Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 11, Number 4, August 2021, 1779-1801 DOI:10.11948,/20200190

RANK-ONE CHAOS IN A DELAYED SIR
EPIDEMIC MODEL WITH NONLINEAR
INCIDENCE AND TREATMENT RATES*

Li Jin', Yunxian Dai®', Yu Xiao! and Yiping Lin'

Abstract The rank one chaos in a SIR model with two time-delays is studied
in this paper. By using center manifold theorem, normal form theory and
Hassard’s method, the existence, direction and stability of Hopf bifurcation
are discussed. Based on the rank-one chaos theory for delayed differential
equations, the conditions for the existence of rank-one strange attractor in
disturbed system are obtained. Finally, numerical simulations are given to
verify the theoretical analysis results.
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1. Introduction

With the development of chaos theory, more and more scholars pay attention to
chaos. Rank-one chaos is an important branch of chaos phenomena. Wang and
Yang [19] studied the strange attractors, which has an unstable single direction and
some controlled behaviors, and they obtained the existence condition of the strange
attractors. In [20], Wang and Yang proved that for a class of second order ODEs,
there were global strange attractors with fully stochastic properties. In 2003, Wang
and Yang [21] proved the emergence of chaotic behavior in the form of horseshoes
and strange attractors with SRB measures when certain simple dynamical systems
are kicked at periodic time intervals. In 2005, Wang and Oksasoglu [22] applied the
above theory and results to the Chua’s circuit, and they confirmed the existence of
strange attractors in Chua’s circuit. Since then, more and more scholars have paid
attention to the rank-one strange attractor. In 2009, Chen and Han [1] verified the
existence of rank-one chaos in a plane systems with heteroclinic cycles. In 2010,
Wang and Oksasoglu [15] studied a switch-controlled Chua’s circuit, and then they
found strange attractors in the system. Recently, some researchers introduced the
rank one chaos theory into the delay differential equation [14,25-27]. In 2015, Dai
and Lin et al. [2] developed rank-one theory for delayed differential equations and
applied the Chen system with time-delay. They showed that there was rank-one
strange attractor in time-delayed Chen system. In [24], Yang and Fang et al. found
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the existence of rank-one strange attractor in a periodically kicked delayed three-
species food chain.

Since the SIR model was proposed by Kermack and McKendrick [9] in 1927,
many scholars have studied the dynamics of epidemic models. In the process of
studying infectious diseases, the transmission mode and the therapeutic effect of
diseases are the key issues. In [9], authors used bilinear incidence rate 5SI and
linear treatment rate vI to describe the dynamics of an infectious disease. With
the deepening of the research on infectious diseases, authors found that simple
bilinear incidence and treatment rate were not enough to describe the increasingly
complex infectious disease system, many researchers have modified the incidence and
treatment rate of the diseases. In 1986, Liu et al. [13] proposed a general incidence

rate g(I)S = ﬁIqu which considered psychological effects. In 2013, Holling type

III treatment rate T'(I) = lj‘_% was proposed by Dubey et al. [3]. Recently, the
authors [4-6, 10, 16, 18] have studied epidemic model with nonlinear incidence and
treatment rates.

A SIR model with Monod-Haldane functional-type incidence rate and Holling
type III saturated treatment rate was suggested by Kumar and Nilam [11] as follows:

ds(t) BSHI(t—T)
o AT TRy
dIt) _ pSHI(t—7) al?(t)
dt :1+0412(t—7')7<M+d+0)[(t>7m’ (1.1)

dR(t)  al?*(t)
dt 1+ 0bI2(t)
BS)I(t)
TralZ(t)
rate. The total population N (t) at time ¢ was divided into three parts: susceptible
individuals S(t), infected individuals I(t), recovered individuals R(t). The total
population moved to susceptible individuals at A constant rate, p is natural mor-
tality rate, § is the disease transmission rate(The disease can only be transmitted
from the infected to the susceptible), « is the psychological inhibitory effect, d is
the disease mortality, o is the recovery rate of infected individuals, a is the cure
rate of the disease, b is the effectiveness of the treatment, 7 is incubation period of
disease.

Considering the treatment provided to infected individuals, many factors lead
to the time delay, such as the infected individuals cannot be treated at once, or
drugs do not take effect immediately due to the physical condition of the infected
individuals. Considering the influence of the above factors, in order to make the
mathematical model more realistic, we take into account the time delay during the
treatment and add a time delay 7 to the treatment term, as following form:

ds(t) _ BSH)I(t—7)
dt 1+ al?2(t—m)’
dI(t)  BS(t)I(t—m)
dt 14+ al?2(t —m)
dR(t) al?(t — 12)

= I -
dt 14+ bI%2(t — 72) +ol(t) = pR(),

where the term

represents the Monod-Haldane functional-type incidence

=A—puS()

al?(t — 7o)
1+bI2(t — 7'2)7

—(p+d+o)I(t) (1.2)

where 77 is incubation period of disease, 75 is the time delay during the treatment
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of the infected individuals. We give the initial conditions of system (1.2):

S() = p1(9), 1(9) = @2(9), R(V) = @3(1),0i(¥) > 0,(i = 1,2,3), -7 <V S(O, :
1.3

where (¢1(9), 2(9), p3(9)) € C([—7,0], R3) is the Banach space of continuous
functions mapping [—7,0] — R3, and R% = {(z1,22,23) : z; > 0,4 = 1,2,3}.
Then system (1.2) has a unique solution (S(¢), I(¢), R(t)) that satisfies (1.3) accord-
ing to the fundamental theory of functional differential equations [7].

In this paper, we think about the fact that in real life some very small periodic
external factors will have some effect on the epidemic. For example, some animals
carrying the virus will return to the same place in the same season every year. In
terms of the spread of infectious diseases, this phenomenon will cause the outbreak
of infectious diseases with a certain periodicity, which is consistent with the fact
that the high incidence of infectious diseases usually occurs in autumn and winter.
From the perspective of disease prevention and control, the actual immunization
strategy is to conduct pulsed immunization at a fixed cycle T. For example, we
will prevent the flu by taking an annual vaccination before the flu season every
year. This kind of periodic immunity measure can cause certain influence to the
prevention and control of infectious disease. So we consider the effect of the time
delay and an external periodic force as an input on the system, we devote our
attention to rank-one strange attractor in a periodically kicked system with two
time-delays. Then we consider the following system:

ds(t) BSHI(t — 1)

T dt =A—pSt) - m +eS(t)Pr(t),
dizgf) -7 i%%‘?f) ~lutd+o)l(t) - Hl,,f(;)) +eI(t)Pr(t),
a 2(t — T2
d]jzit) 1 +IbI(§(t - 12) +0l(t) = pR(t) + R Pr(1), »
1.4

where € > 0 is small enough, Pr =3 ° _ §(t —nT), §(-) is Dirac-delta function.

