Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 11, Number 2, April 2021, 892-902 DOI:10.11948,/20200080
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MULTISOLITONS, BREATHER AND ROGUE
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Abstract In this paper, dynamic of a higher-order dispersive nonlinear Schro-
dinger equation is investigated. Firstly, we obtain the determinant represen-
tation of the N-fold Darboux transformations of the Schrédinger equation.
Then based on the above analysis, we get the one-soliton, two-soliton and the
breather wave solution. Furthermore, the first-order rogue wave is derived by
means of a Taylor expansion of the breather wave. Finally, by selecting some
special parameters and drawing the 3-D and 2-D graphs to better describe the
dynamic traits of those solutions.
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1. Introduction

Nonlinear partial differential equations (NLPDEs) can be used as models for many
complex physical phenomena, including mathematics, plasma physics, fluid me-
chanics, aerodynamics, atmospheric oceans, etc [3-5,7,12,17,22,28,31]. Therefore,
searching exact solutions of NLPDEs plays a rather significant part in the fields
of nonlinear science. Recently, the completely integrable nonlinear Schrédinger
equations (NLSEs) attract an increasing attention in natural science and mathe-
matics. The Hirota bilinear method [1,6], Darboux transformation scheme [24,30],
Riemann-Hilbert approach [9] and the inverse scattering method [23] are used to
solve NLSE. Moreover, the research of solution of NLSE promotes better analysis
of NLPDEs [13,20,21]. Akhmediev and Ankiewicz have obtained rogue wave solu-
tions and rational solutions of the standard self-focusing NLSE through traditional
Darboux transformation scheme [2]. Li-Ping Xu has constructed exact solutions of
two higher order nonlinear Schrédinger equations by applying homogeneous balance
principle and F-expansion method [27]. The rogue wave solution is a type of special
rational solution, rogue waves be called killer waves, are higher and steeper than all
the other waves around them [8]. In addition, rogue waves have been considered by
sailors as a threaten to shipping and are believed to have been responsible for the

TThe corresponding author. Email: zhangyfcumt@163.com(Y. Zhang)
1School of Mathematics, China University of Mining and Technology, Xuzhou,
Jiangsu, 221116, China


http://www.jaac-online.com
http://dx.doi.org/10.11948/20200080

Darboux transformation. . . 893

unexplained losses of vessels [8]. Due to this feature of rogue waves, the research of
rogue waves has become more and more important.

In this paper, we mainly study the higher-order dispersive nonlinear Schrédinger
equation, reads

10 + Qo+ 24]9)* + T(Goaze + 6620 +44)q0 ] + 89| que + 247 ¢, +6lg] q) = 0, (1.1)

where ¢(z,t) is the complex envelope and 7 denotes the strength of higher-order
linear and nonlinear effects [25]. Hai-Qiang Zhang and Bo Tian have obtained
conservation laws, soliton solutions and modulational instability of Eq. (1.1) based
on linear eigenvalue problem and Darboux transformation method [29]. Porsezian
and Daniel have studied the effect of perturbation on the nonintegrable GNLSE by
using perturbation method [18]. As far as we know, the multisolitons, breather wave
solutions, rogue wave solutions of Eq. (1.1) by applying the Darboux transformation
have never been researched.

In this paper, the multisolitons, breather wave solution, rogue wave solution
of Eq. (1.1) are obtained by applying the N-fold Darboux transformation. In
Section 2, the N-fold Darboux transformations of Eq. (1.1) are researched in detail.
In Section 3, based on obtained N-fold Darboux transformations, the one-soliton
solution and two-soliton solution of Eq. (1.1) are derived. In Section 4, we obtain
the breather wave solution through the eigenfunctions associated with a periodic
seed solution. In Section 5, the rogue wave solution is derived by using the Taylor
expansion of the breather wave solution. The last Section includes a conclusion and
further discussion.

2. Darboux transformation

In this section, we would like to research the Darboux transformation of Eq. (1.1).
Firstly, the Lax pair of Eq. (1.1) are derived by utilizing the Ablowitz-Kaup-Newell-
Segur scheme [14, 18]

wy, =Uw, w =Vw, (2.1)

where @ = (¢, )7 is the vector eigenfunction, and matrices U and V satisfy the
following forms

—-10 0 ¢q —iA q

01 —q* 0 —q* i
V = 8iv1Vy — 2iV5, here
1 * . 1
vy M= Lqq* igh — 3¢, Vi Ay By |
—iqg* A — 3¢5 =A% + 3qq* Cy —Ay
Ay =\ - 594 X%+ 109% — %a)A + g(3q2q G 4G, — 40 (2.3)
_ 1 i . 1 "
By =ig)\® — §qu2 — (e + 2¢°q" )\ + 3 (te20 + 6997 a,),

Cy = —ig"\> — iqz)\Q + 3
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Furthermore,

g
>
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I
[

(2.4)

indicates the eigenfunction of Lax pair Eq. (1.1) related to A, and A is a constant
spectral parameter. Then we introduce a simple gauge transformation

ol = Tw. (2.5)
It can be clearly seen that the linear problem Eq. (2.5) is transformed into

wlll = ylgll gl =1, + TU,
N (2.6)
will = vl vlT =T, 4 TV.

n _ [

In view of compatibility conditions w,; = w;,, we can obtain the following rela-

tionship
v vl 4 U v = T, -V, + U VT (2.7)

where U, VI have the same structure as U and V, the ¢, ¢* in the matrices U,V
*

are replaced with ¢ and ¢M!" in the matrices UM, V. Tt can be seen that the

solution of matrix T is rather vital to solve Eq. (1.1). Moreover, the seed solution

q1,q2) of Eq.(1.1) in U,V is transformed into new solution q[l], q[l] in U0, v,
192
The Darboux matrix T of Eq. (2.1) is assumed as follows

ap b ag b
T=1N=| " |as| "], (2.8)
C1 dl Co d()

where ag, by, ¢, dy, a1, b1, c1,d; are functions of z,t. Substituting the specific form
of matrix T (2.8) into UMNT = T, + TU of Eq. (2.6) to calculate the relationships
among all functions of Eq. (2.8), that is
A1z blx A i (e20r bOZL’
Clz dl:p Cox dOw
—ia1 A% —iag + c1qMA + coglt —iby A2 — ibo X + diglI\ + dogl!!
icl)\2 + icg\ — alqm*)\ — aoq[l]* idl)\Q + idg A — blq[l]*)\ — boq[l]*
—ia1 A — iagh — big* A — boq* ib1 A2 + ibg A + a1g) + agq
—ic1 A% —dcoh — dig* X — doq* idi A + ido\ + cig) + coq
By comparing the coefficients of A\"(n = 0, 1,2), we obtain
Tl:2, b1:01:0.
n=1, ayp =dip =0, —2iby+dig™ —a1q=0, 2icy— alq“]* +dig* =0.
n =0, a0, = oM +bog*, box = doqM —aoq, cor = —aog! +dog*, dos=—bog™ ~coq.
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We can know that by = ¢; =0, a1, d; are constants. Without loss of generality, we
derive the DT of Eq. (1.1) in the following form

wltl = Tw = (M — R)w, (2.10)
where )\ is a complex spectral parameter, I is a 2 x 2 identity matrix, and R is a

nonsingular matrix. Substituting expression of U, UY, T into UMNT = T, + TU of
Eq. (2.6), then comparing the coefficient of A\, one can obtain

0 gl 0 ¢
. A= +i[R, 0], (2.11)
—q" 0 —¢* 0
10 11 T12
where o = ,and R = . Therefore a new solution is obtained
O -1 T21 T22
gV = q—2irz, M =q" — 2ira, (2.12)
under a constraint rjy = —721.

According to the examples of the NLSE [15,16], in order to derive the explicit
formula of R by applying the solution of the Lax pair, we can presume that

-1

A O
R— fio « 1 y fi o ’ (2.13)

f2 g2 0 Ao f2 g2

where (f1, f2)7 is a solution of the eigenvalue equation of Eq. (2.1) with A = ;.
Moreover, (g1,92)7 = (—=f5, fi) is a solution of Eq. (2.1) when A = \. To meet
the constraint of R, letting Ay = A}, we have

1 MIAP NP =MD

= L o (2.14)
1 2 (A=A fifa Mlfl™ + AT A

Based on the above analysis, we can obtain a new solution of Eq. (1.1) as follows

Mg %
Lf1l” + [ fl

In addition, the DT can be written determinant representation to obtain the higher
order transformation. The one-fold DT is as follows

q (A=A ff2 (2.15)

fi\fi
R g1 A2g1

gV :q_ziﬁQ =q-2i— (2.16)
2 fi f2

g1 g2
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under the reductions g1 = —f5, g2 = f7, A2 = A}. As for the two-fold DT, we

have
Ry

q*? =q—2ig (2.17)
here
fi fa Mfi A f Jifa Mfi Aife
Ry |12 A2g1 Mg M= g1 g2 A2g1 Aa2ge 7 (2.18)
f3 fa Asfs A3 fs I3 fa Asf3 Asfa
93 91 Aags Aigs 93 9a Aags Aaga

under the reductions g1 = —f3, g2 = f1, g5 = —f4, g1 =Fi, A=Al A=A
In a similar way, the n-fold DT can be written

