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1. Introduction
The main purpose of this paper is to consider the existence of a positive periodic
solution for the following second-order damped neutral differential equation

(u(t)− c(t)u(t− σ))′′ + b(t)u′(t) + a(t)u(t) = f(t, u(t− σ)), (1.1)

where c ∈ C1(R,R) is an ω-periodic function and |c(t)| ̸= 1, σ is a constant and
0 ≤ σ < ω, a, b ∈ C(R, (0,+∞)) are ω-periodic functions, f ∈ C(R × R,R) is an
ω-periodic function about t, ω is a positive constant.

The existence of positive ω-periodic solutions has become one of the most im-
portant problems in the study of neutral differential equations and lots of work on
the existence were obtained by applying the fixed point theorem in cones [13,15–17],
Krasnoselskii’s fixed point theorem [1–4,7,10], coincidence degree theory [6,11,12].

In 2007 Wu and Wang [17] investigated the following second-order neutral dif-
ferential equation

(u(t)− cu(t− σ))′′ + a(t)u(t) = ψb(t)f(u(t− σ(t))), (1.2)

where c is a constant and c ∈ (−1, 0), ψ is a constant and 0 < ψ < 1, σ ∈
C(R,R) is a positive ω-periodic function. The authors obtained equation (1.2) has
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a positive ω-periodic solution by applications of the property of neutral operator
(A1u)(t) := u(t)− cu(t−σ). Afterward, Cheung et al. [7] in 2009 enlarged the rang
of parameter c, they discussed the existence of a positive ω-periodic solution for the
following second-order neutral differential equation

(u(t)− cu(t− σ(t)))′′ + a(t)u(t) = f(t, u(t− σ(t))), (1.3)

where c ∈ (−1, 1). Recently, applying the property of neutral operator (A1u)(t)
again, Cheng and Li [4] in 2018 studied the existence of a positive ω-periodic solution
for a kind of second-order neutral differential equation

(u(t)− cu(t− σ))′′ + a(t)u(t) = f(t, u(t− δ(t))), (1.4)

where c ∈
(
− m

M+m ,
m

M+m

)
, here m := min

t∈[0,ω]
a(t), and M := max

t∈[0,ω]
a(t), δ ∈ C(R,R)

is a positive ω-periodic function. Afterwards, the authors [4] proved the existence
of a positive ω-periodic solution for equation (1.4) in the case that c ∈ (−∞,−1) ∪
(1,+∞) if the following condition holds:

(P1) There exist two constants r1, R1 such that 0 < M
m r1 < R1 and

M

(
1− 1

c

)
r1 ≤ a(t)u(t− σ)− f(t, u(t− δ(t)))

c
≤ m

(
1− 1

c

)
R1,

for all t ∈ [0, ω] and u ∈ [r1, R1]. The above nonlinear term f(t, u) of equations (1.2),
(1.3) and (1.4) only satisfied sub-linearity condition, and condition (P1) is relatively
strong. In 2019, by application of a fixed point theorem of Leray-Schauder type,
Cheng and Lv [14] proved the following second-order neutral differential equation

(u(t)− c(t)u(t− σ(t)))′′ + a(t)u(t) = f(t, u(t− δ(t))),

where |c(t)| < m
M+m .

We are mainly motivated by the recent work [3, 4, 7, 14, 17] and focus on equa-
tion (1.1), where the nonlinear term f may satisfy sub-linearity, semi-linearity and
super-linearity conditions at infinity. The aim of this paper is to show that fixed
point theorem of Leray-Schauder type can be applied to the damped neutral equa-
tions. Using the positivity of Green’s function and the property of neutral operator
(Au)(t) := u(t) − c(t)u(t − σ), we obtain the existence of a positive ω-periodic
solution to equation (1.1) in the case that |c(t)| ̸= 1.

Remark 1.1. In [4, 7, 17], the authors obtained that neutral equations have at
least one positive periodic solution, and the range of parameter c is (−1, 1) [4],
(−∞,−1)∪ (− m

M+m ,
m

M+m )∪ (1,+∞) [7] or (−1, 0) [17], respectively. However, in
this paper, we enlarge the range of parameter c, i.e. c ∈ (−∞, 1) ∪ (1,+∞). Our
new results generalize some recent results contained in [4, 7, 17].

Remark 1.2. It is worth mentioning that in [4,7,17], applying fixed point theorem
in cones and Krasnoselskii’s fixed point theorem, the authors obtained the existence
of positive periodic solutions for equations (1), (1.3) and (1.4) in the case that sub-
linearity condition. In this paper, we establish the existence of a positive periodic
solution for equation (1.1) in the cases that sub-linearity, semi-linearity and super-
linearity conditions. Therefore, our results can be more general.
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2. Green’s function
Define

Cω := {u ∈ C(R,R) : u(t+ ω) = u(t), for t ∈ R},

with norm ∥u∥ := max
t∈[0,ω]

|u(t)|. Clearly, (Cω, ∥ · ∥) is a Banach space.

Define
c0 := min

t∈[0,ω]
|c(t)|, c∞ := max

t∈[0,ω]
|c(t)|.

We consider the following nonhomogeneous linear differential equation{
v′′(t) + b0v

′(t) + a0v(t) = h(t),

v(0) = v(ω), v′(0) = v′(ω),
(2.1)

where b0, a0 are two constant, b0, a0 > 0 and h ∈ C(R, (0,+∞)) is an ω-periodic
function. Equation (2.1) has an unique ω-periodic solution which can be written as

v(t) =

∫ ω

0

G(t, s)h(s)ds,

where G(t, s) is the Green’s function for equation (2.1). In the following, we study
that Green’s function G(t, s) is a positive for all (t, s) ∈ [0, ω]× [0, ω].

