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Abstract Under non-Lipschitz conditions for the external force term and
noise term, the two-dimensional stochastic primitive equations are studied in
this paper. Based on Galerkin method, iterative method and the moment
estimations, we prove the existence and uniqueness of the solutions in a fixed
probability space.
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1. Introduction

We consider the system of 2D viscous Primitive Equations (PE) for three dimen-
sional Geophysical Fluid Dynamics in the two dimensional spatial domain [30]. It is
well known that the system of Primitive Equations is derived from the Navier-Stokes
equations, coupled with the thermodynamic equations and the diffusion equations,
replacing vertical momentum balance with a simple static equation, and it is used
as the fundamental model of meteorology and geophysical fluid dynamics [3,28].
The mathematical study of primitive equations was started by Lions, Temam
and Wang [24-26], where the notions of weak and strong solutions were defined
and existence of weak solutions was proved. Since then, the well-posedness and
regularity of strong solutions with different conditions have been studied, such as
[2,14,16-21,29,30]. There exists an unresolved mathematical problem for viscous PE
is about uniqueness of weak solutions, by introducing the notion of “z-weak” solution
to 3D (or 2D ) viscous PE, we have some results about uniqueness, see [18,20,23,32].
Due to the influence of external force and internal instability process, white
noise driven random term was added to the basic control equations. Research [27]
showed that these random terms meet the basic physical principles. In the past
two decades, there are numerous works about the stochastic primitive equations,
we mention some of them. For the well-posedness, regularity, random attractor and
existence and regularity of invariant measures, we refer the reader to the papers [4—
12,15,31]. For the deviation principles and small time asymptotics of the primitive
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equations, see [6,7]. As well as we know, above results of the primitive equations
are based on the Lipschitz conditions for the external force term and noise term.
But, these conditions are so strong that they are not appropriate to reflect all
problems. This paper will investigate 2D stochastic primitive equations with non-
Lipschitz conditions which is a much weaker condition than Lipschitz one. The
non-Lipschitz stochastic evolution equations have been considered by many authors,
such as [1,34]. Due to complex nonlinear term of primitive equations, the previous
results cannot be applied here. Furthermore, it is known that the well-posedness of
solutions to the stochastic non-Lipschitz Navier-Stokes equations was obtained by
Taniguchi [33]. In this paper, we follow the lines of [33]. The difference between
the primitive equations and the Navier-Stokes equations is that the nonlinear term
of the primitive equations is more complicated, we want to fill the gap of well-
posedness under non-Lipschitz conditions for primitive equations. The main work
is to deal with nonlinear terms and study the well-posedness of solutions which
closely related to the notion of z-weak solutions.

This paper is organized as follows. Firstly, the preliminaries are given in §2. We
introduce the model, the related function spaces and some properties of operators.
Some assumptions are also provided. Secondly, in §3, we construct the auxiliary
stochastic primitive equations, in which external force term and noise term are
determined, then using Galerkin method to prove the existence and uniqueness of
the functions. On the basis of the conclusions in §3, combining iterative method
and moment estimations, the existence and uniqueness of solutions on local time
are obtained in §4. Finally, the global existence of solutions is considered in §5.

2. Preliminaries

We consider the following two dimensional stochastic primitive equations [10, 13]:

Ot — VAU + uOyu + woyu + Oyp = f + g(t, u) W (t), (2.1)
Ozu~+ 0, w =0,

in the bounded domain M = {(z,2)|0 < z < L,—h < z < 0}, where L,h are
constants. We denote by (u,w), p the unknown the field of the flow and the pressure
respectively. Note that p does not depend on the vertical variable z. In this paper,
in order to focus main attention on the difficulties arising from the nonlinear term,
we ignore the temperature and salinity equations.

The boundary is divided into the top I'; = {z = 0}, the bottom I', = {z = —h}
and the sides I'y = {&# = 0} U {& = L}. The following boundary conditions are
proposed:

onl'y : u =0,
onl; UL, :  d,u=0,w=0.

Generally, we make on further assumptions (see [13]):

0 0 0
/ fdz = O,/ gdz = O,/ udz = 0.
—h —h —h
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From (2.2) we have w(z, 2) = — [, Ou(x, Z)dz. We will be working on the Hilbert
spaces:

H= ueL2 |/ udZ—O

V= {ueHl(M) | /hudz':O,uzOonFs}.

These spaces are endowed with the L? and H' norms which we respectively denote
by | -| and | - |y. The inner product and norms on H,V are given by (u,v) =
S uvdadz, and \u| (w,u)2, |uly = (Jul> + ||ul|?)2, where u,v € H and |ul| =
|Vu| = (Vu, Vu)z. Let V* be the dense and continuous embedding V < H =
H* — V* and denote by (u,1) the duality between v € V and ¢ € V*. Consider
an unbounded linear operator A : D(A) — H with D(A) = V N H?(M) and define

(Au,v) = (Vu, Vov), Vu,v € D(A).

The Stokes-type operator A is self-adjoint and positive, With compact self-adjoint
inverse. Next we address the nonlinear term. Take W(v) = — f 0,v(x, Z)dZ and
B(u,v) = u0,v + W(u)0,v, where u,v € V.

Define the bilinear operator B(u,v) : V x V' — V* according to (B(u,v),w) =
b(u, v, w), where b(u,v,w) = [, (ud,vw + W(u)d.vw)dM. In the sequel, when no
confusion arises, we denote by C' a constant which may change from one line to the
next one.

