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NEW INSIGHTS ON BIFURCATION IN A
FRACTIONAL-ORDER DELAYED

COMPETITION AND COOPERATION MODEL
OF TWO ENTERPRISES∗
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Abstract Over the past decades, many authors establish various kinds of
competition and cooperation models of two enterprises to analyze the dynamic
interaction. However, they are only concerned with integer-order differential
equation models, while the reports on fractional-order ones are very rare. In
this article, based on the earlier studies, we propose a new fractional-order
delayed competition and cooperation model of two enterprises. Letting the
delay be bifurcation parameter and analyzing the corresponding characteristic
equation of involved model, we establish some new sufficient conditions to
guarantee the stability and the existence of Hopf bifurcation of fractional-
order delayed competition and cooperation model of two enterprises. The
research indicates that different delays have different effect on the stability
and Hopf bifurcation of involved model. The impact of the fractional order on
the stability and Hopf bifurcation of involved model is displayed. To check the
correctness of theoretical analysis, we implement some computer simulations.
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1. Introduction
Recently, the research on competition and cooperation among enterprises has been
an important active field and has attracted the great attention of many scholars.
Correctly handling competition and cooperation among enterprises plays a crucial
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role in mastering the management and decision-making of enterprises. In order
to grasp the internal operation mechanism among different enterprises, a lot of
scholars are striving to establish the the competition and cooperation model among
enterprises and investigate their dynamical behavior. Many excellent results have
been reported. In 2012, Xu [50] studied the following continuous competition and
cooperation model of two enterprises:

ẏ1(t) = α1y1(t)

[
1− y1(t)

a1
− r1(y2(t)− β2)

a2

]
,

ẏ2(t) = α2y2(t)

[
1− y2(t)

a2
+
r2(y1(t)− β1)

a1

]
,

y1(0) ≥ 0, y2(0) ≥ 0,

(1.1)

where y1(t) and y2(t) denote for the output of enterprise A and enterprise B, re-
spectively; αi(i = 1, 2) stands for the intrinsic growth rate of enterprise A and
enterprise B, respectively; ai(i = 1, 2) represents the natural market carrying ca-
pacity of enterprise A and enterprise B; r1 represents the consumption coefficient
of the enterprise with the output y2(t) to the one with the output y1(t) and r2
represents the transformation coefficient of the enterprise with the output y1(t) to
the one with the output y2(t); β1 and β2 are the initial outputs of enterprise A and
enterprise B, respectively. With the help of the coincidence degree theory, Xu [50]
discussed the existence of periodic solutions of model (1.1). Liao et al. [27] thought
that the duration of output for enterprises has important effect on the dynamics of
competition and cooperation model of two enterprises and then he established the
following delayed competition and cooperation model of two enterprises:

ẏ1(t) = α1y1(t)

[
1− y1(t− ε)

a1
− r1(y2(t− ε)− β2)

a2

]
,

ẏ2(t) = α2y2(t)

[
1− y2(t− ε)

a2
+
r2(y1(t− ε)− β1)

a1

]
,

y1(0) = ϕ1(t), y2(0) = ϕ2(t), t ∈ [−ε, 0],

(1.2)

where ε denotes the time delay of interior of two enterprises and ϕ1(t), ϕ2(t) ∈
C([−ε, 0], , R). Applying the normal theory and center manifold theorem, Liao et
al. obtained the sufficient conditions to assure the stability and the existence of
Hopf bifurcation of (1.2) and the explicit algorithms to determine the direction,
period and stability of Hopf bifurcation for model (1.2). Considering the effect of
different delays on the dynamics of (1.2), in 2014, Liao et al. [26] modified the model
(1.2) as follows:

ẏ1(t) = α1y1(t)

[
1− y1(t− ε1)

a1
− r1(y2(t− ε2)− β2)

a2

]
,

ẏ2(t) = α2y2(t)

[
1− y2(t− ε1)

a2
+
r2(y1(t− ε2)− β1)

a1

]
,

y1(0) = ϕ1(t), y2(0) = ϕ2(t), t ∈ [−ε, 0].

(1.3)

Applying the Hopf bifurcation theory of delayed differential equations, Liao et
al. [26] discussed the effect of two different delays on the bifurcation behavior of
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system (1.3). In 2016, Li et al. [22] proposed the following delayed competition and
cooperation model of two enterprises with four delays:

ẏ1(t) = α1y1(t)

[
1− y1(t− ε1)

a1
− r1(y2(t− ε2)− β2)

a2

]
,

ẏ2(t) = α2y2(t)

[
1− y2(t− ε3)

a2
+
r2(y1(t− ε4)− β1)

a1

]
,

y1(0) = ϕ1(t), y2(0) = ϕ2(t), t ∈ [−ε, 0].

(1.4)

By assuming ε1 = ε3 = 0 and ε2+ε4 = ε, Li et al. [22] discussed the Hopf bifurcation
issue of system (1.4). For more relative topic, one can see [3, 22,25,26,30,53,61].