The structure of the paper is as follows: In Section 2, we deduced the condi-
tions for local asymptotic stability and Hopf bifurcation at positive equilibrium. In
Section 3, the direction and stability of Hopf bifurcation are given. In Section 4,
the conditions for generating rank one chaos in a disturbed system are discussed.
Numerical simulations are presented in Section 5. Finally, the conclusions are given

in Section 6.

2. Stability and existence of Hopf bifurcation

We firstly consider the existence of positive equilibrium of system (1.2). By calcu-
lation,

(1+al* (1 +bI*)(u+d + o) + al*] I I*[o(1 + bI*") + al*]
B(1+bI"7) TNy

B(S*, 17, R7) = ( ),

where I* satisfies the following equation:

K I 4 Kol™ + KaI* + Ky I* + K5 = 0, (2.1)
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with

Ky = pab(p+d+ o),

Ky = paa+ Bb(p+d+ o),
Ks=pla+b)(n+d+ o)+ Bla— Ab),
Ky=pa+pBp+d+o),

Ky =p(p+d+ o) — BA.

According to Descartes’ rule of sign [23], equation (2.1) has a positive real root
if the following holds true:

(Hl)i K5 <0.
Then there is a positive equilibrium E(S*, I*, R*) of system (1.2) if (H;) holds true.

Next, we can obtain the characteristic matrix of the linearized system of (1.2)
at the positive equilibrium F, denoted as: A\I — B — e~ *"1C — e~ *™2 D, where

b11 0 0 O C12 O 0 0 0
B=1byby 0 |, C=]0c0n0|[,D=|0dy0 |, (2.2)
0 b3y bss 000 0dss 0
and
BI* pI*
bi1 = —u— by = bog = — d
11 1% 1+C¥I*2’ 21 1+a1—*27 22 (/J'—'_ +J)7
BS*(1—al*’)
b = b = — = -—-———
32 = 0, 33 K, C12 (1 +al?)2
BS*(1—al*’) 2al* 2aI*
C = —-—mae—eem = - = -
22 (1—'—0[[*2)2 s 22 (1+bI*2)2a 32 (1+bl*2)2

The characteristic equation is given as:

A4+ PINE+ QiA + Ry 4 (PoA? + QoA + Ro)e ™ + (P3A? + QsA + R3)e ™2 =0,

(2.3)
where
BI* BS* (1 —al*)
L=dptdtot T e (1+al**)?2
Ry = i+ d o) (+ — )
1= p(p o)+ o)
2u+d+o)BI* 2uB5*(1 — al*")
= pu(Bu+2d+20) + TP =_
Ql lu( Iu—"_ + U)+ 1+a1*2 ) 2 (1+a1*2)2 )
R _ p2BS*(L—al*)
2 — (1+OZI*2)2 9
2al* dual* 2a5[*2
Po= " 0=
5= Ao BT Ao e T Ut al?) (1100
2al* BI*
Ry=—"" (2> + """,
S ey e A G wy
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Next, we will discuss these four cases: (1) 71 = 72 = 0; (2) 71 = 0,72 > 0; (3)
T1=Ta=1; (4) 71 > 0,72 € (0,720).

Case (1): 1 =712 =0.

Equation (2.3) is reduced to

AN+ (PL+Po+ PN + (Q1 + Q2 + Q3)A+ (R + Ro + R3) = 0. (2.4)

Based on the Routh-Hurwitz criteria, we give the following condition:
(HQ)I Pi+P,+P;>0, R+ Ry + R3 >0,
(PL+ P+ P3)(Q1+ Q2+ Q3) — (R + R+ R3) > 0.
Assuming that conditions (H;) and (Hz) are true, then all the roots of equation
(2.4) have a negative real part. Then we can get:

Theorem 2.1. For 7y = 72 = 0, if (Hy), (H2) hold, then E(S*,I*, R*) is locally
asymptotically stable.

Case (2): 71 =0, 70 > 0.
Then equation (2.3) becomes

N4 (P + PN 4+ (Q1 + Qo)A+ Ry + Ry + (P3sA* + Qs\ + R3)e ™ = 0. (2.5)

Assuming that iws(we > 0) is a root of equation (2.5). Substituting it to equation
(2.5), we can get

(Rg — Pgwg) COSWaTy + Q3ws SinweTy = (Pl + Pz)wg — (R1 + Rz),

(2.6)
—(Rs — P3w3) sinwaTs 4+ Qsws coswaty = wi — (Q1 + Q2)wo.
From equation (2.6), we have
w§ + Prawsy + Qraws + Rig = 0, (2.7)
where
Py = (P1 + Py + P3)(P1 + P, — P3) — 2(Q1 + Q2),
Q2 = (Q1+ Q2+ Q3)(Q1 + Q2 — Q3) + 2[PsR3 — (P1 + P2)(R1 + Ry)],
Ris = (Rl + Ry + Rg)(Rl + Ry — Rg)
Denote 25 = w3, equation (2.7) is reduced to
Zg + Plgzg + ngzg + R12 =0. (28)
Let
ho(z2) = 23 + PlQZ% + Q1222 + Ria, (2.9)
thus
dh
2(22) = 32’% + 2P122’2 + Q]_Q.
dZQ
Next, let

325 + 2P1az0 + Q12 = 0,
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when Ay = PE—3Q12 > 0, it has two real roots: 23, = _P12+ VB2 % = —P12—\/E

On the one hand, when R15 = (R1+Ra+R3)(R; +R2—R3) < 0 since ho (0 )

lim  ho(z2) = 400, equation (2.8) has at least one positive root. On the other
29— 400

hand, when Ry = (Rl + Ry + Rg)(Rl + Ry — Rg) >0, if Ay = 12 —3Q12 <0,
then equation (2.8) has no positive root; if Ay = P% — 3Q12 > 0, 25; > 0 and
ha2(23;) <0 hold, then equation (2.8) has at least one positive root.

