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MULTI-CLUSTER FLOCKING BEHAVIOR FOR
A CLASS OF CUCKER-SMALE MODEL WITH
A PERTURBATION

Chun-Bo Lian', Gang-Ling Hou?, Bin Ge'' and Kang Zhou!

Abstract In this paper, we study a Cucker-Smale-type system with a per-
turbation in which agents interact with each other by given communication
weights. By using a Lyapunov functional approach and some induction argu-
ments we will prove that every agent flocks to the leader, and the flocking of
the model depends on the perturbed conditions and initial conditions. Finally,
we also provide several numerical examples and compare them with analytical
results.
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1. Introduction

The purpose of this paper is to study the flocking behavior of the perturbed Cucker-
Smale model (in short C-S model). The terminology “flocking” represents the
phenomena that all birds, fish and other biological agents, e.g., flocking of birds,
swarming of locusts, surging of fish, etc. These behaviors have been gained increas-
ing interests from research communities in biology, mathematics and engineering.
In recent years, many scientists and scholars have devoted themselves to studying
synchronized behaviors, predation behaviors, and animal tracking behaviors in bi-
ological populations. As shown in Figure 1, the flocking behaviors are common in
nature.

In 2007, Cucker and Smale proposed a C-S model for group behavior research
in [3,4], which revealed the mathematical principles and operational mechanisms of
the flocking phenomenon described above. Later, there are many results of the C-S
model, such as random noise effects [5,15], time delay [24], free-will [25] and mean-
field limit [10,11,17,18,38], and other researchs can refer [6,8-10,12,20,26-29, 38,
40-42]. In [43], Shen firstly introduced the hierarchy to the C-S model and obtained
flocking under directed interactions. In the hierarchy C-S model, there exists an
important constant 8 capturing the rate of decay of the influences between agents
when they separate in the space. The main results show that unconditional flocking
occurs when 0 < 8 < % Meanwhile, flocking occurs under some initial conditions
for 5 > % Some research on this aspect can refer [16, 30,31, 34].
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(a) Flocking of birds (b) Shark and panicked fish

Figure 1. the flocking behaviors are common in nature

In 2011, Motsch and Tadmor proposed a mathematical model of self organizing
dynamics in [33]. The improved model considers not only the relative distances
between agents, but also the impacts between agents which could solve several
shortcomings of the C-S model. In [40], the authors considered the multi-cluster
flocking behavior of the hierarchical Cucker-Smale model. However, there are no
results available about C-S multi-flocking under perturbation in the general case.

Motivated by the above discussion, we consider multi-flocking behavior of the
C-S model with a small perturbation. Our main results can describe as follow:
when 8 > %, the flocking would occur which only depend on the initial states of
the flock; when 8 = %, the model produces flocking under appropriate perturbation
conditions.

The rest of the paper is organized as follows. In Section 2, we give some pre-
liminaries about C-S-model. The main content is shown in the third section, which
is divided into two parts for demonstration (i.e., mono-cluster flocking and multi-
cluster flocking). The fourth section verifies our conclusions through simulation
experiments. The fifth section summarizes some conclusions and prospects for the
future.

2. Preliminaries and problem formulation

In this section, we give some preliminaries and some symbolic explanations of the
C-S model.
A class of C-S model with hierarchical leadership:

Consider then a system of n agents with positions and velocities denoted by
z(t) = (x1(t),22(t), ..., 2o(t)) and v(t) = (v1(t),v2(t),...,vn(t)), respectively.
Here z;(t) € R3 and v;(t) € R?® denoted the position and velocity of i—th agent
at time ¢. Assume that the system evolves under hierarchical leadership, following
the continuous-time dynamics:

diL‘Z(t)

7 = Ui(t)7

dvi(t) (2.1)
o= 2 allt) =2 (O (v (1) —vilt)),

JET(3)
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where,

(a) i e Q=1{1,2,...,n}, the symbol“s” is defined as the i—th agent.

(b) 7(i) = {j : j < i} denotes the subgroup of agents that directly influence
agent i. Particularly, 7(1) = 0 and v1(¢) = v1(0), for all ¢ > 0. We can regards
agent 1 as a virtual leader, which maintains a constant velocity movement, and it
only affects the other agents unilaterally.

(c) The weighting coefficient a;;(t) in the current paper take the form:

aij(t) = ai;([|zi(t) —z;(B)]]) = %w(l\xi(t) —z;(®)])-

Here, K is the non-negative coupling strength, ¥ (r) = W is the influence
function, and 9 (r) is a decreasing function. || - || represents I; —norm. At the same
time, the symbol “|| - ||;” in this paper also denotes “I; —norm”.

Remark 2.1 ( [40]). From the definition of ¢(r) and by recalling a;;(t) if necessary,
let a;i(t) =1—3_,_;ai;(t) > 0, we have

aij(t) =1 and ail(t) + Z aij(t) =1,

j<i j<ig#

where ¢(r) <1, 37, a;5(t) < 1.

A class of C-S models with a perturbation:
We added a perturbation term G;(t) € R3 to model (2.1) for analyzing the
flocking behaviors of the C-S system in a disturbing environment. In this situation,
we assume the following dynamic model:

dxl(t)
= Ui(t)v
dt
dv; (1) (2.2)
= =K Y D ay(laa(t) — 25 ()05 (1) = i) + Gi(t),
JeT(i)

where, G;(t) € R3. We choose the weighting coefficient (the alignment coefficients)
a;j(t) (by [33]), i.e.,

eut) = oy (o) = a0 = s A O 2

where ¢¥(r) = W,r > 0. ai;(t) is an asymmetric weight coefficient, which has
been explained in [33]. At the same time, this is also to show that the C-S system
under asymmetric a;;(t) structure can also form flocking behavior.

Particularly, 7(1) = 0 and vy (¢) = v1(0) = G1(¢) = 0, for all ¢ > 0.
Remark 2.2. Note that, the weight coefficient a;;(t) in model (2.1) is symmetrical,
i.e., a;; = a;;. Furthermore, the weighting factor a;; in model (2.2) is asymmetrical,
i.e., Q4 75 Qg

The goal in this paper is to prove that the flocking would occur almost surely
under some conditions on problem (2.2). We next give the definition of flocking.
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Definition 2.1 ( [40]). Mono-cluster flocking of the system (2.2) occurs if and only
if the solutions {z;(t),v;(t)}?,, to Eq. (2.2) satisfy the following two conditions:

(2.1a) the velocity diameter of the set {v;(¢)}?_; goes to zero as time goes to
infinity (velocity alignment):

. () o (V] — <ii<n,
tligloHvl(t) vi(t)]| =0, for1 <i4,57<n

(2.1b) the position diameter of the set {z;(¢)}"_; is uniformly bounded in time ¢
(forming a group):

sup ||z;(t) — x;(t)|| < oo, for 1 <i,j <n.