As is known to us, the fractional calculus is a generalization of ordinary dif-
ferentiation and integration [10, 12, 19, 21, 24, 36, 38, 40, 42, 43, 60, 62–64]. However,
the fractional calculus attracts little attention due to its complexity and the lack of
practical background. Up to the last few decades, the fractional calculus has gained
extensive applications in numerous areas of science and engineering such as mechan-
ics, chemistry, viscoelasticity, biology, physics, finance and so on [4, 59]. Many au-
thors argued that in many cases, it is more reasonable to model the natural world by
fractional-order differential equations than integer-order ones since fractional-order
differential equations give a better description of the memory and hereditary nature
of various materials and processes. Recently, many researchers pay much attention
to the dynamical behavior of fractional-order differential systems and outstanding
achievements have been made. We refer the readers to [2, 18, 32, 41]. In particu-
lar, some fruits about Hopf bifurcation phenomenon of fractional-order differential
models have also been reported. For example, Rakkiyappan et al. [35] investigated
the Hopf bifurcation of fractional-order complex-valued neural networks, Abdeloua-
hab et al. [1] analyzed the Hopf bifurcation and chaos for a fractional-order hybrid
optical model, Huang and Cao [14] discussed the bifurcation behavior of fractional
order neural networks with leakage delays, Deshpande et al. [8] focused on the
Hopf bifurcation in a fractional order systems. In details, we refer the readers
to [9, 13,15–17,33,34,44–48,52].

Here it is worth pointing out that all the above publications about Hopf bifur-
cation of fractional-order differential models are mainly concerned with single or
the sum of different delays. So far, there are no papers that focus on the impact of
different delays on the Hopf bifurcation of involved systems. Not to speak of dealing
with the impact of different delays on the Hopf bifurcation of fractional-order com-
petition and cooperation model of two enterprises with different delays. In order to
further reveal the effect of different delays on Hopf bifurcation of fractional-order
competition and cooperation model of two enterprises and master the operation
rules of enterprises effectively, we think that it is necessary to investigate the role
of time delay in fractional-order competition and cooperation model.

Motivated by the analysis above, we modify (1.3) as a fractional-order delayed
competition and cooperation model of two enterprises as follows:

Dqy1(t) = α1y1(t)

[
1− y1(t− ε1)

a1
− r1(y2(t− ε2)− β2)

a2

]
,

Dqy2(t) = α2y2(t)

[
1− y2(t− ε1)

a2
+
r2(y1(t− ε2)− β1)

a1

]
,

(1.5)
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where q ∈ (0, 1]. All other variables and coefficients have the same meaning as those
in (1.3).
The primary object of this manuscript is listed as follows: (a) seeking the sufficient
conditions to ensure the stability and existence of Hopf bifurcation of model (1.5);
(b) revealing the impact of two different delays on Hopf bifurcation of model (1.5);
(c) illustrating the effect of fractional order on the stability and Hopf bifurcation
of model (1.5).
The highlights of this manuscript consist of the following aspects:
• A new fractional-order competition and cooperation model of two enterprises
with two delays, which can better depict the memory and hereditary nature of
competition and cooperation of two enterprises, is established.
• A new set of sufficient criteria to ensure the stability and the existence of Hopf
bifurcation of fractional-order competition and cooperation model of two enterprises
with two delays are obtained. The influence of two different delays and fractional-
order on the stability and Hopf bifurcation of (1.5) are revealed.
• So far, no author focuses on the Hopf bifurcation of fractional-order competition
and cooperation model of two enterprises with two delays.
• The research ideas of this manuscript will provide an excellent reference to
handle a lot of delayed fractional-order differential systems.

The rest of this manuscript is planned as follows. In Segment 2, some basic
knowledge on fractional calculus is prepared. In Segment 3, the sufficient conditions
to assure the stability and the existence of Hopf bifurcation of involved model are
derived. The impact of two different delays on the stability and Hopf bifurcation
of the involved competition and cooperation model of two enterprises is displayed.
In Segment 4, computer simulations are carried out to verify the main findings.
Segment 5 ends the manuscript.
Remark 1.1. In (1.3), we replace the first-order derivatives by Caputo fractional
derivatives of order q ∈ (0, 1]. According to the idea of [23,45], we have

Dqy1(t) = αq1y1(t)

[
1− y1(t− ε1)

a1
− r1γ

1−q(y2(t− ε2)− β2γ
1−q)

a2

]
,

Dqy2(t) = αq2y2(t)

[
1− y2(t− ε1)

a2
+
r2γ

1−q(y1(t− ε2)− β1γ
1−q)

a1

]
,

where γ is a fractional time constant. Let ᾱ1 = αq1, ᾱ2 = αq2, r̄1 = r1γ
1−q, r̄2 =

r2γ
1−q, β̄2 = β2γ

1−q, β̄1 = β1γ
1−q and still denote

ᾱ1, ᾱ2, r̄1, β̄2, β̄1, β̄2 by α1, α2, r1, β2, β1, β2, respectively, then one has
Dqy1(t) = α1y1(t)

[
1− y1(t− ε1)

a1
− r1(y2(t− ε2)− β2)

a2

]
,

Dqy2(t) = α2y2(t)

[
1− y2(t− ε1)

a2
+
r2(y1(t− ε2)− β1)

a1

]
.