For the general case, since equation (2.8) has at most three positive roots, re-
spectively as 221, 209 and 2zs3, so correspondingly there are three positive roots
war = \/Z2k, k = 1,2,3 in equation (2.7). According to equation (2.6), we have

[Qs — P3(P1 + Py)]ws,
Pswi + (Q3 — 2P3R3)w3, + R?
n [R3(Py + P) + P3(Ry + Ro) — Q3(Q1 + Q2)]w3,,
Pawyy, + (Q3 — 2P3R3)w3y, + R3
B Rs(Ry + R»)
Pg&}%k + (Q% — 2P3R3)w§k + R%

COS War T2k —

and

OB {arccos < [Qs — P3(Py + Py)]ws,
Pgwgk + (Q% — 2P3R3)w§k + R%
N [R3(P1 + P2) + Ps(R1 + Ry) — Q3(Q1 + Q2)]w3,
Pgwgk + (Q% — 2P3R3)w%k + R%
R3(Ry + Rs) ) }
- +2
Pyl + (Q2 —2PsRy)w2, + R2) Y

where j =0,1,2,---.
Denote

= min {Tgk} Wag = Wajk,-

o0 = )
207 T2k Ty 00

Supposing that equation (2.5) has a root A(12) = aa(72) +iws(72) near 75 = 72(?,
and the root satisfies the following conditions:

062(7'2({3)) =0, WQ(Tz(i)) = woy.

Then we have

[@ J1_ BN 4 2P+ Po)A + (Q1 + Qo)™ 2P\ + Q3 T
dry A(P3A? + Q3A + R3) APsA24+QsA+ Rs) A
(2.10)

From (2.10), we can get

e (o))

_ Re{[w +2(Py + P)X + (Q1 + Q2)]e?™ 2P\ + Q3
A(PsA? + Q3A + Rs) A(PsA? + Q3A + Rs) )

T2=Tgy},

1 .
= A—Z{—Q3w§k[(Q1 + Qo — 3w3;) cos(wngz(fc)) —2(P + Po)wag sm(wgkrz(i))]
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+ (Rawar — Pawdy)[2(Pr + Pa)war cos(wartsh)) + (Q1 + Q2 — 3wdy) sin(wairih))]
— Q3w3 + 2P3wa(Raway, — Pswiy)}
1
= E{gwgk +2[(PL+ P2)? = P§ — 2(Q1 + Q2)]wiy,
+[(Q1 + Q2)* — Q3 + 2PsRs — 2(Py + P)(Ry + Ry)|w3y }

1
= A*Q[Z%(?"%k + 2P1329k + Q12)]

1
= Ezzkh'g(zzk),

where Ay = Q3ws;, + (Rswar, — Psw3; ) > 0, 29, > 0. Therefore

Sign{ [Re (ddTQ(A(Tg))) LQ@} - sign{ [Re (jTQ(A(TQ))) Lla{i)}

. 1
= szgn{Azzkh’Q(zzk)},
2

then the sign of Re (%(A(Téi)))) is consistent with the sign of h}(za1).

According to [17, Corollary 2.4] and the above analysis, we can obtain:

Theorem 2.2. For m;, =0, 79 >0, then
(Z) ]f(Hl), (HQ), Rip = (R1+R2+R3)(R1+R2*R3) >0 and Ny = P122*3Q12 <
0 hold, E(S*,I*, R*) is locally asymptotically stable for 7o > 0.
(’LZ) If (Hl), (Hg) hold, and either R, = (R1 + Ry + R3)(R1 + Ry — R3) <0
or R12 = (R1 + R2 + R3)(R1 + RQ — Rg) Z 0 and AQ = P122 - 3Q12 > 0,
23 = —me—h/ﬂ > 0 and ha(z5;) <0, E(S*, I*, R*) is locally asymptotically
stable for to € (0,720).
(iii) If (ii) and hyo(za1) # 0 hold, then Hopf bifurcations occurs in system (1.2) at
E(S*7I*7R*) f07’ T2 = TQ%)
Case (3): 1 =12 =7>0.
The characteristic equation changes to the following form:

AN PN+ Qi+ Ry + [(Pr 4+ Ps)MN? + (Qa + Q3)\ + Ro + Rzle ™ = 0. (2.11)

Assuming that equation (2.11) has a root of A = iws(ws > 0), we have

—wi + Qw3 = [Ra + Rz — (P2 + P3)w?] sinwst — (Q2 + Q3)ws coswsT, (2.12)

Ry — Piw? = —[Ry + R3 — (P2 + P3)w3] coswsT — (Q2 + Q3)ws sinwsT.
Next, we can get
w§ + Prsws + Q3w3 + Riz =0, (2.13)

where

Pi3 = (P14 P + P3)(P1 — P, — P3) — 2Qq,
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Qiz = (Q1+ Q2+ Q3)(Q1 — Q2 — Q3) +2(R2 + R3) (P2 + P3) — 2P Ry,
Ri3 = (Rl + Ro + R3)(R1 — Ry — Rg)

Then, equation (2.13) becomes
Zg + P132’?2) + Q1323 + R13=0, (2.14)

where 23 = w3.

Let (H3): Equation (2.14) has at least one positive real root.

If (H3) holds, similar to the case (2), the three roots of equation (2.14) are
expressed as z31, 232 and 233, so correspondingly there are three positive roots w3, =
V73, k =1,2,3 in equation (2.13). From equation (2.12), we can get

Q2 + Q3 — Pi(Ps + Ps3)|ws,

COSRT =Py + Py)2wl, — [2(Py + P3)(Ra + Rs) — (Qa + Q3)2Jw2, + (Ry + Ra)?
N [R1(Po+ P3)+ Pi (R + R3) —Q1(Q2+Q3)|wi,,
(Po+ P3)%w3;, —[2(Po+Ps)(Ro+ R3) — (Q2+Qs3)?|w3, + (R2+ R3)?
3 Ri(R2+R3)
(Pa+Ps)?ws;, —[2(P2+ P3)(Ra+ Rs) — (Q2+Qs)?w3,, + (Ra+ Rs)?
and
RO [Q2+Qs — Pr(Pa+P3)|wsy,

W3k { areeos ((P2+P3)2w§k—[2(P2+P3)(R2—|—R3)—(Q2 +Q3)?|w?;, 4+ (R2+ R3)?
[Ri(Pz + P3) + Pi(R2 + R3) — Q1(Q2 + Q3)]w3,
(P2 + Ps)2wg;, — [2(P2 + P3)(R2 + Rs) — (Q2 + @3)2|w3y, + (R2 + Rs)?
R1(R2+Rs) >+27rj}
(P2+Ps)2ws;, — [2(P2+P3)(R2+ R3) — (Q2+Q3)? w3, + (R2+ R3)?
where 7 =0,1,2,---.
Define