>0
Definition 2.2 ( [40]). Suppose that Q = {1,2,...,n} and {Q;}72,(m > 2) is a
partition of . The system (2.2) is divided into m clusters (or m—cluster flocking
occurs) if and only if the solutions {x;(t),v;(¢)}7, to Eq. (2.2) satisfy the following

two conditions:
(2.2a) for each Q;, flocking occurs:

(6) Jim [foy(8) — v (®)] = 0, for j, 1 € O
—00
(i) sup ||z, (t) — z1(t)|| < oo, for j,l € Q;.
>0
(2.2b) for any two distinct sets §2;,, €;,, they satisfy at least one of the following
two conditions:
(¢) litm inf ||vj, (£) —vj, (t)]| > 0, for j1 € Q;,, 72 € Qyy;
—00
(78) sup ||, (£) = 2, ()] = 0o, for j1 € iy, ja € Xy
t=>
Definition 2.3 ( [33,40]). The diameter form of the position x;(t) and velocity
v;(t) between the agent ”1”(Leader) and the other agents is defined as follows:

dx(t) = Jnax lzi(t) — z1(t)[|2 and dy () = Jnax [|vi(t) —v1(t)|l2-

Here || - |2 denotes a lo—norm, ||z||2 = (Zizl | 25 )2, for = € R3.

Remark 2.3 ([33,40]). Combined with Definition 2.1 and Definition 2.3, Definition
2.1 is equivalent to the following conditions:

lim dy(t) =0 and supdx(t) < oo.
t—o00 t>0

Remark 2.4. There exist two constants ¢; > 0, co > 0, such that

cillzll2 < lzfl1 < caflz|2.

3. Main results

In [43], Shen has investigated the hierarchical leadership flocking under a free-will
leader. More precisely, unconditional flocking would occur for f < 1/2, while
for 8 > 1/2 conditional flocking would occur under some condition on the initial
positions and velocities of the agents only. So we will begin to analyze the main
research content of this paper, which is divided into two cases: § =1/2and 8 > 1/2.
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Remark 3.1. By Definition 2.3, we can easily obtain the results similar to [33,
Theorem 3.5] and [40, Theorem 2.1], i.e.,

L dx(t) < dy (). (3.1)

3.1. Mono-cluster flocking behavior

Theorem 3.1. Let = % Consider the system (2.2) with the connectivity coeffi-

cients given by Eq. (2.3), and the system (2.2) satisfies the following conditions:
() there exist constants a > 0,b > 0, My > 0 such that

|Gi(t)]]2 < Moe™ (0wt > 0.

(#9) there exists two constants co > 0,T > 0 such that

TdX (0) K oo
dv(O) +/ dv(V)dV < — ’(/J(V)dy
0

nCQ C2 dX (0)

Moreover, assume that

Tdx(0) M
/ dv(V)dV Z 70
0

aed’

Then there exists a positive constant & € [cadx (0), +00) satisfying the inequality

K@) >a>o,
n

and such that the estimate holds

3 By —a
il;}g)dx(t) ga, dy(t) < (dV(O) + - a)e t (3.2)

where Ay = %1#(5) >a>0,By= Q/ITQ

Proof. At first, we will find t—derivative for |lv;(t) — v1(¢)]|3. For any ¢ > 0, fix
agent ¢ and denote dy (t) = ||v;(t) — v1(¢)||2, then by (2.2), we have

d d
St (8) = i) — o1 (93

=2(v;(t) — v1(t), vi(t) — v1(?))

:2<Kzaij(|xi(t) =z (O)[1)(v () = vi(®)) + Gilt), vilt) — vl(t)>

j<i

:2K< Z Qij (t)vj (t) — Z Qjj (t)l/,'(t) “+ vy (t) — U1 (t), Ui(t) — U1 (t)>

7<i 7<i

+ 2<Gi(t)7vi(t) - vl(t)>7
(3.3)
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owning to v1(t) is a constant and ¥ (t) = 0. Applying Remark 2.1 to (3.3) yields

idZ 2K<Za” v, (t (ZGU —ay(t >v,(t)

1<t 1<i

+o1(t) — v1(t),v:(t) — v1 (¢ )> —|—2<G (1), v (t) —Ul(t)>

—2K< < CLU -1 ><U1(t)> — <1 X Ui(t) — 111(t)> ,’Ui(t) — ’U1(t)>
+ < i(t),vi(t) 7Jl(?f)>

— 2K<1}Z(t) - ”Ul(t),’l)i(t) - ’Ul(t)> + 2<Gl(t), 'Uz(t) - 'Ul(t)>

2K< Z a;;(t) <vj(t) Ul(t)> +a;1(t) <v1 (t)—v1 (t)) L0 () —vy (t)>

j<i,j#l

- 2K<vi(t) —v1(t),v;(t) — v (t )> + 2<G (t),vi(t) — vl(t)>.

(3.4)
Using condition (z) and Cauchy-Schwartz inequality lead to
d
v (t) <2K D ay () x o) = vi B2 x [|vi(t) — o1 (D)2
J<i,j#1
— 2K d3(8) + 2[|Gi() |2 X [lvi(t) — w1 (1)l (55)

SQK( Z ai;(t) — >d2 (t) +2[|Gi(#)ll2 x dv ()
j<igAl
= —2Kai (t)dy (t) + 2[|Gi(t)|2dv (¢).

According to Remark 2.4, ||z;(t) — z1(t)|l1 and dx(t) are equivalent, that is,
there must be two constants ¢; > 0, co > 0 such that

c1dx (t) < [|lzi(t) — z1()]1 < cadx (2).

