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Abstract Recently, a stabilizer free weak Galerkin (SFWG) method is pro-
posed in [14], which is easier to implement and more efficient. In this paper,
we developed an SFWG scheme for solving the general second-order elliptic
problem on triangular meshes in 2D. This new SFWG method will dramati-
cally reduce the error between the L?-projection of the exact solution and the
numerical solution.
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1. Introduction

In this paper, we are concerned with the development of an SFWG finite element
method using the following convection-diffusion equation

-V -(aVu)+V-Bu)+cu=f inQ, (1.1)

u=0 on 09, (1.2)
as the model problem, where 2 is a polygonal domain in R?, a = «(z) is the
diffusion coefficient matrix, 8 = B(x) is the convection coefficient, and ¢ = ¢(x)
is the reaction coefficient. We suppose that a = (ajj)ax2 € [WH®(Q)]**2,¢c €
Whe(Q),0 < c(z) < M, € WH*(Q)]?, and ¢ — 3V - B > ¢y > 0 for some
constant ¢q (cf., e.g., [12]), and there exists positive constants a,,, < aps such that

améTe < Ta(r)é < apé’e, VEER? z €.

Using integration by parts, we derive a variational formulation for the problem
(1.1)-(1.2) as follows: seek u € Hg(£2) such that

(aVu, Vv) + (V- (Bu),v) + (cu,v) = (f,v), Vv € Hy(Q). (1.3)
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The weak Galerkin (WG) finite element method for the model problem (1.1)-
(1.2) has the following formulation

(akum vwv) + (vw : (,B’LLh),U) + (Cuha U) + S(uhvv) = (fa ’U), (14)

where V,, is the weak gradient operator, V,, - (Buy) is the weak divergence, and
s(up,v) in (1.4) is a stabilizer term that enforces a sufficient weak continuity for
the numerical solution. Recently, the weak Galerkin method has been developed to
solve the elliptic equations [16], the nonlinear convection—diffusion problems in 1D
and 2D [6,7], convection-dominated diffusion equations [9], Crank-Nicolson scheme
for Parabolic interface problems [8], and singularly perturbed convection—diffusion
problems [10,11].

A stabilizer free weak Galerkin finite element method is proposed by Ye and
Zhang in [14] for the solution of Poisson equation on polytopal meshes in 2D or
3D, where (Px(T), Pi(e), [P;(T)]%) elements are used. It is shown that there is a
jo > 0 so that the SFWG method converges with optimal order for any j > jo.
However, when j is too large, the magnitude of the weak gradient can be extremely
large, causing numerical instability. In [1], the optimal jy is given to improve
the efficiency and to avoid unnecessary numerical difficulties. In this setting, if
(Pi(T), Pi(e), [P;(T)]?) elements are used for a triangular mesh, jo = k + 1, where
k > 1. Recently, the SFWG finite element method has been developed to solve the
parabolic equations [3], Stokes equations [15] and the second order elliptic prob-
lem [4]. In [2], the authors proposed a scheme using (Py(T), Pyi(e), [P1(T)]?) ele-
ments for triangular meshes with the optimal order of convergence. In [5], a SFWG
finite element (Py(T), Pit1(€), [Per1(T)]?) is investigated for second order elliptic
problems.

In this paper, we will develop the theoretical foundation of the SFWG scheme
using the general (Py(T), Pit1(€), [Pyt1(T)]?) elements for solving the convection-
diffusion equation (1.1)-(1.2) on a triangle mesh in 2D. As one of the main contribu-
tions of this paper, it is shown that by replacing (Py(T'), Px(€), [Pe+1(T)]?) elements
with (Py(T), Pit1(e), [Pet1(T)]?) elements, the error between L?-projection of the
exact solution and the numerical solution will be dramatically reduced.

The rest of this paper is organized as follows. In Section 2, the notations and
finite element spaces are introduced. Section 3 is devoted to investigating the error
equations and several other required inequalities. The error analysis for the SFWG
solutions in an energy norm is studied in Section 4. In Section 5, we will derive
the L? error estimates for the SFWG finite element method for solving (1.1)-(1.2).
Numerical test results are presented in Section 6. Concluding remarks are given in
Section 7.

2. Notations

In this section, we shall introduce some notations and definitions. Suppose 7T}, is a
quasi uniform triangular partition of €2. For every element T' € 7T}, denote by hr
its diameter and h = maxreT, hr. Let &, be the set of all the edges in 7,. For
k > 0, the weak Galerkin finite element space is defined as follows:

Vi = {{vo,vp} : vo € Pp(T),VT € Tp, and vy € Pry1(e),Ve € E}, (2.1)

where the component vy symbolizes the interior value of v, and the component v,
symbolizes the edge value of v on each T and e, respectively. Let V2 be the subspace
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of V}, defined as:
V¥ = {v:v € Vy,v =0 on 0Q}. (2.2

)
For each element T' € Ty, let Q;,i = 0,1,k + 1, be the L2-projection onto P, (T')
and let Q; be the L2-projection onto [Pyy1(7T)])?, where to = k,t; = 1, and tp 1 =
k + 1, respectively. Also, let Qp and Qg be the L2-projection onto [PL(T)])? and
Py(T), respectively, for each T € T;. On each edge e, denote by @, the L2-
projection operator onto Pj1(e). Combining Qg and Qy, denote by @, = {Qo, Qs}
the L2-projection operator onto V},.
For any v = {vg, vy} € V,, the weak gradient V,,v € [Pyy1(T)]? is defined on T
as the unique polynomial satisfying

(Vuwv,d)r = —(v0, V- a)r + (vp,q - n)or, Vq € [Pop1(T))?, (2.3)
where n is the unit outward normal vector of 9T

Definition 2.1. For any v = {vg,vp} € V},, on each element T € Tj, the weak
divergence of Bv is defined as the polynomial V,, - (Bv) € Py (T) satisfying

(V- (Bv),w)r = —(Bvo, Vw)r + (B - nvp, whar, Vw € Py(T). (2.4)

For simplicity, we adopt the following notations:

(v, w)7, = Z (v,w)r = Z /vadx,

TeTh TETh
(v, W)or, = Z (v,w)yp = Z / vwds.
TET reT;, 7T

We are ready to introduce an SFWG finite element scheme for the problems
(1.1)-(1.2).

Algorithm 1 Stabilizer Free Weak Galerkin Algorithm

A numerical approximation for (1.1)-(1.2) can be obtained by finding u, =
{ug,up} € V¥, such that the following equation holds

(aVyun, Vov) T, + (Vw - (Bun),v0)T, + (cuo, vo) = (f,v0), (2.5)

for all v = {vg, vy} € V.

We define the following energy norm || - || on Vj:
2
loll* = > VWl + > llwoll3- (2.6)
TETh TETh

An H' semi norm on Vj, is defined as:
lF .= (IVvoll3 + hztllvo — vsll3r) -
TeTh

It is easy to show that ||v||;,, defines a norm on V0.
The following lemmas will be needed.

Lemma 2.1 (Lemma 3.2, [5]). There exist C1 > 0 and Cy > 0 such that

Cillvlin < D IVwllF < Callollf 5, Vv € Vi (2.7)
TETh
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3. Error equation

In this section, we derive an error estimate of Algorithm 1. For simplicity, we will
confine our attention to the case where o in (1.1) is a piecewise constant matrix
with respect to the finite element partition 7j,.

Lemma 3.1 (see [13]). For any function p € HY(T), the following trace inequality
holds true:

)2 < C (h7' Y17 + keI VY]3) - (3.1)

Lemma 3.2 (Inverse Inequality see [13]). There exists a constants C such that for
any piecewise polynomial |r € Py (T),

IVelr < Chp'|¥lr, VYT € Th. (3.2)

Lemma 3.3. Let u € HY(Q), and Ty, be a finite element partition of Q satisfying
the shape reqularity assumptions. Then, the L? projections Qo and Qy, satisfy

> (lu— Quully + W9 (u — Qou)l) < CH*E Dl (33)
TETh
> (IVu = QuVullf + W7 Vu = QuVa)l[f 1) < CH* ) ulf 5. (3.4)
TETh
Lemma 3.4. Let ¢ € HY(Q). Then for each element T € Ty, we have
@h(vd)) = VuwQro. (35)
Proof. By definition (2.3) and integration by parts, for each q € [Px11(T)]* we
have
(Qh(v¢)a q)T = _(¢7 V- q)T + <¢7 q- n>6T
= _(Q0¢a V- q)T + <Qb¢7 q- n>8T
= (V’th(b? q)T7
which implies (3.5). O

Lemma 3.5. Let u be the solution of the convection-diffusion problem (1.1)-(1.2)
and then for v € V2,

(V- (Bu),vo)7, = (Vuw - (BQuu),vo)7;, — g, (u,v) + g, (u,v), (3.6)
where
L, (u,v) = (u— Qou, B - Vug)T,,,
lpy (u,v) = (u— Qpu, B -n(vo — vp)) 57 -
Proof. From definition 2.1 we get
(V- (Bu), o), = —(Bu, Ve, + (B nw, v,
= —(BQou, Vo), + (BQou — Bu, Vo),
+ (B - nQpu,v0) 57, + (B-n(u — Qpu),vo)yr,
= (V- (BQru),vo)7, — £, (u,v) + £, (u,v)
where in the last equality we have used the fact that (8 - n(u — Qbu),vb>aTh =0,
and thus completes the proof. O
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Lemma 3.6. For any T € