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MODELING THE SPREAD OF WEST NILE
VIRUS IN A SPATTIALLY HETEROGENEOUS
AND ADVECTIVE ENVIRONMENT*

Jing Ge!, Zhigui, Lin®>" and Huaiping Zhu?

Abstract In this paper, we put forward and explore a reaction-diffusion-
advection system with free boundaries in spatially heterogeneous environment
to model the spatial transmission of West Nile virus. The transmission dy-
namics are given for the model involving mosquitoes and birds, and the free
boundaries are introduced to describe the moving fronts of the infected region.
The spatial-temporal risk index R{ (t) , which depends on time ¢, spatial het-
erogeneity and advection intensity, is derived by variational method. Sufficient
conditions for the virus to extinct or to persist are given. Our results show
that, if R (co) < 1, the virus extinct eventually, and if R{ (to) > 1 for some
to > 0, the virus will spread continuously, while if R{(0) < 1 < R{(c0),
the extinction or persistence of the virus depends on the initial scale of in-
fected mosquitoes and birds, or the size of the infected region, the advection
intensity and other factors. Finally, numerical simulations indicate that the
advection intensity and the expanding capability affect the spreading fronts of
the infected region.

Keywords West Nile virus, heterogeneity, advection, free boundary, the risk
index.
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1. Introduction

West Nile virus (WNv) is a mosquito-borne flavivirus and human, equine, and avian
neuropathogen. The virus is initially detected in Uganda in 1937, then spread across
Africa to the Middle East, West Asia, and eastern Europe. Birds are the natural
reservoir (amplifying) hosts, and WNv is maintained in nature in a mosquito-bird-
mosquito transmission cycle primarily involving Culex spp mosquitoes [9]. WNv
was recently introduced to North America, where it was first detected in 1999 dur-
ing an epidemic of meningoencephalitis in New York City. During 1999-2002, the
virus extended its range throughout much of the eastern parts of the USA, and its
range within the western hemisphere is expected to continue to expand. Since then
the virus has kept spreading to its neighboring states. By 2002, WNv was reported
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in 40 states and the District of Columbia with 4,156 human and 14,539 equine cases
of infection [12]. As we all know that the WNv still remains an important threat
to public health nowadays, it is an important issue to improve our understanding
of WNv transmission dynamics. In the absence of vaccines and specific treatments,
to explore the mosquitoes’and birds’ cross-infection mechanism is the effective and
affordable measure to control the viruses’ transmission broadly. The transmission
of mosquito-borne diseases, such as West Nile virus, malaria, dengue fever, is not
from human-to-human, but through infected mosquitoes. The West Nile virus are
transmitted from human-to-human via an effective bite from an infected female
adult mosquito. Also, the virus can be vertically transmitted from a mosquito to
its offspring. While adult male mosquitoes feed on plant liquids such as nectar,
honeydew, fruit juices and other sources of sugar for energy, female mosquitoes,
in addition to feeding on sugar sources (for energy), feed on the blood meals of
human and other mammals solely to acquire the proteins needed for eggs develop-
ment. Therefore, it is advantageous to predict human WNv risks for cost-effective
controls of the disease and optimal allocations of limited resources [4]. Although
mathematical modeling of the spread of epidemics poses intriguing challenges, it
can provide useful insights and possibly predictive capabilities, which can help pub-
lic health officials to provide a theoretical basis for decision-making. Mathematical
models, which reflect the spatial-independent dynamics, were developed by Kenkre
et al. [20], Bowman et al. [7] , Abdelrazec et al. [1], and references therein. Those
models considered different aspects of WNv, such as the periodicity of the infec-
tion by considering vertical transmission, the full life cycle of the mosquito, and
they determined threshold conditions regarding control strategies for prevention
and control of the virus. Lewis et al. firstly formulated spatially homogeneous
model [22]. They studied WNv propagation using traveling wave solutions as a
simplified model, in which they did not consider the vertical transmission, WNv
death rate or a recovering avian subpopulation. The effects of vertical transmission
and advection movement in the spatial propagation of the WNv for different bird
species were investigated by Maidana and Yang [31],
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where the avian population was divided into susceptible, infective and recovered
subpopulations, S,, I, and R, respectively, while the vector population was divided
into susceptible and infected subpopulations S,,, I,,. The total populations are N, =
So+1,+ R, and N = S, + I,,, where the mosquito population N was regarded as
constant. The biting rate b of mosquitoes is defined as the average number of bites
per mosquito per day. B, and 3, were the transmission probabilities from vector to
bird and from bird to vector, respectively. The fraction of progeny of mosquitoes
that are infectious is denoted by p, with 0 < p < 1. The advection coefficients
were denoted by v, and v, for avian and mosquito populations, respectively, with
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Vy <K V4. The constant p, accounted for the birth rate of the mosquito. The
constants fig, g, and 7, were defined as the birth rate, the death date induced by
disease and the recovery rate of the avian population, respectively. They explored
that the spreading wave speed was a function of the model’s parameters, which
can be used to assess the control strategies. The propagation of West Nile Virus
from New York City to California state is viewed as a consequence of the diffusion
and advection movements of birds, see Fig. 1. The results revealed the mosquito
movements do not play a key role in the disease dissemination, while the bird
advection became an important factor for lowering mosquito biting rates.

2 Atlantic
Ocean

Figure 1. The diffusion and advection movements of West Nile virus from New York city to its neigh-
boring states from 1999 to 2002.

To explore the dynamics of disease transmission in a spatially heterogeneous
environment, Allen et al. put forward and explored an SIS type epidemic reaction-
diffusion model in [3]. The contact transmission rate and the recovery rate are
spatially dependent. Their results show that spatial heterogeneity has great in-
fluence on the persistence and extinction of the disease. Since then, there are a
series of work to describe the disease transmission mechanism in spatial hetero-
geneous environment. For instance, Lin and Wang [28] proposed and analyzed a
nonlocal and time-delayed model in spatially heterogeneous environment to describe
the WNv transmission between mosquitoes and birds. We refer interested readers
to [13,16,17,21,23,25,26,32] and the references therein for related research work
on disease transmission in spatially heterogeneous environment.

Free boundary problem has been comprehensively applied in many application
fields, such as in chemical, biological and ecological problem as well as financial
mathematics since the 1950s. In 2010, Du and Lin [14] firstly formulated and ex-
plored a diffusive logistic type model in homogeneous environment. The free bound-
ary « = h(t) was introduced to describe the moving front of an invasive species. The
spreading-vanishing dichotomy, sharp criteria for spreading and vanishing, and the
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asymptotic spreading speed of the free boundary problem have been established,
where the asymptotic spreading speed is smaller than the minimal speed of the
traveling waves of the corresponding Cauchy problem in fixed region. Since then,
there has been much more increasing interest in understanding the importance that
the free boundary plays in the mathematical ecology [14,16,17,19,29,35] and the
references therein.

To investigate the spatial transmission mechanism of WNv, Lin and Zhu [29]
proposed an reaction-diffusion simplified model with free boundaries in homoge-
neous environment
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(1.2)
where the infected area of the disease [g(t), h(t)] C R is a moving interval with its
two end points representing the spreading fronts of the disease and to be determined,
which models the spatial expanding of the infection (infected area); V;(t) accounts
for infected mosquitoes, H;(t) represents infected birds, r, is the recruitment rate
of the mosquitoes; 3, is the contact transmission rate of hosts to vectors; dj is
the natural death rate of birds; (; is the contact transmission rate of the virus
from mosquitoes to birds and -, is the recovery rate of birds recovering from the
infection. D,,, Dy, represent the diffusion rates for the vector mosquitoes and host
birds, respectively, and they assume that 0 < D, < Dj,. The parameter 0 < ¢ < 1
measures the vertical transmission rate of the virus in culex mosquitoes. hg, and
1 are positive constants, and the initial functions V¢ and H;y are nonnegative and
satisfy

Vio € C*([—ho, hol), Vio(£ho) = 0and 0 < Vio(z) < N, x € (—ho, ho), (1.3)
H; € 02([7h0,h0]), Hlo(iho) =0and 0 < Hlo(.r) < N;;, S (*ho, ho) .