Jr

. 0
T30 = Tp = min {7'( )}, W30 = W3k
ke{1,2,3}

Assuming that equation (2.11) has a root A(7) = as(7) +iws(7) near 7 = 7U) and
the root satisfies the following conditions:

az(7V)) = 0,ws(7)) = wa.
Then we have

d 3V H2PA+ Q1+ 2(Pa+ PN+ Qo+ Qs T
G A = Ae™ (P + P3)A? + (Q2 + Q3)\ + Ra + Ry xo 21)

Similar to the discussion in case (2), we can get

B

[Re (i(x(ﬂ)) } ol A%Zg,khg(zgk)

=707

where A3 = (Q2 + Qg)ngk + [(R2 + Rg)w:gk — (P2 + Pg)wgk]Q > 0,h3(23) = Z§ +
Pi323 + Q1323 + Ry3. Since A3 > 0, 23 > 0, then

sl (o) -l ()] )
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. 1
= szgn{ Azgkhg(zgk)},
3

thus the sign of Re (- (A(77)))) is consistent with the sign of hj(z3).
Obviously, we have the following theorem.

Theorem 2.3. For 7y =1 =7 >0, if (Hy — Hs) and h5(zsx) # 0 hold, then
(i) E(S*,I*, R*) is asymptotically stable for T € (0,79).
(i) E(S*,I*, R*) is unstable for T > 9.

(iii) System (1.2) undergoes Hopf bifurcations at E(S*,I*,R*) for v = 7\,

Case (4): 71 > 0, 75 € (0,729), 71 # Ta-
In system (1.2), 71 is considered as a parameter. Assuming that equation (2.3)
has a root of A\ = iwy(ws > 0), then we have
— wi + Qws + (Pswi — Rs) sin(wats) + Qsws cos(waty)

= —(Paw? — Ry)sin(wy71) — Qawy cos(wyty),

(2.16)
— Piw? + Ry — (P3w? — R3) cos(waTy) + Q3wy sin(wyTy)
= (Pyw? — Ry) cos(wam) — Qawy sin(wyTy ).
According to equation (2.16), we can get
w§ + Prwi 4+ Qraw? + Ryg + Myysin(wymy) + Nigcos(wary) =0 (2.17)

where

Py = P + P — P§ —2Q,

Qua = Qf + Q3 — Q3 + 2P, Ry — 2P Ry — 2P3 Ry,

Ry, = R + R3 — R3,

My = 2[Qsws(Ry — P1w}) + (Qiws — wi)(Pswi — Rs)],
Niy = 2[Q3ws(Qrws — wi) — (R — Prw?)(Psw? — R3)].

Similar to the discussion in case (3), let

(Hy): Equation (2.17) has at least one positive real root.

Supposing that the positive real roots of equation (2.17) are wa(k = 1,2,--- ,6).
From (2.16), we have

s () L { ((Q2 — PiP)wj), 4+ (PiRy + PRy — Q1Q2)w3), — R1R»
710 =—1 arccos e 5 5 5
Piwy, +(Q3 — 2P Ro)wi), + 13
[(P2Qs — P3Q2)ws;, + (Q2R3 — Q3 Ra)wa) sin(warTs)
Piw}, + (Q3 — 2Py Ro)w?, + R3
B [P2P3w3k + (QQQg — PoRs — PgRQ)CUEk + R2R3} COS(W4]€T;)> " 27T]}
Pgwik + (Q% — 2P2R2)wik + R%

+

where j =0,1,2,---
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Define
0) _

Tio = Tfko min }{Tikk(O)}v W40 = Wakg- (2.18)

ke{1,2,,6

Then we can obtain

{ dX } ! _ P 4+ Q4 RN gy

— — 2.1
dn M A (2.19)

where

P =3)2 4+ 2P \+Q1,

Q =2P\ + Qo,

R =2PsA + Q3) — 2(P3A\* + Q3\ + R3),
M =X(PA? + Q2A + Ry).

From equation (2.19), we have
-1
d_ * (f) — MyN1+MyNoy
[Re (dn ()\(le ))) :| N - 1M%+Mz2 .

where

My = —Qawiy,

Ms = Rawai, — Pawiy,

Ny = (=3wi + Q) cos(warii”) — 2Prwak sin(wartic V) + Q2 + (Pswiers + Qs
— R373) cos(wag (Tfk<j)

No = 2Piwak Cos(w4k7'1*k(j)) + (—3wik + Q1) sin(W4kak(j)) + 2Powar + (Pgwikrg*

+ Qs — Rs73 ) sin(wag (Tfk(j) —73)) + (2Pswar — Q3warTs ) cos(wak (T1% @ _ 73)).

—73)) = (2Pswar — Qawaers) sin(way (ri ) — 73)),

Let
(H5)Z MlNl + M2N2 7é 0.
We can get the following conclusion.

Theorem 2.4. For 1 >0, 72 € (0,720), if (H1), (Hz2), (Hs), (Hs) hold, then
(i) E(S*,I*, R*) is asymptotically stable for my € (0, 14,).
(i) E(S*,I*, R*) is unstable for T > 17;.

(iii) System (1.2) undergoes Hopf bifurcations at E(S*,I*, R*) for m = 75,1,

3. Direction and stability of the Hopf bifurcation

In the previous section, we obtained the conditions for the local stability and Hopf
bifurcation of the system (1.2) at the positive equilibrium. In this section, we discuss
the direction and stability of the Hopf bifurcation of the system (1.2) when 7 > 0,
79 =75 € (0,720) by [7,8,12].