Lemma 2.1 (see [13,31]). The trilinear formsb and B have the following properties.
There exists a constant C > 0 such that

|b(u71),111)|<C7<|U\2 el o[l o] 2 [[w]| % +|Oatu] |0 0] w] 2 |w]| ) u,v,w eV, (2.3)
b(u,v,v) =0, u,v €V, (2.4)
(B(u,u),0,,u) =0, ueV. (2.5)

For u € V, define E(u) = —Au — B(u). We obtain the monotonicity property of
E.

Lemma 2.2 (see [31]). Assume that u,v € V, we have
1
(E(u) = E(v),u—=v) + 5llu = vl* < Clu—vffu—vf| o]l + C(1 + |00 |u = v]*,

Let K be another separable Hilbert space with the inner product (-,-)x. Let
L(K; H) denote the space of all bounded linear operators from K to H. Let Q €
L(K; K) be a positive self-adjoint operator. Furthermore, L(K; H) denotes the
space of all £ € L(K;H) such that £,/Q is a Hilbert-Schimdt operator and so

tr(£Q&*) < co. The norm is given by |§\L0 = |EVQ|% 5 = tr(€QEY).

Let (Q, P, %) be a complete probablhty space on which an increasing and right
continuous family (F;).e[0,00] Of complete sub-o-algebra of .# is defined. %, con-
tains all the null sets of .Z. Let e, (n = 1,2, 3...) be a complete orthonormal basis in
K. We consider a K-valued cylindrical Wiener process W (¢) given by the following
series:

W(t) = iﬁn(t)\/@en, t>0,Q € L(K; K).
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Let ug be an Zp-random variable. The stochastic 2D primitive equations can
be rewritten in the abstract mathematical setting with an initial value u(0) = wug
as follows:

du(t) + [vAu(t) + Blu(t)]dt = £(t,u(t))dt + g(t, u(t))dW (t). (2.6)

In this paper we use the following conditions.

Assumption 1. There exist the functions F(¢,u), Hi(t,u) : Rt x RT — Rt (k =
1,2) such that they are locally integrable in ¢ > 0 for any fixed u > 0 and continuous,
monotone nondecreasing in u for any fixed ¢ > 0 with Fy(¢,0) = Hy(t,0) = 0. The
following inequalities are satisfied:

Ef(t,u)
E|0. f(t,u)

v+ Elg(t )| < Bt Elul*), ue L*(Q; H), (2.7)
P+ El0.g(t, w76 < Hi(tE[0.u*),  due LP**(QH).  (2.8)

Assumption 2. There exist the functions G (t,u) : Rt x Rt — Rt(k = 1,2)
which are locally integrable in ¢ > 0 for any fixed v > 0 and continuous, monotone
nondecreasing in u for any fixed ¢ > 0 with Gk (¢,0) = 0,k = 1, 2. Furthermore, the
functions G (k = 1,2) satisfy the following inequalities:

E|f(t,u) = f(t, o)}~ +Elg(t,u) — g(t,0)[78 < Gi(t, Elu—**).  (2.9)

If for any given constants Cj > 0, non-negative functions z(t) satisfy that z;(0) = 0
and

t
%wsm/aw%@m,kﬁ@
0

for all t € R, then 2,(t) =0 on R™.

3. The existence and uniqueness of the auxiliary
equations

Let 0 <t <T <1, we study the following stochastic differential equation:
t
u(t) = wug Jr/ [—vAu(s) — B(u(s))]ds
0

+Aﬂmamw+4%mamm%» (3.1)

with an initial Sp-random variable wg, where £(s) is a stochastic process, fi :
[0,00] xV — V* and g, : [0,00] x H — LY(K; H) are both progressively measurable.
Now we consider the Galerkin approximation to (3.1) as follows:

un(t) = Poug + /0 [—vAu,(s) — P,B(u,(s))]ds

+AR¢@«%@+AB%@amm%» (3.2)
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Assumption 3. Let 0 < ¢ < T and £(t) be a stochastic process and satisfy the
following conditions:

fo(t, €(1) € L2([0,T] x Q; V*) N LA([0,T] x Q; V™),

g+(£,€£()) € L2([0,T) x Q LIS H)) N LH([0, T x Q; LY(K; H)),

0 f.(t,€(t)) € L*([0,T] x ; V*) N LY([0,T] x Q; V*),

9.9+ (t,€(t)) € L*([0,T] x Q; LY(K; H)) N L*([0,T] x Q; Ly(K; H)).

Note that for ¢ € V, the map u,, — (—vAu,,) is globally Lipschitz, while
using Lemma 2.1, the map B(uy,,) is locally Lipschitz. Furthermore, because £(s) is
a given function and f,, g. are unrelated with w,,. Hence by a well-posedness result
for stochastic ordinary differential equations [22], there exists a solution uy,(t) to
(3.2) and satisfies

We next establish some uniform a priori estimates on u, (independent of n) in
the following lemmas.

Lemma 3.1. Let ug be an initial value with E|ug|?*?, E|0,uo|?? < oo, (p = 1,2).
Suppose that Assumption 3 is satisfied. Then for the solution u,(t) to (3.2), there
exists a constant K; >0 (i = 1,2) such that

t
B( sup [un(5)7) +E [ fun(s) P (5) s < K,
0<s<t 0

t
E( sup (0., (s)/) +]E/ 101t (5) 22D |0 (5)|2ds < Ko,
0

0<s<t
uniformly in alln > 1.