They introduced the spatial-temporal risk index R{'(¢) for the simplified model with
the free boundary, which was associated with the initial scales of infected vector
mosquitoes and host birds, the area of the initial infected region, the diffusion rates
and other factors. It was combined to develop sufficient conditions for the virus to
extinct or to become spatially endemic.

Several environmental factors including landuse, climate, and host community
composition can also influence the abundance of WNv hosts and vectors, and sub-
sequently, affect WNv transmission rates. Spatial heterogeneity exists in the risk
of human exposure to infectious disease vectors. For example, occurrences of infec-
tious diseases often are spatially correlated; human disease incidence at a location
is positively related to incidences at neighboring locations [6,8,11].
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In reality, some species or diseases prefer to move towards one direction because
of appropriate climate, wind direction, etc. For example, in studying the propaga-
tion of West Nile Virus in North America, it was observed in [31] that West Nile
Virus appeared for the first time in New York City in the summer of 1999. In the
second year the wave front travels 187 km to the north and 1100 km to the south,
till 2002, it has been spread across almost the whole America continent. Therefore,
the propagation of WNv from New York City to California state is a consequence of
the diffusion and advection movements of birds. Especially, bird advection becomes
an important factor to lower mosquito biting rates.

There have been many research to explore the propagation of WNv in the last
two decades, however, advection terms have not obtained much more attention in in-
vestigating the extinction and persistence of WNv. Therefore, it is much worthwhile
to take into consideration the influence of advection movement on the transmission
of West Nile virus. And due to the effect of advection rate on the mosquitoes is
small enough, so we will only consider the impact of advection movement on the
birds.

Sometime the mosquitoes are viewed as a sessile population, then D, < Dy,.
For instance, the mean dispersal distance for Aedes aegypti was ranged from 28 to
199 m, according to Harrington et al. [18]. To better explore the heterogeneity and
advection on the movement on birds, in this paper we will ignore the diffusion and
advection on mosquitoes, that means we can consider the limiting case D, = 0.
This research is devoted to more explicitly describe the transmission mechanism of
WNv in the spatially heterogeneous and advection environment on the basis of [29]
and the above assumptions. Therefore, we will investigate the spatial degenerate
partial systems for V;(t,x) and H;(t,z) with free boundaries x = g(t) and x = h(¢)
as follows

Vi _ Bu(x)(N; Vi) H,

_Tv(x)(l - q)‘/za t> 07 g(t) <r< h(t)v
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OH; 82Hi+ 0
ot Oa2 or
_ Vi =) (g, () (o)) i, > 0, g(0) < & < h(t),
Na (1.4)
Vi(t,xz) = H;(t,x) =0, t>0,x=g(t)orz = h(t),

/ aHz
g(0) = —ho, ¢'(t) = —uDhT(t,g(t)% t >0,

hO) = ho, W) = —uD D1 hE), >0,

Vi(x,0) = Vio(x), Hi(z,0) = Hip(x), —ho < < ho,

where §,(x), ro(x), vn(x), dn(z),and By (x) are positive Hélder continuous func-
tions, which represent the contact transmission rate of birds to mosquitoes, the
natural death rate of infected female mosquitoes, the recovery rate of infected birds
recovering from the infection, the natural death rate of infected birds, the contact
transmission rate of the virus from mosquitoes to birds, at location z, respectively.
The variables Nj, N, V;, H; are the same as the statements in reference [29]. N}
and NV mean the the mosquitoes and the birds remain constant in space for all
time. V; and H; describe the infected mosquitoes and infected birds, respectively.
The constant 8 describe the infected birds move to the gradient of their density
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at a constant rate. And the functions V;g and H;y are nonnegative and satisfy the
initial conditions (1.3).

The free boundary conditions g'(t) = —uDy %5 (¢, g(t)) and b/ (t) = —puDp 52 (¢, h(t))
mean that the expanding rate of the infected interval [¢g(t), h(t)] is proportional to
the outward flux of the population across the boundary of the range (see [14] for
further explanations and justification). Epidemiologically, it means that beyond
the free boundaries * = g(t) and & = h(t), there are only susceptible host birds,
and no birds carrying the virus.

Throughout this paper, we will assume

) Jdim Boe) =67, lim Gu(e) =B, lim ro(e) =r,

zgrinoo dh(x) - dh ’ zgrinoo ’Yh(il') = h and ’

BB Ny

Pu PhTu g o5 )
Nire(l—q " "

which means that far sites of the habitat are similar and high-risk. Furthermore

*

we will assume |G| < 2\/Dh(% — d° —~3°) which means the advection
h'v

intensity is small.

2. Preliminaries

In this section, we firstly present the following local existence and uniqueness results
of the degenerate partial system (1.4) with the initial conditions (1.3) by applying
the contraction mapping theorem, standard LP estimate and Sobolev embedding
theorem, and then we show global existence with the help of some suitable estimates.

Theorem 2.1. For any given (Vio, Hio) satisfying (1.3), and any « € (0,1), there
exists the constant T > 0 such that problem (1.4) admits a unique solution

(Vi Hisg,h) € [C51 (D) x [0 ([0, T])]s
and the solution satisfies

||HiHCHT‘1,1+u +H‘/iHCHT",l-%—O(DT)+|‘g”CH%([O,T])+||hHCl+%([O,T]) <C, (2.1)

(Dr)
where Dy = {(t,x) € R? : t € [0,T],z € [g(t),h(t)]}, C and T depend only on
Violle2(1=ho.ho)ys hos @ and || Hiol| c2 ([~ ho.ho)) -

Proof. For any given constant 7' > 0, we define

Gr = {g € C([0,T)) : g(0) = —ho, ¢'(t) <0,0 <t <T},
Hr = {h € C*([0,T]) : h(0) = hg, K'(t) > 0,0 <t <T}.

Note that the first equation in (1.4) for V; has no diffusion and advection terms ,
we can use g, h and H; to represent V.

If g(t) € Gr, h(t) € Hr and H;(t,x) € C(Dr), then for (¢,x) € Dy, the unknown
V; can be rewritten as

— B [0 Hi(s,@)ds—(1—)r, (@)t

Vi(t,z) :=H(t, H;(t,x)) = e Vi(0, z)
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L}’\,(g) f; H;(s,x)ds+(1—q)ry,(T—t)
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then problem (1.4) can be transformed into
wy — Dy A%wyy + (BA — B)wy,
= ﬁ}lz(tay)H(tvw)(l - ]GU ) - dilz(t7y)w - 7}17,(t7y)uh 0<it< T? 1< y < la

*
h

w(t, 1) =w(t,—1) =0, 0<t<T,

U](O,y) = HzO(h’Oy) = ’LUQ(y), 1< y < 17
(2.2)
and

g'(t) = —pAwy(t,—1), 0 <t < T,
B (t) = —pAwy(t,1), 0<t<T, (2.3)
9(0) = —ho, h(0) =0,

whereA = A(h(t), g(t)) = s and B=B(h(1),g(t),y) =y Pg@ 4 @),
This transformation changes the free boundary problem (1.4) to the initial boundary
problem (2.2)and (2.3) in [0,7] x (—1,1) with more complex equations.

Similarly as those in [2,14], the rest of the proof follows from the contraction
mapping theorem together with the standard LP theory and the Sobolev imbedding
theorem, we omit it here. O

To prove that the local solution stated in Theorem 2.1 can be extended to all
t > 0, we need the following estimates.

Theorem 2.2. Let (V;, H;; g, h) be a solution to problem (1.4) defined fort € (0, To]
for some Ty € (0,400). Then the following conclusion hold.
(1) 0 < Vi(t,z) < NJ and 0 < H;(t,z) < Nj for t € (0,Tp], g(t) <z < h(t);
(#4) There exists a constant Cy independent of Ty such that

0< —g'(t), h/(t) <C fOT‘ t e (O,To];

Proof. (i) is directly from the comparison principle, see Lemma 2.2 in [2]. The
proof of (i) is similar to that of Lemma 2.2 in [14], where
s Ni: - Al[Hiollc (1= ho ko))

1
maxtzy s by "V 2D, SN,
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Remark 2.1. From (ii) in Theorem 2.2, we obtain an estimate about the upper
bound and lower bound of the asymptotic spreading speeds for the leftward front
and the rightward front of the infected region.

Combining Theorems 2.1 and 2.2 as in [14], we obtain the following global exis-
tence result.

Theorem 2.3. The solution of (1.4) exists and is unique for all t € (0,00).

Proof. In fact, since V;, H; and ¢'(t), h/(t) are bounded in (g(t), h(t)) x (0, Tp] by
constants independent of Tp, the maximal existing time of the solution of (1.4) can
be extended to infinity. O

In what follows, we exhibit a comparison principle for the free boundary problem
(1.4), which can be proved similarly as Lemma 3.5 in [14] and can be used to estimate
Vi, H; and the free boundaries = = g(t),z = h(t).

Lemma 2.1 (The Comparison Principle). Assume thatg, h € C*([0,+00)), V(t, z),
H;(t,x) € C([0,+00) x [g(t), h(t)]) N CH2((0, +00) x (g(t), h(t))), and

8Vi > ﬂv(f)(N,:—Vz)ﬁz _

5 N (1= q)ro(x)V3, t>0,g(t) <z < h(t),
%?z%iguﬁ%?zmvﬁgH”4mﬁwmm¢>ag@<x<h@,
Hi(t,x) =V;(t,z) =0, t>0, x=g(t) orz=h(t),
50) < ~ho, 7)< ~n i 1,51, t>0
B0) > ho. 7 (1) > —n (1, T(e), 10
Vi(0,2) > Vig(x), H;(0,7) > Hio(x), —ho <z < hy.

Then the solution (V;, H;; g, h) to the free boundary problem (1.4) satisfies

h(t) < h(t), g(t) >g(t), tel0,+00),
Vi(t,z) < Vi(t,x), Hi(t,r) < Hi(t,z), t >0, 2 € [g(t), h(t)].

Remark 2.2. The pair (V;, H;;g,h) in Lemma 2.1 is usually called an upper
solution (a supersolution) to problem (1.4). Correspondingly, the lower solution
(V;,H;;g,h) (or a subsolution) can be defined analogously by reversing all the
inequalities in the obvious places, and the similar comparison principle holds.

To emphasize the dependence of the solution on the expanding capability p, we
rewrite the solution as (V, H; g*, h*). As a corollary of Lemma 2.1, we have the
following monotonicities:

Corollary 2.1. For fized Vi, Hig, B, ho, o (), 10 (2), dn (), Bo(x) and Bu(z). If
w1 < pig, then VI (t,2) < VI (t,x), HE (t,2) < HE(t,2) in (0, 00) % [gH (t), h** (t)]
and gh2(t) < gM(t), h*1(t) < h*2(t) in (0, 00).

Corollary (2.1) shows that the left free boundary for problem (1.4) is strictly
monotone decreasing and the right one is increasing. From the epidemiological
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point of view, it means that the infection area which contains infected birds is
always gradually expanding.

3. The risk index

In this section, we will give the risk index for the free boundary problem (1.4),
which is similar to the basic reproduction number in a fixed domain. And we will
derive its analytical properties.

First, we define the basic reproduction number and present its properties and im-
plications for the following reaction-diffusion-advection model with Dirichlet bound-
ary condition

i N7 —ry(2)(1 = Vi, t>0, z € (pq),
OH;, . 0°H, _OH, ByVi(N;—H,)

Y 5 Wi U AN LV | H;, t (3.1)
ot h D2 +ﬁ ox N;: ( n T+ ’yh) ) > 07 HS (pv Q)a
Vi(t,z) = H;(t,x) =0, t>0,x=porx=q.

We linearize (3.1) around (0,0) to obtain the following linear system

& = Bule) o — (1 - a)ru(@)E, 10, € (pa),
h
M = Ditlas + B = Bu(@)¢ = (dn(@) +m(@)n, t>0, z€ (p,q), (32
5(15733):77(15755):0, t>0,z:p0rx:q,
and consider the corresponding eigenvalue problem
0= 2OV (1 gyr ey, v e (g,
h
e + 860 = P @) )6, 2 € .0) (33)
Y(z) = ¢(z) =0, r=porx =q.

By the variational method as stated in [3] in a fixed region, we can deduce the
eigenvalue \ as follows

TEFENEEREIE,
A sup p 2f\fh(lfq)%(r)

WEH (p.g) 0 { 5 (Dn3+ {592+ (dn (x) +n ()2 da }

Define the basic reproduction number RP4 = RP4((p, q), Dy, B) of system (3.1)
as follows RP4 = RPA((p, q), Dy, B) := )\, where X is the eigenvalue in system (3.3).

The following result follows from variational methods, see Chapter 2 in [10] for
datails.

Lemma 3.1. 1—RP# has the same sign as \g, where \g is the principal eigenvalue
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of the reaction-diffusion-advection problem

0= B ()0 — (1 — @)ru(e)y + Aot v € (p.a),

h
~Dibus + B = Br(@) — (dn(x) + ()6 + Moo, @ € (p,q), (3.4)
Y(z) = ¢(x) =0, r=porx=q.

and the corresponding eigenfunction pair satisfy
(¢(z),%(z)) > 0,2 € (p,q), ¢'(p) >0,9'(p) >0,¢'(q) <0,¢'(q) <0.
Proof. Substituting the first equation in (3.4) to the second equation yields

N B () By (x)
N (1= q)ro(@) = Ao)

Let (RPA,9*, ¢*) be the eigen-pair of problem (3.3), that is

_ Ny Bu(z)

~Dpus + B = ¢ = (dn(z) + ()¢ + Ao (3.5)

0= st* — (1 =g)ru(z)y", € (pq),
~Dudty + 59, = PV — () + @) 2 ) (O
V(@)= 6" () =0, r=porz =g
which reduces to
N2 (0)Bu2)

—Dn¢py + P, = 9" — (dn(x) + m(x))0".  (3.7)

(RE4)?Nj; (1 = gy ()

_B L, . - Bz . .
For convenience, taking ¥ =e 2P» "¢ in (3.5)and U* = e 2P» " ¢* in (3.7) yields

Ny B () B () B

—DpV,.,. = N;((l — q)Tv(l‘) — )\0) U — (dh(.’lﬁ) + ’yh(l‘))\lf - E\IJ + AoV, (38)
and
* N:Bh(‘r)B’U(l‘) * * 2 *
_Dhquz - (RODA)QN;Z(l _ q)’/’v(l')\ll - (dh(w) +’yh(x))\:[l - mq] . (39)

By the multiply-multiply-subtract-integrate technique, we obtain

TN ()6 () [ N2Bu(@)Bu(a)
/p BN (1 () —/,, N = )rola) — o)

+ AU U*de,

which means that
sign (1 — RPA) = sign \o.

O
With the above definition of the basic reproduction number of RY4, we have
the following properties.
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Theorem 3.1. The following assertions hold.

(3) RODA s a positive and monotone decreasing function of the advection intensity
B;

(ii) RYA — 0 as Dy, — oo;

(iii) If Q1 S Qo S RY, then RPA(Q) < RPA(Q2), with strict inequality if and
only if Q2 \ Q1 is an open set. Moreover,

NZB3 By

. N (I—q)r=
lim R(?A((pa ), Dn, B) > %
(qu)—)oc m + dh + ")’h

provided that (H) holds;
(iv) In the special case, B,(x) = B, Pn(x) = Bf, ro(x) = i, du(z) = d},
Y (z) =75, then

N;BsBL
RODA Ni(1—q)r;
2 2 * *
Du(3%5)" + by + i+

Proof. The proof of part (i) is from the definition of RY#4, and part (iv) can be
obtained through direct calculations, Where(ﬁ)2 is the principal eigenvalue of —A

operator with the null Dirichlet boundary condition in the fixed interval (p, q).
For part (ii), by the definition of R4 and Poincdre’s inequality, we have

g Nx¥BrBv wg

N*(l )Ty
RY* = RPN (p,q). D, ) = sup -
YEHT (p,q) Y0 { S (Dry3 + mdﬂ (dn + yn)p?)dx }

q Npgp M
fp N*(1} q)rim wzd.’ﬁ
< o )
vemima w20\ [1(Dn3 + f5-02 + (& + v ¢?)da
N BL ’U
f: N*(1} q)rm ¢2d
< sup { q - }
YEH) (p,q) w70 (D ﬁ ﬁl/ﬂ (dyt + v )?)de
Ny B
N;(l q)rm

= RV — 0 as Dy — oo,
Dh(f) + 4Dy, (dm+’yh)

q—p

where fM = sup {f(x)},f™ = inf {f(x)} for any bounded function f in the
z€(p,q) z€(p,q)
interval (p, q).
The proof of the monotonicity in (iii) is similar to that of Corollary 2.3 in [10].
For the inequality, it follows from the assumption (H) that for any £ > 0, there
exists the constant Lo > 0, when |z| > Lo, we can obtain

® < By(a) S BT 4o, B —e < Balw) < B +e,
P e < @) S e A —e Sm(@) S e, AP —e < dy(e) < AP e

For the case ¢ > 2L, simple computations yield

lim  RP“((p,q), Dn, B)

(g—p)—o0
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2Lo N Bn(x)Bu(z) o
Lo N*(l q)ry () w dx

Dyt + 1, 2 + (du(z) + %(@)W)dx}

2Lo N} (Bg°—e)(B —¢)
Lo szd )
Joio(Dpy2 + -2 + (die + 750 + €)?)de
Nz (B —e) (B2 —¢)
Nj(1—q)(rge+e)
us 2 o0
(Dn(£:) +4[), (d5° + 752 +e)

2 Sup { 2L0
YEHL(Lo,2L0) 70 (

> sup {
$eHJ(Lo,2Lo),y#0

Due to the arbitraries of ¢, letting Ly — oo yields

NyBr By
. Ny(1 oo
lim RODA((p7 Q)7Dha6) 2 ( OZ)T
(g—p)—o0 4D} +dj +7h

Similarly, for p < —2Lg, we obtain the same result by replacing the interval (Lg, 2Lg)
with the interval (—2Lg, —Lo). O

Noticing that the habitat (g(¢), h(t)) is varying with ¢, so the basic reproduction
number for the free boundary problem (1.4) will not be a constant and should be
changing with t. As a result, we introduce the risk index RE (¢) by

Ry (t) = Rg"((g(t), (1)), D, B)

h(t) NiBn(@)Bu(x) 12
fg(t) N,j(lftI)Tv(m)z/) du

= sup { 3
very (om0 \| [10)(Dn2 + {502 + (da(@) + (2))y?)de

Lemma 3.1 together with the above risk index definition shows that

Lemma 3.2. 1—RE (t) has the same sign as \g, where g is the principal eigenvalue
of the problem

0= FEAu(@)0 — (1= ara(e)s + A0, v € (g(t), (1),
—Dibue + Bbe = Bu(@)¥ — (dn(x) + 1 (2))d + A, = € (9(t), h(t)), (3-10)
Y(x) = ¢(z) =0, x = g(t) orx = h(t).

It follows from Theorems 2.2 and 3.1

Theorem 3.2. (i) RE(t) is a positive and monotonically decreasing function of 3,
and RE(t) — 0 as B — oo.

(ii)RE (t) is a strictly monotone increasing function of t, which means that if t, < ta,
Niﬁﬁoﬁgo
NE(1—q)rg®

—h——v _ 4f the hypothesis
B i f yp

then RE(t1) < RL(t2). Moreover, tlim RE(t) >
—00

(H) holds and h(t) — g(t) = 00 as t — oco.

Remark 3.1. When 8 = 0, we suppose that the habitat at far distance is in high

risk, that is, R{ (co) > 1, which is equivalent to % —dp° =y > 0.
h' v
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Remark 3.2. There exists a threshold g* = %/DM% —d>® —7:°). Re-
h v

calling the monotonicity of RE (t) with respect to 3, we derive that when |3| < 3%,
there exists ty such that

R (to) = Ry ((g(to), h(to)), D, B) > 1
and
R§ (00) = Ry ((9oos hoo ), D, ) > 1
if hoo — goo = 00. When |B] > 8%, we derive RE'(t) = RE4A((g(t), h(t)), Dy, B) < 1
for any t > 0.

Combining the above arguments about high-risk habitat at far distance and
small advection intensity, we give the assumption (H).

4. Virus extinction

It follows from Theorem 2.2 that x = g(t) is monotonically decreasing and = = h(t)

is monotonically increasing, therefore there exist hoo, —goo € (0,+00] such that

lim ¢(t) = goo and tli:_n h(t) = heo. The following lemma shows that both ge
—+00

t—+oo
and h are finite or infinite simultaneously, that is, if hs < 00, then —gs, < 00,

vice versa.
First, we will give the definitions of extinction and persistence of the virus.

Definition 4.1. We called the virus extinction eventually if
hoo = goo <00 and 1im ([[H;(t, lcqgnen + 1Vilts Mledsw nen) =0,
and the virus persistence continuously if

hoo — goo = 00 and ligli‘u (H:(t, ledgwynen + 1Vilts Medgw .nwy) > 0

Then we give the following lemmas.

Lemma 4.1. Let (H;,V;; g, h) be the solution of (1.4). If heo — goo < 00, then there
exists a constant C' > 0 such that

1 H;(t, )t gy ney <C t>1

and
. ’ T ’ o
tlgIolog () = tlglolo W(#) =0.
Proof. The first inequality can be proved by using the similar method as The-
orem 2.1 in [39]. In the following, we only prove tlim R'(t) = 0, and the proof of
—00
lim ¢'(t) = 0 is similar.
t—o00
Factually,the transformation y = 7 ho, w(t,y) = H;(t, %?y) = H;(t,z) turns
problem (1.4) for H;(t,z) in [0,+00) x [0,R(t)] into a new problem for w(t,y) in
[0, +00) x [0, ho]. Let x be the function in C3([0, ko)) satisfying

>

X(y)zla TOSySh(b
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Letting z(t,y) = w(t,y) x x(y), where (¢,y) € [0,+00) x [0, hg], it follows from
the LP theory of parabolic equations and the Sobolev imbedding theory that there
exists M; > 0 such that

o <
||Z||C%’l+a([0,+oo)><[O,ho]) >~ M17

i 3 i o < .
therefore, there exists My > 0 such that HHLHC%’IJFQ([O;FOO)X[O,h(t)]) < M,. The

comparison principle together with the free boundary condition yields that there
exists M3 > 0 such that

[Allcr+e((o,400)) < Ms,
which together with the assumption he, < oo implies that tlim h'(t) =0. O
— 00

Lemma 4.2. If hoo < 00 07 goo > —00, then both he and go, are finite and

REA((goos heo)s D, B) < 1 and A (Vi ogw. nopHIHE ) lloqow, nw)) =0-

Proof. Firstly, without loss of generality, we assume that h,, < o0, and prove
that RY 4 <1, which implies that go, > —oo by Remark 3.2. On the contrary, we
assume that RP4((geo, hoo), Dn, 8) > 1 by contradiction. Similarly as Lemma 3.1
in [16], we know that there is 9 > 0 such that h/(t) > ¢. This contradicts the fact
tllglo R'(t) =0 in Lemma 4.1.

Next, let (V;(t,z), H;(t,7)) be the unique solution of the problem 1

Vi _ Bo(@)(Ny = V)H;

= — 1—0)V.,
ot N;; Tv(l‘)( Q)V“ >0, goo <T < hoo,
OH; O*H; _OH; BnVi(N;—H)) _
ot Phggz TP N; (dn+yn)Hi, £>0, goo < < hoo,
Vi((),goo) :Fl((),goo) :VZ(O,hOO) :FZ(O,hm) =0, t>0,
(Vi(()’x)vﬁi(ovx)) = (VZO .%'),E[i()(x)), Joo < 2 < hoo,

(4.1)
with

(Vio(x), Hio(z)) = (Vio(z), Hio(2)), go < @ g ho,
(0,0), otherwise.