Let z1(t) = S(t) — S*, zo(t) = I(t) — I*, x23(t) = R(t) — R*, t = t/m, and
71 = 71y + 1 (@ is bifurcation parameters of system (1.2)). Then the system (1.2)
can be written as a FDE in C = C([-1,0], R?),

@(t) = Ly(xe) + f(ps ), (3.1)



Rank-one chaos in a delayed SIR epidemic model 1789

where z(t) = (21(t),22(t), 23(t))T € R3. L,(¢) : C — R3 and f(p,x;) are shown
below:

61(0) 61(-1) o1 (—2)
Lu(9) = (o + 1) B | ¢2(0) |+ (10 +1)C | ¢o(—1) | + (740 +p)D ¢2(—%) )
¢3(0) ¢s3(—1) ¢3(—%)
(3.2)
and
f1
fog) = (o + 1) | fo |- (3.3)
I3

Wlth ¢ = (¢17¢27¢3)T S C([_17O]5R3)7 a’nd

fi =k1103(—1) + k1261 (0)pa(—1) + k1361 (0)p3(—1) + kyad3(—1) +-- -,

*

fo=— k11¢§(—1)—k12¢1(0)¢>2(—1)+k21¢§(—%)—k13¢>1(0)¢§(—1)—k14¢3(—1)

+k22¢§(_7;2) + )
T1
* X
f3 ——k21¢2(—l)—k22¢§(—721)+ ,
and
. _aBS*I*(3 —2al*) y _ B—al®) _afI*(3 —2al*)
11 — (1+aI*2)3 y W12 — (1+Oé[*2)2’ 13 — (1—1—04[*2)3 ’
. _aBS*(202% —Tal* +1) _a(1-3b1%)  4abI*(1—bI*")
14 — (1 +OZI*2)4 ) 21 — (1 +bI*2)3 b 22 — (1 +bI*2)4

According to the Riesz representation theorem, there exists a n(6, u)(—1 < 8 <
0), n(6, 1) is a bounded variation function, such that

0
L) = / 6,006, ¢ € C(1=1,0L 7). (3.4)

Then, we choose
00, 1) = (v + 1) [BS(9) + C6(6 + 1) + Ds(6 + )], (3.5)
1

where ¢ is the Dirac delta function.
Next, we define
do(0)

—_— fel-1
o, e [-1,0)

0
/1®@MW@%9:Q

Ap)g =
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and
0, 0 € [-1,0),
f(:U/7¢>7 9:07

where ¢ € C([—1,0], R?).
For # = 0, equation (3.1) is equivalent to the following form:

Zy = A(p)xe + R(p)ae,
where z; = x(t +0) = (z1(t +0), z2(t +6), z3(t +6)) for § € [-1,0].

Define
_dts) s € (0,1],

A*w(s) _ 0 dS
[1dnT(t,O)w(—t), s =0,

and

((5). 6(8)) = B(0)(0) — / L ot - oane)oteyac

(3.7)

where n(8) =7(0,0), A and A* are adjoint operators. Let A = A(0), then +iw4o7],

are eigenvalues of A and A* respectively. Assuming that q(8) = (1,7, ()T e

0

is the eigenvector of A corresponding to iw4o7]y. Then, according to the definition

of A and (3.5), we have

iwag — b1 _0126—iw40710 0
* . g * i *
T10 —bo1  dwgo — bag — CopeTtWHOTI0 — dppeT W02 0 q(0)
0 —bgy — dgpe™"Wa0T2 iwao — b33

which yields

iwgo — b1 (bza + dsge ™07 ) (iwgg — by1)

a(0) = (1,7,0" = (1

) — ERE) A — =
C10€™ W40 10 (twag — bzz)croe™Wa0Tio

)

Similar to the discussion in ¢(f), assuming that ¢*(s) = D’(1,~7*,{*)e’0Ti0® is the

eigenvector of A* corresponding to —iw4077,, which yields

—iwso — b11

¢"(0) =D'(1,v*,¢*) = D'(1, )
21

,0).

From (3.7), we can obtain

(@ (s),a(0)) = D'(1,7*,¢*)(1,7.Q)"

0 0
B / D/(1,7, () T momiodn(9) (1, 4, ()T ett e Tiodg

—1Je=0
0

= D1 47 + ¢ — / (1,77, ¢ )0 dy(8) (1,1, )T}

-1
= D'{1 4 y7* + (CF 4 e~ a0 (1, 4%, ¢*) - O (1,7, ¢)T

T —iWa0Ty T
+ e (1,9%,¢*) - D(1,7,0)"}

T10
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= D'{1+y7* + (C* + e 0oy (c1p + 7 e20)
e . _
+ 2T WO y (o dyy + (*d32) }
To

Thus, we have

*

_ _ — . * — T . * — —
D' = {1+W*+CC*+€7W407107(012+7*C22)+72 e~ T2 y(yrdya+(*d32) } . (3.8)

*

10

In order to describe the center manifold Cy at p = 0, assuming that z; is the
solution of equation (3.1) at u = 0 and defining

2(t) = ("), Wt 0) = 2.(0) — 2Re{z(t)q(0)}. (3.9)

On the center manifold Cy, we have

2 52 23

W(£,6) = W (2(2), (1), 0) = Wao(0) 5 + Was (0)25 + Woa(6) 5 + Wao(0) %+

where z and Z are local coordinates for center manifold Cy in the direction of ¢ and

q.
Then we have
2(t) = (q7(0),2:(0))
= (q"(0), Az (0) + Ra1(0))

(3.10)
= (A"q"(0), 2:(0)) + (¢"(6), Rz (0))
= iwao(q"(0), z:(0)) + (¢*(6), Rz (0)).
When 6 = 0,
2 =iwaoioz + (q*(0), £(0, W(2(1), 2(t),0) + 2Re{=(t)q(0)})
= iwsorios + 7 (0)F(0, W(=(1), 5(2),0) + 2Re{=(t)(0)} (3.11)
= iwaoTioz + G (0) fo(2, 2) = iwsoTioz + 9(2, 2),
where
9(2,2) = ¢*(0) fo(z, 2) = 920? + 91122+ go2§ + 92127;2 +e (3.12)

Since z4(0) = (214(0), w24(0), 23:(0)T = W (t,0) + 2q(0) + 2g(0) and ¢() =
(1,7,¢) e we have

W m A M nos 2 @ 2 3
21:(0) = 2+ 2+ Wy, (0)? + Wi (0)zz + W, (0)? +0((z,2)]°),
WO WD (0)ez 4 WD () P
x2:(0) = 2y + 27 + Wy (0)5 + W17 (0)2z + W, (0)3 +O(|(2,2)|°),

_ 22 72
230(0) = 26 + 20+ W3 (0) 5 + Wi (0)22 + W3 (0) 5 + O(|(z. 2)P°),
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. * . * 2
1) =z st WD () D W)