Bl (0 —s(8)11)
By aij(t) = s i@ —a Ty » We have

0< 1/J<Czdx(f)> < l/f(Hka(t) - fi(ﬂ”l) <1
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¢<||$1(t) xi(t)ll1> 1/1<02dX(t)>
>

:>ai1(t) = " > 0.
Dho1 ¥ <|$k(t) - xz’(t)|1>
Thence, by inequality (3.5), we obtain
d 2K
LB < —n¢<c2dx<t>>d2v<t> PG (36)
d K
E%dv(t) < —Eiﬁ <C2dx(t)> dy () + [|Gi(t)]2-
We can construct the energy function of system (2.2) as
t K [exdx(t)
L) = dy () = [ 1G:@)ldv+ 3 [ vl (37)
0 nes Jo

Then, combining with the estimate of (3.7), we calculate

SL0) =5y (0) = G0+ v <chX<t>> 4 ax(t)

<y (mﬂt))dm GOl — Gl (38)

+ glﬂ(czdx (f))%dx(t)

<0

)

where used the inequality % dx (t) < dy (t) (see Remark 3.1). Therefore, L(t) < L(0)
for any ¢ > 0, thus,

Czdx 0

<dy(0) + nes /. P(v)dv.

t K cadx (t)
dy (1) - / G0 ad + / $(v)dv
K (0)

The above inequality (3.9) is simplified to

K CQdX (0)

dy (1) < dy (0) + $(v)dv + / IGW)lbdv. (3.10)

nca codx (t)

Using 8 = 1 in (2.3), we get

/Ooozb(r)drz/oool}rrdr:oo.

From assumption (i¢) it follows that there exists a v > cadx (0) such that

Tdx (0) K [
dy (0) +/ dv(v)dv = — P(v)dv. (3.11)
0 NC2 Jeodx (0)
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Substituting (3.11) into (3.10) and using the assumption (i), we obtain

K [c2dx(0) t
0 <dy(t) < dv(0) + — Y(v)dv +/ Moe= e +0 gy,
0

ncs codx (t)

K [ Tdx (0)
=— Y(v)dv 7/ dy (v)dv
nCQ Czdx(o) 0
cadx (0) (3.12)
K MO —at
+ K B)dy + 20 (1 — ¢t
nco cadx (1) ae

K [ Tdx(0) M, M,
= Y(v)dy — / dy (v)dv — Ob - Ob e .
NnC2 Jeydx (t) 0 ae® ae®

Note that —HM—"e_at <0,¥t >0 and — (deX(O) dy (v)dv — ajgijb) < 0. Hence, we

eab 0
have
cadx(t) <v = sup |lai(t) — a1 ()] < -
1<i<n 2 (3.13)

= () < P(cadx (1))

Using inequality (3.13) and condition (7), we obtain the following estimate

d K
adV(t) <-v <C2dx(t)> dy (t) + [|Gi(t) ]2
K (3.14)
< = (v (1) + Mye )
= — Aodv(t) + Boe_at,
where X M
A= =€) >a>0,By=—.
n e
Applying Gronwall’s inequality to inequality (3.14), we have
— Aot By —at —(Ao—a)t
dy (t) <e™"°'dy (0) + e 1—e o
Ao —a
B
<e~Aotdy (0 0 _g-at 3.15
<My (0) + e (315)
By —at
<[ dy(0)+ e .
The proof is completed. O

3.2. Multi-cluster flocking behavior
We use the position and velocity errors in [40] and give the following definition:

Definition 3.1. Let

x(t) = (x1(t), 22(t), ..., 2 (8));0(t) = (v1(2), v2(t), ..., vn(t)).
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The error is defined as
B(t) = (#1(t), 22(1), .. Bna (1) €RXTY,
here &;(t) = z;(t) — xi41(t);
B(t) = (01(t), 02(t), . .., Dp_1(t)) € RE™7D,
here 0;(t) = v;(t) — vi+1(t);
Gi(t) = Gyi(t) — Gy (1), foriyi+1e€Q={1,2,...,n}.
In the following discussion, we choose a;;(t) = M

According to the Definition 3.1 of the position and velocity errors, we can change
the form of the C-S model (2.2) into

;?:i(t) = i;(t) — i1 (t), (3.16)
0i(t) = 05(t) — Vi (D).

By (2.2) and (3.16), we have
(1) = 0i(t),

b (t)=K ( qu aij(t) Z:r::l] O (t) — Zj<i+1 aiv1,5(t) Zf’nzj Um (t)> +G; (t)
_ ' (3.17)
where, v;(t) — v;(t) = Z;;:l] O (1), vj(t) — viga(t) = 22, 0m(t) and ag(t) =
Pllzi®=z;OI) 1y ghis subsection, we will demonstrate that the agent can be

n
flocked at 8 > 1/2 in a disturbing environment. In order to get this result, we
need the following lemma.

Lemma 3.1. Assume that the initial data of the position and velocity of the system
(3.17) satisfies the following order condition in the case of 8 > 1/2.

x1(0) > 22(0) > ... > x,(0),
v1(0) > v2(0) > ... > v,(0), (3.18)
Gi(t) = Ga(t) > G3(t) > ... > Gyu(t),

where G;(t) is a continuous and differentiable function. Then, for any1 <i<n-—1

and t > 0, we have
Z;(t) > 24(0),0;(t) > O, (3.19)

here we write y > z (y > z) when each entry of y is larger (not smaller) than that
of z,i.e.,y* > 2F(y* > 2F) for 1 < k < 3. Also, © € R? denotes the vector in R?,
whose all of entries are equal to zero.

Proof. Let x;(t) = (x;(t), 27 (t), 2}(1)), vi(t) = (v (t ) z( ), v} (t)) € R®. Fori =

1, using vy (t) = v1(0), G4 (¢ )7 lGe( t) — G5(t) =0 (£ =1,2,3), we have
Koi(t)

SEE) = — am (854 = — Al
01(t) = — a1 ()01 (t) T 1(t)||)25 +Gi(t)

Kot (e (3.20)

n(1+ |21 (t)])>
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According to [40, Lemma 3.1], we have
01(t) = v1(t) — v2(t) > O, for any ¢t > 0.

Since z1(t) = z1(0) + fo vi(s)ds, z2(t) = )+ fo vo(s)ds, we have

Z1(t) = 21(t) — 22(t) = 21(0) — 22(0) —|—/0 (vl(s) — v2(3)> ds > #1(0).

Finally, it is clearly that
Z1(t) > £1(0), 01 (t) = v1(t) — va2(t) > O.

