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Abstract In this paper, by using a concentration-compactness argument,
we study the existence of ground state solutions for nonlinear Schrédinger
equations with asymptotically periodic potentials. In particular, when the
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previous results in the literature.
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1. Introduction

In this paper, we are interested in the following problem:

—Au+ V(z)u = K(z)|u/P"?u, in RY, (L1)
w(@) >0, RN, uwe H(RV), '

where N > 2 is a integer, p € (2,2*) with 2* = % if N > 3 and 2* = 4oo if
N =2. V(z) and K (z) are continuous functions from R" to R to be specified later.

During the past years, starting from the pioneering papers [4], there has been a
considerable interest in problems like (1.1) due essentially to two reasons: on one
hand such problems arise naturally in various branches of Mathematical Physics,

and on the other hand they present specific mathematical difficulties that make them
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challenging to the researchers. Indeed, in spite of its variational nature, a lack of
compactness, due to the invariance of RV under the action of the noncompact group
of translations, prevents a straight application of the usual variational methods.

The earliest results were obtained in radially symmetric situations, taking ad-
vantage of the compact embedding in LP(RY),p € (2,2N/(N — 2)) of the subspace
of HY(RY) consisting of radial functions. When the coefficients do not enjoy sym-
metry, many different devices have been exploited to obtain the desired solutions.
We refer readers to some survey papers [5] and references therein.

When V(z) — Vi from below and K(z) — K from above, as |z| — +o0,
the existence of a positive ground state solution to (1.1) can be shown by using a
minimization method together concentration-compactness type arguments [8, 13].
Conversely, if V(z) — Vi from above and K(z) - K from below, (1.1) may
not have a least energy solution. This is the case, for instance, when V(z) = Vi,
K(z) < K, and K(z) # Ky on a positive measure set. Nevertheless, it is
well-known that also these situations can be successfully handled (see [2,3] ). We
point out that in the above results, the coefficients V(z) and K(x) act on (1.1)
in a ”cooperative” way. Very recently, G. Cerami and D. Passaseo [0, 7] study
the existence of positive solutions of (1.1) to describe some phenomena that can
occur when the coefficients are "competing”, that is the case when V(z) — Vi
from above and K (z) — Ko from above. We remark that this type results have
been generalized to Kirchhoff problem by Hu and Lu [10], to Choquard equation
by Wang, Qu and Xiao [19]. For more related results, we refer the readers to [9, 14]
and references therein.

Many authors have obtained the existence of ground state solutions and non-
trivial solutions for periodic nonlinear Schrédinger equations

—Au+V(x)u = f(z,u), r e RN, (1.2)

under variant conditions on the nonlinearities, see [20] and references therein. How-
ever, to the best of our knowledge, there are only a few works concerning the
existence of solutions of nonlinear Schréodingger equations with asymptotically pe-
riodic potentials and the nonlinearity f(z,u) having subcritical or critical growth
and being asymptotically periodic at infinity [1,12,15]. Some results are also been
obtained concerning the existence of positive ground state solutions for asymp-
totically periodic quasilinear Schrodinger equation [21,22]. We emphasize that in
all these previous works, among other assumptions, the authors always assume
that V(z) < Vp(x) with Vg(z) € C(RN,R) being 1-periodic in z;,i = 1,2,---, N,
see [11,15,18,21,22] and references therein.

In the present paper, we assume that the potentials V' (x) and K (x) are asymp-
totically periodic functions. The goal of this paper is studying the existence of
ground state solutions for (1.1) when the coefficients are ”competing” by using a
concentration-compactness argument [13]. The remainder of this paper is organized
as follows. In Section 2, we state the main results in our paper. In Section 3, we
formulate the variational setting and introduce some preliminaries. We complete
the proof of main result in Sections 4. Finally, we present a global compactness
result in the appendix.