FWREDE L0 D),

2
. * . * 2
wa(—1) = zye 070 4 zgemio 4 WD (—1) T+ WP (-1)22
52
2 < _
+We (=15 +O0(l(z2)),
Z2

z3¢(—1) = zCe w070 4 (™00 4 WQ(S’)(—I)? + Wl(i’)(fl)zé

52
z Ny
+ W5y (15 +0((=,2)),

* * 2
T2 T2 2

_ _ o iwaoTy 5, 1Wwa0 Ty W(l) _ W(l) _ s
rul o) = e st W (T T W (e
1 T | 22 _
+We! (- 2) 5 +0((=. )P,
T10
7_2* — W40 T == _iW40To (2) 7_2>.< 22 (2) 7_2* -
Tou(——) = z7e 2 4 z7e 2+ Wy (777*)? + Wig (*TT)ZZ
10 10 10
5 7_* 22 Ny
+Wg (- 2) 5 +0((z )P,
T10
7_2* —iwao T —F iwa0Te (3) 7_2* Z2 (3) T; >
T3¢ (——) = 2Ce” 102 4 Z(e" 0T + Wy (——-) 5 + Wiy (— =)
T10 Ty 2 T10
3, T3\ 2 _
+We' (- )5 +0((=,2)P).
T10
Then

9(2,2) = *(0) fo(2,2) = D'rio(1, 7%, &) (0 5D i)T
= D/Tlo{[kllxgt(f].) + k121’1t(0)x2t(*1) -+ klgiﬂlt(O)fﬂ%t(fl)
+ k1w, (—1) + -+ ]+ 7 [—ki125,(—1) — k12@14(0)z2 (—1)

*

.
+ k’mﬂfgt(—%) — k13w1¢(0)a5,(—1) — k1axd, (—1)

10
7.* _ 7_* 7_*

+ kool (=) + - ]+ CF[—kanad, (- =) — kaoad, (——2) + -1}
T10 T10 T10

According to (3.12), we can get

920 :2D’Tf0[(k1172672w407—1*° + klgvefiwmrl*o) 4 ,y’*(k2172672iw407'2*
_ k1172672iW407‘f0 _ k12,y€77,‘W40T1*0) + (*(7k2172672iw4075 )],

g11 =D'mio{[2k1177 + k12(7€™0T0 e T 0TI0)] - 4% [2k91 4T — 2k1177
_ k12(,76iW407'1*0 + ,ye—iw40‘r1*0)] 4 (*(_2k21,y,7)}7

o2 :QD‘/TTO[(ICIWQGQMLOTI*O + ku;yeiwzmﬁ*o) + 7—*(]{2ﬁ262iw4m§ — ke y2eRiwnnio
_ ]{:12’767;“}4071*0) + 6*(_k21,72621w407'§ )]’

921 225/7'1*0{[]@11(2’76_m407;"w1(f)(_1) + 76iw4on°W2(§)(_1))
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Fhia(WE (-1) + SWED (1) + e nmiowid) (0) 4 e somiow () (0)
+ k13 (297 + e 20Tio) ot kg (37270 Ti0))]

+ 7 [kar (2ye 0T W1(12)(_:§;) + et Wiy (—a
+ kaa (3y7e 1407 ) — gy (2ye 0D (—1) 4yl 0o WY (<1))
— Ep(Wi (1) + wﬂk>+§wMMM%mwﬂfMMMﬁw»
— k13(297 + 72T 2W0T0) — oy (377 T H0T0)] - ([ hpa (37 e 072 )
(

T* . * TX
— ka1 (2ye WD (——2) 4 30 Wid (- 2]},
1o T10
where
Wao(0) :LQO* (O)eiw‘mﬁ*"g + igim*7 0)e w0l | E’l621@)40"'1*0‘97
W40T1g 3UJ407'10
) . x 1q . .
WH(G) - _ 9114< q(O)ezwame + 9711*5(0)6*100407109 + EQ,
W40T10 w40T1g
and
-1
2iwg0 — b11 —0126_2iw40750 0
Ey =2 —boy 2iwgg — bao — 6226_%“}407—1*0 — d22€_2iw407—5 0
O 7632 - d32672iw407—2* 2iW40 — b33
Fy
X F2 s
F
—1
—bu —C12 0 Gy
By = —by1 —bas —coo —day 0 N e
0 —bzz —d3za  —bs3 Gs
and

2 —2iwg0Ty — W40 Ty,
Fy =y e 240710 4 ygye™ "040T10,
—2iwa0Ty _ k1172672iuJ407‘1*0 7 klg’yeiiw‘wﬁ*‘),

) *
—2iw40T, ,

Fy = le"}/Qe
F3 = —kay’e
G1 = 2k1177 + ko (75070 4 yeTiwa0TIo0),

Ga = 2ko17y — 2k1177 — k12 (7€™40Ti0 4 ye~iWe0Ti0),

Gs = —2]621’7’7.
Next, we can calculate the following values:
? Re(C1(0))
1 (0) = Colg 2 lg02l®y g
1(0) = w0y (911920 — 2|g11|" — 3 )+ 5 M2 Re(N (1))
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1y = IO O) +plm (7o) 5 opec o)),

w4071

Where ps <0 (u2 > 0), the Hopf bifurcation is subcritical (supercritical); f2 > 0
(B2 <0), the bifurcating periodic solutions are unstable (stable); To > 0 (T3 < 0),
the period of the bifurcating periodic solutions is increasing (decreasing).

4. Rank-one strange attractor
In the previous section, we discussed the direction and stability of Hopf bifurcation.

In this section, we always assumed that the bifurcating periodic solutions of system
(1.2) is supercritical. System (1.4) can be rewritten as:

B(t) = Ly(xe) + f(p, 20) + €@ () Pr(t), (4.1)
where
01 (0) + S*
(@) = (1o + 1) | ¢2(0)+I* |, (4.2)
¢3(0) + R*
and & > 0 is small enough, Pr = > > 4§(t — nT), 6(-) is Dirac-delta function.
In section 3, we defined A(u) and R(u). In this section, we redefine
0, 0 € |-r0),
R(u)6 = c o0
[, ¢) +e@(t)Pr(t), 6=0.

For § = 0, system (4.1) is equivalent to
Zy = A(p)we + R(p)ze. (4.3)
According to the Harssard’s method, we have
F=iwgoz + B2 + g2z + 9227 + gtz + -
+ ePrq*(0)®(W (2, 2,0) + 2Rezq(0)), (4.4)
W = AW + H(z,%,0).