Lemma 3.2. Let ug be an initial value with E|lug|* < oo. Then the solution to (5.2)
satisfies

t 2
E( / lun($)Pds)” < CUSuliaurao.mivys 19+ 22 @uns 00,15y Eluol

Uniform estimates of Lemmas 3.1-3.2 are similar as the proofs of Lemmas 4.1-
4.5, even more easier. We give only the sketch proofs of Lemma 3.1 for |u,(t)|*
and Lemma 3.2.

Proof of Lemma 3.1 for |u,(t)|?’. Using It6 formula for |u,(s)|*”, we deduce
that

t
()22 + 2pv / ] 120 s
0
t t
=[un (0)[*% + 2p / (P fos wn)|un | P~ Vds + p(2p — 1) / | Pags g lun|* P~ ds
0 0

t
+2p / 1 20D (w4, PogodVV(s))
0
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=[un(0)[* + J1 + Jo + Js. (3.3)

For the deterministic term, we estimate
¢ ¢
HZC [P lunPP Vst vp [ Plun 20 s
0 0

t
< sup u,["*V) /0 Py,

s€[0,t]

2
-ds

t
+up / et |2t 2P Vs

1 ! -
< G Sl[lopt](|“n(5)|2p) + Vp/o ||“n||2|un|2(p Vs + C|f*|2Lg(0’t;v*)» (3.4)
s€|0,

t
Ja < C/ |P"9*|ig|un|2(p71)d5
0

t
SC( sup |un|2(P—1))/ ‘Png*&ods
s€[0,4] 0 2

1
< = sup (Jun(s)[*”) + C|Pug.

3.5
6 s€0,t] ( )

I
L2(0,;L9)"

For the term J3, we apply the Burkholder-Davis-Gundy inequality. This yields the
following:

t

J3 < CE sup | [ Jun 20wy, Prg.diV(s))|

s€[0,t]

t 1

< C]E(/ |Un|2(p71)|Png*|%gds>2
0

1
< 5 3 (un ) + Cl0Page 005 + 1) (3.6)
se|0,t

0

Combining (3.4)—(3.6), we can easily obtain

t
IE( sup |un(s)|2p> —HE/O |un(s)|2(”_1)||un(s)H2ds < K;.

0<s<t

Proof of Lemma 3.2. By (3.3) for p = 1, we get
t 2 t t
02 ([ uao)lPds) < (luoP +2 [ o) Puf)lds + [ |Pag. g
0 0 0

t 2
n 2‘ / (tn, Png*dW(s)>D
0
<A(luo|* + I + I3 + I3).
The Holder’s inequality and Young’s inequality imply that

o _ V ' 2.\, 8 2 2
1< ([ o) Pas) + UL B
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Applying the Burkholder-Davies-Gundy inequality, we get

B 171) < CB( [ lua)PIPlyis)

0<s<t

< CE[( s fua(o)) [ g l3yas]

0<s<t

< CE(_sup_[un()|') + Cl1ul20,r,00))
0<s<T

Thus we have
! 2 2 4 4 2 2
E( [ lua(s)Pds)” < CE(fuol* + sup_ fun(s)l* + (1f- oo

(9. 220,7:29)%)-

By Lemma 3.1, the above formula means

t 2
E( / lun(s)l12ds) " < CUFFauzaomv-s 19+ Baonao.miogy) Eluol

Then the proof of the lemma is complete. O
With the uniform estimates on the solutions of the Galerkin systems in hands,
we proceed to identify a limit u(¢) and obtain the following proposition.

Proposition 3.1. Let ug is an initial value of (3.2) with
E|uo|?? < 00, |0, ug|*? < c0,p = 1,2.
There exists a unique solution u(t) to (3.2) in
u(t) € LY(Q; L>=(0,T; H) N L*(Q x [0,T); V)),

and it satisfies the following energy equality:
u(t)|* = Juol|® + 2/ (u(s), —vAu(s) — B(u(s)))ds
0
+2 [ (u(e). Lo, s + [ oo 605D s
42 [ (uls), 0.5, 6NV ()
0

Proof. By Lemma 3.1, we obtain that the subsequence u,(t) converges weakly
to u(t) in L*(Q; L*°(0,T; H) N L%(Q x [0,7];V)). By an application of (2.3) and
Lemmas 3.1-3.2,

E / P Bun (1))[2,

gCE[ sup (Jun (O + |9oun (O)]4) + (/OT ||u”(t)”2ds)2} < 0.

t€[0,T]
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Furthermore since {Au,},{B(u,)} are uniformly bounded in L?(Q x [0,7T]; V™),
there exists a y € L2(Q2 x [0,T]; V*) such that as n — oo,

—vAu, — Bluy) = x weakly in L*(Q x [0,T]; V™).

We have that in V'*

u(t) = ug —l—/ s)ds —I—/ fe(s,€(s))ds + /t 9«(8,&(3))dW (s).

