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THE PRECONDITIONED GAOR METHODS
FOR GENERALIZED LEAST SQUARES
PROBLEMS

Yifen Ke', Changfeng Ma' and Huai Zhang"'

Abstract In this paper, we present some preconditioned generalized AOR
(denoted by GAOR) methods for solving generalized least squares problems.
We also compare the spectral radii of the iteration matrices of the proposed
preconditioned and original methods. Finally, numerical experiments are pro-
vided to confirm the theoretical results.
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1. Introduction

Given the matrix A € R"*", the vector b € R" and the symmetric positive definite
matrix W € R™"*" the generalized least squares problem is as
m%@n (Az — b)"W =1 (Az —b). (1.1)
rER™
According to the Karush-Kuhn-Tucker (KKT) condition [5,6], the optimal solution
of the problem (1.1) will satisfy the following equation

(W2 A)TW~3(Az — b) = 0.
Let r = W2 (Az — b), then we can obtain the linear system

I —WzA\ [r ~W=%b
) = : (1.2)
ATW 2 0 z 0

The generalized least squares problems arise in many scientific and engineering
applications and have received comprehensive study. The parameter estimation in
mathematical modelling [13,14] is a typical source of the generalized least squares
problems. More about the generalized least squares problems, it can see [3,4,7,8,
10-12,15,16] and the reference therein.

To solve the generalized least squares problem (1.1), one is to solve the nonsin-
gular linear system as

Hy =, (13)
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where
I-B U

L 1-C
is an invertible matrix with p + ¢ =n and
B = (sz) S Rpo, C = (Cij) S quq, L = (lij) S qup7 U= (UL]) € RP*9,

We remark that the linear system (1.2) is a special case of (1.3) with
_W-3b

B=0,C=1U=-W 34, L=ATW%, f=
0

In order to solve the linear system Ax = b with A € R™*™ and b € R", Hadjidi-
mos in [2] proposed the accelerated overrelaxation (AOR) method. Based on the
AOR method, Yuan and Jin [14] in 1999 proposed the generalized AOR (GAOR)
method for solving the linear system (1.3), which splits the matrix H as

10 00 B -U
01 —-LO0 0 C

Then, for w # 0, the GAOR method can be defined by

y(k+1) = ‘CT,wy(k) + wg, k = Oa 17 27 T (14)
where
—1
10 10 00 B -U
E‘r,w: (1—0.)) +((JJ—T) +w
TL T 0r1 —LO0 0 C
1—w)l+wB —wU
_[ e (1.5)

w(r=1)L—wrLB (1 —w)l4+wC+wrLU

is the iteration matrix and

I 0
g= I
—7L 1

The spectral radius of the iteration matrix L., is smaller, the convergence

rate is faster. To decrease the spectral radius of L., an effective method is to
precondition the linear system (1.3), namely,

PHy ="Pf,

where P is a nonsingular matrix and called a preconditioner. Moreover, if we express
PH as
I-B* U*
PH = ,
L I-C*
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then the preconditioned GAOR method can be defined by

(kD) — ﬁi,wy(k) +wg*, k=012, (1.6)
where
1 —w)l +wB* —wU”
o ( ) (1.7)
and
i} I 0
i Pf.
—7L* T

For more details, one can see [3,4].
In [16], Zhou et al. gave some preconditioners P; for the GAOR method of the
form

~ 10
Pi = ) 1= 172337 (18)
K I

where K; € R7*P (; = 1,2, 3) are as follows:

0 0---0
0 0---0
Ki=| . (k> 0) (1.9)
_lil 0---0
I
and
—1370---0
—lp10--- 0
Ky = o - (1.10)
11 0---0
If ¢ < p, then
-1 O 0 0 0
0 —lgg-- 0 0---0
K; = ) _ o - (1.11)
0 0 lgq O 0
If ¢ = p, then
-1 O 0
0 _l22 0
K; = ) _ . . (1.12)
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If ¢ > p, then

~li; 0 - 0
0 —lyy--- 0
K3 = 0 0 - =l |- (1.13)
0 0 0
0 o0 0
Then P;H can be expressed as
~ I1-B U
PiH = ], i=123,
L, 1-C;

where L; = L+ K;(I — B) and C; = C — K;U.
In [11], Wang et al. proposed another type preconditioners for the GAOR
method of the following form

I+5;0
P’i = ) 1= 172737 (114)

where S; € RP*P (4 = 1,2, 3) are as follows:

0 big--- 0 0
b21 0 0 0

Si=| : . e : , (1.15)
0 0 0 bp_1,

0 0 - 0 0
by O - 0 0
SQ = 0 bgg 0 0 5 (116)
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0bi2 0 -+ 0
00 bag--- O

Ss (1.17)
00 0 by,

00 0--- 0

Then P;H can be expressed as

I-B; U;
PiH = , 1=1,2,3,
L I-C

where B; = B — S;(I — B) and U; = (I + S;)U.
Based on [11] and [16], Huang et al. [4] presented new preconditioners P; of the
following form

I+S; O
P = i1=1,2,3, (1.18)

i )

0 I+V;

where S; (i = 1,2, 3) are defined as (1.15), (1.16) and (1.17), and

0 cg-- 0 0
1 0 . 0 0

Vi=| : "0 e : , (1.19)
0 0 0 Coo1yg

0 0 0 0
C21 0 --- 0 0

‘/2 = 0 C32 * - 0 0f, (1.20)
0 0 - cug10
0012 0 --- 0
00 Co3 " 0

Vs = (1.21)
00 0 - Co1g

00 0 --- 0
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Then P;H can be expressed as

I-B Uy
P = . i=1,2,3,
Ly I-C;

where Bf = B—S;(I-B),Uf = (I+S)U, Ly =(I4+V;)Land C} =C-V;(I-C).
The preconditioned GAOR methods for solving P Hy = P} f are

gD — ﬁi,(c?y(k) +wgl, k=0,1,2,--, (1.22)
where
4 1 —w)l +whBy —wU;
£l = (1=w) (1.23)
w(r—=1)Lf —wrlfBf (1—-w)l+wCf+wrLiU}
and
9i = Pif
—7L; I

fort=1,2,3.

For the preconditioners P} (i = 1,2, 3), Huang et al. [4] gave the following com-
parison results.

Lemma 1.1 ( [4], Theorem 3.1). Let L, and Eif&,) be the iteration matrices
defined by (1.5) and (1.23), respectively. Assume that the matrix H in (1.3) is
irreducible with L < 0, U <0, B >0, C >0, bj;y1 > 0, biy1,;, > 0 for some
ie{l,2,...,p—1}, b;; > 0 whenever b; ;41 >0, bi+1,;, >0 fori € {1,2,...,p—1};
and ¢;it1 > 0, ciy14 > 0 for some i € {1,2,...,q—1}, ¢;; > 0 whenever ¢; ;41 > 0,
Cit1, >0 forie{l,2,...,¢—1},0<w<1,0<7 <1, then

(@) p(L)) < p(Lr) if p(Lr) < 1;

*(1 .
(0) p(LES) > p(Lr) if pLr) > 1.

Lemma 1.2 ( [4], Theorem 3.2). Let L, ,, and L’i,(f,) be the iteration matrices defined
by (1.5) and (1.23), respectively. Assume that the matriz H in (1.3) is irreducible
with L <0, U <0, B>0,C >0, bit1;, > 0 for some i € {1,2,...,p— 1},
bi; > 0 whenever b1, > 0 for i € {1,2,...,p — 1}; and ¢i11,; > 0 for some
ie{l,2,...,q—1}, ¢;; > 0 whenever ¢;y1,; >0 fori € {1,2,...,¢—1},0<w <1,
0<7<1, then

(@) p(L3D) < p(Lrw) if p(Lrw) < 1;

(0) p(L7Y) > p(Lr) if pLri) > 1.

Lemma 1.3 ( [4], Theorem 3.3). Let L, and Eif{i) be the iteration matrices defined
by (1.5) and (1.23), respectively. Assume that the matriz H in (1.3) is irreducible
with L <0, U <0, B>0,C >0, bjit1 > 0 for somei € {1,2,...,p— 1},
bi; > 0 whenever b; ;41 > 0 for i € {1,2,...,p — 1}; and ¢; ;41 > 0 for some
ie€{l,2,...,q—1}, ¢;; > 0 whenever ¢; ;41 >0 fori € {1,2,...,q—1},0<w <1,
0<717<1, then

(@) p(LD) < p(Lr) i plLr) < 1

() (L) > p(Lr) if pLri) > 1.
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Comparison results show that the convergence rates of the preconditioned GAOR
methods defined by (1.22) are better than the preconditioned GAOR methods with
the preconditioners (1.14) proposed by Wang et al. in [11] whenever these methods
are convergent. _

In addition, the authors of [4] also considered the preconditioners P; of form

- I+W;0
B, = L i=1,2,3, (1.24)

K, I

where K; (i = 1,2,3) are defined as (1.9), (1.10), (1.11), (1.12) and (1.13), and

0 0---0
wy=| (v>0), (1.25)
bt . o
14
00---0
by10--- 0
Wo=1| |, (1.26)
bp10"'0
0o 0--- 0 O
b1 O - 0 O
Ws=101b3p - 0 0]- (1.27)

Then ﬁﬂ—l can be expressed as

_ I-B U
PH=| _ |, i=1,23
Li I—-C;

where B; = B—W;(I-B), U; = (I+W;)U, L; = L+ K;(I—B) and C; = C — K, U.
The preconditioned GAOR methods for solving P;Hy = P; f are

y(k+1) = Z‘(rl,l;y(k) +wgi, k=0,1,2,---, (1'28)
where
~ . l—wl—i—wéi —wﬁi
LY, = ( : ~ (1.29)

w(T - l)zt _WTziéi (1 —w)]+w5i +w7‘Lil7i
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and
_ I 0\ ~
gi = - Pif
77’Li I
fori=1,2,3. B
For the preconditioners P;(i = 1,2,3), the following comparison results are

presented in [4].

Lemma 1.4 ( [4], Theorem 3.11). Let L., and z(flzj be the iteration matrices
defined by (1.5) and (1.29), respectively. Assume that the matriz H in (1.3) is
irreducible with L < 0, U <0, B>0,C >0, b1 >0, lh—p1 >0, a>1=biy,
B8>0,>1—-b11,and0<w<1,0<7<1, then
(a) P(LEL) < p(Lr) if p(Lrw) <1
¢! .
(0) P(LEL) > p(Lr) if p(Lr) > 1.

Lemma 1.5 ( [4], Theorem 3.12). Let L., and Z(ﬁ)d be the iteration matrices
defined by (1.5) and (1.29), respectively. Assume that the matriz H in (1.3) is
irreducible with L < 0, U < 0, B > 0, C > 0, b;; > 0, b;; > 0 for some
ie{2,...,p}, and l;1 <O for somei € {1,2,...,n—p}, 0<w<1,0<7<1,
then _
(a) P(LF2) < pl(Lris) if P(Lr
(0) P(LE2) > plLr) if p(Lr

Lemma 1.6 ( [4], Theorem 3.13). Let L., and E(TBU)J be the iteration matrices
defined by (1.5) and (1.29), respectively. Assume that the matrizx H in (1.3) is
irreducible with L < 0,U <0, B >0,C >0, bj11, > 0 for somei € {1,2,...,p—1},
bi; > 0 whenever biy1,; > 0 for i € {1,2,...,p—1}; and l,; < O for some i €
{1,2,...,n — p}, by > 0 whenever l;; < 0 fori e {1,2,...,n—p}, 0 <w <1,
0<7<1, then

(@) p(LEL) < p(Lrw) if p(Lr ) < 15

=(3 |

(0) p(LEL) > p(Lrw) if p(Lr) > 1.

Comparison results show that the convergence rates of the preconditioned GAOR
methods defined by (1.28) are better than the preconditioned GAOR methods with

the preconditioners (1.8) proposed by Zhou et al. in [16] whenever these methods
are convergent.

Recently, Huang et al. [3] proposed two preconditioners Bl of the forms

[+W;0
B.= . i=1,2, (1.30)
K, I
where l—gl is as follows:
—p1li1 0 0
7 —polz1 0--- 0
1 = . . .

—piglgr 0 -+ 0
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If ¢ < p, then

—vilin 0 0 0 0
0 —1/2122 s 0 0 0
o ,
0 0 ~Vglgg 0+ 0
If ¢ = p, then
—V1l11 0 0
Rz O —I/glzg O
2 = .
0 0 —Vqglyq
If ¢ > p, then
N PR 0
0 —1/2122 tee 0
R, =
0 0 - —vyly
0 0 0
And
0 0o - 0 0
doboy 0 --- 0 0
— Yoba1 0 --- 0 — .
Wy = . . N Wo = 0 (53[)32 . 0 0
Ypbp1 0--- 0
0 0 -« 6pbpp10

The preconditioned GAOR methods for solving Bﬂ{y = 31 f are

YD 0 g0 g k=0,1,2,-- (1.31)
where
26 _ (1-—w)l+ w?i fwﬁi (1.32)
e w(T — 1)?1 — UJTfigi (]. - UJ)I + wai + OJTfiﬁi
and
I
72 = — ?zf
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fori=1,2.

For the preconditioners Bq(z = 1,2), Huang et al. [3] gave the following com-
parison results.

Lemma 1.7 ( [3], Theorem 1). Let L, and ?(T}z, be the iteration matrices defined

by (1.5) and (1.32), respectively. Assume that the matriz H in (1.3) is irreducible

with L <0, U<0,B>0,C>0,0<w<1,0<7<1, b1 >0 for some
1

1 =2,3,...,p, liz1 <0 for somei=1,2,...,q, 0 < maxo<i<p¥i < T and
— 011

1
0 < maxi<i<q pti < T whenever 0 < by; <1, orv; >0 fori=2,3,...,p and

11
w; >0 fori=1,2,... q whenever by; > 1, then
(a) (L) < p(Lr) if p(Lr) < 1
(b) P(?(T%BU) > p(Lrw) if p(Lrw) > 1.

Lemma 1.8 ( [3], Theorem 2). Let L., and 2522, be the iteration matrices defined
by (1.5) and (1.32), respectively. Assume that the matriz H in (1.3) is irreducible
with L <0, U<0,B>0,C>0,0<w<10<7<1, bjt1, >0 for some
1 =2,3,...,p, lyy <0 for some i =1,2,...,q, 0; > 0 whenever b;_1 ;-1 > 1, or
1
1—by

1
0<é; < T . whenever 0 < b;_1,-1 <1 fori=2,3,...,p, andv; <
—0i—1,i—1

whenever 0 < b;; < 1, or v; > 0 whenever b;; > 1 fori=1,2,...,q, then
(a) p(LLL) < p(Lrss) i p(Lrs) < 1
() P(L2) > p(Lrw) if p(Lrw) > 1.

Comparison results show that the convergence rates of the preconditioned GAOR
methods (1.31) are better than the preconditioned GAOR methods presented in [§]
by Shen et al. whenever these methods are convergent.

In addition, the authors of [3] also considered other two preconditioners %Z of
the forms

I+ S; 0
P, = L i=1,2, (1.33)
0 I+ vz
where
0 (X2b12 0 0
. 0 0421712 tee apblp
Babay 0 . 0 0 8
- 2021 0 -~ 0
Sl = 5 <§2 - )
0 0o . 0 apb,_
pPp—1Lp Bpbpr 0 - 0

0 0 - Bbpp1 O
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0 T9C19 * * 0 0
. 0 7120 Ty
Gacsr 0 .0 0 rer
v . . . . . v 092C21 0 0
1= : ", . .. : y 2 = . . .
0 0o . 0  TyCo—
qtq—1,q GqCat 0 - 0
0 0 04091 O

In [3], Huang et al. also gave some comparison results for the preconditioners

gl(z = 1,2). See Theorems 5 and 6 in [3]. Comparison results show that the
convergence rates of the preconditioned GAOR methods with the preconditioner
(1.33) are better than the preconditioned GAOR methods presented in [10] by
Wang et al. whenever these methods are convergent.

Several kinds of preconditioners for the GAOR method for solving the linear
system (1.1) has been proposed in the literatures, see for example [7]. Inspired by
the above facts, we will give some generalized preconditioners to establish some
new preconditioned GAOR methods, and study their convergence rates. Finally,
one numerical example is given to verify the theoretical results.

At the end of this section, we give some notations and results, which will be
used in next section.

Notation. For a vector z € R", > 0 (z > 0) denotes that all components of x
are nonnegative (positive). For two vectors z,y € R", = > y (z > y) means that
x—y >0 (z—y > 0). These definitions carry immediately over to the matrices. For
a square matrix A, p(A) denotes the spectral radius of A, and A is called irreducible
if the directed graph of A is strongly connected [9].

Lemma 1.9. ([4,9]) Let A > 0 be an irreducible matriz. Then the following results
hold.
(1) A has a positive eigenvalue equal to p(A).
(2) A has an eigenvector x > 0 corresponding to p(A).
(3) p(A) is a simple eigenvalue of A.

Lemma 1.10. ( [1,4]) Let A >0 be a matriz. Then the following results hold.

(1) If Ax > Bz for a vector x > 0 and x # 0, then p(A) > (.

(2) If Ax < ax for a vector x > 0, then p(4) < a.

(3) Moreover, if A is irreducible and if 0 # ax < Ax < Bz, ax # Az, Az # fx
for a vector x > 0 and x # 0, then a < x < .

