we mean a function u that is a solution of the PDE A u = b(x) f(u)such
that u = oo on 0€2.

Remark 2.1. It is easy to prove that if u € C?(Q) is a classical subsolution (su-
persolution) of the PDE A u = b(x) f(u), then w is a viscosity subsolution (super-
solution) of the PDE Ao u = b(z) f(u).

3. Some auxiliary results
Some auxiliary results that will be used in the proof of the theorem are given in
this section.

Lemma 3.1. Let
a(t) =t L(t)

and
A

) = [ 15 (@) s

where t € (0,00), A <4, fon s%(L(s))%dS < oo for somen >0 and L € ©. Then
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th'(t) _ 4—\.

. . [(HO) Y ; ==

@) tl—l>I(I)1+ h(t)a(t) — 3 and t1_1)r51+ O
. th”(t) _ 1-X

(11) tLHSIJr R'(t) — 3

N (4() W I O N T

(i) lim S = A5

Proof. (i) Since A/(t) = t%(L(t))%, then

(W)t ST LE (1) 410
h(B)a(t)  t=7L(t) [y s75 (L(s))sds [y s 5 (L(s))3ds
and A
th'(ty ¢ Lt
— Tt 1 1
h(t) Jos73 (L(s))3ds
. .y . (W' (@)* . th'(t) _
Hence, when A < 4, it follows by Proposition 2.6 that t1_1>1(1)1+ WD = t1_1>r(1)1+ ) =
4=).
T3

(W) _
RBa(t) — 0% R

when A = 4, it follows by Proposition 2.5 that hm+
t—0

(ii) By a direct calculation, we obtain

W) = SR L) + g T L) L

and
th” (t) 1 tL'(t) 1-X

() — 3 L(t) 3

Since L € O, 1i161+ fg(g) = 0. Therefore,
t—
Z _
lim th'(t) _ 1—A
t—0+ h'(t) 3

(iii) Since
(W'($)2h" () _ th"(t) (h'(£))° _ th"(t)
a(t) R(t)  ta(t) (t)’

by (ii), we have
(R'($)P~2h"(t) 1= A

li =
10t a(t) 3

Lemma 3.2. Let f satisfy (f1)-(f2), we get

(1) if f satisfies (f3), then Cy € [1,00);

(ii) (f3) holds for Cy > 1 if and only if f € NRV, with p > 3. In this case
p=3Cs/(Cy —1).

(iii) of f satisfies (f3) with Cy =1, f is rapidly varying at infinity.
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(iv) if f € C?(Sy,00) for some large Sy > 0 and

s
R TP E

then f satisfies (f3) with Cy = 1.
Proof. (i) Let Cf € (0, 00] and

s):H’(s)/ooHd(%, Vs > 0.

Integrating I(v) from a (a > 0) to s and integration by parts, we obtain

/: / o) H(a)/aOOH%V)dVJrsa, Vs > a.

It follows by the I'Hospital’s rule that

X dv s
. I(v)d
oghm@:hquzhmf(s)qchq, (3.2)

s—00 s$—00 S s—00

ie., Cy > 1, so (i) holds.
(if) When (f3) holds with Cy € (1,00), by (3.10) and (f3), we have that

1/3 oo 1
fs) _ 1Y) [ g v

si>r<[>lo sf/(s) o sgrolc sf’(s) fOO fl/s(u d,/fj—l( )

CHGTHS o1

= lim = ,
si>oo 35H’ foo Hd(yu 3Cf

(3.3)

ie, f€ NRV:%Cf/(Cf—lf
Conversely, when f € NRV, with p > 3, i.e.,, lim JHO N p and there exist

S—>00 f(S)
sufficiently large constant Sy > 0 and L € A; such that f(s PL(s), Vs > Sp.
By 2.2 and Proposition 2.6(i), we have

lim H'(s) T v _1 lim s/'(5) lim fl/:’(s) /00 Y3 w)dy

S—00 s H(l/) 3 s—o0 f(s) S—00

— P him s L)t [ () P
Jim $SUEE) [ (Ew)

o

=ta=0r

(iif) By Cy =1 and (3.8), one can see that

T
soe (s)

Consequently, for an arbitrary p > 1, there exists Sy > 0 such that

>(p+1)s7t Vs> S,
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Integrating the above inequality from Sy to s, we get