According to Lemma 2.2, we use the Young inequality to get x > 0 such that for
any u,v €'V,
(E(u) — E(),u —v) < w(1+|0.0* + ||v]|*)|u — v|2. (3.7)

Given a function w and let
0= [+ 0l + P
Then, we have that
Ee~ 2520 |y (t)|? = Elug|? — 2kE /t e 2P (1 4 |8 + ||w]|?)|u(s)|>ds
#28 [ =210 o) (5

o / e=20) (u(s), f. (5,€(s))))ds

TE [ e 200, (s,€(s))[2ds.
0

By the It formula from (3.2) we also have

t
Ee =" O]u, (1)* = Elun(0)]* - 2HE/ e 2O (14 |0.w[* + ] un(s) Pds

t

+2E [ 7207 (u,,(s), —vAun(s) — PuB(un(s)))ds

2R 6*2“(5 (un(s), Pnfi(s,£(s5))))ds

+

S— —

t
E [ e 200IP,g.(5,€(5) 2 yds.
0

It is not difficult to get
t
Ee™ 2O uy (£)]* — Elun (0)|? —QE/ T2 (P, fu(5,6(5)) s un(s))ds
0
t
—5 [ O P gl 6() yds
0

t
_ _okE / e=25() (1 + [0,0[4 + [[w]|2)|un(s)[2ds
0
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+9E /O =250 () Ay, (5) — PoB(tn(5)), tn(s))ds.

According to Fatou lemma, we have

t
lim inf ( — 2/-@1[*3/ e 2P0 (1 4 |8.w[* + ||w||?)|un (s)2ds
0

n—oo

+ ZE/O e 260 (—p Auy, (s) — B(un(s)),un(s)>ds)

t
= liminf (Ee”“p(t)|un(t)|2 — EJu,(0)]* - QE/ 672“(5)<Pnf* (s,£(8)),un(s))ds
0

n—oo

t
~E [ 0 Py, (5. €(9) 2 gds)
0 2
t
> Ee™2"Olu(t)|? — Elug|” - 2E / eV (£, (5,(s)), un(s))ds
0
t
_E / e 2O g. (s,€(5)) [2yds
0 2
t
_ _okE / e 2500) (1 4 [9,w]* + ]| [u(s) *ds
0
t
+2E/ e 26P() (x(s), u(s))ds.
0

By (3.7)

2R /0 e 25PN (B (up(s) — E(w(s)), un(s) — w(s))ds

t
- m/ =250 (1 4 |90 + ]| un (5) — w(s)[2ds < 0.
0

Namely
t
N Q“E/ ™20 (1 + 0.w]* + [wl|?)un(s)]*ds
0

L 9K /0 =250 (B (un (5)), un (5))ds

t
= *M/ =250 (1 4 |0, + [|w]]2) (2un (5) — w(s), w(s))ds
0

4R /O =250 (B (2(5)), un(s5) — w(s))ds.

Letting n — oo and combining above formula, we get

t
- ME/ e=2500) (1 4+ |00l + [|ow|[2)us) s
0
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+2E/ e 25P() (x(s), u(s))ds
0

2k 72”p(5 wl? w —w(s),w(s))ds
]E/O (14 [8:0[* + [|lw[I*) (2u(s) — w(s),w(s))d

t
+2E/ e~ 203 (x(s),w(s))ds
0

4R /0 ~200(5) (B (w(5)), u(s) — w(s))ds.

Reorganizing the terms, we have
t
— 2/{1[3/ e 2500 (1 4 18,w]* + [[w]|?)|uls) — w(s)|?
0

+ 2E /O e~ 2P ((5) — E(w(s)),u(s) — w(s))ds < 0.

Set (s) is arbitrary. If we note w(s) = u(s) — up(s), u > 0, we have

— huE / &2 (14 10.of* + ]2 ()2
* E/ 200 () — B(u(s) — up(s)), o (s))ds < 0.
0

Letting i — 0, we obtain

/Otx(S)ds = /Ot —vAu(s) — Blu(s))ds.

Therefore it holds that in V*

t

u(t) = uo Jr/o —Au(s) — B(u(s))der/O f(s,u(s))der/O g(s,u(s))dW (s).

Finally, the uniqueness of solution is similar as in Theorem4.1, we omit here. O

4. The proof of the main theorem

In this section, using the Proposition 3.1, we obtain the existence and uniqueness
of the weak solution on local time to the non-Lipschitz 2D stochastic primitive
equations as follows.

Theorem 4.1. Let ug be a Fy-random variable which is an initial value of (2.6).

Suppose that Assumptions 1-2 are satisfied and let E|ug|*?, E|D,uo|?? < oco(p = 1,2).

Then there exist a time T, > 0 and a weak energy solution u(t) to (2.6) satisfy
u(t) € L*(Q; L*(0,Te; V) N L*( L>=([0, T.); H))

and the solution u(t) is unique in this space.



Stochastic 2D primitive equations 1283

To prove the Theorem 4.1, we use iterative method, several moment estimations
are required. Let 0 < ¢t < 1. Set u!(t) = ug and let E|ug|??, E|9,uo|?? < oo for
p =1,2. Assume that the process u™(s),n > 1 satisfies

ft,u™(t) € LY(Q x [0, T]; V*),
g(t,u™ (1)) € LH(Q x [0, T); Ly(K; H)),

Proposition 3.1 implies that for a given process u™(t), we have the unique energy
weak solution u™*1(¢) to the following stochastic equation

u = t—l/ uw"t1(s) = B(u"*t(s s
(1) 0+/0[ Au"(s) — B (s)]d

+/O f(&u”(s))ds—&—/o g(s,u"(8))dW (s). (4.1)

Then the sequence {u"(t)} is well defined.
Firstly, we give some moment estimates of the process u™*(t).

Lemma 4.1. If (2.7) with k = 1 is satisfied and E|ug|> < oo, then there exists a
time t; € (0,1] such that

t

2

IE( sup |u"+1(s)|2) < 4E|uo|® and / Ellu""t(s)||?ds < =E|uo|?
0<s<t 0 14

fort € (0,t1], uniformly for all n > 1.