2. Main Result

To state our main result, we make the following assumptions:
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(H1) There exist Vo(z), Ko(z) which are continuous and Z” -periodic in z, and
satisfy
iRnAbe(x) >0, %n}\f Ko(z) >0

such that

lim (V(z) —Vo(x)) =0 and lim (K(z)— Ko(x))=0.

|z| =00 x| =00
(H2) Vy(x) > V(x) >0, and there exists & € C(RY,R) such that
Ko(z) — K(x) < (Vo(z) — V(2))é(z), for all z € RV,
and for some open subset U of S¥~1 = {¢ € RY | |o| = 1}, there holds

lim &(ro) =0 foroeU, lim &(z)e @l =0 forall a> 0.

r—+o00 |z|— 00

(H3) K(z) > Ko(z),V — Vy € LNV/2(RVN), and there exist n € C(RY,R) and
Ry > 0 such that

0<V(z)—Vo(x) < (K(z) — Ko(z))n(x), forall |z > Ry, = € RY,
and for some 7 € (0, 1), there holds

| 1|im n(x)|o| R e Ve lel g, \ 1|im (K ()~ Ko(x))e™ VY1l = o0,
xr|—0o0 xTr|—00
where V; = maxg~y Vp(z) and V_ = ming~ V().

Our main result is the following theorem:

Theorem 2.1. Assume (H1) and either (H2) or (H3) hold. Then (1.1) admits a
positive ground state solution.

Remark 2.2. It is easy to show that if V(z) < Vy(z) and K(z) > Ko(x) for
all x € RV then (1.1) admits a ground state solution. It is worth observing that
most results in the literature concern these cases, in which the coefficients V' (z) and
K(x) act on (1.1) in a ”cooperative” way. On the other hand, it is also easy to see
that if V(z) > Vy(x), K(z) < Ko(x) for all z € RY and either V(z) # Vo(z) or
K(x) £ Ko(x), then (1.1) have no ground state solution. In the present paper, we
describe some phenomena that can occur when the coefficients are "competing”. We
emphasize that in (H2) it is allowed that V(z) < Vp(z) and K(z) < Ko(z) on the
whole space RY. Also, in (H3) it is allowed that V(z) > Vp(z) and K(z) > Ko(z)
on the whole space RY.

Remark 2.3. Clearly, (H2) is valid if Vp(z) > V(z) > 0, and there exists £ €
C(RY,R) satisfying lim|;|_,o £(2) = 0 such that
0 < Ko(z) — K(z) < (Wo(z) = V(2))€é(x), for all |x| > Ry.

This shows that when V(z) — V > 0 from below and K(x) - Ko > 0 from
below, as |z| — 400, the problem (1.1) may have a positive ground state solution
if the decay rate of K, — K(x) is faster than that of Vo, — V(z).

Remark 2.4. Theorem 2.1 is even new in the case where V(z) — Vi > 0 and
K(xz) = K > 0 as |z| — co. In this case, (H3) reads as follows
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(H3') K(z) > Ko,V — Voo € LN/2(RY), and there exist n € C(RY,R) and
Ro > 0 such that

0 <V (x) = Voo < (K(x) — Koo)n(z), for all |z| > Ry, © € RY,
and for some 7 € (0,1) there holds

lim n(m)|x|(%2);]\’71)e(Ll:Z;)tmm =0, lim (K(z)— Kw)eﬁr—f,\/voom — 1o

G. Cerami and A.Pomponio [7] prove that (1.1) has a ground state solution under
the following conditions:

(Cl) hmmﬁoo V(J?) =V > Oahm\x\—)oo K(l‘) = Ky >0,

(C2) V(z) >V and K(z) > K, for all x € RY,

(C3) For some 7 € (0, 1) there holds

lim (V(2)~ Vi)l 7 e VTl = 0, lim (K (2) ~ Koo)e ™71l = 4o,

This result shows that when V(z) — Vo > 0 from above and K(x) — K > 0 from
above, as || — 400, the problem (1.1) may have a positive ground state solution
if the decay rate of V(z) — Vi is faster than that of K (z) — Ko.

The following corollary is a sharp improvement of the above result.