2. Generalized preconditioned GAOR methods

In the following, we propose three generalized preconditioners P; of the following
forms

_ I+aS,+8W; 0
Pi - ' B ’ ) 1= 17 2737 (21)
vK; I1+46V;
where the parameters «, 8,7 and § are nonnegative real numbers and satisfy

at+pf=1 y+d6=1,
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and S;, W;, K;,V; (i = 1,2,3) are defined as Section 1.
Remark 2.1. It can see that

e when « = 1,8 = 0,7 = 0 and 0 = 1, the preconditioners (2.1) reduce to
(1.18);

e when @« = 0,8 = 1,7 = 1 and 6 = 0, the preconditioners (2.1) reduce to
(1.24).

It follows (2.1) that P;H can be expressed as

_ I+OLSZ+ﬂW1 0 I-B U
PiH =
vK; I+46V; L I-C
I —[B—aS;(I-B)-pW;(I- B)] (I+aS;+BW;)U
vK;(I = B)+ (I +6V;)L I—[C-6Vi(I-C)—yKU]
I-B;, U;
= - . (2.2)
L I-C;

Notice that

By =B-aS(I-B) - W(I - B)=a[B-Si(I - B)] +8[B—-Wi(I - B)]

b11 + biabay b12b22 e b1p + b12bay

bo1b11 + bagbsy oo + ba1b12 + bagbso coo bap 4 borbiy + basgbs,

S . . . .
bpfl-l + bpfl,P*ZbP*ll + bpflvpbpl bpfl-,Z + bpflvp*pr*Q,Z + bP*LPbPZ o bpfl-,p*2bp*2-p + bpflvpbpp
bpl + bp,pflbp*Ll bp2 + bl’,P*le*va e bpp + bp,pflbpflvp
bll b12 T blp
+ ;

bp-1.1 bp-12 - bpip

1-by1 bp1bi2 bp1bip
(1- v )bp1 bp2 + o bpp +

By =B —aS3(I — B) — fWa(I — B) = a[B — S3(I — B)| + B[B — Wa(I — B)]
b11 e b1,p—1 bip

ba1b11 < bap—1 4 b21b1 p1 bap + b21b1p

[
Q

bpl + bp,p—lbp—l,l e bpm—lbp—lau—l bpp + bp,p—lbp—Lp



1150

Y. Ke, C. Ma & H. Zhang

bll b12

b21b11 bag + barbio - -

+5

bp1bi1 bpa + bp1bio - -

bip

- bap + ba1bip

’ bpp + bplblp

Bs = B —aSs3(I — B) — BWs(I — B) = a[B — S3(I — B)] + 8[B — Ws(I — B)]

bi1 + ba1bia -

ba1 + b31bo3 -+ by

=«

bp1
bll

ba1b11
+ 5

b;nl + bp,pflbpfl,l T

In addition, we have

0 0 0
Ki(I—B) = ,
1 ( ) 0 0 0
—lq1(1 —b11) lg1bio o lgibyy
1 0 7
—l11(1 = b11) liabie li1b1p
Kol - B) = —lo1(1 = b11) loibio l21b1p
—lg1 (1 —b11) lpbio lg1b1p
And if ¢ < p, then
—l1(1 = b11) l11b12 l11b14 11161, g+1
Kol - B)— l22b21 —l2(1 —ba2) - l22bag la2b2 g11
qubql qubq2 ’ _qu(l - bqq) qubq,q+1 T

“byp—

1+ b2,p—1b12 b1p + bopbio

1+ b3 p—1b23 bop + b3pbos

bp,p* 1 bpp

bl,pfl blp

oo by p_1 +babip—1 bap + barbyy

bp,pfl bpf 1,p—1

bpp + bp,pfl bpf 1,p

o by

A

qubqp
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If ¢ = p, then
—li1(1 = b11) l11b12
la2ba1 —loa(1 —bgg) - -
Ks3(I - B) =
lppbpl lppbp2
If ¢ > p, then
=111 (1 = b11) l11b12
l22b21 —laa(1 — baa) - --
K3(I - B) = Lppbp1 Lppbp2
0 0
0 0
And we can obtain that
C—-Vi(I-0C)
c11 + C12C21 C12C22
€21C11 + C23C31 Co2 + C21C12 + C23C32

Cq—1,1+ Cq—1,g-2Cq—2,1 + Cq—1,4Cq1  Cq—1,2 + Cq—1,g—2Cq—2,2 + C4—1,4Cq2

’ _lpp(l - bpp)

Li1b1p

l22bay

’ _lpp(l - bpp)

l11b1p

la2bap

C1q + C12C24

Caq + C21C14 + C23C34

Cq—1,4-2Cq—2,¢ T Cq—1,4Cqq

Cq1 + Cq,q—1Cq—1,1 Cq2 + Cqq—1Cq—1,2 Cqq + Cq.q—1Cq—1,q
C11 o Cl,q—1 Ciq
C21C11 crr C2g—1 1t C21C1g—1  C2q t C21C14

C-VWI-C)= )

Cql T Cq,q—1Cq—1,1 ***  Cq,q—1Cq—1,q-1 Cqq T Cq,q—1Cq—1,q

€11 + C21C12 -+ C1g—1 F C2,g—1C12 C1q + C24C12

C21 +€31C23 *++ C2,g—1 + €3, ¢g—1C23 C2q + C34C23
C—Viy(I-C) =

Cq1 T Cq,q—1 Cqq

The preconditioned GAOR methods for solving P;Hy = P, f are

y(k+1) _ Z(Ti,)wy(k) 4 wy(i), k=0,1,2,---, (2.3)
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where i = 1,2, 3,

— (i 1—w)I +wB; —wU;
R D (2.4)
w(’T — ]-)Lz - OJTLiBi (]. - OJ)I + wCZ- + OJTLiUi
and
@) I 0\ _
g = _ Pif.
—TLZ' I

Now, we compare the convergence rate of the generalized preconditioned GAOR
method defined by (2.3) with that of the GAOR method defined by (1.4).