Lemma 4.2. If (2.7) with k = 2 is satisfied and E|ug|* < oo, then there exists a
time ty € (0,1] and a positive constant 6 such that

t

2

]E( sup \u"+1(s)|4> < 8E|ug|* and / E|u™t!(s)[1ds < 6* ZE|ug|?
0<s<t 0 14

for t € (0,ta], uniformly for all n > 1.

Lemma 4.3. If (2.8) with k =1 is satisfied and E|0,uo|* < oo, then there exists a
time t3 € (0, 1] such that

t
2
E( sup |azu"+1(s)|2) < 4|0 uo|? and / E|[0.u" ! (s)|*ds < ZE|0.uol?
0

0<s<t

fort € (0,ts], uniformly for all n > 1.

Lemma 4.4. If (2.8) with k = 2 is satisfied and E|0,ug|* < 0o, then there exists a
time t4 € (0,1] and a positive constant § such that

t

2

E( sup |8zu"+1(s)|4) < 8E|0,upl* and / E|0.u™ 1 (s)|1ds < 6* =E|0.uo|?
0<s<t 0 14

for t € (0,t4], uniformly for all n > 1.

For the sake of simplicity, we just give the proof of Lemma 4.4, the others are
similar and more easier.
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Proof of Lemma 4.4. It is obviously that the case where n = 1 holds. Assume
that E(supogsgt |6zu"(s)\4> < 8E|d,ug|* for any fixed n > 1. Applying the Ito

formula to the function |9,u"*1(t)|* = (|0.u"1(¢)|?)?, we obtain
|0 ()| = [9zu0|*

+4 /Ot |0:u" 1 (8)[ (= 0ozt (5), —v AU (s) — B(u"T(s)))ds
+ 4/; |0t (5) (=000 (s), f(s,u"(s)))ds
[0 (O (0, ()05, )V )
+o f 0.0 () 2025, 4™ (5)) s
Furthermore, we have

t
E( sup [0.u(5)]*) +4V1E(/ 0.0 () 20" ()] 2ds )
0

0<s<t

gE( sup |8Zu0\4)

0<s<t
a8 sup [0 PI0.0 0l 10 (5, (o))
0<-r<t
4B sup | [ 10t (5) P (5), g, (5))aw ()]
0<r<t 0

08 sup [ 10,0 6) 0.0, (o) gl

O<T<t
= E|8zu0| + T1 + T2 + Tg.

By Young inequality and Holder inequality, we get

1 t
T, < Z]E( sup \3Zu”+1(5)|4) +VE/ 10,4+ () 2106 (5) ]| 2ds
0

0<s<t

Vo

(32+32>/ EJ0. f(s, u"(s))]!

t
7y < B ( sup 9 1Y) +6 [ Blosglsn(o)lEyds
O 2

0<s<t

By the Burkholder-Davis-Gundy inequality, there exists a & > 0 such that

1 t
1, < 7E( sup (0.0 (s)*) + k/ E[0:g(s, u" (5))l1gds.
0

0<s<t

Thus we have

t
E( sup 0.0 (s)[*) + 120E( / 0.0 () 20" ()] 2ds )
0

0<s<t
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32 K
§4E( sup |8zu0\4) +4(— + 38+ k/’)/ Ha (s, E[0.u"(s)|*)ds.
0<s<t v 0

Let t4 > 0 be a time such that

32 t
A5 +38+K) | Ha(s Elu"(s)|")ds < 4E|0.uol". (42)
0
Then for ¢ € (0, t4]
E( sup |8Zu"+1(s)|4) < 8E|0,uo|*.

0<s<t
By the Gagliardo-Nirenberg inequality we have a § > 0 such that
|0, u" T (s)]4 < 5\8Zu"+1(s)|%||6Zu"+1(s)||% for all n > 0.

Furthermore, we have
t t )
IE/ 10,u" ) (s)|4 §54E(/ \8Zu"+1(s)|2||6zu"+1(s)||2ds) < 5*ZE|0u.
0 0 v

Consequently, by the mathematical induction, the proof of the lemma is completed.
O

Remark 4.1. In Lemma 4.1-Lemma 4.4, we obtain the moment estimates of the
process {u"(t)} with some strict inequalities. These seem to be unusual and confus-
ing. However, in order to obtain the uniform boundedness, these strict inequalities
are not contradictory to the usual inequalities. Here, we choose strict inequality (as
n [33]) for two reasons. Let’s take Lemma 4.4 as an example. First, by Assump-
tion 1, Hg(t,u) : RT x RT — R*(k = 1,2) are locally integrable in ¢ > 0 for any
fixed w > 0 and continuous, monotone nondecreasing in v for any fixed ¢t > 0 with
Hy(t,0) = 0. therefore in (4.2), we can easily find small enough ¢4 > 0 and satisfy

32 b
45 + 38+ k)/ Hy (s, Elu"(s)|*)ds < 4E[0uol*,
0

there is no need for us to discuss whether there exists a t* and satisfies

32 ¢
12 as s k:)/ Ho (s, Efu” ()| 4)ds = 4E|0.uo|".
v 0

Second, since Fj(t,0) = 0, Hp(t,0) = 0, if let initial value u® = 0, we obtain a
constant solution v = 0. It doesn’t make any physical sense. To summarize, it is
reasonable that we get the strict inequalities.

