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Abstract Let (H,an) be a Hom-Hopf algebra and (A, «a) be an (H, an)-
Hom-bimodule algebra with the maps a4, aqg bijective. Then in this paper,
we first introduce the notion of Hom-twisted smash product (A x H, aa * apr)
and then study the conditions for the Hom-twisted smash product and tensor
coproduct to form a Hom-bialgebra and a Hom-Hopf algebra. Furthermore,
we give a non-trival example of Hom-twisted smash product Hopf algebra and
a characterization of left (A x H, a4 * ag)-Hom module.
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1. Introduction

Hom-type algebras appeared in the physics literature of the 1990’s, when looking
for quantum deformations of some algebras of vector fields, like Witt and Virasoro
algebras ( [2,7]). It was observed that algebras obtained by deforming certain
Lie algebras no longer satisfied the Jacobi identity, but a modified version of it
involving a homomorphism. An axiomatization of this type of algebras (called
Hom-Lie algebras) was given in [11] for the first time. Here the associativity was
replaced by the Hom-associativity: a(a)(bc) = (ab)a(c). The coalgebra counterpart
and the related notions of Hom-bialgebra and Hom-Hopf algebra were introduced
in [12] and some of their properties were described. The original definitions of Hom-
bialgebra and Hom-Hopf algebra involved two different linear maps o and 3, with «
twisting the associativity condition and [ the coassociativity condition. Afterwards,
two directions of study were developed, one considering the class such that § = «,
which are still called Hom-bialgebras and Hom-Hopf algebras ( [16]) and another
one, initiated in [3], where the map « is assumed to be invertible and 8 = a~! (these
are called monoidal Hom-bialgebras and monoidal Hom-Hopf algebras). Since Hom-
bialgebras and monoidal Hom-bialgebras are different concepts, it turns out that
our definitions, formulae and results are also different from the ones in [8]. There
is a growing literature on Hom and BiHom-type algebras, let us just mention the
very recent papers [1,4,9,10].
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The concept of twisted smash product algebra for H-bimodule algebra has been
introduced in Wang and Li [15]. If A is an H-bimodule algebra, then one can
establish a twisted smash product A x H. The usual smash product [14], and
Doi-Takeuchi’s double algebra [5] are all special cases of that algebra. Moreover,
Drinfeld’s double [6] is also such a twisted smash product algebra H*“°P x H, where
H is a finite dimensional Hopf algebra.

The main purpose of this paper is to study the twisted smash products A x H
on Hom-Hopf algebra and give the conditions for the Hom-twisted smash product
algebra and tensor coproduct to form a Hom-bialgebra. Meanwhile, we should give
some non-trvial examples of Hom-twisted smash product algebras.

2. Preliminaries

Throughout the paper, let k denote a fixed field. All vector spaces, tensor products,
and homomorphisms are over k. We will use the Sweedler’s notation for terminolo-
gies on coalgebras. Let C' be a coalgebra, we write comultiplication A(c) = ¢; ® ca,
for any c € C.

In this section, we recall the definitions of the Hom-algebras, Hom-coalgebras,
Hom-modules, Hom-smash products and so on (see [12,13]).

Definition 2.1. A Hom-associative algebra is a triple (A, u,a4), in which A is
a linear space, ay : A — Aand p: A® A — A are linear maps, with notation
u(a ®b) = ab such that

aa(a)(be) = (ab)aa(c),
as(ab) = aas(a)aa(b), (2.1)

for all a,b,c € A. We call a4 the structure map of (A, pu, as).

If : k — Ais a linear map, such that 14a = aa(a) = ala, aa(la) = 14, here
we write (1) = 14, then (A, pa,n,aa) is called a Hom-associative algebra with
an unit 14.

Definition 2.2. A Hom-coassociative coalgebra is a triple (C, A, a¢) in which C
is a linear space, ag : C'— C and A : C — C' ® C are linear maps such that

(ac ®@ac)o A =Aocac,
(A®ac)oA=(ac®A)oA. (2.2)

Ife : C' — k is a linear map, such that (e®Id)oA = ac = (Id®e)oA, coac =&,
then (C, A, e, a¢) is called a Hom-coassociative coalgebra with counit e.

Definition 2.3. Let (A, ua,a4) be a Hom-associative algebra, M a linear space
and ap; : M — M a linear map.