Theorem 2.1. Let L., and Z(le, be the iteration matrices defined by (1.5) and
(2.4), respectively. Assume that the matriz H in (1.3) is irreducible with L < 0,
U<0,B>0,C>0, bjiy1 >0, bi+1,i > 0 for some i € {1,2,...,p— 1}, by >0
whenever b ;41 > 0, biy1; >0 fori e {1,2,...,p—1}, by > 0. Assume that the
numbers T,w, v, i, a, B,7,0 satisfy

(1) 0<7<1,0<w<1andv,pu>0;

(2) o,0>0,a+p=1 and

1—bn

(bp,p—lbp—l,l + bpl)ﬁ S bpl + bp,p—lbp—l,l;

3) v,0>0,vy+d=1 and

l
[%(1 —bi1)+ Cq,q—llq—1,1]7 > cqq—1lg—1,1 +lg1-

Then, we have

1

p(z.(r%i,) < p(ﬁr,w) < 1 or p(zr,w) > p(£T7W) > L.

Proof. By direct operation, we have

(1-w)I+wB —wU 0 o0
Loy, = +wT . (2.5)
—w(l=7)L (1-w)l+wC —LB LU

Since 0 <w<1,0<7<1,L<L0,U<0,B>0and C >0, we obtain

0 0
>0

- )

—-LB LU

and L., is nonnegative. Since H is irreducible, from (2.5), it is easy to see that
the matrix £, is nonnegative and irreducible.
Obviously, by B > 0 and U < 0, we can get

Uy = (I+aS,+ W)U <0.
And it is easy to see that C' — V(I — C) > 0 and C' — K U > 0, then
61 = C—(S‘/l(I—C) —’yKlU:(S[C—Vl(I—C)] +’Y[C—K1U] > 0.
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Notice that B > 0, v > 0, a + 8 = 1 and (byp_1bp—1,1 + 2=22by1) B < bypr +
bp’pflbpflyl, we have .
B > 0.

In addition, as L < 0, p > 0, v+ = 1 and [ L(1 = b11) + cqq-1lg— 11]7 >
Cq,qg—1lg—1,1 +1q1, we can obtain

Ly =~K,(I - B) + (I+6V1)L <0.

Hence, similarly, we can prove that the matrix /3 ., 18 a nonnegative and irreducible
matrix.
By Lemma 1.9, there exists a positive vector = such that

L,z =\, (2.6)

where A = p(L:,,). Since the matrix #H is nonsingular, A # 1. Hence, A > 1 or
A < 1. From (2.6), we have

10 00 B-U\] 10
(1-w) +(w—1) +w x=A x (2.7)
071 —LO0 0 C /| TL 1
and
I0 I0
wHzx = (I—-Lru)z=(1-2X) T. (2.8)
TL I TL I

From (2.2), (2.4), (2.7) and (2.8), we have
( )

L. ,o—Ax
1 J— J—
10 0 0 B -U,
17w) +w—-7)| _ +w o T — Az
017 —L; 0 0 C;
I0 0 0 B, -U; I0
+w-—7) _ +w = x
01 —L; 0 0 Cy 01
0 0 B, -U; I 0
= —w +wl| +w o+ a=-xn1 x
—L10 O Cl TL1]

-1

)
o)
.
) 1

[ —wl +wB; —wlU; I 0
o +a=-n1 x

—OJLl —wI—l—wCl ’TL1 I

OéS1 +6W1)(I—B) —w(a5’1 +ﬁW1>U 2
= w
TL1 ’}/Kl I B) + 61 ] —w[5V1(I — C) +’}/K1U}
I 0
+(1-X) x

Tzl I
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I0 [ ~w(aS; +BW1)(I —B)  —w(aS + Wi)U

TL1 I —w[’yKl(I — B) + (5V1L] —w[éVl(I — C) +’}/K1U]
0 0
+(1-X) - ]x
T(Ll - L) 0
-1
I 0 aSy+ Wy 0 —w(l — B) —wU
Tfl I ’}/Kl 6V1 —wL —w(I - C)
0 0
+(1-X - ]x
(L1 —L)0
-1
I 0 aS1+ W1 0 10 0 0
= - [ L (A—1) +a-n @
TL1 1 ’}/Kl 5V1 7L 1 T(Ll - L) 0
I 0 aS, + W 0
o - 1+ 8Wh .
—7Ly I ] \WK; —7vyK (I — B) 6 V4
I 0 aS1 + W 0
—(A—1) e z. (2.9)

—7Ly I ~K1[(1 = 7)1 + 7B] §W4

Since bi,i+1 > 0, bi+1,i > 0 for some i € {1,2,...,]) — 1}, bpl > 0 and v > 0,
we obtain that S; and W; are nonnegative matrices and S; # 0, Wy # 0. Note
that o, > 0 and a + 8 = 1, then S + fW7 is nonnegative and aS7 + W7 # 0.
Moreover, by assumptions, L1 < 0 and yK1[(1 —7)I + 7B] > 0. So we have

I 0 aS1 + W, 0
_ x>0
—7L1 I vK1[(1 = 7)I 4+ 7B] 6W4
and
I 0 aS1 + W 0
1+ W, v 40,

—7L, I vK1[(1 = 7)I +7B] 6\;

Hence, we have the following results.

Case I If A < 1, from (2.9), then Z(le,m < Az and Z(lej
-
we get p(Lo) < p(Lra).