. R2n

g =q- 22M2 , (2.19)
where
fi fo MA AMfe o ATTUA APy
G g2 dagi dega - ANTlgy A3 g1
R fs fi Aafs Azgzs oo ATTlfs A3 f3
2n — 5
g3 g1 Mgz Maga - MNTlgs 193
G2n—1 G2n A2nGan—1 A2nGan =+ Aan  G2n—1 A3nGon—1
(2.20)
fi fo Mfi Mfe oo ATTUAONTHf
g g2 g Xge - AN T'a A lg
u fs5 fr Asfs Asgs oo ANTMfs AFTUA
2n —
g3 g1 Mgz Aags o NTlgs AT
92n—1 92n A2nG2n—1 A2ngon - )\37:192n—1 /\3,1_19211

As far as we know [10, 15, 19], the Darboux transformation is more convenient
to obtain the multisolitons, multibreathers and higher order rogue waves of the
nonlinear Schrédinger equation.

3. Solitons and Breather wave solutions
According to the analysis of the determinant representation of DT, we construct

one-soliton solution and two-soliton solution by taking a zero seed solution. Then
by taking a periodic seed solution, the breather wave solution of Eq. (1.1) is derived.
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3.1. One-Soliton solution

It can be seen that the accurate form of the one-soliton solution has been given in
Eq. (2.15). Setting the seed ¢ = 0 and A\; = £ 4 in, and substituting them into the
Lax pair Eq. (2.1). By calculation with the help of MAPLE, we obtain

fi = e~ iEFmet(=2i(etin*+8ir(E+in) )t

3.1
fy = eHEFIM2i(Etin)® ~8i(etin) )t (3.1)

and g1 = —f5,92 = f, A2 = Af. Then substituting Eq. (3.1) into Eq. (2.15), the
one-soliton solution of Eq. (1.1) is obtained
q[l] :2ne(4itn2+16it7—.f4+16it~rn4—2ir§—4it§2—96it7—§2n2)

x sec h(64n>tr€é — 64ntTE> + Snté + 2n). (3.2)

3.2. Two-Soliton solution

In this subsection, taking the seed solution ¢ = 0, and A\ = £ 4 in, A3 = 0 + iv, to
derive two-soliton solution. Where

f1 = e~ iEFmaFi(=2(E+in)*+87(e+in) ")t

fo= €i<£+m)m+i<2<£+m>2787(£+in)4>t,
fy = e—i(0+iv)m+i(—2(9+i1))2+8T(0+iv)4)t

f4 _ ei(0+iv)z+i(2(0+iv)2 78T(9+Z‘U)4)t’

under the reductions g1 = —f5, g2 = f7, 93 = —ff, 94 = f5, A2 = A7 and
A4 = A3, Substituting Eq. (3.3) into the two-fold DT of Eq. (2.16), the two-soliton
solution of Eq. (1.1) can be derived

[2] _ [2Acosh(B)+iC sinh(B)le *"?"TPN 4 [2F cosh(F)—iC sinh(F)]e” > (&= TGt
- = 2(¢+2nv) cosh(H)+2(yp—2nv) cosh(I)—8nv cos(J) ’
(3.4)

where

A = 4n?v — 46%0 + 80¢v — 4€%0 — 403,

B = 641°t7€ — 64ntrE> + 8nté + 2z,

C = —16&nv + 166nv,

D = (96tv? — 4)0? — 1670* — 167v* 4 402,

E = —4n® — 4n0? + 8n0¢ — dn€® + 4m?,

F = 64t760%v — 64t70v> — 8thv — 20, (3.5)
G = (960°T + 4)&2 — 166 — 160,

P =n"+0%— 206+ &% + 0%,

1
H = (—64700° 4 (64760% — 80)v — 64£(£%1 — nPr — g)n)t + 2z(n —v),

1
I = (64t00° + (—6470° + 80)v — 64£(E%T — n°T — g)n)t +2z(n + v),
J=((160*—960?¢* —160* +960%v* +16£* —160* )T —4&2 +-4n° +46% — 40 )t —22(£—0).
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Figs. 1-2 reveal the characters of the one-soliton solution and two-soliton solution,
respectively. From Fig. 1, it can be seen that the high peak keeps constant over
time. Fig. 2 displays the interaction phenomenon of two single solitons.