(i) A left (A, a4)-Hom module structure on (M, aps) consists of a linear map A ®
M — M,a ®m — a-m, satisfying the conditions (for all a, a €A me M)

apr(a-m) = agla) - ay(m),

aala)-(a -m)=(aa) - ar(m). (2.3)

(if) A right (A, a4)-Hom module structure on (M, ) consists of a linear map
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M®A— M,m®aw— m-a, satisfying the conditions (for all a, ad €A me M)

ap(m-a) = ap(m) - aala),

(m-a)-aa(d)=ay(m)-(aa). (2.4)

Definition 2.4. A Hom-bialgebra is quadruple (H, pg, A, oy ), in which (H, pg, apr)
is a Hom-associative algebra, (H, A, ay) is a Hom-coassociative coalgebra and more-
over A is a morphism of Hom-associative algebras.

Thus, a Hom-bialgebra is a Hom-associative algebra (H, pp, ap) endowed with
comultiplication A : H — H ® H, with notation A(h) = h; ® hg, such that, for all
h, h e H, we have:

A(hK') = hih} @ hohy, (2.5)

If (H,pm,n, o) is a Hom-associative algebra with an unit 1g, (H,A,e,ap) is
a Hom-coassociative coalgebra with a counit e, satisfying A(hh') = A(h)A(R'),
A(lyg) =1 ®@1g,e(hh’) =e(h)e(h'), then (H, puw,n, A, e, ay) is a Hom-bialgebra
with unit and counit.

In fact, if there exists a morphism (called antipode) S : H — H such that

SH(hl)hg = €(h)1H = hlsH(hg), (26)
Sgoag = agoSy,
for all h € H, then (H, pg,n, A, e,an,Sy) is called a Hom-Hopf algebra.

Definition 2.5. Assume that (H, ug, Apy, ay) is a Hom-bialgebra. A Hom-associative
algebra (A, pa,aq) is called a left (H, ay)-Hom module algebra if (A, a4) is a left
(H, apr)-Hom module, with action denoted by H ® A — A, h ® a — h - a, such that
the following condition is satisfied:

o (h)-(aa’) = (hy -a)(hy-d'),  Vhe H,ad € A. (2.7)

Similarly we can define right (H, ag)-Hom module algebra.
Definition 2.6. Let (A,a4) be a Hom-algebra and (M, apr) be a left and right
(A, a4)-Hom-module satisfying the following condition

(a = m) < as(b) = as(a) = (m < b), (2.8)

for all a,b € A and m € M, then we call (M, apr) be an (A, a4 )-Hom-bimodule.

If (A,a4) is both left (H,ap)-Hom module algebra and right (H,ap)-Hom
module algebra, and (A, «4) is an (H, ay)-Hom-bimodule, then we call (A, a4) is
an (H, ay)-Hom-bimodule algebra.

Definition 2.7. Let (A,a4) be a left (H,ay)-Hom module algebra. The Hom-
smash product (A#H, aa#ay) of (A,aa) and (H, ay) is defined as follows, for all
a,be A h,k e H:

(1) as k-spaces, A#H = A® H,

(2) Hom-multiplication is given by
(a#th) (b#k) = alag’(h1) — o' (b)) #ay (ho)k.

Note that (A#H, aa#ay) is a Hom-algebra with the unit 14#15.
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3. The Hom-twisted smash product bialgebras AxH

In this section, we assume that the Hom-algebra is always unital. First we introduce
the notion of a Hom-twisted smash product (AxH, aaxap) and give the Hom-smash
product and Drinfeld’s double as examples. Next we find a necessary and sufficient
condition making it into a Hom-bialgebra with the tensor coproduct, generalizing
the main constructions in [15]. Finally we give a non-trival example of Hom-twisted
smash product Hopf algebra and a characterization of left (A x H, oy x ay)-Hom
module.

Proposition 3.1. Let (A, pua,aq) be a Hom-algebra and (H, pg,n, A e, am, Sy)
be a Hom-Hopf algebra with unit 1 and counit e. (A,an) is an (H, apg)-bimodule
algebra with the left (H,apm)-Hom module action — and the right (H,ap)-Hom
module action <. We define a Hom-twisted smash product (A H,ca * ap) with
the multiplication on the vector space A @ H as follows

(CL ® h)(b &® l) = a((a;l4(h11) — 04;‘2(19)) — SHOéI_{2(h2)) ® 04;12(h12)l,

for all a,b € A, h,l € H. The element a ® h of A* H will usually be written as
a*h. Then (Ax H,as xap) is a Hom-algebra with the unit 14 * 1p.

