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THE NUMBER OF LIMIT CYCLES FROM A
QUARTIC CENTER BY THE HIGHER-ORDER
MELNIKOV FUNCTIONS*

Xia Liub?f

Abstract In this paper, by computing the higher-order Melnikov functions
we study the number of limit cycles of the system & = —y(14+z)3+eP(x,y), § =
z(142)% —eQ(z, y) where P(z,y) and Q(z,y) are arbitrary cubic polynomials.
Our main results show that the first four Melnikov functions associated with
the perturbed system yield at most five limit cycles.
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1. Introduction

By using the recursive method developed by Francoise [6] and Iliev [9], the higher-
order Melnikov functions have been computed of some perturbed systems to study
the number of bifurcated limit cycles, see [1-3,7,10, 16-18]. Buica et al. [3] and
Yu [18] studied the quadratic perturbations of the following system

t=y(l+z)™—€ > ayz'y,
i+5=0
n . .
y=—a(l+z)"+e Y bjz'y,
i+j=0
where € > 0 is a small parameter, when m = 1 or 2 and n = 2 they proved that
the upper bound for the number of limit cycles is 3, respectively. For m = 1 and
ago = bop = 0, by using the averaging method, the authors in [11,12] obtained up
to first order in € at most n limit cycles.
Based on their works, in this paper, we will consider the system

& =—y(1+ )3+ eP(z,y),
{y' — a1+ 2) — Q) 4

3 . . 3 . .
where P(z,y) = > ai;x"y’, Q(z,y) = >, biz'y?. For € = 0, there exists a
if5=0 i+5=0
family of periodic orbits I'y, : H(x,y) = %(x2+y2) = h (0 < 2%2+9? < 1) surrounding
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the origin. By fixing a transversal segment to the flow in (1.1) and using the energy
level h to parameterize it, the corresponding displacement function is

1
d(h,€) = eM, (h) + €2Ms(h) + € Ms(h) + --- ,h € (0, 2) , (1.2)
where My (h) is called the k-th order Melnikov function of the system (1.1).
The first-order Melnikov function of the system (1.1) takes the form

x, Pz,
My (h) = jf (?ix%ldx+(1i$)3dy7

if My (h) # 0, every simple zero hg € (O7 %) of My (h) correspondings to a limit cycle
of the perturbed system (1.1) near T'p,,.

If Mi(h) = 0, then My(h) will become very important to investigate the limit
cycles of the perturbed system. Similarly, we may use Ms(h), My(h), -- to study
the limit cycles.

The organization of this paper is as follows: In Section 2, some preliminaries
are listed. In Section 3, the higher-order Melnikov functions of system (1.1) are
computed. In Section 4, a discussion is given.

2. Preliminaries

Let w = 8:23; dr+ g(j’g; dy, then the Pfaffian form of the system (1.1) is dH = ew.
The following Lemmas and Remarks shall be used to prove the main Theorems.

The algorithm of calculating My, (h) is shown by Francoise [6] and Iliev [9].

Lemma 2.1 ( [9,18]). Assume T'y, is the period annulus defined by H(xz,y) = h,

the polynomial function H(z,y) and the 1-form w satisfy ¢ w = 0 if and only if
H=h

there are two analytic function q(z,y) and S(x,y) in a neighborhood of Ty, such that

w = qdH + dS.

Lemma 2.2 ( [6,18]). Let w = godH + dQo + Ny, then My(h) = § w= No;
H=h H=h

(1) If My(h) = 0, then Ny = GodH +dQq. Let qo = Go+ Go, Qo = Qo —|—C~20,7we have
w = qodH + dQo and qow can be decomposed into qow = q1dH + dQ1 + Ny,
then Ma(h) = ¢ qw= ¢ Ni;

H=h H=h

(2) If Ma(h) =0, then Ny = G1dH +dQ:. Let g1 = 1+ q1, Q1 = Q1 —|—C~21,7we have
gow = 1dH + dQ1 and qiw can be decomposed into quw = GodH + dQs + No,
then M3(h) = ¢ qw= § Na;

H=h

H=h =
By this way, if Mq1(h) = Ma(h) = --- = M;_1(h) =0, then gjw = qj+1dH +
dQjs1,j < i—2 and we assume q_1 = 1. We have M;(h) = § gi—ow =
H=h

$ Ni_1, where ¢i_sw = Gi—1dH +dQ;_1 + N;_1.
H=h
Remark 2.1. The authors in [18] have noted that ¢;w = g;11dH + dQ 41, dQ; is
not used in the subsequent calculative process when ¢ > 0. Thus, the specific form
of d@; for i > 1 will not be shown in the following sections.
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In the next lemma, an algorithm to decompose g;w is given to simplify the
expression of My (h).
Define

k 'y’ E _ z'y’

w Z, ij (1—|—Jj)k

9 (14 )k dy, f‘som 0<i+j<k k>1,

where Ji(h) are called the generators of M;(h). fj, (5" are decomposed into the

combination of 6y, hf;(z, H)dH and dQ};(x, H), and dQ are the perfect differen-
tial functions in x and H. Therefore, w can be rewritten as