In (f(s)) =In (f(So)) = (p+1)(Ins—InSy) Vs> Sp,

i.e.,
1) . F(So)s
sp — ghtt

Letting s — 0o, by Definition 2.2, we obtain that f is rapidly varying at infinity.
(v) It follows by (3.1) and the ’'Hospital’s rule that

f(s)

F6) oy TO oy (SO Ly gy, SOS)
5—00 sf/(s) a 81—)00 S Sl_mo ds (f/(3)> 1 81_)00 (f’(s))2 0, (3.5)
1.e. . sf/(s) )
S—00 f(s)

By the similar proof of (iv), we have that for an arbitrary p > 3, there exists S; > 0
such that

f(s) = %s’f’“ Vs > Sy (3.6)
0
Hence,
: ;
(f(Z)) (gpi01)> 55 V¥s>S (3.7
0
Letting s — oo, it follows that
lim f(z)) = o0 (3.8)

So, combining with (3.5), we get that

fi(s) . f(s) s . fs) s
lim = lim = lim lim =0.
S—00 f’(s) s—00 sf’(s) f%(S) 5—00 Sf/(S> s—0 f%(s)

By the ’'Hospital’s rule and (3.9), we get that

>~ 1
. /
JE&H () / "

= lim / 1/3
S$—00 3f f
= lim ffo— lim - ——5—=—
s—00 3 £3(s) s—00 32 _ fr(s)f(s)
IO) 3 (f'(s))?
=1

)

i.e. Cf =1.



The exact blow-up rate of large solutions 867

Lemma 3.3. Let f satisfy (f1)-(f3) and ¢ be the solution to the problem

/OO ds 4 viso.
o) (f(s))3

Then

(i) —¢'t) = (f(sb(t)))%, ¢(t) >0, t >0, $(0) : = lim ¢(t) = +oo and ¢"(t) =
L) ® F1(6(8), t > 0;

(ll) ¢ e NRVZ_(Cf_l),'

(ili) ¢' € NRVZ_¢,;

(iv) lim 29U — (¢, 1) and Jim, (@MW) _ 3¢,

t0+ —Int —Int
Proof. By the definition of ¢ and a direct computation, we show that (i) holds.
(i) It follows from the proof of Lemma 3.1 and Proposition 2.4(ii) that f~3 €
C

__—f
RV ¢, .Define Ly (t) := f73(t)/t ST, Then L is slowly varying, and —Cffl <
T Cr-1

—1 due to Cy > 1. So, It follows by Proposition 2.6, that

1 _ %
: tfs3(t) _ tLy(t)t <5t 1
lim ——~— = lim = = . (3.10)
t—oo j; f 3 (s)ds t—o00 ftoo Ll(s)s_ﬁ{lds Cf -1
Therefore,
() ()8
t1—1>r(r)1+ o) —tl_1>r(r)1+ o(t)
(R} [ e
= =,
ie., ¢ € NRVZ,(Cf,I).
(iii) Tt follows by Lemma 3.2, (i) and (3.10) that
t'(ty 1. F(80) [0, (f(s) 3ds
im = —— lim 5
t—0t+ @' (¢) 3 t—0+ flop(t)s
L PTG
= im 4
sTrbee 3(f(s))3
_ 1 sf'(s) [ U) ray
3omree fls) s(f(s)78 "
The last result (iv) follows from (ii)-(iii) and Proposition 2.3 (iii). O

4. Proof of the Theorem

Theorems 1.1 will be proved in this section.
First, we need the following result.
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Lemma 4.1 (the comparison principle, [12, Lemma 2.5]). Let b satisfy (b1), and
f satisfy (f1). Suppose u,v € C(Q) such that

Apu >b(z)f(u) in Q and Asov <b(z)f(v) in Q

in the viscosity sense. If u < v on 02 and 0 < v on 082, then u < v in €.

For any 6 > 0, we define
Qs ={re:d(x)<d}.

Because  is smooth, there exists dg € (0,0) (o is given as in the definition of © )
such that d € C?(Qs,) and |Vd(z)| =1, V z € Qs,. Hence, Asod = 0 in Q, in the
viscosity sense.