For i > 1, on the one hand, by continuity and differentiation of @f(t), there exists
t4 satisfying:

1. 9(ts) = 0, that is to say vf(ts) = v}, (ts);

2. There exists a &’ > 0 such that 9¢(t) < 0,t € (t4,t4 + ).

Obviously, at the moment t4 we have

0f(ty) < 0. (3.21)
On the other hand, according to (3.18), we have o} tt) > O, for t <ty and j < i.

According to [40, Lemma 3.1] and G4(t) = G(t) — Gf,(t) >0, Eq. (3.17) takes
the form at the moment ¢4

’Df t4 Za” t4 f t4)*’U (t4))

7<i
- Z aiy1, (ta) (08 (ta) — vlyy (ta)) + GL?)
j<it1
= " (aij (ta) — aiyr (ta) (0f (ta) = of (a))
j<i
>0,
which is contrary to Eq. (3.21). Therefore, f(t) > 0. O

) € R3,9;(t) € R3, then #;(t) = (&1 (t), 22(t), 23(t)),

Remark 3.2. Since xz(t
t)),for 1 <i<mn-—1,and

Bi(t) = (07 (), 07 (1), 07 (

3 i—1 3 i—1
[l () = ()2 —le () 1= D (@) =z (1) = D D> @ (),
=1 m=j =1 m=j
3 -1 3 i—1
[0 (8) =i (#)]l1 —Zlv 1= > W) v () =D > o).
=1 m=j {=1 m=j

For convenience, we need to introduce some mathematical expressions of the
article [40]. According to equation (3.17) and Remark 3.2, we have

(3.22)
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Similarly, we also can deduce that

5.t (it @l ()
() —
;/ i / < L+ 0, St it (v)28

(X T (V) )
— dv 3.23
];1 (14X 12 mej T (1)) (329

+ G (v)dv
)

Moreover, by a simple calculation we have

|mwm=f%5ﬂl —z+/HG )1dv, (3.24)
where
K 1
fi(t) = — — ,
" " j<;—1 (1 +ZE=1 Zm:j T (1))2P1
pi= PO L oo
where

K 1
; 0) = — - )
0= 2 TSy a0

When ¢ = 0, fo(t) does not exist and is set to fo(t) = 0, Particularly, if a;;(t) =

a;j(||lz:i(t) — z;(0)|) = ST 1'55"(3)%( o) (r)i”()t)\l)’ the right side of this equality is not
integrable, which causes us not to obtain an equality similar to Eq. (3.24). Thus,
we cannot obtain the similar results about multi-cluster flocking.

Now, we are ready to prove our main result. The proof idea is mainly due
to Ru and Xue [40, Theorem 3.1], who found a multi-cluster flocking behavior for
hierarchical Cucker-Smale model. For the completeness, we also give the details for
the readers here.

Theorem 3.2. Suppose that the initial data of the system (5.17) with B > 1/2
satisfy Eq. (3. 18) Defines 0= {21,22,.. i 1}, and divides Q into Q = O, U
Q> UQs. Here i, denotes the relative initial state of the k-th agent, that is, p; =
£i0=fia(O) _ [6:(0)]|. Sets Q, Qa, and Qs are defined as

26—1
A ~ A t A
le{iiEQZpi—/ ||G'Z'<V)|1d1/>07VtZO}7
0
A A A t A
QQ = {Zz eN: Pi —/ ||GZ(V)H1dU <0,

3]€N1<]<22p;€—/ 1Ge()]1 du)>OVt>0}
k=j
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t
Q3 = {’ALZ cQ: Pi 7/ ||GZ(I/)H1dV <0,
0

i ¢
VieN,1<j<i, ) (px —/ |G (v)|1dv) < 0,Vt > o},
k=j 0
where p; = W — |0:(0)||. The perturbation G;(t) in the above set satisfies
the following conditions:
(H1) G;(t) is a derivable function with respect to time t, and

1G5 (1)]| < Moe™ ) (4> 0,b >0, My > 0), for any t > 0,

M, (3.25)
and p; > —Ob =M, i=1,2,--- n.
ae?
(H2) for anyt >0 andi,j € Q, there exist a positive constant § such that
| Gi(t) - G5 |< 6. (3.26)

Then the system (3.17) can be divided into | Qs | +1 clusters. The meaning of | Qs |
here is the cardinality of Q3.

Remark 3.3 (Barbalat's lemma). If F : [0,00) — R is uniformly continuous
(Lipschitz continuous), and the lim; fot F(v)dv exists and is bounded, then

lim F(t) = 0. (3.27)

t—o0

Now, we are ready to prove Theorem 3.2.

Proof of Theorem 3.2. To complete the proof of the main result, we need to
consider the following four steps.

Step 1: If 4; € Qy, then limy o ||75(¢)||; = 0 and limy_, o [|2;(t)]|1 < co.

Based on the ordered conditions (3.18) and (3.19) of the initial data in Lemma
3.1, when m = j < i, then

B (8) = 25(t) > &7(t) = 27 (t) — 2714 () > 0.

Consequently, for all ¢ > 0,4 = 1,2,...,n — 1, we obtain f;(t) > 0, fo(t) = 0, and
N A K K
me(t>||1 2 sz(t)Hl = A [Zm (O)][1)2P 1 < n(IH 2 ()]1)2P- 1 for 8 > 1/27 thus

K
e 0] N (3.28)
= O S T =
Thus, equation (3.24) can be further written as
. 1 o - K
0= I =555 (f T ||fci<t>||1>2ﬁ—l> (3.29

K

T aE— DO+ [HO])

t
s =it [ Gl
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From the estimate of (3.28) and equation (3.29), we have

K
n(28 = (1 + [[2:(2)[1)>

In addition, according to the disturbance conditions (H1), we have

t
—pr+/IWAW%du20 (3.30)
0

t
A A M,
Gl < Moe~ D — [ Gatw)lhdr < 5 =M <oe (330)
0

For 7; € Qy, the condition p; — fo |G (v)||1dv > 0 and (H1) of Theorem 3.2, we
deduce that

K t
n(28 — 1)(1 + || (t)||1)28-1 Z pi —/0 |Gi(v)|l1dv >0

= |@:(t)|: < ( 10 fo e |1dl/)> -1 (3.32)

)

Therefore, |#;(t)||1 remains bounded at t > 0, which means that 2£(¢) is also
bounded on ¢ > 0. Since Z4(t) = d4(t) > 0, 24(t ( ) is monotonically increasing.
In summary, it is indicated that there is #¢ < 400 such that #£(t) — ¢ when
t — oo. From this, it can be seen that when t — oo, ||Z;(¢)|l1 = ||£i]1 = 22’21 | #¢ .
The following proves lim;_,, 9¢(t) = 0. According to equation (2.1) and condi-
tion (H2) in Theorem 3.2, applying Lemma 3.1, we have

| 0F(2) =1 97(¢) = 041 (¢) |

= | Kiaij(t) (Uf(t) = Uf(ﬂ) +Gi(t)
- KzaiJrl,j(t) (Uf(t) — iy (t )) Giy(t) |
<2KZU1 (aw + ai+1,j(0)>+ | Gi(t) — G (t) |

<2KZ ’l)l (am + ai+1’j(0)> +4

:L<oo.