3

= Z aué —&—b”w ) - (2.1)

Lemma 2.3. The 1-forms w;; and §;; are as follows:

(i) For k =3, we have that

3+4x
wQO—d<1n1—|—x 20+ 2)? )

1 3+4x
H—d (@1 oA
RAGETSE ) TETSE d<n( +x)+2(1+x)2)’

s
Wi, d(w 5+6x —3In(l + ))
a2

(sater

=d

(1
+2x 1+ 22 dH — w3
( 30

1+2)?

3
wis =d > (2H580 860 + 2600 — dy), 83y = 03y — G,

) 1 1+ 2z )
5o M’dHer(M)’ 830 = 660 — 2630 + 050,
3+ 4x
H — —— +In(1
52 (1+ e —d d( (1+x)2+ n( —|—x)>,

8o =2Hd00 — 50 + 2000 — 050, 030 = dy — dgp — 3050 + 3500,

2
83, —(7dH d( 5+6I—31n(1+m)>,

1+ x)3 2(1+x)?
2
87y =2H (050 — 859) — dy + 00 + 3050 — 3050, 03 = de — wis,
xry
Wiy ﬁdH Soar  Why = de—Cﬁr

(ii) For k > 3, if j is even, then

il2
ng :hgj(xaH>dH + d(ng(af,H))y 5§j = Z(QH)TL@IOCO_]HT, T a5§0)'
r=0
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Concretely, we have
Wy = H 4 Qb H),
(k—1)(1+2)
SH z?
k k
= 4 dx| dH + d H
Woq |:(k—1)(1+ )k—l + / (1_|_ )k il':| + Q04(‘T7 )7
24H?
k
= +24H
“oe [(k {1 +2) / T
—6/x4dx dH + dQk(z, H)
(14 )k 06122/
64H? x?
k 2
96H —d 2.2
i ((k 023 o+ 908 [ s 22
o6, =(2H — 1) 550 (8H 4) 650t + (6 — 4H) 655 % — 4657°
+600 1, Goa = 2Hdg0 — 85 — 655 - + 2560
066 =SH?dty — 12H? (35 — 2065 ' + 0pg ) + 6H (85 — 4055 "
+6550 % — 406 " + dg ) — 0 + 636 " — 15055
+ 206853 — 1560574 + 60655 — 686,
if j is odd, then
ko_ —y’ J k-1 _ ck J k-1
“oj _d<(k:—1)(1+x)’“—1)+k: 50] 1= dSOj(xvy)Jrk 57] 1
k y !

60] :de WOJ 1 +WO’] 15 (2.3)
where h’gj (x,H) and Q’gj (x, H) are functions of x and H, S(’fj (z,y) are functions of
x and y, L(08g, - -+ ,08y) is a linear combination of 8y (1 =1,2,--- k) in Z.
Proof.

(i) Here, we use partial integration and the Laurent expansion method to decom-
pose w - and (53 and some obvious decompositions are omitted.

3 y 2 y Y y 3
= dz* = dH — dy = dH — 6
YT 123 T At a)p Q+23Y " 0+a3 02
2 2 2
8y = s dy® = S dH — ) d
B0 +22 Y T A+a) TS ER
3 Ly 2 Ly 2 Ly 3
- = d(2H — ) = dH — 83,
“ T4 a) o+ CH V) = [ 12
(ii) For j even, we let j = 2m. Then
k y’ (2H —2*)™ o » (=) n)
= dr = dr = 2H) —————dx.
Woj (1+2)F x (1+2)F x ;Cm( ) (1+a)F z
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x

Let Qf;, = of (1+ " ds, then

W=y Ch(2H)"dQS;, =Y~ [d(Cy, (2H)"Qf;,) —Crr(2H)™12Q8;,.dH]
r=0 r=0

which can be rewritten as w§; = h;(x, H)dH + dQg;(z, H).
On the other hand, we have

2m m m—r,.2m—2r
Py @H—x e (C) T
L= = (2H)"
% (1 +x)kdy (1+ )k ZC (1 + )k dy
m (_l)mfr(l 4 — 1)2m72r
=S oy ey - dy
r=0 (1 + iC)
2m—2r (1 +1’) ( 1)2m72r7n
=) C.eH) (=)™ Com—2r dy
2 2 Gy
m 2m—2r J/2
T k—j+2r
:Z Z ark n (])€O :Z(2H) IL‘(500]1L o aégo)a
r=0 n=0 r=0

where a, p_, = Ch,CR 5 (—=1)3m=37="_ The formula (2.2) is obtained.