For the detailed derivation process, one also can see [23,45].

2. Basic knowledge
In this section, some related definitions and lemmas about fractional calculus are
displayed.
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Definition 2.1 ( [31]). The fractional integral of order q for a function g(ξ) is
defined as follows:

Iqg(ξ) = 1

Γ(q)

∫ ξ

ξ0

(ξ − s)q−1g(s)ds,

where ξ ≥ ξ0, q > 0, and Γ(s) =
∫∞
0
ξs−1e−ξdξ denotes Gamma function.

Definition 2.2 ( [31]). Let g(ξ) ∈ C([ξ0,∞), R). Define the Caputo fractional-
order derivative of order q of g(ξ) as follows:

Dqg(ξ) =
1

Γ(l − q)

∫ ξ

ξ0

g(l)(s)

(ξ − s)q−l+1
ds,

where ξ ≥ ξ0 and l denotes a positive integer which satisfies l− 1 ≤ q < 1. Further-
more, if 0 < q < 1, then

Dqg(v) =
1

Γ(1− q)

∫ ξ

ξ0

g
′
(s)

(ξ − s)q
ds.

Definition 2.3 ( [16]). For given the fractional order system:

Dqui(t) = hi(ui(t)), i = 1, 2, · · · , n, (2.1)

where q ∈ (0, 1], ui(t) = (u1(t), u2(t), · · · , un(t)), hi(t) = (h1(t), h2(t), · · · , hn(t)).
(u∗1, u

∗
2, · · · , u∗n) is said to be the equilibrium point if hi(u∗i ) = 0.

Lemma 2.1 ( [29]). For the system Dqz = Az, z(0) = z0 where 0 < q < 1, z ∈
Rn,A ∈ Rn×n. Assume that λi(i = 1, 2, · · · , n) is the root of the characteris-
tic equation of Dqz = Az. Then system Dqz = Az is asymptotically stable ⇔
|arg(λi)| > qπ

2 (i = 1, 2, · · · , n). Moreover, this system is stable ⇔ |arg(λi)| > qπ
2 (i =

1, 2, · · · , n) and those critical eigenvalues that satisfy |arg(λi)| = qπ
2 (i = 1, 2, · · · , n)

have geometric multiplicity one.

Lemma 2.2 ( [7]). For the given fractional-order system: Dqu(t) = G1u(t)+G2u(t−
ϱ), where u(t) = ϕ(t), t ∈ [−ϱ, 0], q ∈ (0, 1], u ∈ Rn,G1,G2 ∈ Rn×n, ϱ ∈ R+(n×n).
Then the characteristic equation of the system is det |sqI − G1 −G2e

−sϱ| = 0. If all
the roots of the characteristic equation of the system have negative real roots, then
the zero solution of the system is asymptotically stable.

3. Impact of two different delays on Hopf bifurca-
tion for model (1.5)

In this section, we will discuss the impact of two different delays on Hopf bifurcation
for model (1.5).

Let bi = αi

ai
(i = 1, 2), c1 = α1r1

a2
, c2 = α2r2

a1
, then system (1.5) becomesDqy1(t) = y1(t)

[
α1 − b1y1(t− ε1)− c1(y2(t− ε2)− β2)

2
]
,

Dqy2(t) = y2(t)
[
α2 − b2y2(t− ε1) + c2(y1(t− ε2)− β1)

2
]
.

(3.1)
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Set x1(t) = y1(t)− β1, x2(t) = y2(t)− β2, then system (3.1) takes the form:Dqx1(t) = (x1(t) + β1)
[
d1 − b1x1(t− ε1)− c1x

2
2(t− ε2)

]
,

Dqx2(t) = (x2(t) + β2)
[
d2 − b2x2(t− ε1) + c2x

2
1(t− ε2)

]
.

(3.2)

where di = αi − biαi(i = 1, 2).

Now the assumption is given as follows:
(A1) b22β1 > c1d

2
2.

Lemma 3.1. If (A1) holds true, then system (3.2) has a unique equilibrium point
(x10, x20), which is locally asymptotically stable, where x10 =

√
b2x20−d2

c2
and x20

satisfies the following condition:

d2 − b2x20 +
c2(d1 − c1x

2
20)

2

b21
= 0.

Proof. In view of Lemma 2.1 of Liao et al. [27], we know that system (3.2) has
a unique equilibrium point (x10, x20). Next we prove that the equilibrium point
(x10, x20) is locally asymptotically stable.

The linear equation of (3.2) around the equilibrium point (x10, x20) is given by:Dqx1(t) = A1x1(t− ε1) + B1x2(t− ε2),

Dqx2(t) = A2x1(t− ε2) + B2x2(t− ε1),
(3.3)

where A1 = −b1(x10 + β1),B1 = −2c1(x10 + β1)x20,A2 = 2c2(x20 + β2)x10,B2 =
−b2(x20 + β2). The corresponding characteristic equation of (3.3) is given by

det

 sq −A1e
−sε1 −B1e

−sε2

−A2e
−sε2 sq − B2e

−sε1

 . (3.4)

It follows from (3.4) that

s2q − (A1 + B2)s
qe−sε1 +A1B2e

−2sε1 −A2B1e
−2sε2 = 0. (3.5)

If ε1 = ε2 = 0. Then (3.5) takes the form:

λ2 − (A1 + B2)λ+A1B2 −A2B1 = 0. (3.6)

Obviously, A1 + B2 < 0,A1B2 − A2B1 > 0. Then all the roots λi of (3.6) satisfy
|arg(λi)| > qπ

2 (i = 1, 2) By Lemma 3.1, we can conclude that the equilibrium point
(x10, x20) of (3.2) with ε1 = ε2 = 0 is locally asymptotically stable. The proof of
Lemma 3.1 ends.

Next we consider two cases:
Assume that ε1 = 0, ε2 > 0. Then (3.5) takes the form:

s2q − (A1 + B2)s
q +A1B2 −A2B1e

−2sε2 = 0. (3.7)
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Assume that s = iϕ = ϕ
(
cos π2 + i sin π

2

)
is a root of (3.7). Then

A2B1 cos 2ϕε2 = ϕ2q cos qπ − (A1 + B2)ϕ
q cos

qπ

2
+A1B2,

A2B1 sin 2ϕε2 = −ϕ2q sin qπ + (A1 + B2)ϕ
q sin

qπ

2
.

(3.8)

It follows from (3.8) that

ϕ4q + κ1ϕ
3q + κ2ϕ

2q + κ3ϕ
q + κ4 = 0, (3.9)

where

κ1 = −2(A1 + B2)
(
cos qπ cos

qπ

2
+ sin qπ sin

qπ

2

)
,

κ2 = (A1 + B2)
2 + 2A1B2 cos qπ,

κ3 = −2A1B2(A1 + B2) cos qπ cos
qπ

2
,

κ4 = −(A2 + B1)
2.

Denote
χ(ϕ) = ϕ4q + κ1ϕ

3q + κ2ϕ
2q + κ3ϕ

q + κ4. (3.10)

Consider that κ4 < 0 and dχ(ϕ)
dϕ > 0, ∀ ϕ > 0, then Eq.(3.9) has at least one

positive real root. Therefore Eq.(3.7) has at least one pair of purely roots.
Here we suppose that Eq.(3.9) has four positive real roots ϕl(l = 1, 2, 3, 4). By

(3.8), one gets

εk2l =
1

2ϕl

[
arccos

(
ϕ2q cos qπ − (A1 + B2)ϕ

q cos qπ2 +A1B2

A2B1

)
+ 2kπ

]
, (3.11)

where k = 0, 1, 2, · · · , l = 1, 2, 3, 4. Denote

ε20 = min
l=1,2,3,4

{ε02l}, ϕ0 = ϕ|ε2=ε20 . (3.12)

Now the following hypothesis is given:
(A2) K1L1 +K2L2 > 0, where

K1 = (A1 + B2)qϕ
q−1
0 cos

(q − 1)π

2
− 2qϕ2q−1

0 cos
(2q − 1)π

2
,

K2 = (A1 + B2)qϕ
q−1
0 sin

(q − 1)π

2
− 2qϕ2q−1

0 sin
(2q − 1)π

2
,

L1 = A2B1ϕ0 sin 2ϕ0ε20,

L2 = A2B1ϕ0 cos 2ϕ0ε20.

Lemma 3.2. Assume that s(ε2) = µ(ε2)+iϕ(ε2) is the root of (3.7) around ε2=ε20
which satisfies µ(ε20) = 0, ϕ(ε20) = ϕ0, then Re

[
ds
dε2

]
ε2=ε20,ϕ=ϕ0

> 0.

Proof. By (3.7), one has(
ds

dε2

)−1

=
(A1 + B2)qs

q−1 − 2qs2q−1

2A2B1se−2sε2
− ε2

s
, (3.13)
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then

Re
[(

ds

dε2

)−1
]
= Re

[
(A1 + B2)qs

q−1 − 2qs2q−1

2A2B1se−2sε2

]
. (3.14)

Therefore

Re
[(

ds

dε2

)−1
]
ε2=ε20,ϕ=ϕ0

= Re
[
(A1 + B2)qs

q−1 − 2qs2q−1

2A2B1se−2sε2

]
ε2=ε20,ϕ=ϕ0

=
K1L1 +K2L2

L2
1 + L2

2

.

In view of (A2), we get

Re
[(

ds

dε2

)−1
]
ε2=ε20,ϕ=ϕ0

> 0.

This ends the proof of Lemma 3.2.
According to analysis above, one gets the following theorem.

Theorem 3.1. For system (1.5), assume that ε1 = 0 and (A1)and (A2) hold true,
then the equilibrium point (x10, x20) is locally asymptotically stable when ε2 ∈ [0, ε20)
and a Hopf bifurcation appears around the equilibrium point (x10, x20) for ε2 = ε20.

Assume that ε1 > 0, ε2 > 0. Let ε2 ∈ [0, ε20). Choose the ε1 as a bifurcation
parameter. Eq. (3.5) can be written as follows:(

s2q −A2B1e
−2sε2

)
− (A1 + B2)s

qe−sτ1 +A1B2e
−2sε1 = 0. (3.15)

According to (3.15), we have(
s2q −A2B1e

−2sτ2
)
esε1 − (A1 + B2)s

q +A1B2e
−sε1 = 0. (3.16)

Assume that s = iφ = φ
(
cos π2 + i sin π

2

)
is a root of (3.16). ThenE1 cosφε1 + E2 sinφε1 = E3,

E2 cosφε1 + E4 sinφε1 = E5,
(3.17)

where

E1 = φ2q cos qπ −A2B1 cos 2φε2 +A1B2,

E2 = φ2q sin qπ +A2B1 sin 2φε2,

E3 = (A1 + B2)φ
q cos

qπ

2
,

E4 = φ2q cos qπ −A2B1 cos 2φε2 −A1B2,

E5 = (A1 + B2)φ
q sin

qπ

2
.

By (3.17), we have 
cosφε1 =

E3E4 − E2E5
E1E4 − E2

2

,

sinφε1 =
E1E5 − E2E3
E1E4 − E2

2

.

(3.18)
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By (3.18), one gets

(E3E4 − E2E5)2 + (E1E5 − E2E3)2 = (E1E4 − E2
2 )

2. (3.19)

Since

(E3E4 − E2E5)2 = (µ1φ
3q + µ2φ

q)2,

(E1E5 − E2E3)2 = (µ1φ
3q + µ3φ

q)2,

(E1E4 − E2
2 )

2 = (µ4φ
4q + µ5φ

2q + µ6)
2,

where

µ1 = (A1 + B2)
(
cos qπ cos

qπ

2
− sin qπ sin

qπ

2

)
,

µ2 = (A1 + B2)
[
(A1B2 −A2B1 cos 2φε2) cos

qπ

2
−A2B1 sin 2φε2 sin

qπ

2

]
,

µ3 = (A1 + B2)
[
(A1B2 −A2B1 cos 2φε2) sin

qπ

2
−A2B1 sin 2φε2 cos

qπ

2

]
,

µ4 = cos 2qπ,

µ5 = 2A2B1(cos 2φε2 cos qπ + sin 2φτ2 sin qπ),

µ6 = A2
2B2

1 cos 4φε2 −A2
2B2

1.

It follows from (3.19) that

η1φ
8q + η2φ

6q + η3φ
4q + η4φ

2q + η5 = 0, (3.20)

where

η1 = µ2
4,

η2 = 2µ4µ5 − 2µ2
1,

η3 = µ2
5 − 2µ1µ2 − 2µ1µ3,

η4 = 2µ5µ6 − µ2
2 − µ2

3,

η5 = µ2
6.

Set
ρ(φ) = η1φ

8q + η2φ
6q + η3φ

4q + η4φ
2q + η5 (3.21)

and
ψ(ν) = η1ν

8 + η2ν
6 + η3ν

4 + η4ν
2 + η5. (3.22)

Clearly, η1 > 0, η5 > 0. Then we can easily obtain the following results.
Lemma 3.3. For Eq. (3.15), the following conclusions hold:
(1) Assume that ηi(i = 2, 3, 4) > 0, then Eq. (3.15) has no root with zero real parts.
(2) Assume that there exists a constant ζ > 0 such that ψ′

(ζ) < 0, then Eq. (3.15)
has at least two pairs of purely imaginary roots.
Proof. (1) In view of ηi > 0(i = 1, 2, 3, 4, 5), then dρ(φ)

dφ > 0 ∀ φ > 0 and
ρ(0) = η5 > 0. Hence Eq. (3.20) has no positive real root. Therefore Eq.(3.15) has
no purely imaginary root. According to A1B2 −A2B1 > 0, s = 0 is not the root of
Eq. (3.15). The proof of (1) ends.
(2) Since ψ(0) = η5 > 0, ψ(ϑ0) < 0(ϑ0 > 0) and limϑ→+∞

ψ(ϑ)
dϑ = +∞, then there

exist ϑ01 ∈ (0, ϑ0) and ϑ02 ∈ (ϑ0,+∞) which satisfy ψ(ϑ01) = ψ(ϑ02) = 0. Then
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(3.20) has at least two positive real roots. Thus (3.15) has at least two pairs of
purely imaginary roots. The proof of (2) ends.