IN

(3.33)

This implies for any t; > 0,t2 > 0, applying differential mean value theorem to
0¢(t) between t; and t5, we obtain
| 05 (tr) — 07 (t2) [=| OF(£) (11 —t2) |S L [ 61 —t2 |-

Note that 9¢(t) > 0, 0(t) € C'[0,+00) and [~ 0f(v)dv = &{(t) — #£(0), then by
Remark 3.3, we have lim;_, o, 9¢(t) = 0. Means ©;(t) — © € R?, when ¢t — oo, which
proves the conclusion of Step 1.



1838 C. B. Lian, G. L. Hou, B. Ge & K. Zhou

Step 2: If i; € Qy, then limy o ||75(¢)]|; = 0 and limy_, o [|2(t)]|1 < co.
Similarly we can also prove Step 2, according to the estimation of Step 1, for
any t > 0 and 5 — 1 < 4, we have

K(i—j+1)
f() fJ 1() <1+ sz( )Hl)w—p
K(i—-j+1)

= filt) = fi(t) - <0.

n(1+ [ (8)[1)20 "

. k_( . 1<>>
( / et du)

By iz S Qg, we have

Z 10w (8)[12 =

(3.34)
1 ( fj 1 )
- ; (Pk —/0 ||Gk(y)||1dl/> >0
Similar to inequality (3.30), (3.32), we have
K({i—j+1)
n@B = (1 + [EOP T & (Pk - / G ||1du> >
(3.35)

— @)L < ( ff("—j“) )B .
n(28 —1)3 25— (pk fo |G (V)| dv)

For the proof of limy o ||9;(¢)||1 = 0, it is the same as Step 1. Thus, we prove the
conclusion of Step 2.

For convenience, we put the specific demonstration process of Step 3 in the form
of Appendix A at the end of the paper.

Next we briefly explain the sequence of the entire proof of Step 3. In order to as-
sist the better and faster reading of the specific demonstration process of Appendix
A.

Step 3: If 7; € Q3 # 0, then lim,_, o ||2;(t)||1 = co. Since the set €23 constructed
in Step 3 is special, we need to divide the set Q5.

Let

t
Qs = QU Qs :{z eQ:p —/ |Gi(v)|lhdv < 0,¥5 € N,1 < j <14,
0

Zpk—/ 1GL ()1 du)<OVt>O}
k=j
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where

t
524:{& eﬁgzpi—/ |G;(v)|l1dv < 0,
VjeN,lgjgz pk—/ |Gr(v)|lhdv) <0,

and3j €N, 1<j <i, Z pk—/ 1Gr ()| dV)—OVt>O}
k=j’

t
Qs Z{ii €3 p; —/ ||éi(V)||1dV <0,

Vj€N1<j<zZpk—/ 1GL () |1 dv)<OVt>0}

k=j

The proof of Step 3 is proved in three cases.

Step 3.1: If i; € Q4 # (), then lim;_, o ||9;(¢)]|1 = 0.

Step 3.2: If i; € Q5 # 0, then

Jim oy (6)] > 0 and Jim [#()] = oo.

Step 3.3: If 7, € Q4 # (), then limy_, o ||2;(t)]]1 = oo.

Next we will prove the last step of the Theorem 3.2.

Step 4: System (3.17) can be divided into | Q3 | +1 clusters.

The proof of Step 4 is demonstrated in conjunction with Steps 1, 2, and 3. Thus,
we can easily find that after the results of Steps 1 and 2 above are proved, we obtain
if the agent i € O U QQ, then

Tim [[,(8))1 = 0 and im [l&(8)]: < oc.
By Step 3, if i; € Qg, then limy_oo |Z: ()]s = oo. Let | Qs |= m, accordingly
Q3 = {121,112,.. i}, wherem <n—1=m+1<n.

Combined with the © = {1,2,...,n} in the previous Definition 2.2, we have

Qi = {ig—1+1,ig—1+2,... 0k}, for k=1,2,...,m+1, where ig = 0 and i,,41 = n.
ThUS, k—1:172,...7m:>ik,1 :i(),il,iz,...,im:

o1+ 1l=do+ L1+ Lis4+1,. . im+1,

o1+ 2 =0+ 2,1 + 2,02+ 2, im + 2,
ip_1+3=10+3,i1 43,243, .., 0m + 3,

T = 11,192, bmi1-
By Qs = {21-1 , 21-2, .. sz} and the above equations ix_1+1, 45142, ik_1+3,. s
we find that i; = zzk_ﬁhz“_ﬁg,zzk_1+37 ceydi—1 € Ql U Qg Thus, for each Qk =
{ig—1+ 1,451+ 2,...,i}, ordered conditlons using Lemma 3.1, we can obtain

lim sup [os(t) — vs(0)]ls = Jim s, (6) = vi, 2 (0)]

t—o00 ; i,5EQ
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i+1
—im Y @l =o0.
i=ip_1+1
Similarly, we can also get
sup i (t) — x5 ()]l < oo

0<t<00,i,j€Q

In the following we will take two sets £ and 41, we have

i [z, () = 2,42 (1) = Jim ([, (5] = oo,
this is because izk €0y = {%il,giz, . ,%im} causes the above situation to occur
between the agents.