Case II: If A > 1, from (2.9), then Zilix > Az and ZS

W

x # Az. By Lemma 1.10,

):z: # Az. By Lemma

1.10, we get p(Z(Tlfu) > p(Lrw)- O
In a manner similar to that done for Theorem 2.1, we can obtain the following
(2)

and Z(TSL The only difference in the proof is that
)

w

comparison theorems for £

T,w
some assumptions are changed so that S; # 0,W,; # 0 and ZY is irreducible for

i=2,3.
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Theorem 2.2. Let L., and 2(722) be the iteration matrices defined by (1.5) and

(2.4), respectively. Assume that the matriz H in (1.3) is irreducible with L < 0,
U<0,B>0,C>0, by1; >0 for somei € {1,2,...,p— 1}, b;; > 0 whenever
bit1,, >0 forie{1,2,...,p—1}; and bjy > 0 for somei € {2,3,...,p—1}. Assume
that the numbers T,w, o, 8,7, satisfy

(1) 0<7<1,0<w< 1,

(2) a,f>0,a+p=1;

(3) 7,6>0,v+d=1, =yl (1 —b11) + 111 <0,

—Ylix11(1 —b11) + dcip1ilin +liv11 <0 for i=1,2,...,q—1.
Then, we have

(2)

p(z(:i) < p(ﬁr,w) <1 or p(zr,w) > p(£T7W) > 1.

Theorem 2.3. Let L,,, and Z(Tsl be the iteration matrices defined by (1.5) and
(2.4), respectively. Assume that the matriz H in (1.3) is irreducible with L < 0,
U<0,B>0,C>0, bjiy1 >0, biy1,; >0 for somei € {1,2,...,p—1}, b;; >0
whenever b; ;41 > 0, biy1; > 0 fori e {1,2,...,p—1}. Assume that the numbers
T, w,a, 3,7, satisfy

(1) 0<7<1,0<w<1;

(2) a,>0,a+8=1;

e if g < p, =1 = by) + Ly + dciiprlivrs <0, ¢ =1,2,...,g—1 and
~Ygq(1 = bgq) +lgq < 0;

e if ¢ >p, —Ylii(1 = big) + lis + 6ciip1liz1s <0, i =1,2,...,p.

Then, we have

L) < p(Lrw) <1 or p(Leh) > p(Lrw) > 1.

From Remark 2.1 as well as Theorems 2.1, 2.2 and 2.3, it indicates that the
preconditioned GAOR methods defined by (2.3) under the appropriate parame-
ters may have the better numerical performance than the preconditioned GAOR
methods defined by (1.22) and (1.28) proposed in [4] whenever these methods are
convergent. And it is worth mentioning that the comparison results of [4] show that
the convergence rates of the preconditioned GAOR methods (1.22) and (1.28) are
better than those of the preconditioned GAOR methods with the preconditioners
(1.14) and (1.8) whenever these methods are convergent, respectively. Hence, the
proposed preconditioners P;(i = 1,2,3) (2.1) would be also better than (1.8) and
(1.14).

3. Numerical experiments

In this section, we give one numerical example to illustrate the theoretical results
in Section 2.
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Example 3.1. This example is a numerical example introduced in [16]. The coef-
ficient matrix H in (1.3) is given by

I-B U
L 1-¢)

where p+ ¢ = n, B = (b;;) € RP*?, C' = (¢;;) € R?*9, L = (l;;) € R?*P and
U= (u”) € RP*? with

1

° bu: . ) 1§§a
106 + 1) t=P
b;; = 1 1 1<i<ig<
WT 30 30544 o o I=P
1 1
.bi,:77—7 1< ‘<’
1730 30G—j+ D oSSR
1
¢ Ciyp = 1§Z§q,
10(p+i+1)
1 1 i
o Cij = — . s S =4,
7730 30(pt+g) +pri J=4
! ! 1<7<i1<
® Ciyj = -~ — . . Ty =~ 1>q,
7730 30(i—j+ 1) tpti J q
l 1 L 1< < 1< 1<
® Ui = . . . T on? S1>4q, = =M
1T 30(p+i—j+1) +p+i 30 a J=P
1 1
. o — - 1<i< 1<j<
Ujj 30(p+j)-‘ri 30’ ST P, ~J]>q

For Example 3.1, the numerical results are presented in Tables 1-6. The symbols
#and ¥ on these tables correspond to the values of p(ﬁifﬁ?) and p(Zgl,), where ,C;(i,)
and ES}L are defined in (1.23) and (1.29), respectively.

From Tables 1-6, we can see that

. p(Z(TZL) < p(Lry) for i =1,2,3 when p(L;,,) = 0.1877 < 1;
o« (L) > p(Lry) for i =1,2,3 when p(L,,) = 1.2679 > 1;

under the chosen parameters 7, w, i, v, @, 8(= 1 —a),~,5(= 1 —~). These numerical
results are in accordance with the theoretical results given in Theorems 2.1, 2.2 and
2.3.

In addition, from Table 2, it can be seen that

e whena=0,v7=0, p(Z(TQz,) = 0.1690, which is the minimal value in Table 2;

e whena=1,vy=1, p(ZfL) = 0.1752, which is the maximal value in Table 2;
o when a =1 and v = 0, the preconditioner (2.1) reduces to (1.18) with

p(L)) = p(L22)) = 0.1737;
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o when a =0 and = 1, the preconditioner (2.1) reduces to (1.24) with

—(2
p(L)

And from Table 5, it can be seen that

e whena =0, v=0, p(ZfL) =

e whena=1,~v=1, p(Zﬁl) =

) = p(£2)) = 0.1710.

1.2754, which is the maximal value in Table 5;

1.2716, which is the minimal value in Table 5;
o when a =1 and = 0, the preconditioner (2.1) reduces to (1.18) with

p(L2)) = p(£:) = 1.2746;

e when o = 0 and v = 1, the preconditioners (2.1) reduces to (1.24) with

Table 1. Spectral radii of

(L)) = p(L2)) = 1.2724.