Here we suppose that (3.20) has eight positive real roots φl(l = 1, 2, 3, 4, 5, 6, 7, 8).
By (3.18), one has

εk1l =
1

φl

[
arccos

(
E3E4 − E2E5
E1E4 − E2

2

)
+ 2kπ

]
, (3.23)

where k = 0, 1, 2, · · · , l = 1, 2, 3, 4, 5, 6, 7, 8. Set

ε10 = min
l=1,2,3,4,5,6,7,8

{ε01l}, φ0 = φ|ε1=ε10 . (3.24)

The following hypothesis is given:
(A3) X1Y1 + X2Y2 > 0, where

X1 =

[
2qφ2q−1

0 cos
(2q − 1)π

2
+ 2A2B1ε2 cosφ0ε2

]
cosφ0ε10

−
[
2qφ2q−1

0 sin
(2q − 1)π

2
− 2A2B1ε2 sinφ0ε2

]
sinφ0ε10

− (A1 + B2)qϕ
q−1
0 cos

(q − 1)π

2
,

X2 =

[
2qφ2q−1

0 cos
(2q − 1)π

2
+ 2A2B1ε2 cosφ0τ2

]
sinφ0ε10

−
[
2qφ2q−1

0 sin
(2q − 1)π

2
− 2A2B1ε2 sinφ0ε2

]
cosφ0ε10

− (A1 + B2)qϕ
q−1
0 sin

(q − 1)π

2
,

Y1 = φ0[A1B2 sinφ0ε10 − cosφ0ε10(φ
2q
0 sin qπ +A2B1 sinφ0ε2)

− sinφ0ε10(φ
2q
0 cos qπ −A2B1 cosφ0ε2)],

Y2 = φ0[A1B2 cosφ0ε10 − cosφ0ε10(φ
2q
0 cos qπ +A2B1 cosφ0ε2)

− sinφ0τ10(φ
2q
0 sin qπ −A2B1 sinφ0ε2)].

Lemma 3.4. Assume that s(ε1) = ϱ(ε1)+iϕ(ε1) is the root of (3.7) around ε1 = ε10

which satisfies ϱ(ε10) = 0, φ(ε10) = φ0, then Re
[
ds
dε1

]
ε1=ε10,φ=φ0

> 0.

Proof. By (3.16), one gets(
ds

dε1

)−1

=
[2qs2q−1 + 2A2B1τ2e

−sε2 ]esε1 − (A1 + B2)qs
q−1

s[A1B2e−sτ1 − esε1(s2q −A2B1e−sε2)]
− ε1

s
, (3.25)

then

Re
[(

ds

dε1

)−1
]
= Re

[
(2qs2q−1 + 2A2B1ε2e

−sε2)esε1 − (A1 + B2)qs
q−1

s(A1B2e−sε1 − esε1(s2q −A2B1e−sε2))

]
. (3.26)

Thus

Re
[(

ds

dε1

)−1
]
ε1=ε10,ϕ=ϕ0

= Re
[
(2qs2q−1 + 2A2B1ε2e

−sτ2)esε1 − (A1 + B2)qs
q−1

s(A1B2e−sτ1 − esτ1(s2q −A2B1e−sτ2))

]
_ε1 = ε10, φ = φ0

=
X1Y1 + X2Y2

Y2
1 + Y2

2

.
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In view of (A3), we get

Re
[(

ds

dε1

)−1
]
ε1=ε10,φ=φ0

> 0.

This ends the proof of Lemma 3.4.
According to the analysis above, one gets the following theorem.

Theorem 3.2. For system (1.5), assume that ε2 ∈ [0, ε20) and (A1)and (A3)
hold true, then the equilibrium point (x10, x20) is locally asymptotically stable for
ε1 ∈ [0, ε10) and a Hopf bifurcation appears around the equilibrium point (x10, x20)
when ε1 = ε10.

Remark 3.1. In [5, 6, 11, 20, 37, 49, 51, 54–58], the authors considered the Hopf
bifurcation of integer-order delayed models. In this paper, we investigate the sta-
bility and Hopf bifurcation of fractional-order competition and cooperation model
of two enterprises with two different delays. All the obtained results and analy-
sis methods [5, 6, 11, 20, 37, 49, 51, 54–58] can not be applied to (1.5) to obtain the
stability and the existence of Hopf bifurcation for (1.5). In [22, 26–28, 50], the au-
thors investigated the Hopf bifurcation of competition and cooperation model of two
enterprises with delay, but they did not involve the fractional-order case. Based
on these viewpoints, the fruit of this paper about the stability and the existence
of Hopf bifurcation for (1.5) are completely new and an important supplement to
some earlier works.
Remark 3.2. In [1, 8, 13–17, 33, 35, 39, 47, 48], the authors dealt with the Hopf
bifurcation of fractional-order models. They did not consider the effect of different
delays on the stability and Hopf bifurcation of involved models. Up to now, there are
no results on the effect of different delays on Hopf bifurcation of involved fractional-
order systems. From the analysis above, the obtained results of this paper is new.
Remark 3.3. Compared with the integer-order competition and cooperation model
of two enterprises, the fractional-order competition and cooperation model of two
enterprises can characterize memory property, history state, nonlocal effects of the
output of two enterprises, which implies that the fractional-order competition and
cooperation model of two enterprises have more advantage than the integer-order
one.
Remark 3.4. In Theorem 3.1, we assume that ε1 = 0 which implies the single
case. In a similar way, we can deal with ε2 = 0. Considering the practical meaning
of competition and cooperation of two enterprises, we focus on the effect of double
delays on Hopf bifurcation of fractional-order competition and cooperation model
of two enterprises.