For the same reason, take ¢; € ) and iy € Qk11, according to Lemma 3.1, we
have

sup ||@, (t) — i, (t)|[1 > sup [|@, (t) — 24 41(t)[1 = o0
>0 >0

Looking back at our previous Definition 2.2, it is not difficult to find any different
segmentation set i1 € O, , 12 € Qy,, k1 < ko, we have

sup [|lzs, (t) — 24, ()1 = oc.
>0

Therefore, by Definition 2.2, we obtain the system (2.2) is divided into | Q3 | +1
clusters.
In summary, we prove the Theorem 3.2. O

4. Numerical results

In this section, we use numerical examples with 40 agents to illustrate our theoretical
results. In order to test the results of single flocking cluster behavior and multi-
flocking cluster behavior of our models (2.2) and (3.17), we take the number of
agents as n = 40 and the step size is h = 0.5. Next we test the Theorem 3.1 and
the result of Theorem 3.2.

Experiment A: Verification Theorem 3.1.

o(t) = (z1(t), m2(t), 23(t), ..., 2a0(t)) € R¥,
U(t) = (’U1 (t),vg(t) 1}3( ) U40(t)) S R3*40.
Take B = 1/2,K = 14, G;(t) = (G}(t),G%(t), G:

ﬁ + %texp(—tQ)’ G (t)=1- (t+1 CEm)ER and G? ( )
For the interference G;(t), we have

(t) € 3, where G}(t) =
texp(—t?) — 1.

3
i
2
3

IGi ()]l = G (1) + GF (1) + GF(t) = texp(—1?).

For the integration of |G;(t)||1, we obtain

—+00 —+o00 1
/ |G:(v)|1dv = / vexp(—v?)dy = 5 < +o0.
0 0
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g 2100 texp(-t?) - = texp(-t’)
4 68 ﬁ
35 66
3 64
225 352
] e
g 2 %GD
2 2
15 58
1 56
0.5 54
///
DD 200 400 600 800 1000 1200 1400 2 ] 200 400 600 800 1000 1200 1400
time t time t
(a) x(t) = {w1(t), 22(t), ..., wao(t)} € R®*° (b) v(t) = {v1 (), v2(t), ..., vao(t)} € R**1°

Figure 2. Dynamic trends of velocity and position of 40 agents with disturbance systems

Obviously, the disturbance ||G;(¢)||1 satisfies the condition of Theorem 3.1. There-
fore, after experimental analysis, we obtained the phenomenon of Mono-cluster
flocking behavior as shown in Figure 2.

Thus, we verify the conclusion of Theorem 3.1.

Experiment B: Verification Theorem 3.2.

z(t) = (21 (t), 22(t), 23(t), ..., x40(t)) € R340,
U(t) = (Ul (t),’UQ(t) U3( ) ’U40(t)) (S R3*40.

In this experiment, based on the convenience and significance of the experiment,
we still take K = 14, and n = 40. For the model (3.17), ¢(r) = =—=27, and the
attenuation coefficient 8 > 1/2.

Experiment B1: For the interference factor G;(t) = G;(t) — Gi1(t), here,
Gi(t) = (GH(t),G3(t), G3(t)) € R®. We assume

o (1+T)

Gi(t) = %(t‘l +11)1/2 + (1 +1t)25’(ﬂ > %)’

Glialt) = =5 gy — exp(—21) cos(),

62(t) = "I 4 2 exp20) - (o

G (t) = w + iexp( 2t) + 130(6){1)(175))1/2’

G (t) = &)W + éexp(—Qt)cos(t) _ W

G2, (1) = 130(6){13(175))1/2 + (% cos(t) + 152)eXp( 2).
Therefore, we have

1Gi@) = Z | GE(t) = G2 (1) =

TP
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On both sides of the ||G;(t)|; integral, we obtain

+oo +oo 1 1
/0 ||Gi(y)||1d”:/0 o™ =51 =T

Therefore, the interference function G; (t) satisfies the requirements of Theorem 3.2.
At the same time, we give the initial values of the position and velocity of 40 agents,
and require these initial data to satisfy Lemma 3.1, i.e.,

301(0) Z 1’2(0) Z ZL‘3(0) Z, ey Z 1’40(0),

U1(0) > 1}2(0) > 113(0) >0, > 1}40(0).

Take 5 = 0.60 > 1/2, we obtained the results shown in Figure 4 after experimental
simulation. From Figure 3, we can easily find that among the experimental phe-
nomena of system (3.17) with 40 agents, 40 agents can be divided into 3 clusters
and synchronized into clusters.

<10 1/(1+t)** belta 1U(1+)%* belta

———

45

position x(t)
velocity v(t)

2

i
[

52
[ 200 400 600 800 1000 1200 1400 0 200 400 600 800 1000 1200 1400
time t time t

(a) z(t) = {z1(t), x2(t), ..., xa0(t)} € R3*40 (b) v(t) = {v1(t),va(t),...,va0(t)} € R3*40
Figure 3. Dynamic trends of velocity and position of 40 agents with disturbance systems

After the given initial data, we calculate that the three clusters are ; =
{1,2,3,...,24}, Q. ={25,26,...,30}, Q3={31,32,...,40}, and 2={1,2,3,...,40} =
Q1 U Q2 U Q3, which further embodies the meaning of Definition 2.2 in this paper.
This presents a phenomenon of multiple flocking cluster behavior between agents
in an environment with interference factors.

Experiment B2: Similarly, in the case of satisfying Theorem 3.2, we take
|Gi(t)|ln = texp(—t?) again. Here, 8 = 0.60 > 1/2, and we can divide 40 agents
into 4 clusters, e.i.,

Q={1,2,3,...,40} = Q; UQy UQs U Qy,

where Oy = {1,2,3,...,10}, Qs = {11,12,...,34}, Q3 = {35,36,...,40} and Q4 =
{31,32,...,40}, as shown in Figure 4.
In summary, we have fully verified the results of Theorem 3.1 and Theorem 3.2.

5. Conclusions

In this paper, we study the perturbed C-S model, which contains the structure of
hierarchical leadership. The research in this paper shows that flocking (Mono-cluster
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_ texpl-t’) texp(-t))

position x(t)
velocity v(t)

] 200 400 600 800 1000 1200 1400 0 200 400 600 800 1000 1200 1400
time t time t

(@) @(t) = {21 (8), wa(t), ..., zao ()} € B0 (b) w(t) = {v1(8), va(t), ..., van(t)} € BO*40

Figure 4. Dynamic trends of velocity and position of 40 agents with disturbance systems

flocking) occurs when the perturbation in system (2.2) satisfies some conditions
and 8 = %, while for g > % conditional flocking (Multi-cluster flocking) would
occur provided the initial data [40, Lemma 3.1] and perturbation satisfy some given
conditions. Moreover, we verify the main results of this paper through numerical
simulation experiments. Our results maybe applied to aircraft formations, team
coordinated operations, financial fluctuations, etc.