3.3. Breather wave solution

According to the determinant presentation of DT, taking a periodic seed solution
¢% the breather wave solution can be derived. The ¢[% is defined as

¢ = cetr, (3.6)

here p = ax + bt. Substituting ¢/ into Eq.(1.1), we get b = a*7 — 12a>c*1 + 6¢*1 —
a®?+42c%. By using the MAPLE, the solution of eigenvalue equations of the Lax pair

is as follows
f _ cei(%a+v1)x+i(%b+v1'uz)t
1= )

3.7
f2 _ (la + )\ +Ul)ei(—%a-i—vl)z-i-i(—%b—i-vlvg)t ( )
) )

where

W a0

04l

Figure 1. The one-soliton solution of the higher-order dispersive nonlinear Schrédinger equation with
n = 0.1, = 0.05 and 7 = 1 : a three-dimensional plot, b density plot, ¢ the two-dimensional plot at
different t = —10(left), t = 0(middle), ¢ = 10(right).

Figure 2. The two-soliton solution of the higher-order dispersive nonlinear Schrédinger equation with
n=1,&=1,uv=1,0 =0, and 7 = 1 : a three-dimensional plot, b density plot, ¢ the contour plot.

1 2 2 2\ 1
== da\ + 4 4\
vy 2(a +4da) + 4c® + 4072, (3.8)

vy = 7(a® — 2a*\ + (—6¢% + 42\H)a + 42X — 80%) —a + 2\
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Then by applying the one-fold DT and principle of the superposition of linear dif-
ferential equation, the first-order breather wave solution of Eq. (1.1) can be derived

21
5 (A1 — A FLFS, (3.9)

n_, _
" =49 —5 35
|F1[? + | |

and Fy = f1— f5, Fo = f{+ fo. Without loss of generality, taking a = —2Re(\1) =
—2¢, then substituting Eq. (3.7) into Eq. (3.9), the exact expression of breather
wave solution is as follows

277{[/11 cos(2S)—ko COS(2W)]—’i[(K1—202) sin(25)—ks3 sinh(2W)]}

1] — ip
q[ | — e |c+ k1 cosh(2W)—k2 cos(2S5) ’
(3.10)
where
K1 :CQ+772+X27
Ro = 20777
s = 20x (3.11)
W = (—48¢2nT + 807 + 4c®nT + 2n)xt,
S = (xx + x(—327€% + 16¢%¢T + 325°€ + 46)t,
and
o 1-24€%7 + /180724 — 247€2 + 6br + 1 +1 (3.12)

x=¢-¢ .

The character of breather wave solution is illustrated by Fig. 3.

T
B0biob
A

Figure 3. The first-order breather solution of higher-order dispersive nonlinear Schrédinger equation
with n = 0.2, = 0,b = 1,¢c =1, and 7 = 1 : a three-dimensional plot, b density plot, ¢ the contour
plot.

4. Rogue wave solution

In this section, the rogue wave solution of the higher-order dispersive nonlinear
Schrodinger equation is researched. On the basis of [26], we know that when the
period of breather wave Eq. (3.10) tends to infinity, the breather wave can translate
to the rogue wave. According to [11], the first-order rogue wave of Eq. (1.1) is
obtained through the coefficient of the Taylor expansion

M = (Pl'i_—le — 1) ce'”, (4.1)
gi!
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where
P, =4,
Q1 = 16(1 + 6¢*1 — 6a*T)ct,
11 = 4ctx? + (32a3 P — 16ac?(1 + 127¢?))at + (64c*7%a8 — 64c*Ta* (1 + 37¢?)

+16¢2(1 + 127¢% 4 72c¢*72)a? + 16¢ (67¢* 4 1))t + 1.
(4.2)
The traits of rogue wave solution are shown by Fig. 4.

)

Figure 4. The first-order rogue wave solution of higher-order dispersive nonlinear Schrédinger equation
with £ = 0,7 =0.5,a = 0,b=1,¢c = 0.5, and 7 = 0.5 : a three-dimensional plot, b density plot, c the
contour plot.

5. Conclusion and Discussion

In this paper, the high-order solitons, breather wave solution and rogue wave so-
lution for the higher-order dispersive nonlinear Schrodinger equation by applying
the Darboux transformation method, are obtained. Firstly, the soliton solutions by
taking zero-seed solution are derived. Then the breather wave solution and rogue
wave solution by taking the period seed solutions are obtained. These solutions
can be used to explain some phenomena appear in fluid and plasma mechanics via
3-D and 2-D plots in detail. It can be known that the solutions of NLSE is rather
important for the research and development of nonlinear phenomena. Nextly, we
will dedicated to the other dynamic characters of NLSE.
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