Let W € B, B is a Banach space. In equation (4.4), let z = = + yi, define

Uy (x,y) = Re{q*(0)®(W (x,y,0) + 2Re(x + yi)q(0))},

Uy (2,y) = Im{g*(0)(W (z,y,0) + 2Re(x + yi)q(0))}. )
Next, in equation (4.5), let = cos @, y = sinf, W = 0, then
{80 = (cosb,sin6,0) € S x B,6 € [0,2m)}
is the unit circle in (z,y)-plane in (z,y, W)-space, and define
©(0) = cos 0T, (s9) +sin 0¥, (sg). (4.6)

The following results are given in Dai et al. [2, Theorem 1].
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Lemma 4.1 ( [2, Theorem 1]). Assume that the bifurcating periodic solutions of
system (1.2) is supercritical, p(0) is a Morse function and 0 < p < 1, 0 < e < 1.
Regard the period T of the forcing as a parameter and denote Fr = F), . r. Then

Imci1(0)
Recll(O) ’ >

Ky, then there erists a positive measure A C (u=1,00) for T, so that for T € A,
Fr has a strange attractor A. This is to say that there exists an open neighborhood
U of A such that Fr has a positive Lyapunov exponent for Lebesgue almost every
point in U. Furthermore, Fr admits an ergodic SRB measure, with respect to which
almost every point of U is generic.

there exists a constant Ky, determined exclusively by p(0), such that if ‘8

Next we verify that ¢(0) is a Morse function according to Lemma 4.1. We let
z=x+yi, W=0.
According to equation (4.5) and (4.6), we have

z+z+5*
=D'riy(L,v*,¢*) | 2y + 274 I*
20+ 2+ R*
= 7]o(dy + d2i){[2z + S* + ] (2211 — 2yre + I*) + s7(2xs1 — 2ys2 + R™)]
— [r3(2xry — 2yro + I™) + s5(2xs1 — 2yse + RY))i},
where D’ = dy + dot,y =11+ 120, = 51 + S28,v* = 1] + 155, (* = 7 + s5i.
Then, we can obtain
Vo (2,y) = Re{q*(0)®(2Rezq(0))}
= 1od1[2z + S* + 1] (2xr1 — 2yre + I*) + s7(2xs1 — 2ys2 + R™)] (4.7)
+ Tioda[rs (2zr1 — 2yra + I*) + s5(2xs1 — 2ysa + RY)],
W, (2, y) = Im{q" (0)B(2Rezq(0))}
= —T1iod1[rs(2zry — 2yrg + I™) + s5(2zs1 — 2yse + RY)) (4.8)
+ 1pd2[2x + ST 4+ ri (2wry — 2yra + I™) + s7(2ws1 — 2yse + RY)).

Let © = cos#,y = sinf, then we have

©(0) = cos 0¥, (s0) + sin O, (so)
= cos 0{7]yd1[2cos @ + S* + 1] (2cosOry — 2sinfry + I*) 4 s7(2cos sy
—2sinfsg + R*)] + 77yda[r5 (2 cos Ory — 2sinOrg + I™) + s5(2 cos 051
—2sinfsg + R*)|} + sin O{—77,d1[r5 (2 cos Ory — 2sinfry + I7)
+ s5(2cos sy — 2sinfsy + R*)| + 119da[2cos 6 + S* + r] (2 cos Orq
—28infry + I") + s7(2cosfsy — 2sinfsy + R¥)]}.

(4.9)

Then we can prove that ¢(8) is a Morse function in system (4.1). From Lemma
4.1, if Re(c1(0)) < 0, 3 a constant Ky, such that a rank-one strange attractor is

observable in system (4.1) when ’6%’;2((8)) ‘ > K.
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5. Numerical simulation

In this section, we choose a set of parameter values as [11] A = 5, p = 0.05,
a=0.295 b=0.0387, « = 1.2, 8 =0.54, d = 0.001, o = 0.002.
As an example, we consider the following system:

ds(t) 0.54S()I(t — 1)

dt 1+ 1212t — 1)

dI(t) 0.54S(t)I(t — )

dt 1+ 1.21%(t—mn)
+el(t)Pr(t),

dR(t) 0.2951%(t — 73)

= 0.0021(t) — 0.05R(t) + eR(t) Pr(1).
a1 0038T2(t— ) ®) (t) +eR(t)Pr(t)

=5 0.055(%) + S Pr(t),

_ 0.2951%(t — 1)
1+ 0.038712(t — 72)

— (0.05 + 0.001 + 0.002)(£)

(5.1)

When e = 0, system (5.1) is undisturbed system (1.2). We have the following
four cases.

()mm=m=0

We have K5 = p(p+d+o0)— A =—2.6974 < 0, (H;) is satisfied. Then system
(5.1) has a positive equilibrium E = (33.0056,4.2373,62.6723). Moreover, we can
obtain P; + P, + P3 = 1.8452 > 0, R1 + Ry + R3 = 0.0088 > 0, (Pl + P +P3)(Q1 +
Q2+ Q3) — (R1 + R2 + R3) = 0.4814 > 0. (H2) also holds true, then F is locally
asymptotically stable from Theorem 2.1 (see Figure 1).

33.05 4.3

32.95 i\ 44

329 4
t o x10t t x10*

63

62.67232430485
/ 62.6723243048
62.5
%) 62.67232430475
o
62.6723243047
62 62.67232430465
34
33 5

61.5

t x10*

Figure 1. E is locally asymptotically stable with e =0, 79 = 72 = 0.

(ZZ) T = 0,7‘2 >0

By calculation we can get Ris=(R1+Ra+R3)(R;+Ra—R3)=—3.8607e—05<0.
Furthermore, we have wog = 0.3456, 799 = 6.8303. According to Theorem 2.2, E
is asymptotically stable when 75 € (0,6.8303) (see Figure 2). E loses its stability
when 79 passes through the critical value 79 = 6.8303. And a Hopf bifurcation
occurs at E when 79 = 7.14 > 799 (see Figure 3).