Case 1 b0 > 2
√
a0.

Lemma 2.1. Assume that condition b0 > 2
√
a0 holds. Then the Green’s function

G(t, s) is given by

G(t, s) =
1

λ2 − λ1

{
eλ2(t−s)

1−eλ2ω − eλ1(t−s)

1−eλ1ω , 0 ≤ s ≤ t ≤ ω,
eλ2(t−s+ω)

1−eλ2ω − eλ1(t−s+ω)

1−eλ1ω , 0 ≤ t ≤ s ≤ ω,

where λ1 and λ2 are the characteristic roots of the homogeneous equation

v′′(t) + b0v
′(t) + a0v(t) = 0,

that is,

λ1 =
−b0 −

√
b20 − 4a0
2

, λ2 =
−b0 +

√
b20 − 4a0
2

,

we note that λ1 < λ2 < 0. Moreover, the Green’s function G(t, s) > 0 for all
(t, s) ∈ [0, ω]× [0, ω].

Proof. This Lemma is proved in Ref. [8], for convenience of readers, we present
the proof as following. Applying the method of variation of constant, we get the
general solution of (2.1), which is the following form v(t) = c1(t)e

λ1t + c2(t)e
λ2t.

Therefore, we arrive that

c′1(t) =
−1

eλ1t(λ2 − λ1)
h(t), c′2(t) =

1

eλ2t(λ2 − λ1)
h(t).

Since v(t), v′(t) are periodic function, we obtain

c1(t) =
−eλ1ω

1− eλ1ω

∫ ω

t

1

eλ1s(λ2 − λ1)
h(s)− 1

1− eλ1ω

∫ t

0

1

eλ1s(λ2 − λ1)
h(s)ds,
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c2(t) =
eλ2ω

1− eλ2ω

∫ ω

t

1

eλ2s(λ2 − λ1)
h(s) +

1

1− eλ2ω

∫ t

0

1

eλ2s(λ2 − λ1)
h(s)ds.

Therefore, the solution of (2.1) can be written as

v(t) = c1(t)e
λ1t + c2(t)e

λ2t

=
−eλ1(t+ω)

1− eλ1ω

∫ ω

t

1

eλ1s(λ2 − λ1)
h(s)ds− eλ1t

1− eλ1ω

∫ t

0

1

eλ1s(λ2 − λ1)
h(s)ds

+
eλ2(t+ω)

1− eλ2ω

∫ ω

t

1

eλ2s(λ2 − λ1)
h(s)ds+

eλ2t

1− eλ2ω

∫ t

0

1

eλ2s(λ2 − λ1)
h(s)ds

=

∫ ω

t

−eλ1(t+ω)

(1− eλ1ω)eλ1s(λ2 − λ1)
h(s)ds−

∫ t

0

eλ1t

(1− eλ1ω)eλ1s(λ2 − λ1)
h(s)ds

+

∫ ω

t

eλ2(t+ω)

(1− eλ2ω)eλ2s(λ2 − λ1)
h(s)ds+

∫ t

0

eλ2t

(1− eλ2ω)eλ2s(λ2 − λ1)
h(s)ds

=

∫ t

0

[
eλ2t

(1− eλ2ω)eλ2s(λ2 − λ1)
− eλ1t

(1− eλ1ω)eλ1s(λ2 − λ1)

]
h(s)ds

+

∫ ω

t

[
−eλ1(t+ω)

(1− eλ1ω)eλ1s(λ2 − λ1)
+

eλ2(t+ω)

(1− eλ2ω)eλ2s(λ2 − λ1)

]
h(s)ds

=

∫ t

0

[
eλ2t

(1− eλ2ω)eλ2s(λ2 − λ1)
− eλ1t

(1− eλ1ω)eλ1s(λ2 − λ1)

]
h(s)ds

+

∫ ω

t

[
−eλ1(t+ω)

(1− eλ1ω)eλ1s(λ2 − λ1)
+

eλ2(t+ω)

(1− eλ2ω)eλ2s(λ2 − λ1)

]
h(s)ds

=

∫ t

0

[
1

(λ2 − λ1)

(
eλ2(t−s)

(1− eλ2ω)
− eλ1(t−s)

(1− eλ1ω)

)]
h(s)ds

+

∫ ω

t

[
1

(λ2 − λ1)

(
eλ2(t−s+ω)

(1− eλ2ω)
− eλ1(t−s+ω)

(1− eλ1ω)

)]
h(s)ds.

We get the Green’s function of equation (2.1), that is,

G(t, s) =
1

λ2 − λ1

{
eλ2(t−s)

1−eλ2ω − eλ1(t−s)

1−eλ1ω , 0 ≤ s ≤ t ≤ ω,
eλ2(t−s+ω)

1−eλ2ω − eλ1(t−s+ω)

1−eλ1ω , 0 ≤ t ≤ s ≤ ω.

Case 2 b0 = 2
√
a0.

Lemma 2.2. Assume that condition b0 = 2
√
a0 holds. Then the Green function

G(t, s) is given by

G(t, s) =
1

emω − 1

e
√
a0(t−s)

[
ωe

√
a0ω

e
√

a0ω−1
+ s− t

]
, 0 ≤ s ≤ t ≤ ω,

e
√
a0(ω−s+t)

[
ω

e
√

a0ω−1
+ s− t

]
, 0 ≤ t ≤ s ≤ ω.