Proof. We first compute (14% 1) (b*l) = 1a((1g — a%(b)) + Sg(1g))* 1l =
Iabxag(l) = as(b)xag(l), and similarly we get (axh)(1ax1g) = aa(a)xag(h).
Next for any a x h,bxl,cxg € Ax H, we have

(axh)(b*D](aalc) xar(g))
a((ag' (hi1) = (b)) < Suay’ (ha)) * ag®(hi2)l](aa(c) x an(g))
a((og* (h11) = (b)) < Suag” (ha)][(ag® (hiain) ey () = oy (€))

— Su(ay'(haz)ay’ (12))] * (g (h212)ay’ (ha))au(9),

[
=
=

and

(ca(a) x ap(h)[(b*1)(cxg)]

= (aala) * ag(h)[b((og (1) = a;*(c) < Su(ag’(12))) * ag’(lh2)g]

= aa(a)[ag’ (hi) = a3 (b((ag' () = a3?(¢) < Su(ag’ (12)))) + Suay' (h2)]
* oyt (h2) (ag’(li2)g)

= aa(a)[(eF (ag’ (hi1)) = az®(b((ag (1) = a;(0) < Suag’(12))))

S (e (ag(h))] * ag (hz) (@52 (112)g)
D04 (a) (g (hian) =z (B) (g (haa) = (a5 (1) = az*(€))  Smag(12)))]

— Su(of(ag’ () * ag' (hi2)(eg (h2)g)
=aa(a)([(ag’(h111)—=a % (0))Su(ag’ (ha))]((ag’ (h112) = ((az’ (i) = a;* (¢))
— Spagt(l2))) < Su(ag’(ha1)))) * ag' (hi2)(ag’ (li2)g)

Eaa@)([(ag® (hin) = a7 ()« S (az (haa)) (a5 (hz)ag (1) = a2 (e))

— Suay’(12))Su (e (h1)))) * ag' (h12)(ag’ (l12)g)

= [a((ap’ (hi11) = 3% (b)) < Su(ag’ (ha2)] (g’ (hir2) ey (h1) — a4’ (c))
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— Su(ag’(ha)ay’(12))) + (g’ (hi)ag’(h2))am(g).
From the coassociativity of (H, A, ag),

h11)1 ® (h11)2 ® h12 @ (h2)1 @ (h2)2
Y(h111))1 @ (et (R111))2 @ af' (hi12) @ hia @ o (he)
(2.2)

ay
=" (h11)1 @ (h11)2 ® 041_{1 (hi21) ® 041_{1 (h122) ® ap(ha)
= hi11 @ hi1a ® gt (hi21) ® ag (hi2a) @ am(ha)

(
=
(

22 ap(h11) ® higr ® agt (hia11) @ ag?(hi292) @ ag(hs)
= apg(h1) ® ag' (hi211) ® ai?(hizi2) @ ag' (hize) @ ap(he),

we get

hi1 ® hi211 ® hi212 ® hi22 ® hy
= OtI_il(hH)l ® OtH(hll)Q ® Oé%_l(hlg) ® O[H(hz)l ® Oél__ll(hg)g

and it follows

[(axh)(bxD](aa(c) xan(g)) = (aa(a) * an(h))[(b+1)(cx g)].

Thus (A* H, a4 * ap) is a Hom-algebra. O
The following lemma is obvious.
Lemma 3.1. Let (A, «q) be an (H, ag)-Hom-bimodule algebra, then there are two

Hom-algebra isomorphisms A =2 A x 1y via a — axlg and H = 1,4 x H via
h 14 xh. So we denote ah = (a*1g)(la*h) and ha = (14 *xh)(a*1g).

As special cases of the Hom-twisted smash product, we get the following exam-
ples.
Example 3.1. Let (A4, a4) be aleft (H, oy )-Hom module algebra with the trivial
right (H, or)-action, that is @ < h = aa(a)e(h). Then (A,a4) is an (H, ap)-
Hom-bimodule algebra. The Hom-twisted smash product is actually a Hom-samsh
product (A#H, ag#ap) (see Definition 2.7).