For j odd, we have

y j -1
b =gt = v ()
_ —y gy’ !
- ((/f -1+ x)k‘l) THEeDa o1

- -y’ J k—1
~t () e
i—1

T L VRS N S L YIR)
07 (1 4 2)k 2(1 + 2)k 2(1 + 2)k
yj—l .CL'y]_l - y]—l yj—l p N y]—l e
(1+x)* (1+x)* (1+x)k (1+4x)k-1 (142)
y ! k-1 k
O+ x)de wo,j—1 T @o,5-1

We get (2.3). This ends the proof.
Lemma 2.4. The generators Ji(h) can be obtained through Maple software

vZh T 1
Jy(h) =2 de=2r (1 - —— ),
1(h) /m(1+x)\/2h—:c2 ! 77< \/1—2h>

4hm 6hm
Jo(h) = — —— % Jy(h) = ———
(%) (1—2n)*? (%) (1—2h)*?
4hm (h + 2) __ 5hm (3h+2)

(1—2m)72 7 (1—2n)°2"



1410 X. Liu

_ 6hm (h® +6h+2) _ Thm (5h* +10h + 2)

Je(h) = , J7(h) =
6 (1—2h)11/2 7(h) (1 —2h)13/2

2N (5h®+60h2+60h+8) Ohr (35h3 + 1402 + 84h + 8)

Js(h) =~ 15/2 s Jo(h) = — 17/2 )
(1—2h) 4(1—2h)

5 (7Th* + 140h® + 280h* 4 112h + 8) mh

Jio(h) =~ 19/2 ’
2(1— 2h)

11 (63h* + 420h® + 504h? + 144h + 8) 7h

Jii(h) = — .

4(1—2n)*1/?

The Chebyshev criterion will be used in the following, see [4,5,13-15] for exam-

ple.

Let fo, fi,...,fn—1 be analytic functions on an open interval L of R. An or-
dered set (fo, f1,.., fn—1) is an extended complete Chebyshev system(in short,
ECT-system) on Lif, for all i = 1,2,...,n — 1, any nontrivial linear

Aofo(x) + ALfi(x) + ... + Aifi(z) (2.4)

has at most 7 — 1 isolated zeros on L counted with multiplicities.

Lemma 2.5 ( [13]). (fo, f1, .-y fu—1) is an ECT-system on L if, and only if, for
each i =1,2,...,n, W[fo(x), fi(x), -, fi—1(z)] #0 for all z € L.

Remark 2.2. If (fo, f1, ..., fn—1) isan ECT-system on L, then for eachi = 1,2, ...,n—
1, there exists a linear combination (2.4) with exactly ¢ — 1 simple zeros on L (see
for instance Remark 3.7 in [8].

3. The calculation of M (h)

Note that 5(’)2., 7 = 2,4,6 can be rewritten in the following forms that can be used
to compute ¢; in Lemma 2.2.

sty d<y3(xk—x+1)(1+x)> 3y (zk—x+1)(1+z)dH
04 — -

(1+ ) (1+2)" (k2 = 3k +2) (1+2)" (k2 = 3k +2)
3y (vhk —x+1) (1 + ) dz sk ydd  wxyds
Q+2)*®2-3k+2) =~ % Q+2)* 1+
o = y5de+d<y5(xk—x+1)(1+mk)> _5y3(xk:—a?+1)(1—|—m)de
(1+x) (k2 — 3k +2) (1 + 2) (k2 =3k +2) (1 + )
e <y3 (k22 — 4ka® + 3ak + 32° — 62 + 3) (1+x)2>
(k2 = 3k +2) (14 2)F (k2 — Tk 4 12)
15y (k%2 — 4ka? + 3ak + 32% — 62 + 3) (1 +x)* dH
(k2 = 3k +2) (14 2)* (k2 — Tk 4+ 12)
15yx (k?x? — 4ka? + 3zk 4 32? — 6z + 3) (1 + 2)? dx
- (k2 — 3k +2) (1 + )" (k2 — Tk + 12) '

(3.1)
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3.1. The Melnikov function M;(h)

Lemma 3.1. The I-form w of (2.1) can be expressed as w = GodH + dQy + Ny,
where

ap3y> b bor1x
Go = dolw,y) =~ o L+ 2 y

C(1+a) (1+2)° (1+a)°

apr — a11 +az  a11 — 2a21 + agz +bo2 — b1z | az1 — 2ag3 + 2byo

(1+a)° (1+x)° I+z 7
_ ~ 2a03 — 2b —bo2 — b
0Q0 = dQo(w,y, H) = s = 2n2) v+ o = bop = buo
(1+x)
_ (ag1 = b3o) 2° + (a11 — bao) #* + (a1 — b1o) = — boo e
(1+2)°
3bosy? b 3
+ —% +asp — a2 — %-ﬁ-bm — 5bos | dy
2(1+x) 2(1+x) 2
bosy® -b —b b
n 03Y - (aos 12)333 02y2+ 01y - | de,
(1+x) (1+x) (1+2x)