Lemma 4.5. Let ug be an Fo-random variable with E|lug|* < oo. Then there has a
solution to (4.1) and satisfies

¢ 2
E(/O ||u"(5)||2d3> < C(|f‘%2(Q;L2(O7T;V*))?‘g|%2(Q;L2(O,T;Lg)))E‘u0|4'

Proof. We get

41,2(/0T ||un(s)\|2ds)2
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T

< (jul*+2 [ o) F s () s+ | ot s)gas

2

T
2| [ gl (9)aw ()
0
<A(luo|* + I + I3 + I3).
The Holder’s inequality and Young’s inequality imply that

1/2

B2 ([ @)+ S rt w5
1S 5 . u (s S ) S, U S L2(0,T;v*)) -

Applying the Burkholder-Davies-Gundy inequality, we get

]E( sup |I§|> <C’E(/OT |un(s)|2|g(8,un_l(s))\igds)

0<s<T

< B[ s [ &)F) [ ooy

0<s<T

< C’E( sup |u”(s)|4) +C(lg(87Un_l(s))‘i2(07T;Lg))2.

0<s<T

Thus we have

T 2
B( [l @)Pas) < CB(uol + sup fu(s)[*+ (£ (D) ey
0 0<s<T
+ (g, u" () 2 0.1,0))°)-

Since u™~1(s) is well-defined, by Lemma 4.2, the above formula means

T 2
E( / luw()|12ds)” < CFRaauzzomy: 1932002 07:09)) Eluol

Then the proof of the lemma is complete. O
Set T, = min{ty, to, t3,t4}. By Assumption 1 and Lemma 4.2, it follows that

flt,u™H(8) € LY x [0, T); V),
g(t,u™ (1)) € L*(Q x [0, T.); LY(K; H)).

Then we consider the sequence {u"(s)},t € [0, T.].

Lemma 4.6. If Assumption 1 and 2 are satisfied and E|ug|?P, E|0,up|?* < oo(p =
1,2), then the sequence {u™(t)},t € [0,T¢], which is defined by (4.1), is a Cauchy
sequence in L*(Q; L>(0,T.; H)) N L*(Q x [0,T.]; V'), moreover, it is also a Cauchy
sequence in L*(Q; L°°(0,T.; H)) N L*(Q x [0, T.]; L*(M)).

Proof. We only give the proof in L*(Q; L>(0,7T.; H)) N L*(Q x [0, T.]; L*(M)).
According to Lemma 2.2, we use the Young inequality to get a A > 0 such that for
any u,v € V,

(E(u) = E(v),u —v) < —vlu = vl + A1+ [0:0* + [0 *)|u—v[*.  (4.3)
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Set .
¢(t) = ean( - 4/\/ (14 (0.0 4 " [2)ds).0 < < T,
0

4

By applying the energy equality to the function ¢™(¢)[uT™(t) — u™(t)|*, we obtain

CM(B) [ () — u(1)]*
= _4/\/ ¢ (8) (1 + [0z (s)|* + [[u*) [ (s) — u™(s)[ ds
0
t
+ 4/0 ¢ () [u () — u (8) P (T (s) — 0" (s), BE(u"T (s)) — E(u"(s)))ds
+ 4/ CM ()T (E) = u () (u T (s) = 1" (s), f(s, 0T = f(s,un ) ds
0
+6/ C(s)um ™ () — un(t))?g(s, um ™Y fg(s,unfl)&gds
+4/ Cn n+m _un(t)|2
n+m ) (S)a (g(sv uneril) - g(s, unil))dW(s»
By (4.3) it follows that
/ CM ()T () = u () (u T (s) = " (s), B(u"T(s)) — E(u"(s)))ds
< v / CH ) (5) — ()P ™ (5) — u(s)] s
* “/ )L+ B ()] + [ [P+ (s) — u(s) .
0
Define the stopping time as follows:
N = inf T, : t au"(s)[* " H)ds > N ¢.
=it {t < Tos [ (410001 + un(9))as > N}
Then we have exp(—4AN) < ¢"(t A 7%) < 1. It follows that

E( swp  CU(9)lmtm(s) —un(s)])

0<s<tATY

—|—41/IE(/ ™ C(s)|[u" T () — u(8) ] ||uT™(s) —un(8)||2ds>
su u™tm( s)|?
§4E 0<9<7P/\TN / ¢ ule)l
X (W (s) — u(s), f(s,umt N (s)) - f(s,u”‘1<8>>d8\)
+6E sup

/ Cn n+m 7un(s)|2
O<8<7‘/\TN

% Jg(s, 71 (s) = gls,u" ! <s>\LgdsD
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+4IE( sup L) (s) — ()
0<s<TATY 0
X (W (s) = " (5), (9, () = gls,un T ()W (s))))
= N7+ Ny + N3.

And then this yields

N dB [ ) P )~ o)l
X 1f (5,0 (s)) = £(s, 47 (5)
< (B s ST s) - (o))

0<s<tATR

V*dS

i VE/O h ¢ (s)|u" T (s) — u” ()Pl (s) — u ()P ds

4
V*dS7

+C 416 / ), s) - FsunN(s))

1
Ny < JE( s () (s) — ' (s)])
0<s<tATY

tATE
+36E [ ¢ lals, ) - gls () Egds,
0
and there exists a k > 0 such that

Ny< (B( s (ot (o))

0<s<tATy

+ kE/O N C”(3)|g(5,un+mfl(5)) _ g(syunq(smigd&

Thus by Assumption 2 we have a 8 > 0 such that for any fixed n,m > 1

E( swp ¢(s)lumtm(s) - u(s)]*)

0<s<tATg

tATR
Ity / Cn(s) [ (s) — un (5) [ lun () — u (5)]ds
tATg
< ﬁ/ Go(s, Elu™ ™1 (s) —u""1(s)[*)ds.
0