It follows from the comparison principle that
(0’ 0) < (Vi(ta f), Hi(tv :E)) < (Vi(ta x)’ﬁi(tv :L’))

where t > 0, = € [g(t), h(?)].

Recalling the fact RE((goo, hoo)s Di, 3) < 1, we find that (0,0) is the unique
nonnegative steady-state solution of problem (4.1). Choosing the lower solution
as (0,0) and upper solution as (NN, Nj), it is easy to see, by the method of upper
and lower solutions and its associated monotone iterations, that the time-dependent
solution converges to the unique nonnegative steady-state solution. Therefore,

(Vi(t,x), Hi(t,x)) — (0,0) uniformly z € [goo, hoo] as t — o0,
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and then

lim (|Vi(t, o, ney =, im [Hi(t, )l g, n)y = 0-

t—+00 t—+00

O
The next result shows that if ho, — goo < 00, then virus extinction will occur.

Lemma 4.3. If hoo — goo < 00, then we have

lim (|[Vi(t, )leqge).ne) + IHit )lledgw.newp) =0

t——+oo

Proof. On the contrary, we assume that

limsup [|Hi(t,-)l|lc(g),he) =0 > 0.
t——+o0
Then there exists a sequence (tg,x) € (0,00) X (g(¢), h(t)) such that H;(tx,xx) >
6/2 for all k € N, and t; — oo as k — oo.
Subsequently, we will show that

H|| e, <cC, 4.2

Ml e v ooy ) (42)
!/ !/

||h Hc%([1,+oo)) <G, g ||c%([17+oo)) <C (4.3)

where a € (0,1) and the constant C' > 0.
In fact, straighten the double free boundaries by the following transformation

o2 (h(t) +g(0)
WO - 90 RO —g(t)

let w(t,y) = H;(t, ), then the free boundary problem (1.4) is transformed into the
initial boundary problem (2.2) in the fixed interval (—hg, ho).

Combining (4.3) and the properties that —g(t) and h(t) are increasing and
bounded, it follows from standard L? theory and the Sobolev imbedding theorem
[27] that for 0 <a <1, there exists a constant C; depending on a, ho, [[Hiollc2((—ng o))
[Viollc2 ([=ho.ho])» oos Proo such that

||wHCHTQ"1+a([T,T+1]X[—hg,ho]) S Cl (44)

for any 7 > 1. Note that C; is independent of 7, by using the free boundary
conditions in (1.4), it is easy to see that (4.2), (4.3) hold. Using (4.3) and the
assumption that heo — goo < 00 yields

h'(t) = 0 and ¢'(t) — 0 ast — +o0.
It follows from the free boundary condition that a{gi (ti, h(tr)) — 0 as t, — oco.
On the other hand, since —00 < goo < g(t) < z < h(t) < hoo < 00, there exists
a subsequence {xy,, } which converges to zg € [goo, hoo] a8 n — 00. For convenience,
we still denote {zk,} as {zx}, it follows that xp — z¢ € [goo, hoo] a8 k — o0.
Thanks to the uniform boundedness in (4.2), we can derive that 29 € (goo, hoo)-
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Define Zy(t,z) = Vi(ty + t,x) and Wi(t,x) = H;(tx + t,x) for = € (g(tx +
t),h(ty +1)),t € (—ty,00). According to the parabolic regularity, {(Zx, W)} has a
subsequence {(Zy,, Wi, )} which converges to (Z, W) as i — oo, and (Z, W) satisfies

2= (@) VW (1= (o)
Wt - Dthz + ﬁWm = ﬂh(fl;)(l - W )Z - (dh(‘r) + ’Yh(x))Wa

h
where t € g—oo, 00), T € (oo, Poo)- }

Since W (t,x9) > 6/2, we derive W > 0 in (—00,00) X (goo, hoo) by the strong
maximal principle. Using the Hopf lemma at the point (0, hoo) yields W, (0, o) <
—o* for some o* > 0.

Furthermore, the fact HHZHC < C implies that

HTa*l‘*"l([l,—&—oo)X[g(t)yh(t)]) -
OH,;

oy B+ 0. h(t)) = (Wi)a (0, h(ts)) — W(0, hoo), k — o0,

and then W$(0,hoo) = 0, which is a contradiction to W,(0,hes) < —0* < 0;
therefore

lim [|Hi(t, )llc(g),new) =0

t— o0

Note that V;(t, x) satisfies

aa‘f _ Bv(x)(Njiz— V@)1= )V, £ 0, g(t) < = < h(t),

Bu(x)(Ny — Vi) H;
Ny

and — 0 uniformly for x € [g(¢), h(t)] as t — oo, we then deduce

Jm {[Vi(es e, nen = 0.
Now we give sufficient conditions so that the virus will extinct.

Lemma 4.4. If RE (00) <1, then hoo — goo < 00 and

lim (|[Vi(t, legw.nwn + IHi(ts )llegw,nen) = 0-

t——+o0

In this paper we assume that the far site is high-risk and consider small advection
intensity, as a consequence, if b, — goo = 00, then RY (c0) > 1. Therefore RY (c0) <
1 means that virus extinction happens. The following result shows that if RE (0) < 1,
the virus will extinct eventually for small initial values.

Theorem 4.1. If RY(0) < 1, then hoo — goo < 00 and

lim (|[Vi(t, legw,nwn + Hi(t )lledgw,nwn) =0

t——+oo

provided that ||Vio(-)||c(=ho,ho])s [[Hio ()|l ((=ho,ne)) are sufficiently small.
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Proof. In order to complete the theorem, we need to construct a suitable upper
solution to problem (1.4).

Since R{(0) < 1, we can deduce from Lemma 3.3 that there exist the constant
Ao > 0 and the functions satisfying 0 < ¢(z), ¢(z) < 1, © € (—ho, ho) such that

0= Bu(@) 30 — (1= @)ru(e)y + Aot ho <z < ho,
h
—Dhrrn + Bbw = Bu(x)t) — (dn(2) + dp(2))p + Moo, —ho < x < hg, (4D)

Recalling that ¢'(ho), ¢'(ho) < 0 and 9’'(—hg), ¢’ (—ho) > 0, we can derive that
there exist some positive constants C7 and Cs such that

:qub, < 017/}7 1’¢/ < CQ¢7 S (7h07h0)'

Also, we can easily derive that there exists the constant L > 0 such that

1 _ ¢(z)
E < w(x) <L, x€ (—ho,ho). (46)

Similarly as statements in [14], we set
0 st
J(t):h0(1+5—§€ ), t >0,

and

- zhy (1= 5= -
Vi =ce *"P(xhg/o(t))e?Pn W t>0, —o(t) <z < o(t).

- —5t - (1- 20z
T, = et (who /o ()™ 5% 1> 0, —a(t) < x < (1),
Combining Ag > 0 and the continuity of the function 8, (), B, (x), ry(2), dn(z)
and vy, (z) in [—2hg, 2hg], we can derive from (4.6) that there exists a small 6 > 0
such that

5h0 2 2 §

0= i s g

+ (1= q)(ro(x) —7r0(y)) 20,

2 *
L0+ 2o — L3 18(2)  Buly)
h

and
Bh h' o e’ & B e’ o
T aeT " am 2 i, ) T e
2 2
= LI B10) = Bn(o)] + (0h0) 4 20() = (o) + () 2 0,

where y = i(—ht“)

Direct computations yield
Vi  Bu(x)(Ny = Vi)H,
ot Ny
v
- ot

+ Tv(x)(l - q)Vl

()H; +1ro(2)(1 = q)V;
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Bxr ho® 6% 5  who® 6% _5— 1, _ N? o
Vi ap, CEN Vie e VT oVt g W)L
(‘T)Fz + (]- - Q)Tv(ﬂi)vi

I7 6h’0 h02 2 h02 52
Vi(— E(1+5)U2(t)5 - 202
+ (1= q)(ro(z) = 1u(v)))
0

—(1=q)r(y )V ) —

51+ Ao - (y) = Bo()|

\%

v

and

0H; 0°H; 0H, Bh() (N —H;) _
ot Oz2 +8 B N; + (dn(z) +yn(z)) Hi,

o o - B
S OHi ) O°H; +53£Z  B@) Vi + (dn (@) + ()T,

2 2 52 2 2
B hO J St zho” & 75tﬁi¢71¢/+ B (1— ho )ﬁ

?