Moreover, the Green’s function G(t, s) > 0 for all (t, s) ∈ [0, ω]× [0, ω].

Proof. Similar to the proof of Lemma 2.1.
Case 3 b0 < 2

√
a0.
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Lemma 2.3. Assume that condition b0 < 2
√
a0 holds. Furthermore, suppose that

the following inequality holds:

a0 <
(π
ω

)2

+

(
b0
2

)2

. (2.2)

Then the Green function G(t, s) > 0 is given by

G(t, s) =
1

βκ

{
eα(ω+t−s) sin(β(ω + s− t))+eα(t−s) sin(β(t− s)), 0≤s≤ t≤ω
eα(ω+t−s) sin(β(ω + t− s))+eα(2ω+t−s) sin(β(s− t)), 0≤ t≤s≤ω,

where α := − b0
2 , β :=

√
4a0−b20
2 , κ := 1− 2eαω cos(βω) + e2αω.

Proof. Similar to the proof of Lemma 2.1.

Lemma 2.4 ( [8, Appendix A]). Assume that condition b0 < 2
√
a0 and (2.2)

hold. Then
∫ ω

0
G(t, s)ds = 1

a0
. Moreover, the Green’s function G(t, s) > 0 for all

(t, s) ∈ [0, ω]× [0, ω].

On the other hand, we consider the nonhomogeneous linear differential equation{
v′′(t) + b(t)v′(t) + a(t)v(t) = h(t),

v(0) = v(ω), v′(0) = v′(ω).
(2.3)

Equation (2.3) has an unique ω-periodic solution which can be written as

v(t) =

∫ ω

0

G̃(t, s)h(s)ds,

where G̃(t, s) is the Green function of the equation (2.3).

Lemma 2.5 ( [5, Lemma 2.2]). Assume that the following condition holds:
(A) There exist continuous ω-functions a1(t) and a2(t) such that

∫ ω

0
a1(t)dt > 0,∫ ω

0
a2(t)dt > 0 and

a1(t) + a2(t) = b(t), a′1(t) + a1(t)a2(t) = a(t), for t ∈ R.

Then
∫ ω

0
G̃(t, s)ds = 1

a(t) . Moreover, G̃(t, s) > 0 for all (t, s) ∈ [0, ω]× [0, ω].

3. Positive periodic solution for equation (1.1) in the

case that |c(t)| < a0−b∞c′∞
a∞+δb∞+a0

, where δ :=
max
t∈[0,ω]

|∂G(t,s)
∂t |

l , l
is the minimum of G(t, s) on R× R

At first, we recall a fixed point theorem of Leray-Schauder type will be used in what
following.

Lemma 3.1 ( [9, Theorem 5]). Let B(0, r1) (respectively, B[0, r1]) be the open
ball (respectively, the closed ball) in a Banach space X = (X, ∥ · ∥) with center 0
and radius r1. Suppose A,B : X → X are two operators satisfying the following
conditions:
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(a) A is a contraction;
(b) B is continuous and completely continuous.

Then either

(i) ∃ u ∈ B[0, r1] with u = Au+ Bu;
or

(ii) ∃ u ∈ ∂B[0, r1] and λ ∈ (0, 1) with u = λA(uλ ) + λBu.

Lemma 3.2 ( [18, Theorem 4.1]). If |c(t)| < 1 for t ∈ R, then the operator A has
a continuous inverse A−1 on Cω, satisfying∣∣(A−1u

)
(t)

∣∣ ≤ ∥u∥
1− c∞

, ∀ u ∈ Cω.

3.1. Equation (1.1) in the case that c(t) ∈ (0, a0−b∞c′∞
a∞+δb∞+a0

)

Theorem 3.1. Suppose c(t) ∈
(
0,

a0−b∞c′∞
a∞+δb∞+a0

)
for t ∈ R, c′∞ < a0

b∞
and equation

(2.2) hold. Furthermore, assume that there exists a constant r > 0 such that the
following conditions are satisfied:
(H1) There exist continuous, non-negative functions h(u) and k(t) such that

0 ≤ f(t, u(t− σ)) ≤ k(t)h(u), for all (t, u) ∈ [0, ω]× [0, r],

where h(u) is non-decreasing in [0, r].
(H2) The following inequality holds

K∗ <
r(ao − b∞c

′
∞ − (a0 + δb∞ + a∞)c∞)

a0h(r)
,

where K(t) :=
∫ ω

0
G(t, s)k(s)ds, and K∗ := max

t∈[0,ω]
K(t).

Then equation (1.1) has at least one positive ω-periodic solution u(t).

Proof. We Consider the family of equations of equation (1.1)

(u(t)− c(t)u(t− σ))′′ + b(t)u′(t) + a(t)u(t) = λf(t, u(t− σ)). (3.1)

It can be written as the following form

(u(t)− c(t)u(t− σ))′′ + b(t)(u(t)− c(t)u(t− σ))′ + a(t)(u(t)− c(t)u(t− σ))

=λf(t, u(t− σ))− a(t)c(t)u(t− σ)− b(t)(c(t)u(t− σ))′.