We leave a few far-reaching questions in this paper, since the conditions for
analyzing flocking behavior are limited, we hope to try to improve it in the future
research process, and we can also consider the multi-flocking behavior of the C-S
model with fractional order and time delay.

Appendix A

In this part, we will prove Step 3 in Theorem 3.2. The proof of Step 3 is divided in
three cases.

Step 3.1: If i; € QO # (0, then limy_, o ||0;(¢)]|1 = 0. We divide Step 3.1 into
two parts:

t t
Pk*/ ||Gk(V>H1dV:03nde*/ |G (v)|l1dv < 0.
0 0

Step 3.1.1: Assume p, — fg |Gx(v)||1dv = 0. Thus for equation (3.24) we
obtain the following form:

. fit) = fima(t)
()| = T LY
Jascol = 2O I
Note that, we obtain lim; o ||;(¢)||1 = 0. The proof process is the same as in case
I of article [40]. Thence, the following contradiction

—fi-1(t)
25-1 ="

0 < lim ||9;(¢)|l1 < liminf
t—o0 t—o0

Therefore, lim;_, ||0;(¢)||1 = 0.
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Step 3.1.2: Assume Vt > 0, pp — f0|Gk Yidv < 0, and 3" e N,1 < j' <

,Zk - (pr — fo ||Gk )||l1dv) = 0, for ¢; € Oy = limy_ oo ||0:(t)|l1 = 0. Suppose
not, we have lim;_, o ||0;(¢)||1 > 0 = limy_, 0 ||Z4(¢)]]1 = 00. Combining (3.24) and
(3.35)7 we have

0< 3 IOl = 55— 3 (elt) = fia(t)
k=j" k=35

- Z<pk - [ 16uwhar)

— T ) = £y 1 (6)

_ K(i—j +1)
— (28 = DL+ [l @)]h)2

As a result, there is a contradiction, hence lim;_, o ||[0;(¢)]]1 =0 .

Next, we use mathematlcal induction to prove Step 3.2 and 3.3.

Step 3.2: If i € Q5 # 0, then limy_,o [|0:(8)]l1 > 0, limy_oe Jlz: ()l = oo.
For any 1; € Qs, Assummg that there are j elements belonging to (s, and these j
elements are smaller than #;, then, we have

(5.1)

=0, (ast — 00).

{%7;17%i2""7%ij’%ij+1 = %1} C Qg) eSS gh < fiiQ <,..., < %lj < %in = 1.
Under the premise of the above assumptions, we will prove
Jim [5(0)] > 0 and Jim [14(2)]x = oc.

For any 1 <m < j + 1, we use mathematical induction to prove this situation.
321 Ifj=0=1; = Zz = 11 = i. Therefore, we need to prove the situation
of m = 1. For _] < i1, since zzl is the first element of 95, thus zj o4 Qs.
Since Zj ¢ 5, then we only have lim;_, oo |oj()|[1 = 0, for j < 4;. By (5.1),
similar we can get

i1

> onl6)h =55 Dol = fia(6)
k=1 k=1

=S oe = [ 1Gu@)lhan

k=1

. t (5.2)
350 (e / 1C () dv)

ﬁ
> o= [ IGHw)lar) >0

k=1

= ||&, (t)||1 — o0, as t — oo, this proves the conclusion of m = 1.

(3.2.2) If j # 0 = m > 1. Under the induction hypothesis, we assume that
if m > 1, imyyoo || 24, (8)]l1 = oo and limy 0 |95, (£)]|1 > 0 hold, which means
fi (t) = 0, (as t = 00).
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(3.2.3) If the assumption of (3.2.2) is reasonable and meaningful, we next prove
that limy_,o [|Z;,,,, (t)|[1 = oo and limy_, ||0;,,,, (t)[|1 > 0 are hold. According to
the derivation of equation (5.2), we can obtain the equation

im

Z””k M= 25 Z(fk(t)—ka(t))
o~ / 1C () dv) (5.3)
2571

- ;wk - / G ().

Ctom})ining the conclusions in (3.2.2), we have lim;_, 22";1 [ ox () ]l1=— 20 (o —
Jo |G (¥)|l1dv) on both sides of equation (5.3) with respect to ¢ tending to infinity.
Thus, we obtain

Tm+1 ¢
== A s () = 2 (- | 16wl
im :
= lim f;, () — _
281 Jim i, (8) kzl(Pk ; 1GL(v)]1) )

t
— (pipr — / 1Ci ))

t
5040~ (piys — / TROID)

im

=—Zpk—/nek )

When i; € Q5 #0, the above inequality holds. Thus, we have Pim+1_f(f Héimﬂ )] <
0, Sy (or — Jo IGx(¥)[1h) < 0, and fi,,., (t) > 0.

Accordingly, we obtain lim;_, o ||95,,, (£)[|1 > 0. Applying the ordered relation-
ship of Lemma 3.1, it is easy to obtain

tll)rgo ||‘%im+1 (t)”l = 00.

According to the inductive hypothesis, our conclusions are further proved by (3.2.1),
(3.2.2) and (3.2.3) above.

Similar to the proof in Step 3.3 of [40] and Step 3.2 above, we can show the
following Step 3.3.

Step 3.3: If i; € 1y # 0, then limy 0 [|2i(t)[[1 = oo. For any 1 € Qu, Assuming
that there are j elements belonging to Q4, and these j elements are smaller than i;,
then we have

{Ba1,0iny ooy 0y 0050, = 4 C QU= 1<y, <4, <,y <y <y, = B
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Under the premise of the above assumptions, we will prove lim;_, ||0;(¢)||1 = 0
and limy_, o || (2)]1 = oo.

For any 1 <m < j 4 1, we use mathematical induction to prove this situation.

331 Ifj=0=1 = zl = i1 = i and m = 1. Therefore, we need to prove
the situation of m = 1. Since zh is the first element of 4, there is a unique j that
satisfies 1 < j' <) and Zk: fo |G (v)]||1dv) = 0.

Next we will prove that ; € Q4 # 0 is true in both p;, — fg 1Gi, () |1dv = 0
and p;, — fot |Gy, (V)||1dv < 0 cases.