— _§H, — = - - -
Hi= o 2wzt i ama© iD, T o2(1)

ho® — —ot_5h-(1—255)z ’
A H; 3D FI0) 0 _
+ Ao 2 + ee"e?Pn 1/)(02 @ Br(y) — Br(x))

o = (dn () + 71 (9)))

h
e2Dh (1_T%)m¢(dh(:c) + ya(z) —

- Bho ho® ho? &2 32 ho?
> (-0 e (140) st = a0t (1= S0
2

B’ s 10 5 (4) = (@) + (dne) + 10 @) — L (dny) + 1 ()))
o2() 0~ oz W) T o T T gy

+ce

+
=0,

where t > 0 and x € (—o(t),o(t)).
52hg

On the other hand, we can choose ¢ = ot B vos min{ ¢,(h E

ho) } such that

3;" > 5”(5”)(‘]\[]5:‘/")[{1' —ro(2)(1=q)Vi,  t>0, 2 € (—0o(t),o(t)),
OH, O?H, _0H; Bn(x)Vi(N;—H,)
ot = -8 ox + = Ny

—(dp(x)+n(x))H;, t>0,z€ (—o(t),o(t)),

Vit,z)=H;(t,z) =0, t>0, xz==o0(t),

—o(0) < —ho, —a’(t) 881? (t,—o(t)), t>0,
Hi(t,0(t)), t>0.

a(0) > ho, o'(t) >

If
hO B L(—ho)

V oo <
[|Violl ((=ho,ho)) 5[ %’120]¢(1+5/2

and
ho

Hiol|poo((— < i
[ Hioll o< (= ho,ho)) _5[71}1101%0]¢(1+5/2

i
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then we deduce that

s 2Dy, 2+ % _ /. _
‘/10(213) < E’l/)(l n 5/2)6 h Vl((),x), T € [ ho,ho]
and
Hiolw) < ed(— " )e™n 757 = H;(0,2), « € [~ho, ho]
20 = 1+5/2 i\Ys ) 0,740},

that is, (V;(¢t,z), H;(t,x), —o(t),o(t)) is an upper solution to problem (1.4).
Applying the comparison principle, we conclude that

g(t) > —a(t), h(t) <o(t), t > 0.
It follows from Lemma 4.3 that
hoo — goo < tlim 20(t) =2ho(14+6) < 00
— 00

and
im  (|[Hi(t, )llegew.nen + Vil )lleqgw.nwn) = 0-

t—+oo

O

From the proof above, we can deduce the following result, see Lemma 3.8 in [14]
for details.

Theorem 4.2. Suppose RE (0)(:= RYA((—ho, ho), D, B)) < 1. Then hoo — goo <
oo and

lim ([|Vi(t, )legw),nwn + it e .nw) =0

t——+oo

if u is sufficiently small.

5. Virus persistence

In this section, we are going to give the sufficient conditions that the virus will
persist continuously. We first prove that if RE(0) > 1, the virus are spreading
continuously.

Theorem 5.1. If RE(0) > 1, then hoo—goo = 00 andltim_gnf [[H(t, )|l (o, > 0,
— 100
that is, the virus will persist continuously.

Proof. We first consider the case that RE(0) := RE ((—ho, ho)) > 1. In this case,
the linear eigenvalue problem

0= 25 Bu()0 — (1= @)ru(e)y + Aot by <2< ho,
h
—Dha + Bda = Br(x)0 — (dn(x) + 4 (2))d + Aod, —ho <z < hg, (O-1)

admits a positive solution (¢(z), ¢(x)) with |[¢)||L= + ||¢||L = 1, where )¢ is the
principal eigenvalue. It follows from Lemma 3.3 that Ay < 0.
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We construct a suitable lower solution to problem (1.4) by define

Hl(t7x) = 6(725(1')3 Z,(t,l’) = ‘W(Z)y t Z Oa 7h0 S X § hOa

choose § sufficiently small such that

§
Ao + || max {Bv(x)ﬁh(x)}HLmE <0,
where K = min {N;, N;}. Direct computations yield

oV,  Bulx)(Ny —V,)H, +(1—q)ry(2)V,

ot N;
=~ R @)+ Bula) 260 + (1~ ru(a)oy
d¢
= 0 (A\ »
B+ Bu() 55
<0,
0H,; O*H OH,;  Bn(x)V,(Ny — H,)
5 Prgz TP N7 + (dn(@) + n(2))H;
h
8Bn(z)9
= o[\
w[ 0 + N;,: ]a
<0

—= )

where ¢ > 0 and z € (—hg, ho).
Recalling \y < 0, we can choose ¢ sufficiently small such that

; Ny —V)H.
% < Bu(@)(Ny — V) H, —(1=q)ry()V,, t >0, —hg < x < hy,
ot N;
0H, 0’H _0H,
Zi _p 11 11,
ot " D +h ox
V.(N; —H,
< D B _ (4, (0 + (o) He 1> 0, ~ho < < o
h
Kz(x7t):ﬂz(mat):0a t>07 Z'::lih,o7
H.
OZ*hBZ*MDh%(*hOat)v t>07
OH .
— B < —uD, —
0 hO > —pbp Oz (h07t)7 t>0,
E(IE,O) S ‘/iO(x)7 &($,0) é Hi0($)7 _hO S x S hO'

Hence, applying the comparison principle yields that
Hi(tvx) > ﬂi(t7x)7 V;(ta x) > Ki(t’ Z), (tvx) € [Oa OO) X [7h0, hO]

It follows that ltiinjg [[H;(t, ) lc(ge).new)) = 06(0) > 0, therefore hoo — goo = +00
by Lemma 4.2.
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When RJ(0) = 1, then for any positive time ¢y, we deduce g(to) < —ho and
h(to) > ho; therefore, R{ (tg) > RE(0) = 1 by the monotonicity in Theorem 3.4.
We then have ho — goo = +00 as above by replacing the initial time 0 with the
positive time tg. O

Remark 5.1. It follows from the above proof that the virus persist, if and only if
there exists ¢y > 0 such that RE (¢9) > 1.

Epidemiologically, Theorems 4.4 and 4.5 show that if RE(0) < 1, the virus will
extinct for small initial scale of mosquitoes or small expanding capability u, and
Lemma 4.3 implies that if R (co) < 1, the virus will persist eventually for any
initial values. The next result shows that the virus will persist for large expanding
capability p, see similar results and the proofs in [14].

Theorem 5.2. Suppose that Ry (0) < 1. Then heo — goo = 00 if pu is sufficiently
large.

Theorem 5.3 (Sharp threshold). Fized hg, Vio and Hyg. There exists p* € [0, 00)
such that the wvirus will persist when p > p*, and the virus will extinct when
0<p<p*.

Proof. If RE'(0) > 1, we have u* = 0, since in this case spreading always happens
for g > 0 from Theorem 5.1.
For the remaining case R{'(0) < 1. We define

p* = sup{o : hoo (1) — goo (1) < 00 for p € (0, 00]}

Theorem 4.5 implies that the virus extinction happens for all small ;> 0, therefore,
u* € (0,00]. On the other hand, by Theorem 5.2, it is easy to derive that the virus
persistence happens for all big u. Thus we have u* € (0,00), and virus persistence
happens when p > p*, the virus extinction occurs when 0 < p < p* by Corollary
2.4.