No = (As850 + Aablo) H + A3d3y + Aadgy + A1650,
with

Ay =asg — age — 3azg + 3aiz + b1 — 3ba1 + 3bos,
1 3
Ag =a19 — 2a20 + 2a02 + 3az0 — 3a12 + 5501 — 2b11 + 3b21 — 5503’

Az = —aio + a0 — ap2 — azo + a12 + b1 — ba1 + ago,
A4 :20,12 — 2b21 + 3[)037 A5 = 2&02 — 20,12 — 2b11 + 2b21.

Theorem 3.1. M;i(h) has at most three zeros, i.e., system (1.1) has at most three

limit cycles by the first-order Melnikov function and the upper bound for the number
of limit cycles is reached.

Proof. Let z =+/1—2h, z € (0,1), together with Lemmas 2.2 and 2.4

(z =1

Mi(h)= ¢ No=-"

H=h
ko = 6A3 + 3A5 = 6(aoo — aio + azo — azo),
k1 =4A5 +2A4 — 3as = 4a19 — 8asg + 2ag2 + 12a39 — 2a12 + 2bgy — 2b11 + 2baq,
ko =4A; — 2A4 = 4dagy — 4age — 12a30 + 8aqa + 4b11 — 8bay + 6bys,
ks = —2A4 = 2a12 — 2bo1 + 3bo3,

(ko(z+ 1) + k12*(z + 1) + koz* + k32°)

9(ko,k1,k2,k3)

and there exists 5 = —288 # 0. Since {z + 1,2%(z + 1),2%, 25} is an

(a00,a10,a12,a30)
ECT system for z € (0,1) by Lemma 2.5 and M; (h) has precisely three zeros when
taking appropriate coefficients by Remark 2.2. O
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3.2. The Melnikov function M;(h)
If A1 = A4 = 4A2 — 3A5 = 6A3 + 3A5 = 0, then Ml(h) = 0, i.e.,

1 1 1 3
ago =020 + ~ao2 — =bo1 — =b11 + —bo3, aiz = ba1 — =bos,
3 6 2 6 4 2 (3.2)
1 3 1 1 ’
aig =az + §(a02 —bor — b11) + 15037 azg = g(azo —ap2 + bi1) — 550&

Let (3.2) hold. One can compute that

_ A(222 4+ 2% + 3z + 1) dy
Ny =A (45300H + 35200 - 25300) = ( )

(14 )
(2 +1 292 ~( 2z+1 y 2
<(1+x)2dy+ (1+:17)3dy) ((1+:17)2dy+ Txap
- 2z +1 Y 9
—A d d(2H —
<(1—|—x)2 v+ ar i “)
:A d (21’+1)y + 2y dH 7 A: 2&02+3b03 *21)117
1 +2)?2 e 1

together with Lemma 2.2, we obtain

- (2a02 + 3bo3 — 2b11) y
do = 3
2(1+x)

~ 2a02 + 3b03 — 2b11 (21’ + 1)y
dQo = d

Then

9 = Go + o = fo(z) + go(z,y),
_ao1 —ai1 +az | an —2a21 +agz +bo2 — b1z | a1 — 2a03 + 2b12

fo(z) = 3 2

(1+4z) (1+42) I+

2

ao3y bi1 bo1@ _

go(z,y) = + + Y+ o,
(1+2)° <(1 +2)° (1 +x)3)

dQo = dQo + dQo = Q1 (x) + Qa(x,y) + h(z)dH,
((a21 — b3o) @ + (a11 — bao) 2% + (a1 — bro) T — boo) dx

)

Q Tr) = — )
1) (1+2)*
3b03y2 1 1 bOl
Qo) = [ ==Y 4 (a9 — ags + b1y) — =bos — —24 | d
2(z,y) ( (11 1) 3( 20 — o2 + b11) 5003 211127 Yy
bosy® —b —b 2 b -
03Y - ((aos —bi2) . 02) Y 4 Doy - | dz + dQy,
(1+x) (1+x) (1+x)
3—b 14+2x)—0b
h(x):(““ 12) ( +2x) 02 And  w = godH + dQy. (3.3)
(1+x)

Lemma 3.2. The 1-form qow can be decomposed into

qow = qldH + dQl + Nl, (34)
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where

_ 533 ﬂg?, 40‘34 0‘(5)4 2
a1 =qoh(z) + qf + + + +
1 =00h(@) 4y <(1+x)4 (I+e° 5(1+27 (+a2))"
ﬂgﬁ + 5(2)1 + 5611 + 581 + 2a82
3 2 1 5 5
(1+w) (1+x) (1+2x) (1+4+2x) 5(1+x)
ady 208y ad, 143z