Corollary 2.5. The problem (1.1) admits a positive ground state solution if (C1),
(C2) and the following condition hold
(C8') For some T € (0,1) there holds

pPT_ _

limsup(V (z) — Vm)\x|(%_1)(N_1)e(1*T S VVelel —+00,

|z] =00
(00~ o — o,
z|—00

Proof. Clearly, it is suffices to check (H3"). Since K(z) — Ko > 0 for large |z,
there is n € C(RM,R) and Ry > 0 such that

V(z) = Vo = (K(z) — Koo )n(z), for all || > Ry.
Notice that for |z| > Ry, there holds

(V(2) = Vo)) 7 e77 V=1l
= (K (@) — K)o VVmlolp () SR80 U220 VVeclal | |3 V14755 Veclel

Then (H3') follows from (C3’). Moreover, since p > 2, it follows that

pT 472
1—-7 1-—72

>0 for all 7 € (0,1),

and hence V — V., € LN/2(RN). Thus (H1), (H2) and (H3’) hold and the proof is
complete. m
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3. Preliminaries

In this section we present some preliminaries for the proofs of our main theorem.
Throughout the paper, we assume that the potential V satisfies (H1) and V(z) > 0
for all z € RY. Then the norm and inner product in H*(RY) may be defined by

1/2
| = (/ V2 +V(x)u2d:c)  we HY(RY)
RN

and
(u,v) = / VuVu + V(r)uvde, u,v € HY(RY),
RN

respectively. We denote by Bg(y) the open ball in RV of radius R > 0 and centre
at y, Br denotes the ball of radius R centered at 0. For 1 < p < oo, || - ||, denotes
the norm in LP(RN ). Finally, we use C' and ¢ denote positive constants which may
vary from line to line.

When V(z) = Vo(z) and K(x) = Ko(x) for all x € RV, (1.1) reduces to a
periodic nonlinear Schrodinger equation:

—Au+ Vo(z)u = Ko(z)|[u|P~%u, ue H'(RY). (3.1)
The associated functional is given by

1 1
Ip(u) = f/ |Vu|? + Vo (z)u?de — f/ Ko(z)|ulPdz,
2 RN P JrN
and its Nehari manifold Ny := {u € H*(RN)\ {0} | (Jg(u),u) =0} . It is well-
known that
= inf I 0. 3.2
wo = inf To(u) > (32)

For the problem (1.1), the associated energy functional is defined by

1 1
I(u) = f/ \Vaul? + V(z)u?de — = K(z)|u|Pdz.
2 RN D JrN
As usual, the critical points of I correspond to the nontrivial solutions of (1.1).
In order to prove our main result, we are going to minimize the functional I
restricted to its Nehari manifold

N = {ue H'RV)\ {0} | (I'(u),u) =0}.

Lemma 3.1. The following statements hold true:

(1) N is non-empty and it is a C*-manifold;

(2) for any uw € N, we have I(u) = max;>o I(tu);

(3) we have w := inf,ep I(u) > 0.
Proof. (1) For u € H'(RV)\ {0} and fixed k € ZV, we define u* = u(- + k). Then
by (H1) it follows from the Lebesgue’s dominated convergence theorem that

K (2) [P de = / K(z — K)[ulPdz — / Ko(@)|uPdz > 0, as [k — oo,
RN RN RN
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Therefore, without loss of generality, we assume that [,y K(z)|u[Pdz > 0. Define
g(t) == I(tu), t >0, then

g'(t) = (I'(tu), u) = 1 /

|Vul|? + V(z)u?de — tP~! / K(z)|lulPdz =0
RN RN

has a unique solution ¢, > 0, and t,u € N. Therefore, N # ().
For any u € N, we have

/ \Vu|? + V(z)u?de = / K(z)|u|Pdz < Cllulfb. (3.3)
RN RN

Since HY(RN) < LP(RY) for p € [2,2*], we have ||u|| > ¢ > 0 for all u € \V.
Define J(u) := (I’(u),u). Then for any v € N, by (2.2), we have
(J'(u),u) = 2fRN |Vul|? + V(z)u?dx — prN K(z)ulPdz
(2—p) [on [Vu]? + V(2)u?dx

< —c<0O.

IN

Hence N is a C'*-manifold.
(2) For any u € N, let ¢g(t) = I(tu), then

g () = (I'(tu),u) = t(1 — tpfz)/ |Vu|? + V(x)u’dz.
RN
Thus ¢'(t) > 0 for t € (0,1) and ¢'(¢) < 0 for ¢ > 1. Therefore, I(u) > I(tu) for all

t e (0,1)U(1,+00).
(3) For any u € N, we have

1 1 1
I(u) = I(u) — =(I'(u),u) > (= — =)||ul|> > ¢ >0,
(u) ()p<()>(2 p)IIH
which implies that @ = infar I > 0. The proof is complete. O

We say that (ug), ux € N, is a (PS)q sequence if I(uy) — d and I’y (ur) — 0
in H-1(RM).
Lemma 3.2. Let (uy) be a (PS)q sequence. Then (uy) is relatively compact for all
de (0, WO).
Proof. Let us consider a (PS)y sequence (uy) with d € (0,wp). Noting that
Io(v?) > @y for all j, we get m = 0 in Lemma A.2 and, then, uy — win HY(RY). O
The following result is proved in [16]. See also [17].

Lemma 3.3. Let p >0 and W € C'((p,00),R). If

lim W(s) >0

§—00

and for some 8 > 0
lim W’ (s)s'™* =0,

§—00

then there exists a nonnegative radial function w : RN \ B, — R such that

—Aw+Ww=0
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in RN\ B, and some py € (p,0),

_ ||
lim w(x)\m|¥ exp/ W(s)ds = 1.
Po

|| —o0

Lemma 3.4. Let v € HY(RY) be a positive ground state solution of (3.1), then
there exist constants Ry > 0,co > 0,Cy > 0 such that

co|x|7¥ef\/ Vilel < v(z) < C’0|x|7%ef\/ V-lal for all |z| > Ry.

Proof. Since v € H(R") is a positive ground state slution of (3.1) and p > 2, we
have
lim Ko(z)vP~2(z) = 0. (3.4)

|| — 00
Therefore, for any fixed € € (0, V_), there exists p > 0 such that
—Av+ (V. —e)v < —Av + Vy(2)v — Ko(z)vP™ =0, in RV \ B,.
Let w € C*(RY \ B,,R) be such that
—Aw+ (Vo —ew =0, if »eRY\B,,

w(z) = wrélaagp v(x), if xe€0dB,,

lim w(z) =0.
|z]—o0
By Lemma 3.3 with W = V_ — ¢, there exists C. > 0 such that for all x € R \ B,,
w(z) < Ce|m|_¥e_\/ V-—elal,
Hence, by the comparison principle, for all z € RY \ B,, we have
v(z) <w(z) < C’e|x|_¥efv V- —elel,
Therefore, there exists some p € (0,+/V_/2) and Ry > p such that

Ko(2)v(z)P~2 < pe~®=2VV=—cel  for all 2 € RY \ Bp, (3.5)
and
—Av+ (V- — ,ue*(pd)\/ﬁl‘”‘)v <0, in RV \ Bp,.
Let w € C*(RYN \ Bg,,R) be such that
—Aw+ (Vo —e)w=0, if zeRY\Bg,

b(x) = if ze€dB
w(x) Ig&}g};lv(:c), if =« Rys

lim @(z) = 0.
|z|—o00

Then by Lemma 3.3 with W = V_ — pe~®=2VV==¢lzl it follows that

1 plal Sds
lim sup @ (z)|z| 2 elm VWS o 4o
|z|—o00
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Note that

|| I
W (s)ds > \/V_ . W(s)/V_ds > \/V_|z| — \/V_R;y — PRI

|z|
Ry

Therefore,

|]
exp \/V_|x|7/ VW(s)ds | <exp \/V_le+ .
Ry (p - 2) Vo —e
Then the comparison principle implies that

limsupv(x)|x|¥e\/v*|”‘ < lim ﬂ)(x)|x\¥evvf‘xl < +o0.

Thus, v(z) < C’0|x|’¥e*\/ V=12l for all |z| > Ry and some Cy > 0.
Since

—Av+ Viv > —Av + Vo(z)v — Ko(x)oP™t =0,

a similar argument implies that v(z) > co|a:|7¥ef\/v+|"”‘ for all |z| > Ry and

some ¢y > 0. The proof is complete. O

4. Proof of Main Result

In this section, we give the proof of our main result. To this end, we need the
following results.

Lemma 4.1. Assume that (H1) and (H2) hold. Then we have

w < wy.

The equality w = wg holds only if V(z) = Vo(z) and K(x) = Ko(z) for a.e.
r € RV,
Proof. Let v € HY(RY) be a positive ground state solution of (3.1), that is,
Io(v) = wo. Without loss of generality, we assume U = {0 € SN~! | |0 —e;]| < 6}
and lim, ;o £(ro) = 0 uniformly for o € U. Define v*¥ = v(- — ke;), then by the
translation invariance, it follows that v* € H'(R") is also a positive ground state
of (4.1) and
lim v*(z) =0, forall z € RV, (4.1)
k—oo
It is easy to see that g(t) := I(tv*) achieves its global maximum in some t; > 0
such that (I'(t,v¥), tv*) = 0, and hence t,v* € N'. Moreover, we have

Jan VU2 + V(2 + key)v?de . Jan VU2 + Vo(2)v?da -
Jan K(x + key)|v|Pdz S~ Ko(z)|v|Pdz ’

p—2 _
t, ~ =

as k — o0o. By the translation invariance and Lemma 3.1, we have that

To(tro") = Io(tpv) < In(v) = @o. (4.2)
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Clearly, if V(z) = Vp(z) and K(x) = Ko(z) for all z € R, then @w = w. In what
follows, we assume that V(z) # Vo(z) or K(z) # Ko(r). By Lemma 3.4, we can
find C' > Cy such that

lo(z)| < Ce~ V-1l for all z € RV,

IN

Hence, we obtain

()] - [v*(2) P72 < CP2|e(x)|e” PV V-lz=kel - for all z € RV,

By (H2) and a compact argument, it follows that limy_, |£(z)] - [v¥(2)[P~2 = 0
uniformly in x € RV, If Vy(z) — V(z) £ 0, taking into account that 0 < ¢ < ¢}, <
C < o0, we get

w < I(tpo")
= Io(tiv") = 5 Jox (Vo(@) = V(@) 30" (2)?da + & [on (Ko(x) — K(2))7]v*Pdx
< w0 — 6 fen Volw) = V@t (@) [5 = Jlé(@) iy Cr2e 0V Ileken gy
< wp

for large k. Thus, we obtain w < wy. If V(z) = Vp(z) and K(x) # Ko(x), then
Ko(z) < K(z) and it is also easy to see that w < wpy. The proof is complete. O

Lemma 4.2. Assume that (H1) and (H3) hold. Then we have
w < wy.

The equality @ = wg holds only if V(z) = Vo(z) and K(x) = Ko(z) for a.e.
r € RV,

Proof. Let v € H'(RY) be a positive ground state solution of (3.1), that is,
Iy(v) = wp. Let vk = v(- — key) and t; > 0 be such that tv® € N. Then we have

w < I(tpo") = Ip(tpv®) + J < wo + J,
1 1
T=5 [ V@) = Voot Pde -5 [ (K(e) - Kofa)flotPde
2 RN P JrN
1 1
:/ E(V(Jc—i—k‘el)—Vo(m—I—k;el))tiMQ—E(K(x—&—k’el)—Ko(x+kel))tz|v|pdx.
RN
(4.3)

It is suffices to show that J < 0 for some large k. To this end, we adopt an argument
used in [6]. Since V —Vy € LN/2(RYN), by Lemma 3.4, it is easy to see that

1
/ —(V(x + key) — Vo(z + key))tq|o(z)Pda
RN\B:p 2
1
- /]RN\B Z;(K(x + keq) — Ko(x + key))th |v(x)|Pdx

1
S/ —(V(x + key) — Vol + key))ta|o(z)|2da
RN\B,,, 2
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N—-2

< (/ |V(x+kel)—%(:p+kel)|§'> (/ |v(x)|N2N2>
RN\Brk RN\BTIC

Ce2hV/V-, (4.4)

On the other hand, we have

—/ %(V(m—i—kel) - %(x+kel))ti|v(x)|2dx
By
_ / LK (@ + ker) — Kol + ker)) o) Pde
B, P
> /B (K (2 + ker) — Ko(z + k)2 |o(x) 2 —%n(w +hey) + %tg—%(x)w*? da.
(4.5)

By (H3), we have limsupj,_,o,n(z) = 0, and then it follows from the fact that
v(z) > 0 for all z € RY that

0w + ker) < ev?~%(x),

for all € Bg, and large k. For any « € By \ Bg,, by Lemma 3.4, we have

@+ ker) < ela + key |~ e TV Valetke

_(=2)(N—-1) (p=2)(N—-1) _(=2)(N-1)
SE(l—T) 2 T 2 |7-k;| 2 e (p—2)Tky/Vy

< 5(1 . T)_ (P*Z);N—l) T(p—z);N—l) |x|_ (p72)§N—1) e_(p_Q) /7V+|m|

< evP 7% (x).

Therefore, for all x € B,y with large k, we have
1 1,0 p—2 b2
_577(33 + key) + ];tk [v(x)|P~* > P~ (z).
Hence, by (4.5), we have

_ /B %(V(:c +ker) = Vo( + ker))tg |v()|*da

7/ 1(K(achkel) — Ko(x + kep))t} |v(x)|Pdz
B, P

>c / (K (2 + ke — Ko(x + ker))E2|o(x)[Pda
B

>cMe 2RV V- x)|Pdx

>cMe 7TRVV-, (4.6)
Hence, by (4.3), (4.4), (4.6) and the arbitrariness of M, we conclude that J < 0.

The proof is complete. O
Now, we are in a position to prove our main result.
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Proof of Theorem 1.1. By the Ekeland Variational Principle, we obtain a se-
quence {ur} C N such that I(uy) — w and I'|x(ug) — 0 as k — oo. Then we
obtain _
w+o(1) = I(uy) = ( — ) / |Vul? + V(2)u’dz,
2 p RN
which implies that (uy) is bounded in H*(RY). Moreover, there exists a Ay € R
such that

o(1) = I'|w(uk) = I'(ur) = A" (ug).- (4.7)

Taking the scalar product with ug in the above equality, we obtain
o(1) = (I'|n(up), ur) = (I'(ur), ur) — AT (k) k).

Since (I'(ug),ur) = 0 and (J'(ug),ur) < —c < 0. It follows that A\, — 0 as
k — +4o0o0. Moreover, by the boundedness of (uy), J'(uy) is bounded and this
implies that A\, J'(ug) — 0. Therefore, I'(u) — 0 as k — oco. By the construction,
we have I'(uy) — w > 0. Therefore, (u) is a Palais-Smale sequence of I at level .

If V(z) = Vo(z) and K(z) = Ko(x) for all z € RV, then (1.1) reduces to the
periodic equation (3.1), and it is well-known that there is a ground sate solution
for such an equation. So we assume that either V(z) # Vy(z) or K(x) # Ko(z).
Therefore, by Lemma 4.1 and Lemma 4.2, we have w € (0, @y).

By Lemma 3.2, (uy) is relatively compact. Therefore, up to a subsequence,
ug — u. Moreover, we have I'(u) = 0 and I(u) = @ > 0. Thus, v # 0 and u is a
ground state solution. Lastly, since |u| is also a ground state solution, the Maximum
Principle implies that « > 0 on RY or u < 0 on RY. The proof is complete. O

Appendix

In this appendix, for the sake of the completeness and for the reader’s convenience,
we prove a global compactness lemma by using a standard argument.
In what follows, the following well known Brezis-Lieb type lemma is needed [20].

Lemma A.1. If (up)reny € HY(RY) is a bounded sequence and uy — u almost
everywhere on RN . Then

m K(z)|ug|? — K(x)|ur —u|Pde = / K(z)|u|’dx.
RN

li
k—o0 RN

Lemma A.2. Let (ux) be a (PS) sequence of I constrained on N, i.e. ux € N
satisfies
(a) I(uy) is bounded; (b) I'|x(ux) — 0 in H-YRYN).