We now claim that the virus extinction happens when p = p*. Otherwise
NEBR BT
Nia-ary

B R
To > 0 such that REY(Ty) := REA((g(To), h(To), Dn,8) > 1. By the continuous
dependence of (V;, H;,g,h) on its expanding capability u, we can find small € >
0 such that the solution of (1.4) with u = u* — €, denoted by (Vie, Hic, ge, he),
satisfies RPA((g¢(To), he(Tp)), Dy, B) > 1. This implies that spreading happens for
the solution (Vie, Hye, ge, he), which contradicts the definition of p*. The proof is
complete. O

Next, we consider the long-time asymptotical behavior of the solution to (1.4)
when the virus persist.

hoo = goo = 00 for p = p*. Since lim RE(t) > > 1, there exists
— 00

Theorem 5.4. Suppose that hoo = —goo = 00, then the solution to the free boundary
problem (1.4) satisfies . 1121 (Vi(t,x), Hi(t,z)) = (Vi*(x), H} (z)) uniformly in any
—+00

bounded subset of (—o0,0), where (V;*(x), H(x)) is the unique bounded positive
solution of the following problem

0 N —ro(@)(1 = q)V; —00 < ¥ < 00,
" 5.2)
0°H, OH, Bn(z)Vi(N; — H,) (
TR 2 +B or N; — (dp(x) + yp(x))H;, —00 < & < 00,
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Proof. Our proof will divide into several parts.
Step 1 The existence and uniqueness of the stationary solution
It is easy to see that problem (5.2) is equivalent to

— D = v —(d H,
" 0x? +h 0r  Bu(x)H; + (1 —q)Njry(xz) Ni (dn(2) +70())
(5.3)
for —oo < z < 0. Since hoy = —goo = +00, it follows from Remark 3.1 that there

exists to > 0 such that R{ (to) = RP4((g(to), h(to)), Dn, ) > 1, therefore, denoting
Lo := max{—g(to), h(to)}, for any L satisfying L > Lg, we consider the problem

O*HF  oHF BB, N*HE  Ny—HE
-D i i v h 5 _(d Hl —-L<z<L,
"o e TR (g N Npldn b v

HEF(+L) = 0.

(5.4)
Setting HY = N}, HL = 6¢(z), where (¢(x), ¢(x)) is the corresponding eigen-
function to the principal eigenvalue \g of the following problem

_th)wz + ﬂ(bx = /3h(33)1/) - (dh(x) + ’Yh(x))d) + >\0¢7 T E (_L7L)a
0= %’; Bo(x)d — (1 — q)ryy(z)1) + Aot ze(-L,L), (5.5)

h
P(z) = ¢(z) =0, x==L.

We can choose ¢ sufficiently small such that ffZL and If{‘ are upper and lower
solutions to problem (5.4). As a result, there exists H that solves problem (5.4).

B
Moreover, for the first equation in (5.4), taking HF = eP»“u derives that

)
2 N8, Bn(x)u ey

Dpttgy =~ PP (g €T (g =
h Boe?Pr "y + (1 — q)Njry h

It is easy to see that f(u) is decreasing, therefore the positive solution is unique.

Using the comparison principle yields that as L increases to infinity, HY increases
to a positive solution H} to problem (5.3). The uniqueness of positive solution to
problem (5.3) follows from the similar technique in [16].

Step 2 The limit superior of the solution

We recall that the comparison principle derives

(Vi(t,z), Hi(t,x)) < (Vi(t,x), Hi(t,x)), (t,z) € (0,00) X (—00,00),

where (V;(t,x), H;(t,z)) is the solution to the following problem

Vi _ Bulw)(Ny — V), _
o N (1 —q)ry(z)V;, t>0, —00 < 2 < 00,
-D
ot " ox2 +8 Ox (5.6)
Vi(N; — H; —
= Arl) j(\[*h )—(dh($)+7h($))Hi, t>0, —oc0o <z <00,
h
Vi(0,2) = N, H;(0,z) = Nj.
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We can easily see that (V;(t,x), H;(t,z)) < (V;(0,z), H;(0,z)), therefore we deduce
<

(Vi(t"’_(svx)vﬁi(t"'_évm)) (Vi(tax)vHi(tvx))

by comparing the initial conditions, that is, (V;, H;) is monotone decreasing with

respect to ¢ and tlim (Vi, H;) = (V*(x), Hf (x)) uniformly in any bounded subset
—00

of (—00,00); therefore we deduce

limsup (Vi(t,2), Hi(t,z)) < (V" (), H] (x)) (5.7)

t——+oo

uniformly in any bounded subset of (—o0, 00).
Step 3 The lower bound of the solution for a large time
From step 1, we can deduce that the principal eigenvalue \g of

N*

0= R 0u(@)d— (1= @ro(@)t + v, z € (=Lo, Lo),
~Dides + B2 = Bn(@) — (dn(@) +m(@))+ Aoty @ € (~Lo, L), O9)
$(x) = o) =0, =

satisfies

Ao < 0.

Since hoo = 00 = —geo, for any L > Ly, there exists t;, > 0 such that g(¢t) < —L
and h(t) > L for t > ty,.

Letting V, = 0¢ and H, = d¢, we can choose ¢ sufficiently small such that
(V,, H,) satisfies

oV, () (NS —V)H,
V. < ﬁ (37)( v —z)—z _ (1 _ q)rv(x)zi’ t>tL07 —L0<,13<L07
ot Ny
OH,  0*H OH, PBpV,(Ni—H,)
EE —D = =1 < —1 h =) __ d H t t —L L
o Prae P < N; (dntym)Hy, t>try, —Lo<z<Lo,
K’L(t)x) :ﬂz(t,l') =0, t>tr,, —Log<x< Ly,
Vitry,x) < Viltry,x), Hi(tr,,x) < Hi(tr,, ), —Log <2 < Lo,

which means that (V,, H,) is a lower solution of (V;, H;) in [tr,,o0) x [—Lo, Lo].
We then deduce

(VZVHZ') > (5’!/1,6¢)7 (t,l‘) € [thOO) X [—Lo,Lo],

which implies that the solution can not decay to zero.
Step 4 The limit inferior of the solution
Firstly, We extend ¢(z) to ¢, (x), and extend ¢ (z) to i, (z) as follow

b () = {(j)(x), —lp < <y,

0, T < —lg or x > o,

0, x < —=lgorzx>l.

mxwz{“@’_“<$<“
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Now for L > Lo, (V;, H;) satisfies

i (@) (N — Vi) H;
O _ B Z VIR ()1 - g t>ta, gt) <o < h0)

ot N;

OH;  9°H, _OH; BpVi(N;—H,)

D+ A= P () 1> 1, 9(0) < < (),
V;(t,l') = Hl(tVT") =0, t>tr, .’E:g(t) OI‘J?Zh(t),
Hi(tva) Z 6¢L0; ‘/7(tL7x) Z 51/)L0, 7L S x S L?

(5.9)
therefore, we have (V;, H;) > (z,w) in [tr,00) X [—L, L], where (z,w) satisfies

ZW(lq)TU(Z)Z, t>tr, - L<z<L,
ow Pw  Ow  Pp(r)z(N; —w)

e Dpe—e B =P TR ) (g t>tr, —L L

o Phage oz N (dn(z)+yn(x))w, t>tg, <z <L,
z(t,z) = w(t,z) =0, t>tr, x==%L,
z(tp,x) = 0Yr,, w(tr, z) = d¢r,, —L<z< L.

(5.10)

System (5.10) is quasimonotone increasing; therefore, it follows from the upper
and lower solution method and the theory of monotone dynamical systems( [34]
Corollary 3.6) that

lim (z(t,2), w(t,z)) = (V;"(2), H (x)) > (0¢1,,0¢L,)

t—+oo

uniformly on [—L, L], where (V;F(z), HF (z)) satisfies

o= PN Z W 1 - gy, Lewel
h
O?H; = ,0H;  B(x)Vi(N; — H;)
D Y0, = N7 — (dn() + yn(x))Hi, ~L < x < L.