P
(3.3.1A) Suppose p;, — [, |G, (v)|[1dv = 0.
. . A o K .
When i1 = 1, we can get lims_, o [|01(2)[]1 = DO by equation

(3.24). According to the previously proven Step 3.1, we obtain

Jim [[o1(6)] = 0.

Thus, it is proved that lim; o ||£1(¢)]1 = oo.
When i; > 1, for 1 < j <i; — 1, we deduce that

Zl 1
pk—/HGk )dv)

’Lll

—o+2 pk—/ |G () 1)

le

.~ [ 16ut0 o+ 3~ [ 16wlar)

=S [ 160l <0

The reason why the above inequality holds is because 7; is the first element of the
set Q4, then zl — 1 is not in the Q4 Obviously, the inequality meets the definition
of Q5, hence 4;, 1 € Q5

According to the previously proven Step 3.2, we obtain

(5.5)

Jin [z, 1 ()[ly = 00 = lim f;, —1(t) = 0.

By equation (3.24), we obtain

Jim (05, () =3 51 T (£, () — fira (1)
/||G [ndv) (5.6)
57 i £ (0

In a similar way, we can also prove

t t
—/ ||Gi1(V)||1dV:0:>p1—/ |G1(v) ||l dv = 0,
0 0
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thus limy— o0 ||Z5(¢) || = oo

(3.3.1B) Suppose p;, — fot |Gy, (V)||1dv < 0.

When i1 #1 =14, > 2,and iy € Q4. Due to specialization of iy, there exists a
unique j satisfying Zfﬁl:j/ (pk —fot |G (v)||1dv) = 0 which use the counter-evidence.
Suppose not, then

i1
> (= [ 1Guwliv) <0, o 5
k=j'
When j —1:»& Lok =y 1GE@)idv) = 0 and S5, (or — [y 1|Gre(v)[lhdv) <
0= p1 — fo |G1(v)|l1dv) > 0, since

r = [ 160 +k2;<pk - [ 16w ~o.

we deduce that
t i1 t
p1 = / G (V) llndv = = (s —/ |Gk (v)]l1dv) >0
0 k=2 0

Moreover, for 1 < j <i; —1, we have Zj —fot |G (v)||1dv) > 0. Suppose not,

then 35" € [1,i; — 1] such that Zk 1(pr — fo |Gr()||l1dv) < 0. From the above
ordered relationship, we get the following equation

o= > (o / 1G () 1dv)

NG

J

k=

IS / 1Gx () dv) + k_% (ox - / 1GLlhd)  (5.7)

i1

< > Pk_/||Gk )dr) <0,

_]”+1

this contradicts the facts of the above hypothesis. Since (5.7) meets the definition
of €4 and €2y, thus, for 1 < j < i3 —1 = i; € 3 UQy. Therefore, by Step 1 and
Step 2, we have lim;_, [|0;(t)[|1 = 0, for 1 < j < iy — 1. By equation (3.24), we
obtain ) . ) .

Jimn ([, (0)|1 =0+ 0+, + Jim [[o,(0)]

= Hm (|01 (&)l + 102 (&) I+, -+ +[0, (B)]]1)

t—

1 il

2B—1t—> Z(fk() Jr-1(t))

;(pk/o |G (v)||1dv)

lim f;, (¢).

(5.8)

2ﬂ—lt
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By Step 3.1, it follows that lim; o ||01(¢)|l1 = 0. Then we have lim; o f;, (t) = 0,
meaning hmtHOO |21 ()] = 0.
When j > 2, for 1 <j <j —1, we have

21
%gi/nGk )ndv)
k=j

k=3

j/—l t
- mk—/\mawmm0<o
0

k=j

:EJ%—A|@mwmm+g;%—Anmwmmo (5.9)

Since %il € Q4, and %il is the first element in €. By Step 3.2, we have
limi oo (|25 1 (#)|l1 = 00 = limy—y00 f7 _4(¢) = 0. This proves the case of j > 2
and m = 1.

(3.3.2) Similarly, under the induction hypothesis, we assume that

lim ||&;, (t)||1 = oo holds for m > 1.
t—o0

(3.3.3) Next we will prove the case of m + 1, and also consider the following
t ¢
two cases Pimyr — fo ||Gim+1 (V)”ldy =0and Pimir — fo ”Gim+1 (l/)HldV < 0 to prove
1imt—>oo ||£i7n+1 (t)Hl = 0.

t
(3.8.3A) Suppose p;,, ., — fo 1Gi,. i () |l1dv = 0.
For 1 < j <i,,41 — 1, we again get a similar result of

%gi/nGk Jlndv)
Z7n,+1

-—Ejpk—/‘wa Jhdv) <0

k=

1T,,+1 1

(5.10)

This result conforms to the definition of (3, thus i; mp1—1 € Q5 — ZZ’”“ 1(pk -
Jo 1GR@)ldv) = S35 (o = fo 1Gk(¥)]1dv) < 0.

On the one hand, we find that if sz+1—1 € Q4, then Im+1 — 1 = 4p,. Thus, the
result of lim;_, o ||#4,,,,-1(f)||1 = 0o can also be obtained according to the induction
method.

On the other hand, if i;, , 1 € Qs, then lim; o | %,,,,—1(t)|][1 = oo can be
obtained by Step 3.2. According to the f; ., —1(t) defined in equation (3.24), we
can know that lim; o f;,,.,—1(t) = 0, of course, the prerequisite for reaching this
limit is lim; o0 [|@,,,,-1(t)|[1 = co. By equation (3.24), we can also get a similar
(5.8) result, i.e.,

1
tlig.lo H{)ierl(t)Hl = 25 1 thm (flm+1( ) - fim+1*1(t))

1
57 i ()

(5.11)
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In the same way as the case of 7/ =1 in (3.3.1B), we have

Jim (72, (8)] = oo.

(3.3.3B) Suppose pj,,, — [y |Gi,y, ()|lidy < 0. We have S5 (pg —
fot |Gk (v)|l1dv) = 0. We now prove that the process is the same as in the case of
j > 2 of (3.3.1B) in (3.3.1), thus proving our conclusion of lim;_, &40 (D)l =
00.

In summary, we use the method in [40] to prove that lim; o ||%4,,, (£)[1 = oo,
further illustrating that the results of similar [40] can also be obtained in the case
of disturbance.

Finally, the conclusion of Step 3 is proved in conjunction with Steps 1, 2 and 3
of the inductive hypothesis in Step 3.3.
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