T8 withn =10, p=5, 7 = 0.99, w = 0.99, p = v = 3 (p(Lr..,) = 0.1877)

T,w
o' 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
a=0.0 0.1719 0.1731 0.1744 0.1757 0.1770 0.1784 0.1799 0.1814 0.1830 0.1847 *
a=0.1 0.1701 0.1713 0.1726 0.1739 0.1753 0.1768 0.1783 0.1798 0.1815 0.1831 0.1849
a=02 0.1683 0.1695 0.1708 0.1722 0.1736 0.1751 0.1767 0.1783 0.1800 0.1817 0.1835
a=0.3 0.1665 0.1678 0.1691 0.1705 0.1720 0.1735 0.1751 0.1768 0.1785 0.1803 0.1821
a=04 0.1647 0.1661 0.1675 0.1689 0.1704 0.1720 0.1736 0.1753 0.1771 0.1789 0.1808
a=0.5 0.1630 0.1644 0.1658 0.1673 0.1689 0.1705 0.1722 0.1739 0.1757 0.1775 0.1795
a=0.6 0.1614 0.1628 0.1642 0.1658 0.1674 0.1690 0.1707 0.1725 0.1743 0.1762 0.1782
a=0.7 0.1597 0.1612 0.1627 0.1643 0.1659 0.1676 0.1693 0.1712 0.1730 0.1750 0.1770
a=0.8 0.1582 0.1597 0.1612 0.1628 0.1645 0.1662 0.1680 0.1698 0.1718 0.1737 0.1758
a=09 0.1566 0.1582 0.1597 0.1614 0.1631 0.1649 0.1667 0.1686 0.1705 0.1726 0.1746
a=10 0.1551 i 0.1567 0.1583 0.1600 0.1617 0.1635 0.1654 0.1674 0.1693 0.1714 0.1735
Table 2. Spectral radii of £-), with n = 10, p = 5, 7 = 0.99, w = 0.99 (p(L,..,) = 0.1877)
¥ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

a=0.0 0.1690 0.1691 0.1693 0.1695 0.1697 0.1699 0.1701 0.1703 0.1705 0.1707 0.1710%
a=0.1 0.1695 0.1697 0.1698 0.1700 0.1702 0.1704 0.1706 0.1708 0.1710 0.1712 0.1714
a=0.2 0.1700 0.1702 0.1703 0.1705 0.1707 0.1709 0.1711 0.1713 0.1715 0.1717 0.1719
a=0.3 0.1705 0.1707 0.1708 0.1710 0.1712 0.1714 0.1715 0.1717 0.1719 0.1721 0.1723
a=04 0.1710 0.1711 0.1713 0.1715 0.1716 0.1718 0.1720 0.1722 0.1724 0.1726 0.1728
a=0.5 0.1715 0.1716 0.1718 0.1719 0.1721 0.1723 0.1725 0.1726 0.1728 0.1730 0.1732
a=0.6 0.1719 0.1721 0.1722 0.1724 0.1726 0.1727 0.1729 0.1731 0.1732 0.1734 0.1736
a=0.7 0.1724 0.1725 0.1727 0.1728 0.1730 0.1732 0.1733 0.1735 0.1737 0.1739 0.1740
a=0.8 0.1728 0.1730 0.1731 0.1733 0.1734 0.1736 0.1737 0.1739 0.1741 0.1743 0.1744
a=0.9 0.1733 0.1734 0.1735 0.1737 0.1739 0.1740 0.1742 0.1743 0.1745 0.1747 0.1748
a=1.0 0.1737¢ 0.1738 0.1740 0.1741 0.1743 0.1744 0.1746 0.1747 0.1749 0.1751 0.1752

4. Conclusions

In this paper, we propose a new type of preconditioners for solving the generalized
least squares problems and study the convergence rates of the new preconditioned
GAOR methods.

When the GAOR method (1.4) is convergent, the new preconditioned GAOR
methods (2.3) have the better convergence rates than the GAOR method (1.4)
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) withn =10, p =5, 7 = 0.99, w = 0.99 (p(Lr,.,) = 0.1877)

¥ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
a=0.0 0.1704 0.1709 0.1715 0.1722 0.1728 0.1735 0.1741 0.1748 0.1756 0.1763 177
a=0.1 0.1702 0.1708 0.1714 0.1720 0.1727 0.1733 0.1740 0.1747 0.1754 0.1761 0.1769
a=0.2 0.1700 0.1706 0.1712 0.1719 0.1725 0.1732 0.1738 0.1745 0.1753 0.1760 0.1768
a=0.3 0.1698 0.1704 0.1710 0.1717 0.1723 0.1730 0.1737 0.1744 0.1751 0.1759 0.1766
a=04 0.1696 0.1702 0.1709 0.1715 0.1722 0.1728 0.1735 0.1742 0.1749 0.1757 0.1765
a=0.5 0.1695 0.1701 0.1707 0.1713 0.1720 0.1726 0.1733 0.1740 0.1748 0.1755 0.1763
a=0.6 0.1692 0.1698 0.1705 0.1711 0.1718 0.1725 0.1732 0.1739 0.1746 0.1754 0.1761
a=0.7 0.1690 0.1696 0.1703 0.1709 0.1716 0.1723 0.1730 0.1737 0.1744 0.1752 0.1760
a=0.8 0.1688 0.1694 0.1700 0.1707 0.1714 0.1721 0.1728 0.1735 0.1742 0.1750 0.1758
a=0.9 0.1686 0.1692 0.1698 0.1705 0.1712 0.1718 0.1726 0.1733 0.1740 0.1748 0.1756
a=1.0 0.1683 i 0.1689 0.1696 0.1702 0.1709 0.1716 0.1723 0.1731 0.1738 0.1746 0.1754