(5.11)
Now we claim the monotonicity and show that if 0 < Ly < Lo, then (V;X (z), H;"* ()
< (Vi*2(z), H 2 (z)) on [~Ly, Ly]. The result is derived by comparing the initial
conditions and boundary conditions in (5.10) for L = Ly and L = L.
Letting L — oo, by classical elliptic regularity theory and a diagonal proce-
dure, we derive that (VL (x), H(z)) converges uniformly on any compact subset of
(—o00,00) to (V;>°(x), H(x)), which is continuous on (—o0, 00) and satisfies

L (2) (N — Vo) H®
0= Pe@)(V Vi )H; —ry(z)(1 = @V, —00 < 2 < 00,
Nh
0*H>® OH®
—Dp——5 +8—

0z Oz (5.12)
:%w_<dh(x)+yh(x)ﬂ{f°, —00 < x < 00,
Ve (@) > Gy, HE (2) > 661, ~00 <& < 00,
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It follows from step 1 that V> (z) = V*(x) and H>®(z) = H(x).

Now for any given interval [—X, X] with X > Lo, since (VI (z), HF(z)) —
(V*(x), H} (x)) uniformly in [—X, X], which is the compact subset of (—o0,c0),
as L — oo, we deduce that for any € > 0, there exists L* > Ly such that
(VE (2), H;L*(x)) > (Vi*(x) — e, Hf (x) — €) in [-X, X]. As above, there is t-
such that [—L*, L*] C [g(t), h(t)] for t > t1«. Therefore,

(Vi(t,z), H;(t,x)) > (2(t, 2), w(t,z)), (t, ) € [tr~,00) x [-L*, L*],

and
lim (Z(t7x)7w(tvx)) - (V;L* (Z)szL* (l‘)), (S [7L*3L*}

t——+oo

Using the fact that (VX" (z), HE (x)) > (Vi*(x) — ¢, H} (z) — ) in [~ X, X] derives

liminf (Vi(t, ), Hi(t,z)) > (Vi*(2) — e, Hi (z) — ), = € [-X, X].

t——+o0

Since € > 0 is arbitrary, we deduce that

liminf V;(¢,2) > V" (z), ltim_&nf H;(t,x) > H}(z) uniformly on [—X, X],
— 400

t——+oo
which together with (5.7) imply that

lim Vi(t,z) =V (), lim H;(t,z)= H;(x)

t——+oo t—+o0

uniformly in any bounded subset of (—o0, 00). O
Combining Remarks 3.1 and 5.1, Lemma 4.1 and Theorem 5.4, we immediately
obtain the following spreading-vanishing dichotomy:

Theorem 5.5. If the hypothesis condition (H) holds and

B3 Br NS
24| D (-2 Ph e geo o0y,

Let (Vi(t, ), H;(t,x); g(t),h(t)) be the solution of free boundary problem (1.4).
Then, the following spreading-vanishing dichotomy holds:
Either

(i) Spreading: how — goc = o0 and lim_ (Vi(t,2), Hy(t,2)) = (V;"(2), H (z)
—>+00
uniformly in any bounded subset of (—o0,00);
or

i) Vanishing: heo — goo < 00 with R ((gess oo ), D, 8) < 1 and
0

lim (|[Vi(t, lleg.nwn + Hi(ts)llegw,nen) = 0-

t——+o0

6. Simulation

In this section, we will carry out numerical simulations to illustrate the theoretical
results given above. In light of the free boundaries are to be determined, we will use
an implicit scheme to simulate problem (1.4) and change it to a nonlinear system
of algebraic equations, which was solved with Newton-Raphson method.
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infected birds H,(t,x)

—t=0

= = =t=0.3

- - 108
——t=1

08

0.6

infected birds H,(t,x)

04r

0.2

time t e
space x space x

Figure 2. pn = 0.4 and B = 0.0008. The solution H;(¢,z) turns left and stabilizes to a positive
equilibrium.

infected birds Hi(t,x) —_—t=0
15 i = = =1=0.3
t=0.6
- = =1=08
——t=1
=
«
B
o
]
3]
8
€ 05r
=TT T - ~.
i N RS
o —m 2T . -2 . N
0 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

time t space x
space x

Figure 3. p = 0.4 and 8 = —0.0008. The solution H,(t, z) turns right and stabilizes to a steady state
solution.

To explore the impact of the advection intensity § and expanding capability p
on the long-time behaviors of the steady state solution to problem (1.4), we first fix
some coefficients and functions as follows.

Dy, = 0.006, N; = 2000, N} = 10000, v;(z) = 0.018sin(rz),

p = 0.007, dp, =0.0002sin(wz), Bp(x) = 0.012sin(nz), By (x) = 0.028 sin(7x),

ho=1, H;(0,z2) =0.1 COS(;TOJ?), Vi(0,2) = O.5COS(% ).
Example 6.1. For big expanding capability p = 0.4, we first choose the advection
intensity 8 = 0.0008. It is easy to see from Fig. 2 that the free boundaries z =
g(t) and & = h(t) increase fast, and the solution H;(¢,z) stabilizes to a positive
equilibrium gradually. Moreover, the left boundary moves faster that the right one
. If we choose the advection intensity 3 = —0.0008, we can see from Fig. 3 that the
right boundary goes faster than the left one.

Example 6.2. Let 8 = —0.009 and we now choose small expanding capability
© = 0.05, compared the free boundaries in Fig. 4 with those in Fig. 3, the free
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infected birds Hy(t,x)

0.1 0.1
— 0
0.09+ - = =t=0.3
0.08 t=0.6
0.08 - = =t=0.8
—t=1
0.06 7 007
004 A Eﬁ 006r
5 005
0.02 O
§ 0.04
£ 0.03f
0.02
0.01
time t 0, 53 2 - 0 1 2 3 4 432 ) " "
space x Space X
Figure 4. 8 = —0.009 and g = 0.05. The solution H;(¢,z) decays to zero quickly and the free
boundaries increase slowly.
boundaries © = h(t) and g¢(t) in Fig. 4 increase slower than those in Fig. 3.

Moreover, the solution H;(t,z) decays to zero quickly.

7. Biological interpretations and discussion

The main purpose of the paper is to explore the spatial transmission mechanism of
WNv where the environment are heterogeneous and advection. In order to better
understand the threshold dynamics, we firstly introduce the thresholds Ry for the
reaction-diffusion-advection problem with Dirichlet boundary condition in a fixed
interval (p, q). On this basis, we derive the index risk RS (¢) for the problem with the
free boundary by variation method and give some properties of the index risk RE ().
With the risk index RE'(¢) as threshold, we give some sufficient conditions for the
virus to extinct or persist. Our theoretical results shown that if RE (tg) > 1 for some
to > 0, the virus persist eventually (Theorem 5.1, Remark 5.1). If RY(0) < 1, the
virus extinction happens provided that the initial scales of the infected mosquitoes
and infected birds are small (Theorem 4.4) or the expanding capability p is small
enough (Theorem 4.5), while persistence occurs for the large expanding capability
(Theorem 5.2).

The risk index RE(t), which change with time ¢, is similar as the threshold
of the basic reproduction number in fixed region, that is an important parameter
in epidemiology. Additionally, from the expression of risk index R (t), we can
derive that if the advection intensity is big, the risk index R} (t) will become small,
which is beneficial to the extinction for the virus. As we know, some environmental
factors, such as landuse, climate, and host community composition, can influence the
abundance of WNv hosts and vectors, and subsequently, affect WNv transmission
rates. Therefore, in our work we consider the environmental heterogeneity. That
means the spatial-dependent rates considered in our model close more to the reality.
Specifically, it is an effective way to stop WNv transmission by improving breeding
grounds for infected mosquitoes and infected birds, such as keeping environment
clean, getting rid of stagnant and dirty water, which can lower the transmission
rates.

There are still many meaningful and challenging mathematical questions which
need to be studied for the free boundary problem. For example, in this paper, we
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only consider small advection case and present the spreading-vanishing dichotomy.
However, for large advection, we believe, it will cause more complex transmission
dynamics, such as virtual spreading, virtual vanishing and transition, which de-
serves further study. Additionally, the model can also be generalized to the case
as discussed in Madana and Yang [31], where the infected mosquitoes and infected
birds are all dispersal and have the influence of advection. We leave these for future
investigations.
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