_ 4 o
(1+33) (1+x)3 (1—|—x)2 3(1+$)3 (Bos + a4)

(1+4z) (4al, + 563 ° i :
) (4af, 0s) ., Ny = B3, H? + Z BeidoH + Z Bibjo,
(1 + .L“) i=3 =1

with
Bi = —f5, + agy + Bos + b5 — g3 + Boos

3 1
By = 265, — Boa — 4864 — 4afs — —aps + 203 + 50‘31 + B

4
3 4 5 5 6 36 35 4 1y 3
By = =By + 2852 + 6854 — Bpa + 6 g5 — 503 + 5%03 ~ Q03 + 3%01 + Boos
6 3 1
By = —f, — 4804 + 25, — 4afs + 5 ahs — 10‘(5)3 + 10481 + Bdos

3 1
50483 + 30481 + Bdo»

3
Bes = 2355 — 4604 — 4o + 2003, Boa = 260, + 860, + 8ags + 50337

5 5 6
Bs = Bos — Boa2 + g5 —

6
Bgs = 2582 - 4584 - 4a85 + 5a83a Br = 4(a85 + 584)-
Proof. Following (3.3), we have
qow = qO(quH + on) = quH + qodQq. (35)

First, we decompose godQy,

q0dQo =(fo(z) + go(z,y))(Q(x) + Qa(x,y) + h(zx)dH)
=fo(x)Q(x) + qoh(z)dH + go(w,y) () + qofa(x,y)

6 k—1 5 k—1 (36)
=fo(z)Q1(z) + qoh(x dH+ZZa0]w0]+ZZﬁOJ 0j>
k=2 j=1 k=1 j=0

where afj and ﬂfj are the coefficients of wfj and 51’?]- respectively. And the expressions
of afj and ij are omitted for simplicity.
From (2.2) and (2.3), we can calculate the decomposed expressions of ng and

6§j. By (3.5), (3.6) and the expressions of woj and 569], (3.4) is given. The proof is
completed. O

Theorem 3.2. Let Mi(h) =0, Ma(h) has at most four zeros, then system (1.1) has
at most four limit cycles by the second-order Melnikov function, and the mazimum
number can be attained.
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Proof. Let z =+/1—2h, z € (0,1). Together with Lemmas 2.2 and 2.4,

-1
Ma(h)= j{ Ny = %(1528+l426(z+1)+lgz4(z+l)+1222(z+1)+l1(z+1)),
H=h

where
ly =140B5 + 35B7 + 70Bg5, lo = 8084 — 60Bs; — 8587 + 40Bg4 — 100Bgs5,
l3 =48 B3 — 16 B4 + 65B7 + 24Bg3 — 48 Bg4 + 30Bgs,
ly =32By — 15B7 — 24Bg3 + 8Bgy, 15 = 32B;.

One can verify that {2+ 1,2%(z + 1), 24(2 + 1), 26(2 + 1), 28} is an ECT system for
S (0,1) by Lemma 2.5. Let b11 = b03 = ap = b01 = apg1 — b()o = b02 = ag1 — 0,

a(afo(,l;1l12,i§;,l,2711257)b21) = —4583752a11a2ob§1 (3 bio — bgo) = 0 if b3y # 3byg, then Mg(h)
has exactly four zeros for h € (0, 1) by Remark 2.2. O

3.3. The higher-order Melnikov function

Let Ma(h) =0, ie., l; =0 fori=1,2,---,5. By using the Maple software, there
are 30 cases when [ = 0; some cases are short, however, some cases are very long,
and we can not continue to compute the higher-order Melnikov functions. Since
for other short cases, we obtain fewer limit cycles by calculating the higher-order
Melnikov functions. Here, we only show three cases.

Case (1) a2 =ag = bo1 = bpz = b11 = ba1 =0;

Case (2) ap1 ==a21 — boz, ag2 = agp = bos = b1 = b2y =0,

2
_ boo bro 9 I
a1 —§a21 — bo2, 012 = ans - 5‘1217 (3.7)
2 2
Case(3) ap2 =5b11, aps = a1 — zoun—3 boz; az0 = 2b11,

bor =b11, bos = *Ebn, bio = —ai1 + a1 — bz, ba1 = 0.

3.3.1. Case (1):
Theorem 3.3. Let (3.2) and Case (1) of (3.7) hold, then My(h) =0 for k > 3,

i.e., the perturbation system (1.1) is integrable.