(i) m=T2=7>0

By calculations, wsg = 1.5861,79 = 1.0295. From Theorem 2.3, F is asymptot-
ically stable when 7 € (0,1.0295) (see Figure 4). A periodic solutions occurs at E
when 7 = 1.04 > 7 (see Figure 5).
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336 46 34 46
334 " s s
B2 _ UWWWW » — 42
42 g 3
33 e .
328 4 325
38
0 2 4 0 2 4 o 1 2 3 4 5 o 1 2 3 4 5
t x10% t x10% t x10* t <10
63.5 64
63
| e26724 63 63
625 @
12
© 62.6722 @ © 625 ®
62 o
62,672 62
615 33.0058 \\/
33.0056 4.2374 61 33 45
* 2 4 33,0054 42372 27 o 1 2 3 4 s R B5 4 |
t x10% t x10*

Figure 2. F is asymptotically stable with e =

0,7’1:0,7'2:5.

334 4.6
33 4.4
» _
4.2
329
4
328
0 5 0 5
tox10* tx10*
63
62.67232430485
62.5 62.6723243048
o 62.67232430475
o
62 62.6723243047
6267232430465
1.
615 34
61 33 4.237298702903
0 5 R % 4.2372987029025
t w10 !

Figure 4. E is asymptotically stable with ¢ =

0, 7 =0.9.
336 46
334
4.4
32
2] - WA AA s ]
33 WWWAN\/\W 42 MW\AW
328 .
326
o 1 2 3 4 5 0o 1 2 3 4 5
t x10* t x10*
63
vy
625 o 62.674
o @ 62,672 @
615 6267
33.006
61 4237 428

0o 1 2 3 4 5
t 0t

33.004 4236

Figure 6. E is asymptotically stable with e =

0,71 =02, 72 = 5.

(iv) 71 > 0,72 € (0,6.8303)
We chose 71 as a parameter and let 75 = 5. Then, we can get wsg = 0.5193, 7y =
0.5516. From Theorem 2.4, E is asymptotically stable when 74 € (0, 7{;) (see Figure

Figure 3. A Hopf bifurcation occurs from E
with e =0, 71 = 0,72 = 7.14.

335 6
3 5
0 32.5 -
4
32
3

315
0

b

il
i
5

12 3 4 5 o 1 2 3 4

t x10* t x10*
64 64
635 65
o« 8 o 63
625 625
62 62

o 1 2 3 4 5 84 s n 25 ¥

t x10* ! R

Figure 5. A Hopf bifurcation occurs from E
with e =0, 7 = 1.04.

R O

63.5

8

< ST . -

; D

62
61.5 335

61 33 4.5
0

Figure 7. Stable periodic solutions bifurcate
from E with ¢ =0, 71 = 0.56, 72 = 5.
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6). Moreover, we can calculate the following values: ¢1(0) = —0.0020 — 0.00493,
o = 0.0465, T5 = 0.0066, B2 = —0.0040. System (5.1) undergoes a Hopf bifurcation
at E when 7 = 0.56 > 7, and the Hopf bifurcation is supercritical and the
bifurcating periodic solutions are stable (see Figure 7).

When & > 0, system (5.1) is disturbed system (1.4). According to (iv), we
can obtain [FAHEB | = 24071, p = 71 — 7§, = 0.0084, (0) = —0.1888sin 0 —
0.7556 cos @ — 0.0761 cos 20 + 0.0809 sin 6 cos 6 4 0.0428. It’s easy to verify that o(6)
is a Morse function. There 3 A C (0.008471,00) of T' (A is a positive measure set),
such that the time-T' map Fr has a strange attractor for T € A. For system (5.1),
we choose 71 = 0.56, 72 = 5, ¢ € (0,1) and T € (1000, 6000), we show a rank-one
strange attractor with ¢ = 0.1, T'= 2000 in Figure 8. A rank-one strange attractor
occurs with e = 0.1, T' = 4000 (see Figure 9). In Figure 10 and 11, largest Lyapunov
exponent A versus € with 7' = 2000, and 7" = 4000 are given. In Figure 12, we give
the largest Lyapunov exponent A versus 17" with € = 0.1, where T varying from 1000
to 6000.

45 15

40
10

0 35

w W}UAJ A ‘m ,HH

30

M llM I l\,w.v.vwmnw o 5 MWIV\W"w‘W‘w"W‘V‘MW‘W'MW""W‘WM"W"W"'

25
0

12 3 4 5 o 1 2 3 4 5
t x10* t x10%

o 1 2 3 4 5
t x10*
80

50
40

12 3 4 5

t x10*

Figure 8. FE is unstable, and a rank-one Figure 9. FE is unstable, and a rank-one
strange attractor occurs with 71 = 0.56, 72 = 5, strange attractor occurs with 71 = 0.56, 72 = 5,
e =0.1, T = 2000. e =0.1, T = 4000.
0.7 T T T T 06

0.6 |

) 1 sl
051 | ] L“\ /\J\//

0.4

| ]

Largest Lyapunov exponent
Largest Lyapunov exponent

| 02 —
0.2 I \‘
\/ ‘/\\/\ \ 01
0.1 /
. / '
/
off 0
|
-0.1 : : : : 04 . . . .
0 0.2 0.4 06 08 1 0 0.2 0.4 0.6 08 1
€ €
Figure 10. Largest Lyapunov exponent A ver- Figure 11. Largest Lyapunov exponent A ver-
sus € with 1 = 0.56, 72 = 5, T = 2000, ¢ sus € with 71 = 0.56, 72 = 5, T = 4000,

varying from 0 to 1. varying from 0 to 1.
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0.8-

|
Ol
\ \“‘ M‘ﬂ\ ‘M'Mw“ \“VH‘L‘"\M j ’M\
“l ‘ M \ »\

\
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Figure 12. Largest Lyapunov exponent A versus T with 71 = 0.56, 72 = 5, ¢ = 0.1, T varying from
1000 to 6000.

6. Conclusion

In this paper, the rank-one chaos theory for delayed differential equations is applied
to a SIR epidemic model with two time-delays. By using Hopf bifurcation theory,
we discuss the local stability of the positive equilibrium and the existence of Hopf
bifurcation for the following four cases: (1) 74 = 72 =0, (2) 1 = 0,72 > 0, (3)
1=mp=71and (4) 1 > 0,72 € (0,720). When 71 > 0,72 € (0, 72), regarding 71 as
a parameter, we study the direction and stability of the Hopf bifurcation. We add
periodic kicks to the susceptible, the infected and the recovered individuals. It is
shown that when the system undergoing supercritical Hopf bifurcation is subjected
periodic kicks, rank one strange attractor is observable. It means that if susceptible
individuals, infected individuals, recovered individuals suffered a periodic external
force, then chaotic behaviors will occur. Finally, the numerical simulation results
are consistent with the theoretical results.
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