Then replacing (ug), if necessary, with a subsequence, there exist a solution u of
(1.1), a number m € NU{0}, m functions v',--- o™ of HY(RN) and m sequences
of points (x7) C RN, 1 < j <m, such that

(i) |xf€\ — 400, |gcfC — i) — +oo if i#j, k— +o0o;

(i) wr, = u+ 370, vI(-— 1) +o(1) in HY(RN);

(iii) I(ur) = I(u) + 3270 To(v?) + o(1);

(iv) vI are nontrivial weak solutions of (3.1).
Moreover, we agree that in the case m = 0 the above holds without v7.
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Proof. Since (ux) C N is a (PS) sequence, we have

1 1
too> 02 1) 2 (5 1)l

and hence (uy) is bounded in H'(RY). Therefore, there exists u € H'(RY) such
that, up to a subsequence, u;, — u in H*(R™). Argued as in the proof of Theo-
rem 1.1, we can show that I’'(ug) — 0 as k — oco. Then the weakly sequentially
continuity of I’ implies that I'(u) = 0.

If up — u in HY(RY), we are done. So we can assume that (uj) does not
converge strongly to u in H'(RY). Set

2 = up — u.
Then z} — 0 in HY(RY), but not strongly. Obviously, we have
lurl® = flull® + [z )1 + o(1). (A.1)

By Lemma A.1, we also have
[ E@hp = [ K@+ [ K@lr o, (42)
RN RN RN
and for any h € HY(RY),

/R K@) gl Pugh = /R K@) ?uh + /R K@AP ekt o). (43)
Therefore, we obtain
) = gl == [ K@l = 1) + To(:4) + o(0),
and for all h € HY(RY),
o(1) = (I'(u), h) = (Ig(z4), h) + o(1).
Let

0 :=limsup sup / |2t |2 da.
k—oo yeRN JB(y,1)

Then 6 > 0. Otherwise, for any p € (2,2*%), 2zt — 0 in LP(RY). Therefore, we have
o(1) = (I'(ug) — I'(v), 2t) = ||zt ||? —/ K(x) [|u;€|p_2uk - |u|p_2u] zide. (A.4)
RN
By the Holder inequality, we know

K(z) [JueP2up — [uP~u] zpda
RN
p—1 1

<C (/ K(x) ||uk|p72uk — u|p2u|1’pl) ’ </ |Z;|p) ’
RN RN

<C (/RN(|Uklp + Iul”)> y (/RN 'Z’Hp) p
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which together with (A.4) yields z; — 0 in H'(R"). This contradicts to the fact
that (uy) does not converge strongly to u in H'(R™Y).
Let x,lc € Z" be such that for some suitable ro > 1, we have

1
/ |23 (x4 2}) Pdx > =4
B(0,r0) 2

Then z} (- + 1) is bounded in H'(RY) and we may assume that
(-4 zp) —ut in HY(RY).

Then u! # 0. But, since z; — 0 in H}(RY), (z}) must be unbounded and, up to a
subsequence, we can assume that |z} — +o0.
Furthermore, I}(z}) = o(1) in [HY(RY)]* implies Ij(u*) = 0.

Finally, let us set

z,% = z,i — ul(- - x,lc)

Then by the translation invariance of the functional I, a similar argument shows
that

and
I'(z7) = o(1).

Now, if zZ — 0 in H'(RY), we are done. Otherwise zZ — 0 and not strongly
and we repeat the argument. By iterating this procedure we obtain sequences of
integers z7, € Z" such that

e = +oo, o} —ah| = +oo if j#1,
as k — +oo and a sequence of functions
j j—1 i—1 j—1
zi = Zi — ! ( — l'gf )
with j > 2 such that A ‘ ‘
A(¢+a)) =~ in H(RY).

Moreover, we have

I(up) = I(w) + Y Io(u?) + I(z}") + o(1),

Jj=1

and '

Ii(w) =0.
Then, since Iy(u’) > wo > 0 for all j and I(uz) is bounded, the iteration must stop
at some finite index m and z* — 0 in H'(RY). Thus I(uy) = I(u)+ 327", Io(u?)+
o(1) and the proof is complete. O
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