(3.2)

Taking v(t) = u(t)− c(t)u(t− σ), then equation (3.2) can be transformed into

v′′(t) + b(t)v′(t) + a(t)v(t) = λf(t, u(t− σ))− a(t)c(t)u(t− σ)− b(t)(c(t)u(t− σ))′.
(3.3)

Then we consider

v′′(t) + b(t)v′(t) + a(t)v(t) =λf(t, u(t− σ))− a(t)c(t)u(t− σ)

− b(t)c′(t)u(t− σ)− b(t)c(t)u′(t− σ).
(3.4)
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Consider the following equation

v′′(t) + b0v
′(t) + a0v(t) =λf(t, u(t− σ)) + (b0 − b(t))v′(t) + (a0 − a(t))v(t)

− a(t)c(t)u(t− σ)− b(t)c′(t)u(t− σ)− b(t)c(t)u′(t− σ).

Consider the family of equations

v′′(t) + b0v
′(t) + a0v(t) =λf(t, u(t− σ)) + (b0 − b(t))v′(t) + (a0 − a(t))v(t)

+ a(t)H(v(t)) + b(t)Q(v(t)) + b(t)S(v(t)), λ ∈ (0, 1),

(3.5)

where H(v(t)) = −c(t)(A−1v)(t − σ) = −c(t)u(t − σ), Q(v(t)) = −c′(t)u(t − σ),
S(v(t)) = −c(t)u′(t− σ).

Define

K := {u ∈ X : u(t) > 0, for t ∈ [0, ω] and min
t∈R

u(t) ≥ µ∥u∥, |u′(t)| ≤ δu(t)},

and
X = C1

ω := {u ∈ C1, u(t+ ω) = u(t), u′(t+ ω) = u′(t)},

where µ := l
L , L is the maximum of G(t, s) on R× R, ∥u∥ := max{|u|∞, |u′|∞}.

Define operators T ,N : K → Cω by

(T f)(t) =
∫ ω

0

G(t, s)f(s, u(s− σ))ds, (3.6)

(N v)(t)=(b0 − b(t))v′(t)+(a0−a(t))v(t)+a(t)H(v(t))+b(t)Q(v(t))+b(t)S(v(t)).
(3.7)

From equations (3.7) and (3.6), the solution for equation (3.5) can be written as

v(t) = λ(T f)(t) + (T N v)(t).

In view of c(t) ∈
(
0,

a0−b∞c′∞
a∞+δb∞+a0

)
for t ∈ R and ∥T ∥ ≤ 1

a0
, applying Lemma 3.2, we

get

∥T N∥ ≤ ∥T ∥∥N∥

≤ 1

a0

(
b0 − b0 + a0 − a0 + a∞

c∞
1− c∞

+ b∞
c′∞

1− c∞
+ b∞δ

c∞
1− c∞

)
≤ 1

a0

(
b∞c

′
∞ + δb∞c∞ + a∞c∞

1− c∞

)
≤ b∞c

′
∞ + δb∞c∞ + a∞c∞

a0 − a0c∞
< 1.

(3.8)

Hence, we deduce
v(t) = λ(I − T N )−1(T f)(t).

Define an operator P : K → Cω by

(Pf)(t) = (I − T N )−1(T f)(t).
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From inequality (3.8), we obtain

(Pf)(t) = (I − T N )−1(T f)(t)

≤ ∥Tf∥
1− ∥T N∥

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

∥Tf∥.

(3.9)

Next, we consider the existence of periodic solutions for equation (1.1). Define
operators A, B : K → Cω by

(Au)(t) = c(t)u(t− σ), (Bu)(t) = P(f(t, u(t− σ))).

From the above analysis, the existence of a positive ω-periodic solution for equation
(3.5) is just a fixed point of the following operator equation

u = λBu+ λA
(u
λ

)
in K. (3.10)

Define
B[0, r] := {u ∈ Cω : 0 ≤ u ≤ r, for t ∈ R}, (3.11)

where r is defined in Theorem 3.1. Obviously, B[0, r] is a bounded closed convex
set in Cω. For any u ∈ K

⋂
B, and t ∈ R, we arrive at

(Au)(t+ ω) = c(t+ ω)u(t+ ω − σ) = c(t)u(t− σ) = (Au)(t).

Besides,

(Bu)(t+ ω) = P(f(t+ ω, u(t+ ω − σ))) = P(f(t, u(t− σ))) = (Bu)(t),

which show that (Au)(t) and (Bu)(t) are ω-periodic. For any u1, u2 ∈ K
⋂

B, we
obtain

|(Au1)(t)− (Au2)(t)| = |c(t)u1(t− σ)− c(t)u2(t− σ)| ≤ c∞∥u1 − u2∥. (3.12)

In view of c(t) ∈
(
0,

a0−b∞c′∞
a∞+δb∞+a0

)
, we obtain that A is contractive. It is clear that

B is completely continuous in [3, Theorem 3.1].
On the other hand, we claim that any fixed point u of equation (3.10) for any

λ ∈ (0, 1) must satisfy ∥u∥ ̸= r. Assume, by way of contradiction, that the above
claim dues to not hold. Then, there exists a u of fixed point of equation (3.10) for
some λ ∈ (0, 1) such that ∥u∥ = r. From inequality (3.9), conditions (H1) and (H2),
we obtain

u(t) =λ(Bu)(t) + λ
(
A
(u
λ

))
(t)

=λP(f(t, u(t− σ))) + λ
1

λ
c(t)u(t− σ)

=λP(f(t, u(t− σ))) + c(t)u(t− σ)

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

∥T f∥+ c(t)u(t− σ)

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

max
t∈[0,ω]

∫ ω

0

G(t, s)f(s, u(s− σ)))ds+ c∞r
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≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

max
t∈[0,ω]

∫ ω

0

G(t, s)k(s)h(u(s))ds+ c∞r

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

·K∗h(r) + c∞r

<r.