Proof. Let (3.2) and Case (1) of (3.7) hold, then M;(h) = Mz(h) = 0, substituting
Case (1) of (3.7) into (3.3) yields Ny = 0 and w = godH + dQq, where

o = aosy? ap1 — a1y +azr | a1 — 2az1 + ap3 + boz — b12
(1+x)° 1+x)® (1+2)?
—2ap3 + a1 + 2b12
1+x ’
Qo — ((2a03 — 2b12) x + (1032— boz —bi12) dH  ((aos — bi2) @ —gboz) y*do
(1+x) (1+x)

((a21 — bso) 2® + (a11 — bao) 2 + (a1 — bio) © — boo) dz
(1+x) '
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Substituting Case (1) of (3.7) into (3.4), one can obtain gow = 1dH + dQi + Ny,
where N7 = 0 which implies ¢; = dQ; = 0 and hence

@ =q = filz)+g1(z,y),
qiw = (q1q0 + q1h(x))dH + f1(z)Q(x) + g1(2, ) () + ¢1Q2(2, y),

where
gi(z,y) = agsy? (o1 — @11 +az1)aos  aop3 (—2az1 + 3apz — 3b12)
1 ’ - -

(1+2)° 2(1+x)° (1+z)!

aps (10&11 — 20@21 + 9(103 + 9b02 — 9b12) 2

+ 5 v,

5(1+x)
9 9

91(z, 1)1 (x) + (1 (2,y) = miswis + Z MWy + Z MGaWoa-

k=6 k=4

Note that since the expressions of fi(x) and mgj are too long, we omit them here.

By Lemma 2.3, we know that w; = hf;(x, H)dH + d(QF;(x, H)) when j is even.

Therefore, qiw = G2dH +dQ2+ N2 where Ny = 0, which implies M3(h) = § Ny =
H=h

0. Moreover, Ny = 0 yields G» = 0, and q1w = GdH + dQy := q2dH + dQs. By

taking the similar step, we obtain gow = GsdH + dQs3. In sum, N; = 0, ¢ > 2 and

My(h)= ¢ Nj_1=0,k>3. O
H=h

3.3.2. Case (2):
Lemma 3.3. Let (3.2) and Case (2) of (3.7) hold. We have

qw = q2dH 4 dQy + Na, (3.8)
where

o=+ bo1aozy
R TP E

35 65
s 6 >y4

B =q1q0 + @h(z) +
q2 =q1490 ~ q1 ( ) (4(1—1—1})8 7(1+x)7

4¢8 24¢8
£04 3¢ + 465, | 3666 — 3606 + 5604 5t — ¢ 2
2(1+2)°  7(1+a) (1+2)° (1+2)°
9 9 8 7 2¢3 16¢8 8¢
g + 04 + 265, E%‘%*’%"’% I ( 5T e 124)
7(1+ ) (1+2)° (1+2)°
(1+a)° (1+z)*

Ny = 675(8)0H2 + (061 680 + 662580 + 063580) H+ Z Ciéég_s,
i=1



1416 X. Liu

with
= — 1oz + o — %fgs + 2585 + 35(5)1 + o0»
2 =2y — Wiy — e — €8+ € — 268+ 60 + o
¢3 = — 10y + 6764 + 2192 + gfgs - %553 + %585 + éf& + 100>
ca = — 415, — Nge — %fgs - 5535 + %581 + 790,
5 =1os + gfgsa co1 = 210y — 414 + €03 — 2585’
co2 =814 + 210 + 2533 + 505, Co3 = —4nhy — gfgfn cr = dngy + 2585

Proof. Under (3.2) and Case (2) of (3.7), we have M;(h) = Ma(h) =0, No =0
and

b
S (4 12,28, 8y + 1t - 120
_borags (42% +12y° + 52 + 1) dy _ boyags W gy 2Ly
120 (1+2)° ~120 \(+ap™ T
bo1ao3 12y 12zy Azt
— dH — da + ———d
120 \ (1 +2) C+ap ™ Tt

b01a03 12y (4!)3 + 1)y
= dH +d | ——= .
120 ((1—!—3:) < (1+x)4
Together with Lemma 2.2, Ni can be rewritten as Ny = ¢1dH +dQ, by $§ Ny =0.
H=h

Therefore, §; = 11(’]0(11?;")’5, and 1 = @1 + ¢1 = fi(z) + g1(z,y). Then we have
Qw = q1qodH + q1dQo, where
71dQo =q1 (1 (x) + Q1 (2, y) + h(x)dH)

=qh(x)dH + f1(x)Q (= )+91(x y) (x )+q192(9: y)

=qh(z)dH + fi(z JFZ 501W01+Z Ebaba + Z €03l + Z £514901
7 7
+ E05w0s + £06Wos + E06w06 T Z 160960 + Z M62062 + 161961 + M04%04»
k=4 k=6

here, the expressions of fgj and ng are omitted for brevity. The decompositions of
wg; and &§; can be obtained from (2.2) and (2.3). O

Theorem 3.4. Let (3.2) and Case (2) of (3.7) hold. Ms(h) has at most four zeros,
moreover, system (1.1) has at most four limit cycles by the third order Melnikov
function and the upper bound is reached.