Example 3.2. Let (H, pug,n, A, e, ag) be a finite dimensional Hom-Hopf algebra
with a bijective antipode Sg. Then (H*, ;) is an (H, oy )-Hom-bimodule algebra
with module maps: h — f = a7 (f1){f2, a5 (h)), f + h = 32 (f2)(f1, Sy g (h)).
The Drinfeld’s double D(H) (see [13]) is defined as a vector space H**°P @ H with
the multiplication:

(f®@a)(g®b) = (g1,55" (as2))(g22, a1) fgo1 ® aznb
= f((ag' (a11) = a3 (9)) + Suag’(a2)) ® ag®(a12)b,
for all a,b € H and f,g € H*. The unit is e ® 1y, apy) = o @ any.

Lemma 3.2. Let (AxH,asxagy) be a Hom-twisted smash product, ax1g,1a*h €
Ax H. Then

(ax1y)(1axh) = aala)*ay(h), (3.1)
(1axh)(a*x1g) = ((az’(h11) = ay'(a) + Sag' (he)) * ay'(hi2).  (3.2)
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Now we give the main result of the paper as follows.

Theorem 3.1. Let (A, a4) be a Hom-bialgebra and an (H, ap)-Hom-bimodule al-
gebra.

(1) The Hom-twisted smash product algebra (Ax H,aa * ap) equipped with the
tensor product Hom-coalgebra structure (i.e. A(axh) = (a1%xh1)® (agxhsy),e(axh) =
e(a)e(h)) makes (Ax H,ap * agr) into a Hom-bialgebra, if the following conditions
hold:

(a) e((ag®(h) = aj'(a) « Smay (hs)) = e(h)e(a),

(0) A((ag?(h)—=ay' (@)« Spag (b)) = ((ay(hi1) —ay (a1)) - Suag' (his))
(g (har) = oyt (a2))=Smay (haa)),

(¢) (h1 = a) @ ha = (ha — a) ® hq,

(d) a+ Sg(h1) @ ho =a < Sg(ha) ® hy,

for all a € A,h € H. Furthermore, if (A,aa,Sa) is a Hom-Hopf algebra, then
(Ax H,ap xap) is also a Hom-Hopf algebra with the antipode Sa.m defined by

Saxr(axh) = (1axSu(ag' (h))(Salay' (@) * 1m).

(2) If the right action of (H, o) on (A, aa) satisfies the condition e 4(a < h) =
ea(a)em (h), then the Hom-twisted smash product algebra (Ax H,aaxap) equipped
with the tensor product Hom-coalgebra structure, makes (A x H,aa x ag) into a
Hom-bialgebra if and only if conditions (a), (b), (c) and (d) in (1) hold.

Proof. (1) It is easy to check (Ax H, AaxH,€a+H, x4 * ap) is a Hom-coalgebra.
Taking a xh,bxl € Ax H, we have

Al(axh)(b*1D)]
= Alal(ag*(hn) = az*(0)  Spag2(he)) * ag ()]
)

=" Jar((ag*(h11) = ,2(b) = Smag” (ha))1 * ag® (hio1)l]
®laz((ag* (h11) = (b)) < Suay®(h))2 * ag?(hi2s)ls]

)
(
=" [a1((og* (h11) = a1(b)) < Sway’ (ha2))1 * ag (hi2)li]
®laz((ag* (h11) = () « Suag’ (ha2))2 * o' (ha)ls]

)

(

)

(

= [a1 (o (ha2) = a32(b)) < Smay’ (ha2))1 * ag' (hi1)li]
®laz((ag* (h12) = (b)) + Suag’ (ha2))2 * o' (ha)ls]

= Jar((agt(h2) = 3% (b) < Smap’ (ha1))1 * g (ha1)l]
®laz((ag' (hi2) = (b)) < Suay’ (ha1))2 * ag' (ha2)ls]

= [ar((ag’(hanr) = a3 2(b)) = Smag (hai2)) * hili]
®laz((ag’ (har1) = 3% (b)) = Smag (hai2))2 * g (ha2)ls]

= Jar((ag’(hainr) = a3 (b1)) < Suay (haina)) * hili]
®laz((ag’ (ha21) = a;”(b2)) = Sy (haia2)) * oy (hao)la]

= [a1((eg" (h112) = a(b)) < Suag®(hiz)) * ag®(hiin)l]

®las((a’ (ha1) = a;”(b2)) < Smog® (has1)) * ap” (hago)la]
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c)(d — — - o
(L) [al((OéH4(h111) — OéAz(bl) — SHaHz(h12)) *aH2(h112)l1]

)
®las((ag’(har) = 3% (b2)) < Sy’ (haz)) * g’ (hao)ls]
= [ar((eg" (han1) = a°(b)) < Suag®(hia)) * ap®(hiiz)l]
®las((ag' (harr) = 3% (b)) = Sway?(haz)) * ay’ (hai2)ls]
— [(ar ) (b 1)) @ [(az % ho) (s % Io)]
= [(a1 *h1) ® (ag * ha)][(b1 x 1) ® (ba *12)] = A(ax h)A(b*1).

