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OPTIMAL H! ERROR ANALYSIS OF A
FRACTIONAL STEP FINITE ELEMENT
SCHEME FOR A HYBRID MHD SYSTEM*

Jingke Wu'!, Rong An' and Yuan Lib'

Abstract This paper presents a fractional step finite element scheme for a
hybrid MHD system coupled by the nonstationary Navier-Stokes equations
and the steady Maxwell equations, which can be viewed that the magnetic
phenomena reach their steady state ”infinitely” faster than the fluid hydro-
dynamics phenomena. The proposed fractional step scheme has the following
features: the first one is that the proposed scheme is a decoupled scheme,
which means the magnetic field and velocity field can be solved independently
at the same time discrete level. The second one is that the nonlinearity and
the divergence-free of the Navier-Stokes equations are splitted by introducing
an intermediate velocity field. We focus on a rigorous error analysis and obtain
the optimal H' convergence order O(At+h) for the magnetic and the velocity
under the time step condition At = O(h), where h is the mesh size. Finally,
numerical results are shown to illustrate the theoretical convergence analysis.
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1. Introduction

The incompressible magnetohydrodynamics (MHD) equations are used to describe
the flow of a viscous, incompressible and electrically conducting fluid, and consist
of a coupling system by the incompressible Navier-Stokes equations of continuum
fluid mechanics and the Maxwell equations of electromagnetism. Since it is difficult
to find the analytical solution to the MHD equations in general domains, then
that how to solve the numerical approximation solutions becomes more and more
important. There have an amount of works devoted to the design and the analysis of
numerical algorithms for the numerical simulations of the steady or nonstationary
MHD equations. For example, for the steady MHD system, there have Galerkin
finite element method [11], the stabilized mixed finite element method [6], the mixed
finite element formulation based on H(curl)-element for the approximations of the
magnetic field [17]. For the nonstationary MHD system, there have the first-order
semi-implicit scheme [5,12,22], the second-order Crank-Nicolson scheme [23], the
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projection methods [2,16], the viscosity-splitting and fractional-step scheme [3, 19—
21]. For a review of numerical methods for the MHD system, we refer the reader
to [9].

Unlike the steady or nonstationary MHD equations, in this paper, we will con-
sider the following hybrid MHD system which are coupled by the nonstationary
Navier-Stokes equations and the steady Maxwell equations:

(Z—?—RLPAu+(u~V)u+Vp+SI~)XcurIB:f in Q x (0,77, (1.1)
div u = ( nQx 071, (12
icurl (curl b) — curl (ux b) =0 in Q x (0,77, (1.3)
divb =0 in  x (0,7, (1.4)
u(z,0) = ug in Q, (1.5)
u=0, l~)-n:q, curl bxn =0 on 990 x [0,T], (1.6)

with some T > 0, where the dependent variables are the fluid velocity u, the
pressure p and the magnetic field b. The domain Q C R? is a bounded and convex
domain with smooth boundary 9. Three positive constants R, R,, and S are
the Reynolds number, the magnetic Reynolds number and the coupling number,
respectively. The f represents the body force applied to the fluid. The vector n
denotes the unit outward normal vector on 0f)2. The initial vector function ug
satisfies the compatibility condition div ug = 0.

The hybrid MHD system (1.1)—(1.6) introduced in [7,8] is a simplified nonsta-
tionary MHD system, which are from the fact that the magnetic phenomena are
known to reach their steady state ”infinitely” faster than the hydrodynamics phe-
nomena. From (1.3) we can see that the equation related to the magnetic field is
an elliptic type equation. Moreover, the ellipticity of the equation heavily depends
on the velocity field u. If the velocity field becomes too large in some sense, the
equation (1.3) may become ill-posed. Under some small assumptions of the initial
data in some senses, Gerbeau & Bris in [7,8] proved that the hybrid MHD system
(1.1)—(1.6) exists a unique local strong solution on a time interval [0,7*] for some
T* < T. Note that there has a nonhomogeneous boundary condition b-n= q in
(1.6). If ¢ = 0, then b = 0 according to the existence and uniqueness of the local
strong solution. In this case, the hybrid MHD system (1.1)—(1.6) will reduce to the
incompressible Navier-Stokes equations. For the numerical methods of the hybrid
MHD system (1.1)—(1.6), the first-order Euler semi-implicit scheme and the second-
order Crank-Nicolson schemes based on the linear extrapolation were studied in [14]
and [15], respectively.

In this paper, we will proposed a viscosity-splitting fraction step finite element
scheme for the numerical simulations of (1.1)-(1.6) by using the MINI element
and the piecewise linear element to approximate the velocity field, the pressure
and the magnetic field, respectively. This type of viscosity-splitting fraction step
algorithm was introduced by Blasco and Codina in [4] for solving the incompressible
Navier-Stokes equations with the constant density numerically. Recently, it has been
extended to the incompressible Navier-Stokes equations with variable density in [1].
Main feature of the fraction step algorithm is the decoupling of the nonlinearity
and the incompressible condition of the velocity field. The proposed fractional step



Optimal error analysis for a hybrid ... 1537

scheme for (1.1)—(1.6) is a three step scheme at a time discrete level in this paper.
Firstly, we solve the magnetic equation by a semi-implicit scheme, and then solve an
intermediate velocity by solving an linearized elliptic problem. Finally, we get the
end-of-step velocity and pressure by solving a generalized Stokes problem. Thus, the
proposed fractional step scheme is a fully decoupled scheme, which means that we
can solve the magnetic and the velocity independently at a time discrete level. The
rigorous error analysis are presented and we derive the optimal H' temporal-spatial
error estimate O(At+ h) for the finite element approximations of the magnetic field
and the velocity field.

The rest of this paper is organized as follows. In next section, we begin with
some notation, and recall the existence and uniqueness of the local strong solution
established in [7,8]. The fractional step finite element fully scheme is proposed
and main result is presented in Section 3. The optimal H' error estimates for the
magnetic and velocity are given in Section 4. In Section 5, numerical results are
given to confirm the theoretical convergence analysis. Throughout this manuscript,
we always use the symbol C' to denote the generic positive constant independent of
the time step At and the mesh size h.

2. Preliminaries

For the mathematical setting, we introduce some notations. For k € NT,1 < p <
+00, let W*P(Q) denote the standard Sobolev space. The norm in W*?(Q) is
denoted by || - ||y#» defined by a classical way. Let Wf P(Q) be the subspace of
WkP(Q) of functions with zero trace on 9. Especially, when k = 0, WP is the
Lebesgue space LP(Q2). When p = 2, W*2(Q) is the Hilbert space which is simply
denoted by H¥(Q). The boldface notations H*(€2), W*?(Q) and L?(2) are used
to denote the vector spaces H*(Q)3, W*P(Q)3 and LP(Q)3, respectively. The L? or
L? inner product is denoted by (-,-). Let X be a Banach space. For some T > 0,
L?(0,T; X) is the space of measurable functions from the interval [0, 7] into X such
that

T
/ lu(O)|%dt < +00, V1< p< +oo.
0
If p = 400, the functions in L>(0,T; X) are required to satisfy

ess sup |lu(t)|x < +oo.
t€[0,T]

Introduce the following function spaces:

H={ucL*Q), dvu=0inQ, u-n=0on N},
V=HQ), Vo={ueV, divu=0inQ},
W={ucH(Q), un=00n00}), Wo={ueW, divu=0inQ},

M =L3(Q) = {q € L*(Q), /qua: =0}.

For v € V and w € W the spaces V and W are equipped with norms

1/2
IVl = ( / Vv|2dx) ,
Q
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1/2
Iwllw = (/ (Jeurl w|? + |div w|2)dx) ,
Q

which are equivalent to the classical H! norm. Define the trilinear term

1
b(u, v, w) :/(u-V)v-wdﬂc—l—f/(div u)v - wdz
Q 2 Ja

1 1
:*/(u~V)V~WdI—*/(U.-V)W-Vd.T Vu,v,weV.
2 Ja 2 Ja

Tt is clear that b(u, v, w) satisfies
b(u,v,w) = —b(u,w,v) Vu,v,weV. (2.1)

Let us denote an orthogonal projection operator by Py from L2(Q) onto H.
Introduce the Stokes operator A which is defined by

Au=-PgAu VYVuecVynH*Q):=D(A).

As we know that || Au||z2 is equivalent to the norm |ju|gz (cf. [18]).
The following regularity results on the Stokes problem and the Maxwell problem
are needed (cf. [9] and [18]).

Lemma 2.1. Assume that the boundary of ) is smooth such that for given g, €
LP(Q), 1 < p < 400, the Stokes problem

—Av+Vr =g, divv=0 in Q,
v=0 on 0)

admits a unique solution (v,m) € W*P(Q) N V x W'P(Q) N M such that
[vllwz2r + lIllwrr < Cllglzr-

Lemma 2.2. Assume that the boundary of ) is smooth such that for given g, €
LP(2), 1 < p < +o0, the Mazwell problem

curl curl v=g,, divv=0, in €, (2.2)
v-n=0, curl vxn=20, ondf) ’

admits a unique solution ve WP N W such that
[vllw2r < Cllgalle-
In this paper, we always assume that
u, € D(A), qe L>(0,T; H¥*(0Q)), fe L>®0,T;H).
Notice that there has a nonhomogeneous boundary condition b - n|ag = ¢ in (1.6).

Thus, we homogenize this boundary condition by the following lemma established
in [7,8].
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Lemma 2.3. There exist B € L>®(0,T; H*(Q) N Wy) satisfying
div B=0 and curl B=0 inQx[0,T),

and a constant C > 0 such that B-n = q on 00 x [0,T], and
1Bl < (0,712 (2)) < Cllall o 0,7:m572 002 -

Let b = b — B. Then the original system (1.1)~(1.6) can be rewritten as

ut—éAu+(u-V)u+Vp+becurlb+S]§><cur1b:f, (2.3)
divu=0, divb=0, (2.4)
Rimcurl (curl b) — curl (u x b) — curl (u x B) =0, (2.5)

with
u(z,0) = ug, in Q, (2.6)
u=0, b-n=0, curlbxn=0 on 90 x [0,T]. (2.7)

The existence and uniqueness of the local strong solution b to the new hybrid
MHD system (2.3)—(2.7) were proved in [7,8].

Theorem 2.1. If the initial data ug, Re, Rm, f and q are “small enough” in an
appropriate sense, then there exists a time T* < T such that the coupled system
(2.8)-(2.7) has a unique solution on [0,T*]. Moreover, the solution satisfies u € K,
p € L0, T H (Q)N M) and b e L>*(0,T*; H*(Q) N W), where

K = {llullz~,rv) < M, l[ullz20,7+pa)) <M, ||well20,10+m < M} (2.8)

1
for some 0 < M < ——, where k > 0 is from
kRm

(ux v, curl w) < &|ufv|vlww|w.

3. Fractional step scheme and main result

In this section, we will propose a fractional step time-discrete scheme and the fully
discrete finite element scheme for the numerical simulations of the new hybrid MHD
system (2.3)—(2.7). Let 0 =ty < t; < --- < ty = T* be a uniform partition of the
time interval [0, T*] with time step At = T*/N and t, = nAt,0 < n < N, where
[0, T*] is the maximal time interval such that a unique local strong solution exists
and satisfies the regularities mentioned in Theorem 2.1. For 1 <n < N, we denote
u” = u(ty),p” = p(ts), b" = b(t,), " = £(¢,) and B" = B(t,). For any sequence
{g™IN_,, we denote Dyg™ = &~ _Ag:ﬂ

n=01
Let U° = ug be given. For 1 < n < N, we propose the following fractional step
time-discrete scheme.
Step I: for given U™, we solve B" from the following linearized Maxwell
problem:

1 ~7
R—curl (curl B") — curl (U™ ! x B") —curl (U"! xB L) =0, div B" =0,
m
(3.1)
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with the boundary condition B" - n = 0 and curl B" x n = 0 on 9{).
Step II: for given U""! and B", we solve an intermediate velocity U from
the following linearized elliptic problem:
U'-urt 1

AT n—1 T n n o' n_ m
AL ReAU +(U V)U +SB" x curl B*+ SB x curl B ( f’)
3.2

with the boundary condition U =0 on 09.

Step III: for given U", we solve (U™, P™) from the following generalized Stokes
problem:

Ur-U" 1 ~n
—— — —A(U"-U P = div U" = .
A T ( )+V 0, div 0 (3.3)
with the boundary condition U™ = 0 on 9f.
Taking the sum of (3.2) and (3.3), we have

1 -~ ~n
DU"— o AU+ VP"+(U"" - V)U' +5B" xcurl B"+SB" x curl B" =f".
(&
(3.4)

Next, we give the finite element fully discretization of (3.1)—(3.3). Let T be
a quasi-uniform partition of €2 into triangle or tetrahedra of diameters by h with
0 < h < 1. We use the Pib — P; element to approximate the velocity field and
the pressure, and use the piecewise linear Lagrange element to approximate the
magnetic field and the intermediate velocity field. The finite element spaces of V, M
and W are denoted by Vy, M) and Wy, respectively. For this choice, the finite
element spaces V;, and M), are required to satisfy the discrete inf-sup condition.
In addition, with respect to the choice of finite element space to approximate the
intermediate velocity INJn, we still use the finite element space V, to get the optimal
H?! error estimate (3.19). However, this choice is not important to get the optimal
error estimate for the end-of-step velocity if we can use the technique in [10].

Define the projection operators (R, Q) : VXM — Vi x My and I, : W —
Wh anth:VHVh by

1

E(V(Rhu —u),Vvy) = (div vy, Qup —p) =0, Vv, € Vy,
(div (Rpu—u),qn) =0, Vaqn € My,
and
(curl (IIyb — b), curl wy,) + (div (IIyb — b),div wy,) =0, V w € Wy,
and

(VIKpu —u),Vvy) =0, Y vy, € V.

Then for any (u,p,b) € D(A) x H'(Q) x H?(Q), the following approximations and
stabilities hold:

[u—Rpulz2 + hllu = Rpullv + hllp — Qupllz2 < CL*(||Aullz2 + [|plla1),  (3.5)
b — bl 2 + b — bl < CL2|[b| 12,
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lu = Kpul gz + hllu = Kpully < Ch?||ul g, (3.7)
IVRpul[Ls + [[VKpul[ L + [[Tpbllwre 4+ [|@nplle < C. (3-8)

Let U% = phUO = ppug, where py, is the L? projection operator from V to V,
and satisfies

ug — pruo||z2 + hl|V(ug — pruo)||r2 < Ch*||Aug||fe, (3.9)

For 1 < n < N, the finite element fully discrete scheme of (3.1)—(3.3) is described
as follows.
Step I: for given szl € Vy,, we find B}y € W), such that

1 1
%(curl B}, curl wy,) + %(div B}, div wy,) — (U}~ x B}, curl wy,)

— (U xB" curl w,) =0, Vw,c W, (3.10)
Step II: for given U;L“l € V}, and B} € Wy, we find ﬁz € 'V, such that
S
At
+ 5B} x curl BY,v,) +S(B" x curl BY,v,) = (f°,v;), Vvi eV, (3.11)

~n _ 1 ~n n_1 1
(Uh - UZ 1>Vh) + E(th,VVh) + b(Uh laUhvvh)

Step III: for given INJZ € Vy,, we find (Uy, PP') € Vi, x M}, such that

1

_n 1 . o
(U7 = Ty va) + = (V(U;; - Uh),VVh) — (div va, P + (div U, q) = 0

(3.12)
for any (va,qn) € Vi X Mp,.
Introduce the following temporal and spatial error splitting:
[Uh —u[| < [le"[| + [lep ]| + U™ — R U™, (
10, —u"[| < [le"]| +[lepl + U - Ky U |, (
By, =b" [ < l[n"[| + [lnz || + B" — II,B" |, (3.15
1P7 = p" [ < 16" + 11651 + [ P™ — @uP"[], (

for any norm || - ||, where

e"=u"-U", =U'-R,U", "=u"-U, &=0U,-K,U,

" =b"-B", ny=B;-1,B", 0"=p"—P" h =P — QnP".

In this paper, we will prove the optimal first-order convergence order for the
approximation of the velocity field and the magnetic field in H' norm under the
following regularity assumptions about the local strong solutions derived in Theorem
2.1:

b, € L*(0,T*; Wy), by € L*(0,T*; Wy), (3.17)

uc L0, 7 W>4(Q)), wu; € L*(0,7*;D(A)), wuy € L?(0,TH), (3.18)

where T* is from Theorem 2.1.
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Theorem 3.1. Assume that the solution to (2.3)-(2.7) satisfies the regqularities in
Theorem 2.1 and (3.17)-(3.18). Then under the condition At = O(h), for the
sufficiently small h and At, there exists some C' > 0 such that the following optimal
H' error estimate holds:

max ([|u" — Upllv +[[b" — Byllw) < C (At +h). (3.19)

1<n<N

We will prove Theorem 3.1 in next section. Before beginning to the proof,
we recall a discrete version of Gronwall’s inequality established in [13] which is
frequently used in the proof of Theorem 3.1.

Lemma 3.1. Let ag, by, cx and 7y, for integers k > 0, be the nonnegative numbers
such that

an—i—AthkgAtZ'ykak—i—Athk—i—B forn > 0. (3.20)
k=0 k=0 k=0
Suppose that Aty < 1, for all k, and set o, = (1 — Aty,)~L. Then
an +At2bk < exp(AtZ’ykak)(Athk + B) forn > 0. (3.21)
k=0 k=0 k=0

Remark 3.1. If the first sum on the right in (3.20) extends only up to n — 1, then
the estimate (3.21) holds for all At > 0 with o} = 1.

4. Error analysis

In this section, we will prove the optimal H' convergence order O(At + h) for the
approximation of the velocity field and the magnetic field. The temporal and spatial
error analysis are presented in Subsection 4.1 and Subsection 4.2, respectively. Then
the optimal error estimate (3.19) follows from the temporal and spatial error analysis
and the error splitting (3.13) and (3.15). Please see Subsection 4.3.

4.1. Temporal error analysis

We first prove the first-order temporal convergence order O(At) for (U",B") in
H'-norm. For 1 <n < N, we take t = t,, in (2.3) and (2.5) to yield

1
D" — R—Au” + (0" V)u" + Vp" + Sb™ x curl b"
e
+SB" x curl b = " + R7, div u™ =0, (4.1)
and

1 ~n
——curl (curl b") — curl (u"" ! xb™") —curl (u"" ' xB )=R}, divb" =0,

Rm
(4.2)
where the truncation errors R, and Ry are given by

R} = D" —u} + (u" ! V)u" — (u" - V)u",
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~Nn

R} =curl (" —u"') xb") +curl (u" —u"')xB).

It follows from (3.17)—(3.18) that

N
Aty IRGIZ: + IR 7 < C(AH)? (4.3)

n=1

by using Taylor formula with integral type.
For 1 < n < N, subtracting (4.2) and (4.1) from (3.1) and (3.2), respectively,
we get the following error equations:

1
%curl curl 7" — curl (u" ! x ™) — curl ("' x B")

—curl (e"! x ]~3n) =Ry, divy" =0, (4.4)
and
e - iAE” + Vp™ + (en ! V)ﬁn + (u" V)" + Sn™ x curl b”
At Re P K
+ SB™ x curl " + SB" x curl n" =Ry. (4.5)

In addition, from (3.3), we have

e —em 1

A _EA(G —e")—VP"=0, dive"=0. (4.6)
Taking the sum of (4.5) and (4.6) leads to
en —en—l 1 ~n
—x EA.e" + V0" + (e - V)U + (u" - V)e" + Sp™ x curl b”

+ SB™ x curl 5" + SB" x curl n" =Ry

s dive™ =0. (4.7)
First, we need to estimate B™ under some additional condition.
Lemma 4.1. For 1 <n < N, if |[U" v < M, then the solution B" to (3.1)

belongs to B™ € H*(Q), where M >0 satisfies M < M <

kRm’

Proof. If [U" !||y < M, then testing (3.1) by B" leads to

CMRmHQ”L°°(0,T*;H3/2(DQ))

IB"[lw < =
1—kMRm
By using the following formula
curl (uxv)=(divv)u— (u-V)v+ (v:-V)u— (div u)v, (4.8)
an alternative of (3.1) is
Rimcurl (curl B") =g, (4.9)

where

n

g=B"- VU (Uu*'.v)B"+ B -v)U"' — (U . V)B".
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Then g belongs to L3/2(Q) since

gl < (IB™ s + 1B o) ITU™ Iy + (IVB" |2 + VB [|2) U™ 1o

< C(IB"[lw + B [w) [U" |y < C.
By Lemma 2.2 and the Sobolev imbedding theorem, we have B" € W*3/2(Q2) —
W!3(Q). By Lemma 2.2, again,

B[ < I(B™ - V)U" |2 + (U™ - V)B" 12
~n _ e ~n
+[IB" - V)U g2 + (U V)B |2
< C(IB"|z + 1B o) U™ Iy + (B [wea + B [lwr.) U™ o

1/2 1/2 —1 =n 1
< OB [ IB" 172 1U" v + CIIB” 2|0 v

1
<
~ 2Rm
which complete the proof of Lemma 4.1. O
Since we will use the method of mathematical induction to prove the temporal
convergence order, then we need to estimate e' and n' in H'-norm. Taking n = 1

in (4.4), testing it by 2n' and using €® = 0, we get

B[z + C,

1
plleurl n'|[7: < mMeurl 0t 7. + Ry 20" 12,
which implies that
|curl 9! 22 < C|R}||L2 < CAL. (4.10)
Testing (4.5) by Ate! and using e = 0, we get
~112 At 2 1 1 1 ~1
11z + - llely < CAL(IVp [z + [leurl n7flzz + Ryl z2)[€ 2
1
< 2. + C(ar?,
which means that
. At
IE1Z2 + o121 < C(ae)?. (4.11)
e
Testing (4.7) by Atel, and using €’ = 0 and div e! = 0, we get
12 At 1o ~1 1 1 1
lellz> + olletlly < CAt(lle v + lleurl 972 + [[Ryllz2) el 22
1
< Sl + C(an?,
which means that
At
letllZ= + - lle' I < C(Ae)”. (4.12)
e
In addition, testing (4.7) by AtAe! leads to

At _
le'lf5 + 5 [l Aet 7z < CAL([e|lv + [leur] n'[zz + Ry [l22)| Aet |2
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At
< TReHAelH%z +C(At)?,
which means that

12 ﬂ 12 3
lle i + Re”Ae I72 < C(AL)°. (4.13)

By (4.12), it is easy to check that ||D,U%||;> < C. Then from the regularity of
Stokes problem and (3.4), we have

|AUY |2 + VP2 < C.
Summing up the above estimates, we get
Atllet|[z: + (A2 + [let Y + AtllAe! 72 + Atln'[[fy < C1(AY)*  (4.14)

for some C7 > 0.
The main result in this subsection is the following theorem about the first-order
temporal convergence order.

Theorem 4.1. Assume that the solution to (2.3)-(2.7) satisfy regularities in The-
orem 2.1 and (3.17)-(3.18). Then for the sufficiently small At, there exists some
Co > 0 such that

k E _ pk
max ([luf = U¥ly + "~ BY|w ) < Coat. (4.15)

<M .
max (|0l < M, (4.16)

N
ALY [D(ATY|Rs < Co, (4.17)

n=1
where M is from Lemma 4.1.

Proof. We firstly prove that (4.15) holds by the method of mathematical induc-
tion. Then (4.16) follows from (4.15) if we take sufficiently small At such that

CoAt < M — M, then
[U*[lv < [[u* = U*|lv + u"|lv < M+ Coat < M.

From (4.14), we can see that (4.15) is valid for k = 1 if we take sufficiently small
At such that C1At < Cy. Now, we assume that (4.15) is valid for &k = n — 1 with
2 < n < N. Under this assumption, we have [[U" !||y, < M and B" € H3(Q) by
Lemma 4.1. To close the mathematical induction, we need to prove that (4.15) is
valid for k = n.

Testing (4.4) by ™, we have

n

1
——|lcurl 7|2 — ("' x ™, curl n™) — (e""* x B", curl n")

Rm
— ("' x B, curl ") = (R}, n").

By the Holder inequality, we get

1 n 9 =" n— n
arlleurl 7 [7e < (B[ + 1B |[z=) ]l 2 eurl 0”2
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+al[u" v [leurl 9" |[Z. + CIRE| 2 ]lcurl 5™z
<C (At + " 2) lleurl 9"z + kM ||eurl n"|2.,

. Then

where we use |lully < M with 0 < M <
kRm

0™ [lw = [leurl |2 < C (" |2 + At) (4.18)
if we notice div ™ = 0. Testing (4.5) by 2Ate™, we get
2At

[ i A e PR [

< CAL([le™ M2 + 10" lw + (IR [ 22) €™y + 288 Vp" || [€" — e H|.2
At 1 B )

< Rl + 51 = e ge + CAt (e 1za + 0" [y + IRUIZ: + Ar)

where we use
b(e" 1, U e") = b(e" u", @) < Ol Au"| pa]le™ | 2] |v,
(Vp",e") = (Vp", & —e" 1) < ||[Vp" | p2[[e" — e 12

Then from (4.18), we get

1 At
€17 + Sle™ = e 7a = e M Ze + 2ol
< CAt([le™ M7z + Ry [172 + At) .
Testing (4.6) by 2Ate™ leads to

At
le™IZ2 + lle™ =& 1Zz — [1El17: + Lo (el + lle™ = &I — [&"[15,) = 0.

Taking the sum of the above two estimates leads to

1 _ At
lle™ 17 + §II@” —e" e + e — |72 + e (lle™1 + lle™ —e™[I)
< e 32 + CAt (e M3 + [|RY|[F2 + At) .

From the discrete Gronwall’s inequality, we get

n
~ _ . At At
e+ 3 (164~ ek 2+~ + Fo et + Tt — 21} ) < o
1 & &
(4.19)

for each 1 < n < N. The estimate (4.19) implies that U" and U" in uniformly
bounded in V| i.e., there exists some C' > 0 such that for any 1 <n < N,

U™l + 110" |lv < C. (4.20)
Testing (4.7) by 2Ate™, we get

2At
™72 + [le™ — e H[Z2 = [le™ 72 + S lle 15
Re
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< CAt (HW”HW + ||R"||L2 1 M e 2 4 18 = e e ) llellv
At

< opele ”||v+ || "R A+ CAE (0" [y + IR +lle™HIZe +[[e" —em[172)

where we use

b(u"_l,E”,e") = —b(u"_l,e",éﬂ —e") < C’||Au"_1\|L2HEﬂ —e"|lzzlle]lv,

_ ~n ~n _ _
b(e" 1, U ") < O T" vl 13A e 2 e v

From the discrete Gronwall’s inequality, we get

. = At
Jen s + 3 (k= s + EIHI ) < can? )
k=1

for each 1 < n < N. Combining (4.21) with (4.18), the following temporal error
estimate for magnetic field can be derived

 ax In™lw < CaAt (4.22)
for some Cs > 0 independent of At and Cj.
~n
Next, we estimate U™, P™ and U . It follows from (4.21) that

n—1

n_ ,n—1 u” —u

DU 2 < A7 = + AL . <C. (4.23)
Rewritten (3.4) as
—éAU" +VP=F"— (U . VU, (4.24)
where
F" = —D,U" — SB" x curl B" — SB" x curl B" + f".

Since B",B" ¢ H?(0), then we have |F"||z> < C. In addition, from (4.20),

U™ )T |2 < U Y [T 1w
n—11/2 n—11/2 n—1n1/2
< CIU YR AUT T v < oflAun T

By Lemma 2.1, we have
JAU™ 22 + [P 3 < CIF" |3 + (U™ - V)T |2,
1
< C+CJAU" 2 < S[lAU | + C.

Thus, we obtain

N
ALY (AU 72 + [P 5n) < C. (4.25)
n=1
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By a similar method, we can prove that

N
ALY

n=1

ﬁn _ Un—l

N
A <C and At) U |7z <C. (4.26)

L2 n=1

An alternative form of (4.7) is
en __enfl

At
+ SB™ x curl 5" + SB" x curl n" =R

u
Testing (4.27) by 2AtAe™, we obtain

20t _ _
To A7z + e 13 = eI + fle™ — e

1
— ﬁAe” + VO + (et V)u" + (U™ 1. V)e" + Sy x curl b”

div e™ = 0. (4.27)

<CAt([le" v + AT 2 [[e v + " lw + RG]l z2) | Ae™|| 2
At _ _
SEI\Aenlliz +CAL (|l T + AU 2l F + ™ 13 + IRG11Z2)
which implies that

N
n|2 ni2 < 2 )
max_[le" ||}, + Aty [[Ae” |7 < (CaAt) (4.28)

1<n

n=1

for some C5 > 0 independent of At and Cy. Thus, from (3.18), we get

N N N
At IDU(AUM) 32 < At [Dy(Ae™) 32 + AL S [Dy(Au™) 22 < Cs
n=1 n=1 n=1

for some Cy > 0 independent of At and Cy. Thus, we complete the proof of Theorem
4.1 if we take Cy > max{Cs, Cs,C4}. O
From the estimate (4.28), we have

| Ae™|| 2 < C5VAE < C,

which means that
AU ||z < [[Ae"|[L2 + [|[Au"||L2 < C

for each 1 < n < N. Moreover, it is easy to show
(U™ V)T 2 < CIAU™ 12Ty < €.
Thus, by the regularity result of the Stokes problem, from (4.24), we get
JAUM |2 +|P"[%: < C, ¥1<n<N. (4.29)

4.2. Spatial error analysis

In this subsection, we will prove the spatial error estimates of (eﬁ, nﬁ) forl1<n <N.
Testing (3.1) by wj, € W, and subtracting the resulting equation from (3.10) yields

1 1
%(curl Ny, curl wy) + %(div Ny, div wp,)

= (Ut —=U" Y x (B} —B"),curl wp,) + (U}~ = U™ ) x B", curl wy,)

+ (U™ X (B — B, curl wy) + (U}~ = U") x B", curl wy).
(4.30)
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Testing (3.2) by v, € V}, and subtracting the resulting equation from (3.11), we
get

1 -~Nn n— 1 ~N
Kt( h—ep 17vh)—|— ﬁ(Veh,Vvh)
UK, U ) — (U _R, U _n _n
- <( AS) (At h ),vh) +o(U" LU, v,) —b(U 1, U, vi)

+S(B" x curl B",vy) — S(B} x curl BZ,vh)—l—S(f’»n x curl (B" —B}),vp).
(4.31)

Testing (3.3) by (vh,qn) € Vi, X M}, and subtracting the resulting equation from
(3.12), we get

e;lL _EZ 1 n 1 N n
( At th)"‘E(V@hvVh)—E(Vehvvh)—d(vhﬁh)
n ) ny (17" _K il
_ ((U R,U") - (U" - K, U )7vh> N 32)
At
and
d(ey, qn) =0, V qn € M. (4.33)

Taking the sum of (4.31) and (4.32), we have

L

Re

= (D(U" =R, U"),vp,) +b(U" 1, U, vp) — b(UL Uy, vy,) (4.34)
+ S(B" x curl B",v;,) — S(B}, x curl B}, v;)

+ S(]~3n x curl (B" —B}),vy), Y vy € Vi,

(Dieysvi) + == (Vey, Vvy) — d(va, ;)

and
d(ep,qn) =0, Y qn € My. (4.35)
The main result in this subsection is the following optimal estimates of e}’ and
7y in H'-norm.

Theorem 4.2. Assume that the solution to (2.3)—(2.7) satisfies reqularities in The-
orem 2.1 and (3.17)-(3.18). Then for the sufficiently small At and h, there exists
C5 > 0 and Cg > 0 such that

k
< .
oax lellv < Csh, (4.36)
k
< . .
(max |nhllw < Coh (4.37)

Proof. We will use the method of mathematical induction to prove (4.36). From
(3.9), the error estimates (4.36) is valid for k = 0. For 1 < n < N, we assume that
(4.36) is valid for £ =n — 1. Then

ler =ty < Csh. (4.38)
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To complete the mathematical induction, we need to prove that (4.36) is valid for
k = n. Setting wj, = n; in (4.30) yields

1

2kl = (U3 = U™ x (Bf = B"), eurl ) + (U~ = U"") x B, curl n;)

+((Upt Ut x B", curl ) 4 (U™ x (B — B™), curl )

=L+ 1L+ Is+ 14
(4.39)

The right-hand side of (4.39) can be estimated as follow. For I;, we have

I =(ep~ ! xnp curl pp) + (RZU™ = U™ x pf, curl nf)
+(ep " x (I, B"—B"™), curl nj)+((R, U —U"") x (I, B"—B"), curl n})
<Crh™HlepHlzzlng 5y + £lIRAU ™ = Uy lIn |5y +Ciller,lv 111,B"
=B"|lw |l |w+C|R, U™ Uy |11, B" ~B"lw ||}l w
<C(Csh+ h)llny 5y + C(h+ llep ™ I z2) i llw-
For Iy and I3 we have
Iy = (e~ x B", curl o) + (R,U" ' — U™ ') x B", curl n}})
< Clley ™ ez + )il

and
I3 < C(llep™ e + B)llmitllw-

Finally, for I, we have
I = (Ut x g curl o) + (U™ x (I1,B" — B"), curl 7}})
< kM| |3y + Chlln; w

Substituting above estimates into (4.39) yields

1 n r n n— n
Rim”nh”%/(/ < (CCsh + Ch+ kM)|ni |}y + C(h+ llep™ [z2) i llw -

For sufficiently small i such that Rm(CCyh + Ch + Iij\Z) < 1, we get
Ik llw < Clller ™ lzz + h). (4.40)
Setting vj, = 2Ate} in (4.31), we have

2A¢t

lenlze = llep = 72 + ller —ep M7 + EIIEZII?/
U -K, U — (U —R, U™ !
o (o ) )

. . (4.41)
280 (WU U e - o0 Ty ) )

+ 2SAt ((B™ x curl B",e}) — (B} x curl By, ep))
+2SAtB" x curl (B" —B}), &) =I5 + I + Ir + Is.



1551

Optimal error analysis for a hybrid ...

The right-hand side of (4.41) can be estimated as follows. For I, we have

T Ty n—1 n—1
I5 =24t <(U K:U ) gj BA U)o - eg>
7 _ ~ g _ n—1 _ n—1
1 9At <(U KnU ) (AI; R,U )7e2’>
sy . 7 . n—1 n—1
cont ((U K,U") gtj R, U )762)

+2 (0" =BT o + U™ = RAU 12 ) I3 — =

For I, we have
Is=2Ath(U" ' =R, U1, U" &) + 2Atb(e} 1, U, &})
+2Ath(el U — KLU, &p) + 2Ath(U™ ' — R, UL, U K, U, &p)

12U U — K, U &)
<CA([U" =Ry U520 0" g2+ ey~ 2 )T a2 + 10" K, 0" )5 v

OB (e 22 10" T |y + 0" =R U o [ UK TV )5 v

At o i
< oIl + CAt (ley ™ I7e + 1) U |13,

“4Re
For I7 and Ig, we can prove that
I; =25A¢(B" xcurl (B" — B}),ep)+2SAt((B"-1II,B") xcurl (B"—B}),€})
+ 2SAt(np x curl (B" —B}),ep) + 2SA¢((B" — 1I,B™) x curl B",¢})
+ 2SAt(ny x curl B" ey)
At =N n
< 1melenlly + Catlling iy + %),
and
At =N n
Iy < CAHB" = Billw e llv < -l + CAL (g5 + ) -
Substituting I5 - - - I's into (4.41) we have
e e 5At
IERIIZ: = lleh ™M 1Ze + 18R — en™"l17= + - Ien
Nn—K Ty n—1 _ n—1
<oA? (U KU ) — (U R,U ),BZ
At (4.42)

+2 (10" =K O" g2 + 0" = Ry U™ 12 ) |35 — €2
+OAL (llep ™ 72 + 12) 0" 12 + CAL (il + %) -
Taking (vi,qn) = 2At(e}, 0)) in (4.32)—(4.33), we have
At

lekllZe = €7 122 + ek — Rl + 5o (el — 18RI + llek: — &Rl
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2At<(U ~R,U") — (U" —K,U")

A ,e;;> . (4.43)

Taking the sum of (4.42) and (4.43), we have

lenllZe — Heﬁ_llliz +llen —enlie +leh —en 122

At
LA (|eh||v IR+ ek - 'ézn%)

Re
<OAL(D: (U™ = RyU"), e5) + CAL (e~ 32+ 52) 10" 32 + CAL (I Iy + 12)
+2 (0" =K 0"z + 0" = RAU" 12 ) |5 — €2
1 ~n _
<516 = Rl + Cat (lep 13 + lleql3e) + O (110" %= + AU |3)
+ Cath? (0" |42 + AU 3 + | DAV |3 )

where we use (4.40). Under the condition At = O(h), it follows from the discrete
Gronwall’s inequality that

lepliZz + Y (llef, — ekliz= + lleh — ek " I172)
k= (4.44)
At k|2 2
+EZ lenllv + 7 H M+ llen = ekl ) < on?,
k=1
which implies that
D ollek —erMlze <2 (llek —hliz= + ek — e '172) < C?, (4.45)
k=1 k=1
I llw < Csh (4.46)
for some Cg > 0. From (4.44) and (4.46), we have
Ik lwis < CR™Y2|lnpllw < CRY2, B = Bjiflws < C, (4.47)
and
[ lwes < CR™2E v < €, 0" = Ullwrs < © (4.48)

under the condition At = O(h).
Taking(vy, gn) = 2At(Dyel, 07) in (4.34) and (4.35) yields
1 _
20| Diehllze + 5o (el — leh ™ 1% + llek — en ™ II%)
<2AH(D, (U™ — Ry U™), Dyel) 4 2Ath(U 1, U, Dyelt)
— 2A(UT, Uy, Dye}) + 2AtS(B" x curl B, Dye}l)
— 2AtS(B} x curl By, Dyef) + 2AtS(B” x curl (B” — B}), Dye).
Then
2AL(D, (U™ — Ry U™), Die}) < CALh?||Dye|| 2 || De(AU™)||