Proof. By Lemmas 2.2 and 2.4, we have

3agsboi Th
]{ Mo = -0 faos 021;)13/2 (kah® + ksh® + kah® + kih + ko),
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where

ko = — 60bgg, k1 = —T75az; — 300bgg + 60bys + 240b19 — 30by,

ko = — 28ag3 + 355a21 — 150bgg — 60bg2 + 480b19 — 690b2y + 240030,
ks =49ag3 — 340a21 — 120bg2 4 60019 — 480b2¢ + 1380b3y,

k4 =14a93 — 140as1 + 2400b3.

From the above formula, we can see that M3(h) has at most four zeros in h € (0, 3).

And one can choose enough coefficients such that Ms(h) has exactly four simple

Z€r0S. O
Then M3(h) = 0 is equivalent to

344by 4 by 16by
) a21 = gbOQ ? - 5 )

Case(2a) ags =8bpz + 28byy —
boo =0, b1o = bao — b3o.

By Case (2a) and (3.8), Na becomes

(28b02 + 98bgy — 172b30) y4
49 (14 z)°

Ny =bo1 (14bg2 + 49ba0 — 86b30) (

+ (56b02 - 784b20 + 1616b30) y2
8575 (1 +z)"
(126b02 + 441byg — 684b30)y2 + 154by + 469boy — 806b3¢
3675 (1 + z)°
b b b b b
43g2 + 6?7?) — 11147530 (_%bw — 72? 112231%50)) dy

(1+2)° (14z)*

and by (3.1), we have

Ny =bg1 (14b02 + 49b9y — 86b3p)

172bs, 4 1+ 72)y?
x [nldH + ( 30 Zhgy — 2b20) d (Hx)y> + myda + mgdy] 7

49 7 42(1+2)"
where
oy (2800 98ba — 1T2hs0) | (=g — Mg + 2n) y
49 (1 4 z)° (1+2)
8b 28b 2378b:
+ ( ng + 2520 - 122530)
(L+a)° ’
R 21’y (196[)021’ + 686b20$ - 1189b301’ + 42602 + 217b20 - 383b30)
1 — ’
1225 (1 +z)"
806b; 22b 67b 4b 66b 114b 2 7b 11896
My = 3675 55 — 525 55 T 17e — im- | —asboz — R + ot
(1+2)° (1+2)° (1+2)*
with ag;l = 05’;2. Therefore, Ny can be rewritten as Ny = GodH 4 dQo(x, ), where

Go = bo1 (14bga + 49bsg — 86b3g) 1.
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Then, we have ¢o = G2 + G2 := fo(x) + g2(z,y), G2 is shown by (3.8). Applying
Lemma 2.2 gives rise to

My = j{ qow = % q2(qodH + dQo) = 7{Q2on,

H=h H=h H=h
q2dQo =q2h(z)dH + f2(z)h (z )+q292(fc Y) +gz(x y)Q (x )

=qh(x)dH+ fo(z +Z A19001 +Z /\02w02+z >\k3wo3+z M40
11 11

+ Z )\k5W05+Z A6wos+Ao7wos + Z )\oswos‘f‘z 000 0+Z 1461661
k=10 k=9 k=11

+ Z 102002 + 103008 + 104604 + 104604 + 106006 -

Then, ng and 5§j can be deserved by (2.2) and (2.3), and their coefficients are
omitted for simplicity.

_b01 (14bga + 49bsy — 86b3g) Th

My(h) = 343000 (L — 207 (dsh® + dyh* + dsh® + doh® + dih + do),
where
_ (1344368bs0  128811bap)\ ,  19878B,  4255758baobao
¥ _( 6125 875 ) 28T 6125
2961962, 208964525,
© 125 42875
2066801b3y  53547bag 4082162,  60819b0bso
4 :( 6125 250 > T
312537b3,  13008264b2,
© 1750 42875
d392b§2+<3922b2079873b30) by 33857b20bs0 84704103, 16119b§0+§b2
7 35 490 49 1715 70 g o
do :%7
35
703652, < 14722by9  197376bsg > 798624bs0bsg
dy = + - boz + —————
875 875 6125 6125
| 4573446b3,  34464b3, L3
42875 875 2 0
 (5918b3y  396bag 4802,  13968bygbsy  10746b2,  648b2, 91;01
1_( 6125 875 ) 027875 6125 6125 875 10’

which implies the system (1.1) has at most five limit cycles.