This shows that A 4.z is an algebra map. By condition (a) it is easy to verify that
EAxH = €A ® ey is also an algebra map. Now we show that Sa,pm is the antipode
of Ax H as follows:

a1 * h1)Sasm(ag * ha)
@ % h)[(La % Snag! (h2))(Saaz! (az) * L)

(a7t (a1) % agg () (Lo * Sag (h2)))(Sa(az) * 1)
= [0y (a1)((ap (ha11) = 1a) <= Sy’ (haa)) xo (hai2) Suag (h2)](Sa(a) *x1n)
= [ag (@) lacu(hin)en (hi2) x g’ (hia) Suay (he)](Sa(az) * 1x)
= la1 x ap' () Smag' (he)|(Sa(az) x 15)
(a1 * lH)(SA(ag) * lH)é‘H(h) = (alSA(ag) * ].H)&‘H(h)
= laxlgea(a)eg(h) =14 % 1lgeasg(axh).

(
= (

(07

Similarly one can get Sa.m (a1 xhi)(az*xha) =14 x lgeam(a*h).

(2) («) See (1).

(=) Condition (a) is a consequence of £(h)e(a) = €axm((1a * h)(a 1)) =
e((ag’(hir) — ag'(a)) « Say'(he))e(ay (h2)) = ((af’(hn) — aj'(a)
Suay (h2)e(hiz) = e((ag’ (h) = ' (a) + Suag (h2)).

Since A((1axh)(a*1g)) = A(la*h)A(a*1g), we get

[((az*(h1) = a4’ (a) < Swag' (ha))ixay (hiay)]@[((af (hi1) = aj'(a) «
Smay (ha))2xag (h22)] = [((af (hin) — ! (a1) « Sgag (ha))xag (hi12)]@
[((aF(ha1r) = a4’ (a2)) < Suag (ha2)) x aj' (hai2)]. (¥)

Applying Idy ® ey ® Ida ® e to (x), we obtain

((ag’(hn) = a3'(a) « SHaH (h2))1 * €(h121) @ ((af’(ha1) — ag'(a)) «
Suay (h2))2 % e(hiz) = Al(ag (h) = a3 (a)  Spag' (h2))

and

(g’ (i) = a3’ (a1)) = Suag (hi2)) xe(hiiz) @ ((ap’ (hanr) = a3’ (a2))
Suag (hae)) xe(ha2)] = ((af”(hi1) = aj'(a1))  Suay (hi2)) @ ((ag (ha1) —
ay'(a2)) < Spag (ha))-

It follows that condition (b) holds. Using the fact 4(a < h) = c4(a)eg(h) and
condition (a), we have e4(h — a) = e4(a)eg(h). Hence we get e4((h — a) « 1) =
€A(h — a)eH(l) = EA(a)aH(h)EH(l).

Applying e4 ® Idg ® Ida ® Idy to (%), we have

gy (hi21) ® ((ag’ (ha1) = a) = Sp(ha)) ® afy' (haz2) = a(hy) @ ((af (han) —
a3’(a)) = Spag (he)) © ay (hai2). (+%)

Applying (Idy® < )(Idy @ Ida ® S%) to (xx), we obtain

ag(h) @ [((ag’(har1) = a3 (a)) < Smag' (haa)) < Shoag' (hoa)]
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" (1) @ (a7 (o) » a7 (@) ¢ (Smaz (ha2)Shaz? (haro)]

D b1y @ (a5 (hi2) = a3 (a)) < (Srag (has)SEag (o))
0 b1 @ (a5 (h12) = a3 (a)) + 1re(ho))
= aH(hl) &® (OéHl(h2) — a)7

and

ag' (h121) @ [((ag?(h11) = a) < Su(h2)) « Sfag' (hi2)]

2% ay! (hi21) ® [(ag' (hi1) = aa(a)) < (Su(he)Stag’(hiz))]

(22) hia ® [(a;{ (h11) = aala)) «+ (SHaﬁl(hﬂ)S?fO‘I;l(th))]

2.6 _
" b1y @ [0 (1) = @ (@) = Lue(ho)
— an(h) @ (! () — a).
Thus we have (ag'(h1) = a) ® ag(hs) = (ag' (ha) — a) ® ag(hy), and this equals
to (h1 = a) ® he = (ha — a) ® hy. This means condition (c) holds.
Applying Ida @ Idg @ €4 ® Idy to (x) and using (c), we have
hi @ ((ag’(na) = a) < Spag' (hae)) @hor = agg! (i) @ (g’ (hi12) = a)
Suay (hi2)) ® ap(ha).  (x %)
Applying (— ®Idg)(Sy ® Ida ® Idg) to (x * %), we obtain

[Sr (h11) = ((ag?(h12) = a) < Suay (h))] @ ha

(St (h11) = (af' (h12) = (a  Su(ag’(h22))))] ® ha
[(Suay' (hi1)ag' (h12)) = (@a(a) < Suay' (he2))] © ha

2.6

@O [(h)1y — (aala) « Sgaz' (ha))] ® hay
= (a%(a) < Sgag(hy)) @ ag(hi),

(
(2:8) (

(2.3)

and

[Smag' (hi11) — (e (hi12) = (a < Sy’ (hi2))] ® ap(he)
) ((Swaz (hin)ay (h12)) = (aala) < Sag (h12))] @ an(hs)
) (e(hi) (04 () S (hn2))] @ s (ha)
= (d4(a) < Sgap(h)) @ am(ha).

This means (a2 (a) «+ Sgap(h))@ag(he) = (a3 (a) < Spamg(h2))®am(hi), and
this equals to (a + Sg(h1)) @ he = (a < Sy (h2)) ® hy. Thus condition (d) holds.
The proof is finished. O

Example 3.3. Let Hy = sp{ly,g,z,g9z} and the automorphism « defined as:
Hy — Hy,a(ly) = 1g,a(g) = g,a(z) = —x,a(gr) = —gz. Then (Hy ) is a
Hom-algebra with multiplication: 1yly = 1g,1gg = g,1yz = —2,¢9%> = 1,22 =
0,29 = —gz, and (Hy, a) is a Hom-Hopf algebra with comultiplication, counit and
antipode defined by

A(lg) =1g @1, Ar) = (-7)® g+ 1x @ (—2),
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Alg) =9g®g,A(gz) =29 ® 1 + g ® x9,
e(1g) =1,e(g) = 1,e(x) = 0,e(gx) = 0,
Su(lg) = 1u,Su(9) = 9,Su(x) = —gx, Su(gz) = =.

Let A = sp{14,a} be the group Hopf algebra with a®> = 14 and A(a) = a®a, S(a) =
a=a"'. Then (A,Id,) is a Hom-bialgebra.

Define left action H @ A — Aas h-14 =e(h)la,lg-a=a,9-a=a,x-a =
0,(g9x) - @ = 0 and right action A ® H — A such that 14 - h = 1ae(h),a -1y =
a,a-g=a,a-x=0,a-(gx) =0. It is easy to check (A, Id4) is an (Hy, a)-bimodule
algebra.

Thus (AxH = {14Q1p,14Q2,14®9g, 1 AQgx, a®1 g, a®@x, a®g, aQgx}, [d @)
is a Hom-twisted smash product Hopf algebra. Its multiplication is defined as
follows:

. 1y®1ly 1a®x 1la®g 14 ®gx a® 1y a®x a®g a® gx
1a®1g | 1a®1lg 14a®(—2) 1aQyg 14a®(zg9) a®ly a® (—x) a®g a®xg
la®x 0 0 0 0 0 0 0 0
1a®g 1y®g 14 ® gz la®ly 1la®w a®g a® gx a®ly a®x
la®gx | O 0 0 0 0 0 0 0
a®ly a®ly a®(—z) a®g a®zg 1a®1ly 1a®(—z) 1la®g la®zg
a®T 0 0 0 0 0 0 0 0
a®g a®g a® gx a® ly a®x 1a®g 14 ®gx 1y®1lyg 1pa®x
a® gr 0 0 0 0 0 0 0 0

Its comultiplication, counit and antipode are defined as follows:

Alg@1p)=1a@ 1)@ (1a®1g),e(la ® 1y) =1,
Ala®g)=(1a®g9)®(1la®g),e(la®yg) =1,
)®

Alaz) =140 (—2)®(1a®9)+(1aR 1) ® (14 ® (—2)),e(1a ® ) = 0,
A(la®gr)=(1la®rg) ®(1a®@1y) + (1a®g) @ (14 ® 29),e(1a ® gz) =0,
A (a®1ly),e(a®1y) =0,
Ala®g)=(a®g)®(a®g),e(a®g) =0,

l>

2)=(@a®(—2)Re®g)+(a®1ly) R (a® (—x)),c(a® z) =0,

(
(
(
(
(a®1lp)=(a®1lp)®
(a®
(a®
(a®gz)=(a®zg) ®(a®1lp)+ (a®g)® (a®xg),e(a® gr) =0,

» b

1la®@lp)=14®1,51a®g) =14®g,
Sla@z)=14R29,SQla®gx) =14 Rz,
Sla®@lp)=a®1y,S(a®g)=a®y,
Sla®@z)=a®2g9,S(a®gr) =a®x.
Definition 3.1. Let (H,«apy) be a Hom-bialgebra. A Hom-coalgebra (B, ap) is

called a left (H, oy )-Hom module coalgebra if (B, ap) is a left (H, apr)-Hom module
with action — obeying the following axioms:

A(h%b)zhlﬁbl ®h2—>b2, EB(h%b):EH(h)EB(b),
forallbe B and h € H.

If the right action is trivial, then condition (d) in Theorem 3.1 holds and condi-
tions (a) and (b) are satisfied if and only if (A, «a4) is a left (H, ag)-Hom module
coalgebra. Thus we have:
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Corollary 3.1. Let (A, a4) be a Hom-bialgebra and a left (H, gy )-Hom-module al-
gebra. Then the usual Hom-smash product (A#H, aa#apy) equipped with the tensor
product Hom-coalgebra structure makes (A#H, as#ap) into a Hom-bialgebra if and
only if (A, aq) is a left (H, ap)-Hom module coalgebra and (hy — a) @ he = (hy —
a) ® hy holds, for all h € H,a € A.

Finally, we give a characterization of left (A x H, a4 * g )-Hom module.

Proposition 3.2. Let (A,a4) be an (H,ap)-Hom-bimodule algebra and (M, ) be
a vector space over k. Then (M,v) is a left (A* H,as x ap)-Hom module if and
only if (M,~) is a left (A, aa)-Hom module and a left (H,am)-Hom module such
that

B (a-m) = (5 (h) > 031(0)) < Su(ag2(he) - (a7 (haa) -m),  (3.3)
forallhe Hlae A and m e M.

Proof. (=) Let (M,~) be a left (A% H, a4 * ag)-Hom module with the module
action —. We define:

a-m=(axlyg)—m, h-m=(1a*xh)—m.

Then (M, ) is both a left (A, a4)-Hom module and a left (H, ay)-Hom module by
Lemma 3.1. Moreover,

h-(a-m) = (la*h) = ((ax1g) = m)
E 3)[<1A x ot () (a 1)) = 7(m)
(0 (h1) = a5 (@) + Smag? (ha)) * 0y ()] — 7(m)
(g’ (h11) = a3*(a)) = Suag’ (h2)) * 1u)(La x ag’ (h12))] = v(m)
(g (b)) = ay' (@)« Suag’ (ha))x1m) = [(La* ag’(ha)) — m]
(ar'(hi) = a3 (a)) = Spag’ (h2)) - (af’ (haz) - m).
*xh) =m=a-(agz' (h)-y 1 (m)). Then (1ax1g) =m=14-(1p -
m). For any a* h,bxl € A*H and m € M, we compute
(bx )] = y(m)
hi1) = a3%(b)) ¢ Suag’ (h2)) * az?(hi2)l] = y(m)
b)) = Suag’ (ha))] - ((af’ (h2)ag (D] - v(m))

hit) = a3%(b) = Suag’ (h2))] - (g’ (hi2) - (' (1) -7~ (m)))
[((ag (hin) = a3 (0) = Suag’ (h2)-(ag’ (hi2) - (g (1) -7~ *(m)))]
[h- (a7 (0) - (az?(1) -7~ (m))]

= (aa(a) xag(h)) = (b- (az' (1) -7 (m)))

= (aa(a) xap(h)) = ((bx1) = m).
Thus (M,~) is a left (Ax H, a4 * apy)-Hom-module. This finishes the proof. O

a

hll) — Oéz
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