Then we have

]E( sup [u" T (s ATR) —u"(s A 7']\1,)\4>
0<s<t

t
+ 12y/ |u" T (s ATR) — u(s A TR [1ds
0

¢
§ﬂ64>‘N/ GQ(S/\TK,,]E( sup |u"+m*1(7'/\7}\})funfl(T/\T]\’,)ﬁ))ds. (4.4)
0

0<7r<s
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For any fixed N > 0,0 <t < T, let

In(t) = limsupEK sup  |u"t™(s) — u”(s)|4)

n,m—oco 0<s<tATy

n 121/]14:( /OM ™ (s) — u”(s)ﬁds)},

J(t) = lim sup]EK sup |u"t"(s) — u”(s)\4) + 121/IE(/0t [u™ ™ (s) — u”(s)ﬁds)].

n,m—00 0<s<t

Since Ga(t,u) is continuous, monotone nondecreasing in u, and we already have

]E( sup \u"*‘m(s/\rﬁ)—u”(s/\ﬁ\})?)
0<s<t

t
+2VE(/ lu" ™ (s A TR) —u"(s/\T}\l,)Hst)
0

t

< e / G1 (s ATN, IE( sup |[u" T (s ATR) —u" T (s A T{{,)F))ds, (4.5)
0 0<7<s

by Fatou lemma, it follows that

mes&M&/Gxam@ma
0

which implies jn(¢) = 0. By Chebyshev inequality and Lemma 4.1, 4.4, we have

t
P(ry <1) = p(/ (14 0 [*+ " [)ds > N)
0

t n n
_ E [y (1 + |0.u™* + [Ju"]|*)ds
—_ N .

It follows that as N — oo, P(th < t) — 0 and so jn(t) — 7(t). Consequently
< €
4

we obtain that j(t) = 0 for 0 < ¢t < T, and so {u"(t)} is a Cauchy sequence in
LA(Q; L2(0, T3 H)) 0 LY x [0, T.J; LH(M). O

By Lemma 4.6, we say {u"(¢t)} is a Cauchy sequence, then we can find its limit
u(t) as n — oo. Finally, we proof the main Theorem 4.1 as follows.

Proof of Theorem 4.1. By lemma 4.6, we have an u(t) such that as n — oo
u"(t) — u(t) strongly in L?(Q; L*(0,T.;V)) N L*(S; L>°([0, T.]; H)).
By (2.9), as n — o0
f(t,u™(t)) — f(t,u(t)) strongly in L*(Q x [0,T.]; V*),
g(t,u™(t)) = g(t,u(t)) strongly in L?(Q x [0,T.]; LY(K; H)).
Furthermore there exists a x € L?(2 x [0,7T.]; V*) such that as n — oo
—vAu™(t) — B(u"(t)) — x(t) weakly in L*(Q x [0, T]; V*).

Therefore letting n — oo, we have that in V*

t

u(t) zuo—i—/o X(s)ds—i—/o f(s,u(s))ds+/0 g(s,u(s))dW(s).
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Define
)= [+ 1001+ ol
where w € L?(2 x [0,T.]; V), and 9,w € L*(Q x [0,T.]; H). Then, we have that
Ee‘Q"p(t)\u(tﬂQ = E|uo|? — 2kE /Ot 6_2””(‘9)(1 +10.w|* + ||w|?) Ju(s)2ds
+2E /O t e 2573 (x(s),u(s))ds

+2E/0 6_2"'”(3)(]”(8,u(s)),u(s))ds

t
+]E/ 72 |g(s,u(s))) 7o ds.
0

By the application of Itd formula to (4.1), we also have
Ee~ 2570 |y (1) = E|uo|? — 2kE /Ot e~ 2P (1 4 |9,w[* + |[w]?)|u"(s)[*ds
+ 2E /0 t e 265 (—y Aum(s) — B(u"(s)), u"(s))ds
4R /0 20 (s, (5)), uP () ds
+E /0 t 2P |g(s,u" () 7o ds-
It is not difficult to get
Ee~ 25 |y (1) |2 — E|uo|? — 2E /Ot e 2P (f(s,um 1 (s)), u"(s))ds
—EA:””@M&W”SWQ@
= —2xE /Ot e 2P0 (1 4 |8 + ||w||?)|u”(s)[ds
+2E /0 t e 2P (_y Aum (s) — B(u™(s)), u™(s))ds.
According to Fatou lemma, we have

t
lim inf ( — 2/$E/ e 2P (1 4 |9,w]* 4 [|w]|?) [u™(s)2ds
0

n—oo

+9F /O ey Au™(s) — Bl (), u™(s))ds)