Optimal error analysis for a hybrid ... 1553

At
< ZHIDuefl3: + CAY D(AU")| 22,
and

2AtH(U1, U", Dyey) — 2Ath(UF1, U, Dye)
—2Ath(U™ — U1 U", Dyep) + 2Ath(e) 1, U — U, Dye})
1 2At(R, UL, U = U, Dyel?)
<CAL (U™ =R U™ Yy + e~ Iv) 0" [l 2 | Diel| e
+ CAt|ep v [[U" = Uy lwsl| Deep | 2
+ CAURU™ | (T =Ky T v + 13711V ) 1 Dee 2

At _ _ ~n
<UD e + Ot (e 1] + IE7113) + Cath? (AU |2 + 0”2

and
2AtS(B" x curl B", D.eyy) — 2AtS(B}, x curl By, Dye})
=2S5At(B" x curl (B" — B}), Diep) + 2SAL((B™ — 11, B™)
x curl (B" — B}), Diep) + 2SAt(n; x curl (B" — B}), D.e})
+2SAt((B™ —II;,B™) x curl B", Dieyy) + 2SAt(n); x curl B", Diep)
<CAL(|[B" = Billw + [|B" = IInB"|lw + [0y [lw) | Dee || 2

At
SZIIDteZII%z + CAth?,
and A
~n t
2AtS(B - x curl (B" — B}), Dyep) < T\|1Dte;:||2p + CAth?,

Thus, we get

1 _ _
At|Diellzz + 5= (llerlli = len™ 1% + llek — en ™' II7)

<CAH(len ™ I+ 2313 )+ C A2 (| AU 32+ 10" |+ D AU |32 +1)

By the discrete Gronwall’s inequality, we obtain the following optimal error estimate
in H'-norm:

n
2 2 2
max (nezv Aty |Dteznp> < (Csh)

for some C5 > 0. Thus, we complete the proof of Theorem 4.2. O

4.3. Proof of Theorem 3.1

The optimal H' error estimate (3.19) follows from the error splitting (3.13), (3.15)
and the temporal error estimate (4.15), and the spatial error estimate (4.36)-(4.37),
where we use (3.5)-(3.6) and the regularity result (4.29).
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5. Numerical results

In this section, we will give the numerical results to check the optimal H' error esti-
mate derived in Theorem 3.1. For the sake of simplicity, all numerical experiments
are tested for a two-dimensional hybrid MHD system in the unit square domain
Q=(0,1) x (0,1):

1
u; — R—Au—l—(u-V)u—i—Vp—&—Sb x curl b =f, (5.1)
e
div u =0, (5.2)
%curl (curl b) — curl (u x b) =g, (5.3)
div b = 0. (5.4)

Here u = (u1,us) and b = (by,b2). In the two-dimensional case, the operator curl

applied to a vector v = (v1,vq) is defined by curl v = % - %, while the operator
curl applied to a scalar function r is defined by curl r = (%7 —%). In addition,
y T

the cross product of two vectors u and b is given by uxb = u1b3—usb;. For a vector
function b and a scalar function r, the cross product is given by b x r = (rby, —rby).

In the above system, we take the appropriate f and g such that the analytical
solutions (b, u,p) are of the following forms:

b=(2*(z -1y —-1)2y—1), —y’(y—1D’z(z—1)2z—-1))e ",
u=(y*,2%) e’ p=(2z—1)(2y—1)e "

The initial and boundary conditions are determined by the analytical solutions. In
the numerical experiments, the coupling number S = 1 and the final time T* = 1.0.

To verify the optimal H' error estimate derived in Theorem 3.1 under the con-
dition At = O(h), we take gradually decreasing meshes h = 1/2% i = 2,--- 6
with the time step size At = h. In this case, the optimal first-order error estimate
holds from (3.19). The numerical results are displayed in Table 1 and Table 2 with
different Reynolds numbers and magnetic Reynolds numbers Re = Rm = 1 and
Re = Rm = 10, respectively. From these tables, we can see that the predicted
optimal convergence order O(h) is obtained for H' errors of the magnetic field and
the velocity, which is in good agreement with our theoretical analysis.

Table 1. H! numerical errors and convergence orders of (b, u) with Re = Rm = 1

h [bY =B |lw order |[uN¥ —UN|v order
1/4 6.54585e-003 7.64152e-002
1/8 3.55364e-003 0.88  3.82926e-002 1.00
1/16 1.81775e-003 0.97  1.91165e-002 1.00
1/32  9.14238e¢-004  0.99  9.53074e-003  1.00
1/64  4.57799¢-004  1.00  4.75054e-003  1.00
1/128  2.28985e-004  1.00  2.36890e-003  1.00
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Table 2. H! numerical errors and convergence orders of (b, u) with Re = Rm = 10

h [bY —BN|lw order |[u¥ —UY|y order
1/4 6.55415e-003 1.41420e-001
1/8  3.55536e-003  0.88  6.78153e-002  1.06
1/16  1.81850e-003  0.97  3.14903e-002  1.10
1/32 9.14799e-004  0.99  1.46266e-002  1.10
1/64  4.58160e-004 1.00  6.83243e-003  1.10
1/128  2.29192e-004 1.00  3.21286e-003  1.09
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