4. Computer simulations
Consider the following fractional-order model:Dqx1(t) = (x1(t) + 1)

[
0.3− 0.2x1(t− ε1)− 0.1x22(t− ε2)

]
,

Dqx2(t) = (x2(t) + 1)
[
0.3− 0.5x2(t− ε1) + 0.2x21(t− ε2)

]
.

(4.1)

All the coefficients are same as those in Liao [26]. It is not difficult to see that system
(4.1) has the equilibrium point (1, 1). Let ε1 = 0, q = 0.83. Then ϕ0 = 0.6257 and
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ε20 = 1.9939. Then the hypotheses (A1) and (A2) of Theorem 3.1 are fulfilled.
Figures 1–4 indicate that the equilibrium point (1, 1) of system (4.1) is locally
asymptotically stable when ε2 ∈ [0, ε20). Figures 5–8 manifest that system (1.1)
becomes unstable, a Hopf bifurcation appears when ε2 ∈ [ε20,+∞). The relation of
parameters q, ϕ0 and ε20 of (4.1) is displayed in Table 1. One can see that the order
can postpone the emergence of Hopf bifurcation (compared with Liao [3]). Next let
ε2 = 1, q = 0.83. Then φ0 = 0.7125 and ε10 = 1.1530. Then the hypotheses (A1)
and (A3) of Theorem 3.2 are fulfilled. Figures 9–12 reveal that the equilibrium point
(1, 1) of system (4.1) is locally asymptotically stable when ε1 ∈ [0, ε10). Figures 13–
16 imply that system (1.1) becomes unstable, a Hopf bifurcation appears when
ε1 ∈ [ε10,+∞). In Table 2, we have given the relation of q, φ0 and ε10 of (4.1). It
is not difficult to see that the order can make the Hopf bifurcation appear ahead of
time compared with the integer-order ones (see [26]).
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Figure 1. The relation of t-x1(t) when ε1 =
0, ε2 = 1.8 < ε20 = 1.9939.
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Figure 2. The relation of t-x2(t) when ε1 =
0, ε2 = 1.8 < ε20 = 1.9939.
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Figure 3. The relation of x1(t)-x2(t) when
ε1 = 0, ε2 = 1.8 < ε20 = 1.9939.
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Figure 4. The relation of t-x1(t)-x2(t) when
ε1 = 0, ε2 = 1.8 < ε20 = 1.9939.
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Figure 5. The relation of t-x1(t) when ε1 =
0, ε2 = 2.2 > ε20 = 1.9939.
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Figure 6. The relation of t-x2(t) when ε1 =
0, ε2 = 2.2 > ε20 = 1.9939.
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Figure 7. The relation of x1(t)-x2(t) when
ε1 = 0, ε2 = 2.2 > ε20 = 1.9939.
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Figure 8. The relation of t-x1(t)-x2(t) when
ε1 = 0, ε2 = 2.2 > ε20 = 1.9939.

Table 1. The relation of q, ϕ0 and ε20 of (4.1).

q ϕ0 ε20

0.15 1.6771 0.3722

0.24 1.5134 0.5929

0.32 1.4267 0.7875

0.43 1.1093 1.0526

0.51 1.0132 1.2437

0.64 0.8937 1.5511

0.76 0.7348 1.8317

0.83 0.6257 1.9939

0.91 0.5546 2.1781
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Figure 9. The relation of t-x1(t) when ε2 =
1, ε1 = 1.0 < ε10 = 1.1530.
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Figure 10. The relation of t-x2(t) when ε2 =
1, ε1 = 1.0 < ε10 = 1.1530.

0.92 0.94 0.96 0.98 1 1.02 1.04 1.06
0.75

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

 x
1
(t)

 x
2
(t

) 

Figure 11. The relation of x1(t)-x2(t) when
ε2 = 1, ε1 = 1.0 < ε10 = 1.1530.
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Figure 12. The relation of t-x1(t)-x2(t) when
ε2 = 1, ε1 = 1.0 < ε10 = 1.1530.
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Figure 13. The relation of t-x1(t) when ε2 =
1, ε1 = 1.2 > ε10 = 1.1530.
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Figure 14. The relation of t-x2(t) when ε2 =
1, ε1 = 1.2 > ε10 = 1.1530.
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Figure 15. The relation of x1(t)-x2(t) when
ε2 = 1, ε1 = 1.2 > ε10 = 1.1530.
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Figure 16. The relation of t-x1(t)-x2(t) when
ε2 = 1, ε1 = 1.2 > ε10 = 1.1530.