3.3.3. Case (3):

The steps of computating the higher-order Melnikov functions are similar to Case
(2). Here, some main elements are listed.
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In this case, N1 can be rewritten as

N — 5b11 (2a11 — 3agy + 2bo2) y* d 3b11 (a11 — az1 — ap) y? d
1= 5 - 5

91+ ) (1+2)

 Tbi1 (—2a11 + 3az1 — 2bp2) y? ~ 8b11 (2a11 — 3as1 + 2bo2) y? dy
4(1+2)* 9(1+x)

b
— 1 ((24a11 — 36a21 + 24bga) ° + (12bg2 + 12a11 — 18as:) 2
36(1+ )

+ (-36@01 — 16bg2 + 20a11 — 12a91) © — 9ap1 — 4bo2 + Ha11 — 3a21) dy,
and by the formula (3.1), one can obtain

b
G=— _ouy =((10a11 — 15a21 + 10bg2) y? + (6a11 — 9ass + 6bgo) 22
9(1+x)
+ (712&11 + 180,21 - 12b02) xTr — 27&01 + 90,11 - 18b02)
Theorem 3.5. Let (3.2) and Case (3) of (3.7) hold. Ms(h) has at most five zeros,
moreover, system (1.1) has at most five limit cycles by the third-order Melnikov
function and the upper bound is reached.

Proof. In this case,
b11 hm

Ms(h) = ——=—
3(h) 18 (1 — 2h)'/2

(Ksh® + K4h* + K3h® + Koh? + Kih + Ko),  (3.9)

the expressions of K;, i = 0,1,---,5 are omitted for brevity. Let bys = b3g = 0,
and the Jacobian determinant

0 (Ko, K1, Ko, K3, Ky, Ks)
3(011» ao1, a21, b1o, b2o, boo)

=225270850387968 (2&11 — 30,21)2 |:9 (2(111 — 3@21)2 (a01 + a1 — 2(121) boo

+ (3@01 — all) ((9&11 + 18@21) agl + ( - 220,?1 + (—6b10 + 48b20) a1 + 18&%1
+ (9b10 - 72b20) agl)am + 130,:131 - (22&21 + 30b10 + 12b20) a%l
+ (9a3; + (93b10 + 12b20) as1) azy + 9 (bao — 8b1o) a§1)}

still can be nonzero. And one can choose enough coefficients such that Ms(h) has
exactly five simple zeros in h € (0, 1). O
Furthermore, M3(h) = 0 is equivalent to

2 1 2
Case (3a) ao1 = —5bo2 + sa11, az1 = 5 (bo2 + a11);

3 3 3
2 1 53a 11b
Case (3b) as] = g(boz —+ au), b()o = 0, blO = Z(L()l + T; 63027
25b02 430,11 7@11 7bO2
bon = - bay = —— _
0763 T a3 0T I8 TR

In Case (3a), we have ¢» = 0 and g2 = 0, the perturbation system (1.1) is integrable.

In Case (3b), we can compute

- b1y (Bao1 — a11 + 2bo2) y
252 (1 + z)°

((98a11 + 98bos) 2% + (172a1; + 100bgs) = + 315a01
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- 3].(111 + 212b02)

and
b1y (3a0; — 2bos) h2
My(h) = -1 ooz a“ljm o2) (Dsh® + Dsh* + D3h® + Doh® + Dih + Dy)
(1 —2h)
where
92 1lay; 1 281a11bo2 882,  689a?
Dy =01 _ il A _ £02011P02 | o2 02 11
" 16 ( 56 T 28"02) %01 T T5g7g 173969 T 63504
D  63ad, N 89boz  659a1s " 68b7, | 4227laf;  353b3,  99laiibos
7 16 84 168 o1 9 63504 7938 15876
b 31542, 3547hoy _ 357lan) 48762, 647711a2, N 3604702,
Y 336 672 o1 6 254016 63504
_ 28778%anbe 63a2, 4973bgs  3925a1; 3920152,
63504 T 64 336 672 o 63504
N 43763, 62590la1iby  1181773a},
3 63504 254016
D, _ (14911 | 2262 45886b3,  94b3,  15781a3, | 135599a11bo:
=\ 56 7 01 3969 9 31752 15876
D :1145a2{1 N 164005, 29201, | 2785a11bo2
> T E67 567 3 567

From the expression of My(h), we know that the system (1.1) has at most five
limit cycles.

4. Discussion

When M;(h) = Ma(h) = 0, there are many cases can be obtained, since some cases
are very long and challenging to compute Ms(h), and some cases can obtain less
number limit cycles than Case (2) or Case (3), we do not list them in Section 3.
From the expressions of ¢;_1dQq, N; can be shown, since ¢; = §; + ¢;, therefore,
the critical problem is how to compute ¢;, we solve it by giving the decomposition
formulas (3.1). Some main formulas shown in Lemma 2.3, (2.2) and (2.3) can be
used to consider higher-order degree perturbations problems.
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