n—oo

t
= lim inf (Ee—%p(%m)ﬁ — E|ug|? — 2E / e 26P) (f(s,u™ " (s)), u™(s))ds
0

t
_ —2kp(s) n—1 2
B[ e Oyt 6l gs)
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t
> Ee=2500) [y (4)]2 — Eluo|? — 2 / e=2500) (£ (s, u(s)), u(s))ds
0
t
B [ e g(s,u(e)) g
t t
= —2/1E/ e~ 2P (1 4 |9,w[* 4 [|w]|?) u(s)|?ds + 2E/ e 215P0) (x(s), u(s))ds.
0 0
By (4.3)
t
— 2/-@IE/ e 2P (1 4 |8.w[* + ||lw]|?)|un (s) — w(s)|?ds
0
t
+2E / e 2PN B (up(s) — E(w(s)), un(s) — w(s))ds <0,
0
then we have
t
= 2B [ (L Dl + [l (o) s
0
t
+9E / =250 (B (un (5)), un (5))ds
0
t
< -20E [ 2O (1t [0l 4 [l 2u(s) - o(s) ()
0
t t
+ 2IE/ e 2P (B(un(s)),w(s))ds + 2]E/ e 25 (B(w(s)), un(s) — w(s))ds.
0 0
Letting n — oo and combining above formulas, we get
t t
~%E / e=250() (1 4 [D.00]* + |]2)u(5) s + 2B / e=250(9) {(s), u(s)}ds
0 0
t
< *QH]E/ e 2P (1 4 |0,w]* + [|lw]|?) (2u(s) — w(s),w(s))ds
0
t t
+ 2E/ e 26P0) (y(5),w(s))ds + QE/ e 2P (B(w(s)), u(s) — w(s))ds.
0 0
Reorganizing the terms, we have
¢
B Q“E/ e (L4 (D00l + |l u(s) — w(s)P
0
t
+9E / e 2500 (3 (s) — B(w(s)), u(s) — w(s))ds < 0.
0
If we note w(s) = u(s) — pp(s), p > 0, we have

t
- /@,uIE/O e 252 (1 4+ 10.w[* + [|wl]|*) | (s)|?

+E / e=250) (x (5) — E(u(s) — pip(s)), (s))ds < 0.
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Letting n — oo, since ¢(s) is arbitrary, we obtain

/Otx(s)ds = /Ot —vAu(s) — B(u(s))ds.

Therefore it holds that

t

u(t) = uo Jr/o —Au(s) — B(u(s))der/O f(s,u(s))der/O g(s,u(s))dW (s).

Thus the existence has been proved.
Finally we still need to prove the uniqueness of solution. Assume that v(¢)

is another solution with the same initial value vg = wug. Then we have E fot 1+

|0,v]* +[Jv])ds < oc. Set Ty = inf {t <T.: fot(l—i-|8zv(s)|4+|\v(s)H2)ds > N} and

n(t) = exp ( -2\ fot(l + |0.v(s)|* + ||v(s)||)ds>7 where A is the same one as (4.3).
Applying the Itd formula to the function n(t)|u(t) — v(t)|?, we have

n(t)u(t) — v(t)?
— —2) / 0"(s) (L4 19.0(s)|* + [o()[2)uls) - v(s)[2ds
0

+ / 1(s)lg(s, u(s)) — g(s, v(s)) 2yds

According to (4.3), it follows that

E( sup n()fuls) - v<s>|2) 2 [ asues) - vls)i7as)

0<s<tATN

<2( s | [ n(e)ut) - o). s u(s) — flo.0(s)s]

O<s<TATN

+oE( swp | / u T (s) = u(5), (g(s, u(5)) — g5, ()W (s))|)

O<s<TATN

sup |/ lgs, u(s)) — gs, o(s) yds|).
O<5<TATN

Therefore we deduce that there exists a v > 0 such that

E( sup |u(s/\TN)—v(s/\TN)|2) +2VE(/Ot|u(s/\TN)—v(s/\TN)||2ds)

0<s<t

¢
§fy€2’\N/ Gl(s/\TN,IE< sup |U(S/\TN)*’U(S/\TN)‘2))dS.
0

0<7<s
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By Assumption 2, we know

¢

E( sup |u(s A7n) —v(s A TN)|2) + 2UE(/ lu(s ATn) —v(s A TN)||2dS) =0.
0<s<t 0

Notice that t A 7x — t as N — oo. Hence we have that u(t) = v(t) in L2(£2; L>([0,

T.); H)) N L*(Q x [0,7T.]; V). So the proof of theorem is completed. O

5. Global existence of solutions

In this section, we consider the global existence of solutions to (2.6) under following
assumption.

Assumption 4. Let the function F;(¢, X) be the same as given in Assumption 1.
Then for any constant C' > 0 and any initial value Xy, the differential equations

d);gt) = CFi(t, X (t)) have unique solutions X (¢)(0 < t < T), respectively(T = oo

means [0, 7] = [0, c0]).

Theorem 5.1. Suppose that Assumptions 1, 2 and 4 are satisfied and E|ug|??,
E|0,uo|?? < co(p = 1,2). Then the solution u(t) to (2.6) exists and satisfies u(t) €
LY(Q; ([0, T} H)) N LAH(Q x [0, T]; V).

Proof. From Theorem 4.8, there exists unique solution u(t) in local time to (2.6)
with the initial value ug under Assumptions 1 and 2. Using the same method as
Lemma 4.1, we know there exists a real number w > 0 such that for any ¢ € [0, T,

E( sup fu(s)) +21//OtIE||u(s)2ds

0<s<t

< 2E|ug|? —&—w/()t '3 (S,E( sup |u(7’)\2))d3

0<7<s

Let Xo > 2E|ug|>. Then

X(t) - E( sup Ju(s)?)

0<s<t

>w/0 Fy (S,X(s))dsfw/o Fl(S,E(Oi:]:Ig)JU(T)F))dS.

Owing to the continuity and monotonicity of Fy (¢, X), we have

X(t) > E(Oséggtm(s)F}

¢ ¢
21// E||u(s)||*ds < 2E|ug|? +w/ Fi(s,X(s))ds,
0 0
for 0 <t < T. Since X(t) is continuous on [0, T'], the proof of theorem is completed

as in [33]. O
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