Table 2. The relation of q, φ0 and ε10 of (4.1).
q φ0 ε10

0.15 1.8722 0.2217
0.24 1.6309 0.3517
0.32 1.4877 0.4653
0.43 1.2732 0.6189
0.51 1.0833 0.7287
0.64 1.0642 0.9039
0.76 0.8751 1.0621
0.83 0.7125 1.1530
0.91 0.6718 1.2555

5. Conclusions

The competition and cooperation among different enterprises is an important aspect
in production and management of enterprises. In the manuscript, based on earlier
publications, we propose a new fractional-order competition and cooperation model
of two enterprises with two different delays. By regarding two different delays
as bifurcation parameter, we establish two sets of sufficient conditions to assure
the the stability and the existence of Hopf bifurcation for involved competition
and cooperation model of two enterprises. The investigation manifests that the
two different delays have different effect on the stability and Hopf bifurcation of
involved model. Also the relation of fractional-order and bifurcation point are
displayed. The derived results have important theoretical significance and practical
value in managing the production of enterprises. Besides, we point out that how to
control the duration time of output for enterprises is an interesting issue. It involves
the bifurcation control issue. We will study this aspect in the near future. In
addition, we will try to investigate the effect of multiple delays on Hopf bifurcation
for fractional-order delayed competition and cooperation model. Now we still can
not deal with the direction and stability of Hopf bifurcation of fractional order
differential systems due to the lack of theory.



New insights on bifurcation. . . 1255

References
[1] M. S. Abdelouahab, N. E. Hamri, J. Wang, Hopf bifurcation and chaos in

fractional-order modified hybrid optical system, Nonlinear Dyn., 2012, 69(1–2),
275–284.

[2] H. Bao, J. H. Park, J. Cao, Synchronization of fractional-order complex-valued
neural networks with time delay, Neural Netw., 2016, 81, 16–28.

[3] S. Bhalekar, V. D. Gejji, Chaos in fractional order financial delay system,
Comput. Math. Appl., 2016, doi: 10.1016/j.camwa.2016.03.009

[4] J. Chen, B. Chen, Z. Zeng, O(t−α)-synchronization and Mittag-Leffler syn-
chronization for the fractional-order memristive neural networks with delays
and discontinuous neuron activations, Neural Netw., 2018, 100, 10–24.

[5] S. Chen, Y. Lou, J. Wei, Hopf bifurcation in a delayed reaction-diffusion-
advection population model, J. Diff. Equat., 2018, 264(8), 5333–5359.

[6] S. Chen, J. Wei, Stability and bifurcation in a two variable delay model for
circadian rhythm of neurospora crassa open archive, J. Math. Anal. Appl.,
2014, 411(1), 381–394.

[7] W. Deng, C. Li, J. Lü, Stability analysis of linear fractional differential system
with multiple time delays, Nonlinear Dyn., 2007, 48(4), 409–416.

[8] A. S. Deshpande, V. D. Gejji, Y. V. Sukale, On Hopf bifurcation in fractional
dynamical systems, Chaos, Solitons & Fractals, 2017, 98, 189–198.

[9] S. Djilali, B. Ghanbari, S. Bentout, A. Mezouaghi, Turing-Hopf bifurcation
in a diffusive mussel-algae model with time-fractional-order derivative, Chaos,
Solitons & Fractals, 2020, 138, 109954.

[10] Q. Feng, F. Meng, Traveling wave solutions for fractional partial differential
equations arising in mathematical physics by an improved fractional Jacobi
elliptic equation method, Math. Meth. Appl. Sci., 2017, 40(10), 3676–3686.

[11] S. Guo, S. Yan, Hopf bifurcation in a diffusive Lotka-Volterra type system with
nonlocal delay effect, J. Diff. Equat., 2016, 260(1), 781–817.

[12] N. Hamdan, A. Kilicman, A fractional order SIR epidemic model for dengue
transmission, Chaos, Solitons & Fractals, 2018, 114, 55–62.

[13] C. Huang, Multiple scales scheme for bifurcation in a delayed extended van der
Pol oscillator, Phys. A: Stat. Mech. Appl., 2018, 490, 643–652.

[14] C. Huang, J. Cao, Impact of leakage delay on bifurcation in high-order fractional
BAM neural networks, Neural Netw., 2018, 98, 223–235.

[15] C. Huang, J. Cao, M. Xiao, Hybrid control on bifurcation for a delayed frac-
tional gene regulatory network, Chaos, Solitons & Fractals, 2016, 87, 19–29.

[16] C. Huang, J. Cao, M. Xiao, A. Alsaedi, T. Hayat, Bifurcations in a delayed
fractional complex-valued neural network, Appl. Math. Comput., 2017, 292,
210–227.

[17] J. Huo, H. Zhao, L. Zhu, The effect of vaccines on backward bifurcation in a
fractional order HIV model, Nonlinear Anal-Real., 2015, 26, 289–305.

[18] J. Jian, P. Wan, Lagrange α-exponential stability and α-exponential convergence
for fractional-order complex-valued neural networks, Neural Netw., 2017, 91,
1–10.



1256 C. Xu, M. Liao, P. Li & S. Yuan
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