Thus, r = ∥u∥ < r, this is a contradiction. Applying Lemma 3.1, we see that
u = Au + Bu has a fixed point u in K

⋂
B. Therefore, equation (1.1) has at least

one positive ω-periodic solution u(t).

Corollary 3.1. Assume c(t) ∈
(
0,

a0−b∞c′∞
a∞+δb∞+a0

)
for t ∈ R, c′∞ < a0

b∞
and equation

(2.2) hold. Furthermore, suppose that the nonlinear term f satisfies the following
condition:
(F1) There exist a continuous positive ω-periodic function d(t) and positive constants
ρ, µ such that

f(t, u) = µd(t)uρ, for all (t, u) ∈ [0, ω]× R.

(i) If ρ < 1, then equation (1.1) has at least one positive ω-periodic solution for
each µ > 0.
(ii) If ρ ≥ 1, then equation (1.1) has at least one positive ω-periodic solution for
each 0 < µ < µ1 := sup

r>0

r1−ρ(ao−b∞c′∞−(a0+δb∞+a∞)c∞)
Φ∗a0

.

Proof. We apply Theorem 3.1. Take

k(t) = µd(t), h(u) = uρ(t).

Then condition (H1) is satisfied and the existence condition (H2) becomes

µ <
r1−ρ(ao − b∞c

′
∞ − (a0 + δb∞ + a∞)c∞)

Φ∗a0
,

for some r > 0, where Φ(t) :=
∫ ω

0
G(t, s)d(s)ds, and Φ∗ := max

t∈[0,ω]
Φ(t). Therefore,

equation (1.1) has at least one positive ω-periodic solution for

0 < µ < µ1 :=
r1−ρ(ao − b∞c

′
∞ − (a0 + δb∞ + a∞)c∞)

Φ∗a0
.

Note that µ1 = ∞ if ρ < 1 and µ1 <∞ if ρ ≥ 1, we have (i) and (ii).

Theorem 3.2. Suppose c(t) ∈
(
0,

a0−b∞c′∞
a∞+δb∞+a0

)
for t ∈ R, c′∞ < a0

b0
, conditions

(H1), (H2) and (A) hold. Then equation (1.1) has at least one positive ω-periodic
solution u(t).

Proof. We consider the equation (3.3)

v′′(t)+b(t)v′(t)+a(t)v(t)=λf(t, u(t−σ))−a(t)c(t)u(t−σ)−b(t)(c(t)u(t−σ))′. (3.13)

Consider the following equation

v′′(t) + b(t)v′(t) + a(t)v(t)

=λ(f(t, u(t− σ)) + a(t)H(v(t)) + b(t)Q(v(t)) + b(t)S(v(t)), λ ∈ (0, 1).
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Define operators T̃ , Ñ : K → Cω by

(T̃ f)(t) =
∫ ω

0

G̃(t, s)f(s, u(s− σ))ds, (3.14)

(Ñ v)(t) = a(t)H(v(t)) + b(t)Q(v(t)) + b(t)S(v(t)). (3.15)

From equations (3.14) and (3.15), the solution for equation (3.13) can be written as

v(t) = λ(T̃ f)(t) + (T̃ Ñ v)(t).

In view of c(t) ∈
(
0,

a0−b∞c′∞
a∞+δb∞+a0

)
for t ∈ R and ∥T̃ ∥ ≤ 1

a0
, applying Lemma 3.2, we

get

∥T̃ Ñ ∥ ≤ ∥T̃ ∥∥Ñ ∥

≤ 1

a0

(
a∞

c∞
1− c∞

+ b∞
c′∞

1− c∞
+ b∞δ

c∞
1− c∞

)
≤ 1

a0

(
b∞c

′
∞ + δb∞c∞ + a∞c∞

1− c∞

)
≤ b∞c

′
∞ + δb∞c∞ + a∞c∞

a0 − a0c∞
< 1.

(3.16)

Hence, we deduce
v(t) = λ(I − T̃ Ñ )−1(T̃ f)(t).

Define an operator P̃ : K → Cω by

(P̃f)(t) = (I − T̃ Ñ )−1(T̃ f)(t). (3.17)

From equation (3.16), we obtain

(P̃f)(t) = (I − T̃ Ñ )−1(T̃ f)(t)

≤ ∥T̃ f∥
I − ∥T̃ Ñ ∥

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

∥T̃ f∥.

(3.18)

Next, we consider the existence of periodic solutions for equation (1.1). Define
operator B′ : K → Cω by

(B′u)(t) = P̃(f(t, u(t− σ))).

From the above analysis, the existence of a positive ω-periodic solution for equation
(3.13) is just a fixed point of the following operator equation

u = λB′u+ λA
(u
λ

)
in K. (3.19)

For any u ∈ K
⋂

B, and t ∈ R, we arrive at

(B′u)(t+ ω) = P̃(f(t+ ω, u(t+ ω − σ))) = P̃(f(t, u(t− σ))) = (B′u)(t),
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which show that(B′u)(t) is ω-periodic. It is clear that B′ is completely continuous
in [3, Theorem 3.1].