Proof of Theorem 1.1. Fix a small € > 0. Let 6. € (0, %0), p € (0,4.) and define
e = (S0 +e)p(h(d(x)) — h(p)) for any x € Q25.\Q, =: Q

and
u, = (& —e)¢(h(d(x)) + h(p))  for any x € Qos5,—, =: Q},

where h is given as in (1.9) and & is given as in (1.10).
Let
n(t) = (o +e)o(h(t) —h(p)), t€ (p,20c).

Obviously, h and ¢ are increasing and decreasing in their respective definition do-
mains. So, when . is small enough, 7 is decreasing in (p, 24, ). Let ¢ be the inverse
of 1. By a direct computation, we have

-1

¢(t) = = (&0 +2)¢' (h(C(1) — h(p)) M (L(1)))

7)) 1)

and

-3

¢(t) = ~(6o +2) 7 (& (<) = h(P)) W (1))
x (8" (h(C(0) = hlp)) (W (C)* + &/ (A1) — (IR (C(1))) - (42

Let(z0,v) € Q, x C*(Q2,) be a pair such that @. > 1 in a neighborhood N of zq

and . (z0) = ¥ (zo) Then ¢ = (1) € C*(2;), and
d(z) < ep(z) inN, d(zo) = ¢(zo).

Because Ayd = 0 in Q, we get Ap(rg) > 0. A simple computation shows
that

Dooip = (" () () |DY]* + (¢'(4))* Aoct).
Since A ¢(xg) > 0 and ¢’ < 0, we have

Asstp(wo) < =¢" (%(@0))(¢" (¥ (0)) ™" D (o) [*.

Moreover, since |Dd(z)| =1 for z € Q, and d — ¢ attains a local maximum at zo,
it follows that

[ Dd(xo)| = |¢"((x0)) Dip(o)|-
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So
Asstp(z0) < —C"(1(w0))(¢' ((20))) "
Combing with (4.1) and (4.2), we further get

0" (GG (o)) =h(p) (W (W) i .
¢ (h(C(1(x0))) —h(p)) +h" (¢ (20))) (h (C(¥(w0))))
Since
h(d(x))

lim ———————— =1, f D25.\Q, =: Q7
PR R~ hip) O S DA =

we can choose p small enough such that
h(d(x))
h(d(x)) — h(p)

where « is a sufficiently small positive constant.

ﬁ;l,((gt >0, t> 0, we can obtain

1< <1+ae, forVe>0and any z € Qo5.\Q, =: Q,,

Combing with —

Acotp(wo) = b(wo) f(ue(20))
¢" (h(d(wo))—h(p)) (A(d(x0)) —h(p))

¢/ (h(d(x0))~h(p))
(W(d(o))"  hd(wo)  h(d(xe)) (W (d(x0)))"
(

< (&o+e)° (@/(h(d(xo))—h(m))‘?a(d(l’o)) [

X

h(d(xo))a(d(zo)) h(d(z0)) — h(p) a(d(zo))
B -3 _blao) S (e (z0))
G +e) a(d(x0)) (—¢! (h(d(0)) — h(p)) 3]

" (A(d(0))—h(p)) (h(d(0)) —h(p))

IN

(éo+e)° (¢ (h(d(w0)) ~h(p)))” ald(w0)) [ 2

X (14+ae)—

h(d(zo))a(d(xo)) a(d(zo))
_ -3 _blwo) f(Te(20))
(o +¢) a(d(zo)) (—¢/<h d(zo)) — h(p)))gl
3

= (&0 +¢))” (=¢' (h(d(z0)) = h

Notice that h(d(z¢)) — 0 as 6. — 0 (and thereby zo tends to the boundary of (2.)

Then, by Lemmas 3.1 and 3.3, we get that

Cyld =)~ (1- A
3

Cr(d—A

3
I(zo) — —bo(o+¢e)r " +%a€ as d. — 0.

By the choice of &, we have I(xzg) < 0 provided @ > 0 and §. € (0, %") small

enough. Thus
Astp(wo) < b(wo) f(tie(20)),

i.e., i is a supersolution of equation (1.1) in Q.
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Next, in a similar way, we will prove that u_ is a subsolution of equation (1.1)
in QF.
Let
n(t) = (€0 — )¢ (h(t) + h(p)), te€ (0,20 - p).
Obviously, h and ¢ are increasing and decreasing in their respective definition do-
mains. So, when J. is small enough, 7 is decreasing in (0,26, — p). Let ¢ be the
inverse of 7. By a direct computation, we have