Table 3. Spectral radii of Z,(,_s

Table 4. Spectral radii of £}, with n = 40, p = 10, 7 = 0.99, w = 0.99, u = v = 1 (p(L,..) = 1.2679)
¥ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
a=0.0 1.2810 1.2798 1.2785 1.2772 1.2759 1.2747 1.2734 1.2721 1.2708 1.2696 §
a=0.1 1.2814 1.2801 1.2789 1.2776 1.2763 1.2750 1.2737 1.2725 1.2712 1.2699 1.2686
a=0.2 1.2818 1.2805 1.2792 1.2779 1.2767 1.2754 1.2741 1.2728 1.2715 1.2702 1.2690
a=0.3 1.2821 1.2809 1.2796 1.2783 1.2770 1.2757 1.2744 1.2732 1.2719 1.2706 1.2693
a=04 1.2825 1.2812 1.2799 1.2786 1.2774 1.2761 1.2748 1.2735 1.2722 1.2709 1.2696
a=0.5 1.2829 1.2816 1.2803 1.2790 1.2777 1.2764 1.2751 1.2738 1.2725 1.2712 1.2700
a=0.6 1.2832 1.2819 1.2806 1.2793 1.2781 1.2768 1.2755 1.2742 1.2729 1.2716 1.2703
a=0."7 1.2836 1.2823 1.2810 1.2797 1.2784 1.2771 1.2758 1.2745 1.2732 1.2719 1.2706
a=0.8 1.2839 1.2826 1.2813 1.2800 1.2787 1.2774 1.2761 1.2748 1.2735 1.2722 1.2709
a=0.9 1.2843 1.2830 1.2817 1.2804 1.2791 1.2778 1.2765 1.2752 1.2739 1.2726 1.2713
a=1.0 1.2846 i 1.2833 1.2820 1.2807 1.2794 1.2781 1.2768 1.2755 1.2742 1.2729 1.2716

Table 5. Spectral radii of ZS_QL with n =40, p =10, 7 = 0.99, w = 0.99 (p(L+,.) = 1.2679)

v 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
a=0.0 1.2754 1.2751 1.2748 1.2745 1.2742 1.2739 1.2736 1.2733 1.2730 1.2727 1.27248
a=0.1 1.2753 1.2750 1.2748 1.2745 1.2742 1.2738 1.2735 1.2732 1.2729 1.2726 1.2723
a=02 1.2753 1.2750 1.2747 1.2744 1.2741 1.2738 1.2735 1.2732 1.2729 1.2726 1.2723
a=0.3 1.2752 1.2749 1.2746 1.2743 1.2740 1.2737 1.2734 1.2731 1.2728 1.2725 1.2722
a=04 1.2751 1.2748 1.2745 1.2742 1.2739 1.2736 1.2733 1.2730 1.2727 1.2724 1.2721
a=0.5 1.2750 1.2747 1.2744 1.2741 1.2738 1.2735 1.2732 1.2729 1.2726 1.2723 1.2720
a=0.6 1.2750 1.2747 1.2744 1.2741 1.2738 1.2735 1.2732 1.2729 1.2726 1.2723 1.2720
a=0.7 1.2749 1.2746 1.2743 1.2740 1.2737 1.2734 1.2731 1.2728 1.2725 1.2722 1.2719
a=0.8 1.2748 1.2745 1.2742 1.2739 1.2736 1.2733 1.2730 1.2727 1.2724 1.2721 1.2718
a=09 1.2747 1.2744 1.2741 1.2738 1.2735 1.2732 1.2729 1.2726 1.2723 1.2720 1.2717
a=1.0 1.2746% 1.2744 1.2741 1.2738 1.2735 1.2732 1.2729 1.2726 1.2723 1.2720 1.2716

Table 6. Spectral radii of £\ ), with n = 40, p = 10, 7 = 0.99, w = 0.9 (p(L,.,) = 1.2679)

o' 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
a=0.0 1.2771 1.2764 1.2757 1.2750 1.2743 1.2736 1.2729 1.2721 1.2714 1.2707
a=0.1 1.2772 1.2765 1.2758 1.2751 1.2744 1.2736 1.2729 1.2722 1.2715 1.2708 1.2701
a=0.2 1.2773 1.2766 1.2758 1.2751 1.2744 1.2737 1.2730 1.2723 1.2716 1.2708 1.2701
a=0.3 1.2773 1.2766 1.2759 1.2752 1.2745 1.2738 1.2731 1.2723 1.2716 1.2709 1.2702
a=04 1.2774 1.2767 1.2760 1.2753 1.2746 1.2738 1.2731 1.2724 1.2717 1.2710 1.2703
a=0.5 1.2775 1.2768 1.2761 1.2753 1.2746 1.2739 1.2732 1.2725 1.2718 1.2710 1.2703
a=0.6 1.2775 1.2768 1.2761 1.2754 1.2747 1.2740 1.2733 1.2725 1.2718 1.2711 1.2704
a=0.7 1.2776 1.2769 1.2762 1.2755 1.2748 1.2740 1.2733 1.2726 1.2719 1.2712 1.2705
a=0.8 1.2777 1.2770 1.2763 1.2755 1.2748 1.2741 1.2734 1.2727 1.2720 1.2712 1.2705
a=0.9 1.2778 1.2770 1.2763 1.2756 1.2749 1.2742 1.2735 1.2727 1.2720 1.2713 1.2706
a=1.0 1.2778 i 1.2771 1.2764 1.2757 1.2750 1.2742 1.2735 1.2728 1.2721 1.2714 1.2707
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under some conditions. The numerical results given in Section 3 are consistent with
the theoretical results, that are Theorems 2.1, 2.2 and 2.3, which are exhibited in
Section 2.

Moreover, we can choose the appropriate parameters such that the precondi-
tioners P;(i = 1,2,3) (2.1) have the better numerical performance than the precon-
ditioners P} (i = 1,2,3) (1.18) and P;(i = 1,2,3) (1.24) proposed in [4], while the
corresponding generalized preconditioned GAOR methods are convergent.

In fact, the convergence region of the preconditioned GAOR method depends
on the involved relaxed parameters. For the new proposed preconditioners P;(i =
1,2,3) (2.1), we just consider six parameters 7, w, u, v, , v with § =1 — a and
d = 1 —~. However, for the preconditioners (1.30) and (1.33) proposed in [3],
the convergence region of the preconditioned GAOR methods rely on the relaxed
parameters 7, w, (1 < i < q), (1 <i<q), %2 <i<p), 6;(2<i<p)and
@i(2 <i<p), Bi(2<i<p), (2 <i<q), 042 <i <q). Admittedly, as the
numbers of the parameters increase, it becomes more and more difficult to choose
the optimal parameters.
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