On the other hand, we claim that any fixed point u of equation (3.19) for any
λ ∈ (0, 1) must satisfy ∥u∥ ̸= r. Assume, by way of contradiction, that the above
claim dues to not hold. Then, there exists a u of fixed point of equation (3.19) for
some λ ∈ (0, 1) such that ∥u∥ = r. From (H1) and (H2), we obtain

u(t) =λ(B′u)(t) + λ
(
A
(u
λ

))
(t)

=λP̃(f(t, u(t− σ))) + λ
1

λ
c(t)u(t− σ)

=λP̃(f(t, u(t− σ))) + c(t)u(t− σ)

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

∥T̃ f∥+ c(t)u(t− σ)

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

max
t∈[0,ω]

∫ ω

0

G̃(t, s)f(s, u(s− σ)))ds+ c∞r

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

max
t∈[0,ω]

∫ ω

0

G̃(t, s)k(s)h(u(s))ds+ c∞r

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

·K∗h(r) + c∞r

<r.

Thus, r = ∥u∥ < r, this is a contradiction. Applying Lemma 3.1, we see that
u = Au+ B′u has a fixed point u in K

⋂
B. Therefore, equation (1.1) has at least

one positive ω-periodic solution u(t).

Remark 3.1. It is clear that the conditions of Theorem 3.1 are relatively weaker
than Theorem 3.2, because of the positiveness of G(t, s) and G̃(t, s).

3.2. Equation (1.1) in the case that c(t) ∈
(
− a0−b∞c′∞

a∞+δb∞+a0
, 0
)

Theorem 3.3. Suppose c(t) ∈
(
− a0−b∞c′∞

a∞+δb∞+a0
, 0
)

for t ∈ R, c′∞ < a0

b∞
, equation

(2.2) and (H1) hold. Furthermore, assume that the following condition is satisfied:
(H3) There exists a constant r > 0 such that

K∗ <
r(ao − b∞c

′
∞ − (a0 + δb∞ + a∞)c∞)

ao(1− c∞)h(r)
.

Then equation (1.1) has at least one positive ω-periodic solution u(t).

Proof. We follow the same notations and use a similar method as in the proof of
Theorem 3.1. We claim that any fixed point u of equation (3.10) for any λ ∈ (0, 1)
must satisfy ∥u∥ ̸= r. Assume, by way of contradiction, that the above claim dues to
not hold. Then, there exists a u of fixed point of equation (3.10) for some λ ∈ (0, 1)
such that ∥u∥ = r. From the conditions (H1) and (H3), we get

u(t)=λ(Bu)(t) + λ
(
A
(u
λ

))
(t)

=λP(f(t, u(t− σ))) + λ
1

λ
c(t)u(t− σ)
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=λP(f(t, u(t− σ))) + c(t)u(t− σ)

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

∥T f∥ − |c(t)|u(t− σ)

≤ ao−a0c∞
ao−b∞c′∞−(a0+δb∞+a∞)c∞

max
t∈[0,ω]

∫ ω

0

G(t, s)f(s, u(s−σ)))ds−|c(t)|u(t−σ)

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

max
t∈[0,ω]

∫ ω

0

G(t, s)k(s)h(u(s))ds

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

·K∗h(r)

<r.

Thus, r = ∥u∥ < r, this is a contradiction. Applying Lemma 3.1, we see that
u = Au + Bu has a fixed point u in K

⋂
B. Therefore, equation (1.1) has at least

one positive ω-periodic solution u(t).
By Theorem 3.3 and Corollary 3.1, we get the following conclusion.

Corollary 3.2. Assume that c(t) ∈
(
− a0−b∞c′∞

a∞+δb∞+a0
, 0
)

for t ∈ R, c′∞ < a0

b∞
, equation

(2.2) and (F1) hold, then we have
(i) If ρ < 1, then equation (1.1) has at least one positive ω-periodic solution for
each µ > 0.
(ii) If ρ ≥ 1, then equation (1.1) has at least one positive ω-periodic solution for
each 0 < µ < µ2 := sup

r>0

r1−ρ(ao−b∞c′∞−(a0+δb∞+a∞)c∞)
ao(1−c∞)Φ∗ .

Theorem 3.4. Suppose c(t) ∈
(
0,

a0−b∞c′∞
a∞+δb∞+a0

)
for t ∈ R, c′∞ < a0

b0
, conditions

(H1), (H3), and (A) hold. Then equation (1.1) has at least one positive ω-periodic
solution u(t).

Proof. We follow the same notations and use a similar method as in the proof
of Theorem 3.2. Next, we claim that any fixed point u of equation (3.19) for any
λ ∈ (0, 1) must satisfy ∥u∥ ̸= r. Assume, by way of contradiction, that the above
claim dues to not hold. Then, there exists a fixed point u of equation (3.19) for
some λ ∈ (0, 1) such that ∥u∥ = r. From equation (3.5), conditions (H1) and (H3),
we get

u(t)=λ(B′u)(t) + λ
(
A
(u
λ

))
(t)

=λP̃(f(t, u(t− σ))) + λ
1

λ
c(t)u(t− σ)

=λP̃(f(t, u(t− σ))) + c(t)u(t− σ)

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

∥T̃ f∥ − |c(t)|u(t− σ)

≤ ao−a0c∞
ao−b∞c′∞−(a0+δb∞+a∞)c∞

max
t∈[0,ω]

∫ ω

0

G̃(t, s)f(s, u(s−σ)))ds−|c(t)|u(t−σ)

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

max
t∈[0,ω]

∫ ω

0

G̃(t, s)k(s)h(u(s))ds

≤ ao − a0c∞
ao − b∞c′∞ − (a0 + δb∞ + a∞)c∞

·K∗h(r) < r.
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Thus, r = ∥u∥ < r, this is a contradiction. Therefore, applying Lemma 3.1, we
obtain that u = Au+ B′u has a fixed point u in K

⋂
B. Hence, equation (1.1) has

at least one positive ω-periodic solution u(t).