-1

¢'(t) = = ((§0 = 2)¢ (A(C(1)) + h(p) W' (C(1)))

(4.3)

and

-3

¢(t) = ~( —2)7 (& (<) + h(0) W (1))
x (8" (h(C(0) + o)) (W(C)* + 0/ () + B(R)H"(C(1))) - (44)

Let(z0,v) € Qf x C*(Q) be a pair such that u_ < 1 in a neighborhood N of zq
and u, (20) = (o) Then ¢ = (1)) € (), and

d(z) > (x) in N, d(zo) = p(zo)-

Because Ay,d =0 in Q,j‘, we get Asp(zo) < 0. A simple computation shows that

Doop = ¢" () (') DYI* + (¢'(¥))* Aot

Since Asop(xg) < 0 and ¢’ < 0, we have

Aocth(w0) = —¢" (%(@0))(¢(¥(w0))) * [Dip (o) [

Moreover, since |Dd(z)| =1 for z € Qj and d — ¢ attains a local minimum at xg,
it follows that

| Dd(zo)| = I¢"(¥(w0)) Dt (o).
So
Aoctplwo) = =C"(1(0)) (' ((0))) "
Combing with (4.3) and (4.4), we further get

Accth(z0) > (€0 +2)* (¢ (R(¢((20))) + h(p)))®

¢ (MW ) - <p>)(h'<<<w<wo>>>)4 y ,
x S o) £ R0 1 (C(W(wo) (R (¢((o)))

2

Since
o hd@)
o0 h{d(z)) + h(p)

we can choose p small enough such that

h(d(z))
h(d(z)) + h(p)

=1, for any x € g5, =: Qj,

1—ae< <1, for Ve > 0 and any = € Qq5,—, =: QF,

where « is a sufficiently small positive constant.
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<15”(3t >0, t> 0, we can obtain

Combing with — 5
Aootp(0) — b(wo) f (e (w0))

> (€o+¢)® (~¢/ (M(d(z0))+h(p)))

3 ¢" (h(d(z0))+h(p)) (h(d(xo))+h(p))

a(d(zo)) [ ¢’ (h(d(xo))+h(p))

(K (d(x0))) h(d(xo))  h"(d(xo)) (R (d(x0)))”
h(d(wo))a(d(x0)) h(d(zo)) + h(p) a(d(xo))
5 b(xo) /(@ (x0)) ]

a(d(z0)) (—¢! (h(d(z0)) + h(p)))®

X

—(o+e)

5 blxo) f (e (x0)) ]
a(d(@o)) (=g (h(d(x0)) + h(p)))°
=: (&0 +2))” (—¢' (h(d(0)) + h(p)))” a(d(x0)))I (xo)-

Notice that h(d(zp)) — 0 as d: — 0 (and thereby xg tends to the boundary of Q.)

Then, by Lemmas 3.1 and 3.3, we get that

Cr(d—X)—(1-=2N)
3

Cr(4—X)

0 — 0.
3 (0% as

I(l‘o)—) —bo (50—6)% —

By the choice of &, we have I(x) > 0 provided a > 0 and d. € (0,%) small

enough. Thus ’
Ascth(x0) = b(w0) f (e (20)),

i.e., u. is a supersolution of equation (1.1) in Q.
Now let u be an arbitrary solution of problem (1.1). We assert that there exists
a positive constant M such that
u<M+u., x€Q,, (4.5)
u, <u+ M, .L“EQ;_.

In fact, we may choose a large M such that
u< M+a. onTys:={xe:dx) =20},

where M := max{u(z) : d(z) > 2.}

By (f1), we see that 4.+ M is also a supersolution of equation (1.1) in Q;. Since
u <t onlg:={xe:dz)=p} (3.6) follows by Lemma 3.1.

In a similar way, we can show (3.7).

Hence, x € Q,; N QF, by letting p — 0, we have

M < u(x)
¢(h(d(2))) ~ é(h(d(x)))

§o—¢€—
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and

& < 50 +e+ L
¢(h(d(x))) ¢(h(d(x)))

Moreover, it follows by Lemma 3.3 that ¢(0) = co, hence, we obtain

& — e < liminf u(z) and limsup u(z)

a@)-0 ¢(h(d(z))) d(x)—0 S(h(d(2))) sbte

Thus the proof is finished by letting e — 0.
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