Remark 3.2. If |c(t)| > 1, from (3.12), we do not obtain that A is contractive.
Therefore, the above method does not apply to the case that |c(t)| > 1. Next, we
find another way to get over this problem.

4. Positive periodic solutions for equation (1.1) in
the case that |c(t)| > 1

Now, we present our results for the existence of a positive ω-periodic solution for
equation (1.1) in the case that |c(t)| > 1.

4.1. Equation (1.1) in the case that c(t) ∈ (1,+∞)

Theorem 4.1. Suppose c(t) ∈ (1,+∞) and condition (A) hold. Furthermore,
assume that there exists a constant r > 0 such that the following conditions are
satisfied:
(H4) There exist continuous, non-negative functions h(u) and k(t) such that

0 ≤ u(t− σ)(a(t)c(t) + b(t)c′(t) + δ̃b(t)c(t))− f(t, u(t− σ)) ≤ k(t)h(u),

for all (t, u) ∈ [0, ω]× [0, r],

where δ̃ :=
max

t∈[0,ω]

∣∣∣ ∂G̃(t,s)
∂t

∣∣∣
l̃

, l̃ is the minimum of G̃(t, s) on R × R and h(u) is non-
decreasing in [0, r].
(H5) The following condition holds

K∗ <
(c0 − 1)r

h(r)
.

Then equation (1.1) has at least one positive ω-periodic solution u(t).

Proof. We consider equation (1.1), it can be written as the the following form

(c(t)u(t− σ)− u(t))′′ + b(t)(c(t)u(t− σ)− u(t))′ + a(t)(c(t)u(t− σ)− u(t))

=a(t)c(t)u(t− σ) + b(t)(c(t)u(t− σ))′ − f(t, u(t− σ)).

(4.1)

Taking v(t) = c(t)u(t−σ)−u(t), then equation (4.1) can be written as the following
form

v′′(t) + b(t)v′(t) + a(t)v(t) = a(t)c(t)u(t− σ) + b(t)(c(t)u(t− σ))′ − f(t, u(t− σ)).

Consider the following equation

v′′(t)+b(t)v′(t)+a(t)v(t)=λ (a(t)c(t)u(t−σ)+b(t)(c(t)u(t−σ))′−f(t, u(t−σ))) .
(4.2)

We obtain

v(t) =

∫ ω

0

G̃(t, s)λ (a(s)c(s)u(s− σ) + b(s)(c(s)u(s− σ))′ − f(s, u(s− σ)))) ds.
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If u is a positive ω-periodic solution of (4.1), then we have

c(t)u(t− σ) = v(t) + u(t),

that is
u(t− σ) =

1

c(t)
v(t) +

1

c(t)
u(t).

Then we have

u(t)=
1

c(t+ σ)
v(t+ σ) +

1

c(t+ σ)
u(t+ σ)

=λ
1

c(t+σ)

∫ ω

0

G̃(t+σ, s) (a(s)c(s)u(s−σ)+b(s)(c(s)u(s−σ))′−f(s, u(s−σ))))ds

+ λ
1

λ

1

c(t+ σ)
u(t+ σ).

(4.3)
Define operators Ã, B̃ : K → Cω by

(Ãu)(t) = 1

c(t+ σ)
u(t+ σ),

(B̃u)(t) = 1

c(t+ σ)

×
∫ ω

0

G̃(t+σ, s) (a(s)c(s)u(s−σ)+b(s)(c(s)u(s−σ))′−f(s, u(s−σ)))) ds.

By the above analysis, the existence of a positive ω-periodic of equation (4.2) is
equivalent to the existence of solutions for the operator equation

u = λB̃u+ λÃ
(u
λ

)
in K. (4.4)

Next, we conclude the existence of a positive ω-periodic for equation (1.1). For
any u ∈ K

⋂
B be as in equation (3.11), and t ∈ R, we have

(Ãu)(t+ ω) =
1

c(t+ σ + ω)
u(t+ σ + ω) =

1

c(t+ σ)
u(t+ σ) = (Ãu)(t).

Besides,

(B̃u)(t+ ω)

=
1

c(t+ σ+ω)

×
∫ ω

0

G̃(t+σ+ω), s)(a(s)c(s)u(s−σ)+b(s)(c(s)u(s−σ))′−f(s, u(s−σ))))ds

=
1

c(t+σ)

∫ ω

0

G̃(t+ σ), s)(a(s)c(s)u(s− σ) + b(s)(c(s)u(s− σ))′ − f(s, u(s− σ))))ds

=(B̃u)(t),

which show that (Ãu)(t) and (B̃u)(t) are ω-periodic. For any u1, u2K
⋂
B, we get

|(Ãu1)(t)− (Ãu2)(t)| =
∣∣∣∣ 1

c(t+ σ)
u1(t+ σ)− 1

c(t+ σ)
u2(t+ σ)

∣∣∣∣
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=

∣∣∣∣ 1

c(t+ σ)

∣∣∣∣ |u1(t+ σ)− u2(t+ σ)|

≤ 1

c0
∥u1 − u2∥.

Thus, we have from c(t) ∈ (1,+∞) that Ã is contractive. It is clear that B̃ is
completely continuous.

Next, we claim that any fixed point u of equation (4.4) for any λ ∈ (0, 1) must
satisfy ∥u∥ ̸= r. Assume, by way of contradiction, that the above claim dues to not
hold. Then, there exists a u of fixed point of equation (4.4) for some λ ∈ (0, 1) such
that ∥u∥ = r. From the (H4) and (H5), we have

u(t)

=λ
1

c(t+σ)

∫ ω

0

G̃(t+σ, s) (a(s)c(s)u(s−σ)+b(s)(c(s)u(s−σ))′−f(s, u(s−σ))) ds

+ λ
1

λ

1

c(t+ σ)
u(t+ σ)

=λ
1

c(t+ σ)

∫ ω

0

G̃(t+ σ, s)
(
a(s)c(s)u(s− σ) + b(s)c′(s)u(s− σ)

+ b(s)c(s)u′(s− σ)− f(s, u(s− σ))
)
ds+ λ

1

λ

1

c(t+ σ)
u(t+ σ)

=λ
1

c(t+ σ)

∫ ω

0

G̃(t+σ, s)
(
a(s)c(s)u(s−σ)+b(s)c′(s)u(s−σ)+δb(s)c(s)u(s−σ)

− f(s, u(s− σ))
)
ds+ λ

1

λ

1

c(t+ σ)
u(t+ σ)

=λ
1

c(t+σ)

∫ ω

0

G̃(t+σ, s) (u(s−σ)(a(s)c(s)+b(s)c′(s)+δb(s)c(s))−f(s, u(s−σ))) ds

+ λ
1

λ

1

c(t+ σ)
u(t+ σ)

≤ 1

c0

∫ ω

0

G̃(t+ σ, s)k(s)h(u)ds+
1

c0
u(t+ σ)

≤ 1

c0
K∗h(r) +

1

c0
r

<r.

Thus, r = ∥u∥ < r, this is a contradiction. Applying Lemma 3.1, we see that
u = Ãu + B̃u has a fixed point u in K

⋂
B. Therefore, equation (1.1) has at least

one positive ω-periodic solution u(t).

Corollary 4.1. Assume c(t) ∈ (1,+∞) and condition (A) hold. Furthermore,
suppose that the nonlinear term f satisfies the following condition:
(F2) There exist a continuous positive ω-periodic function d(t) and positive constants
ρ, µ such that

f(t, u(t− σ)) = −µd(t)uρ(t) + u(t− σ)(a(t)c(t) + b(t)c′(t) + δb(t)c(t)),

for all (t, u) ∈ [0, ω]× R.

(i) If ρ < 1, then equation (1.1) has at least one positive ω-periodic solution for
each µ > 0.
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(ii) If ρ ≥ 1, then equation (1.1) has at least one positive ω-periodic solution for
each 0 < µ < µ3 := sup

r>0

(c0−1)r1−ρ

Φ∗ .

4.2. Equation (1.1) in the case that c(t) ∈ (−∞,−1).
Theorem 4.2. Suppose c(t) ∈ (−∞,−1), conditions (H4) and (A) hold. Further-
more, assume that the following condition is satisfied:
(H6) There exists a constant r > 0 such that

K∗ <
c0r

h(r)
.

Then equation (1.1) has at least one positive ω-periodic solution u(t).

Proof. We use similar notations and method as in the proof of Theorem 4.1.
We claim that any fixed point u of equation (4.4) for any λ ∈ (0, 1) must satisfy
∥u∥ ̸= r. Assume, by way of contradiction, that the above claim dues to not hold.
Then, there exists a u of fixed point of equation (4.4) for some λ ∈ (0, 1) such that
∥u∥ = r. From the conditions (H4) and (H6), we get

u(t) =λ
1

c(t+ σ)

∫ ω

0

G(t+ σ, s)
(
a(s)c(s)u(s− σ) + b(s)(c(s)u(s− σ))′

− f(s, u(s− σ))
)
ds+ λ

1

λ

1

c(t+ σ)
u(t+ σ)

=λ
1

c(t+ σ)

∫ ω

0

G(t+ σ, s)
(
a(s)c(s)u(s− σ) + b(s)c(s)′u(s− σ)

+ b(s)c(s)u′(s− σ)− f(s, u(s− σ))
)
ds+ λ

1

λ

1

c(t+ σ)
u(t+ σ)

=λ
1

c(t+ σ)

∫ ω

0

G̃(t+ σ, s)
(
u(s− σ)(a(s)c(s) + b(s)c′(s) + δb(s)c(s))

− f(s, u(s− σ))
)
ds+ λ

1

λ

1

c(t+ σ)
u(t+ σ)

≤ 1

c0

∫ ω

0

G(t+ σ, s)k(s)h(u)ds−
∣∣∣∣ 1

c(t+ σ)

∣∣∣∣u(t+ σ)

≤ 1

c0
K∗h(r)− 1

c0
r

≤ 1

c0
K∗h(r)

<r.

Thus, r = ∥u∥ < r, this is a contradiction. Applying Lemma 3.1, we see that
u = Ãu + B̃u has a fixed point u in K

⋂
B. Therefore, equation (1.1) has at least

one positive ω-periodic solution u(t).

Corollary 4.2. Assume that c(t) ∈ (−∞,−1), conditions (A) and (F2) hold, then
we have
(i) If ρ < 1, then equation (1.1) has at least one positive ω-periodic solution for
each µ > 0.
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(ii) If ρ ≥ 1, then equation (1.1) has at least one positive ω-periodic solution for
each 0 < µ < µ4 := sup

r>0

c0r
1−ρ

Φ∗ .
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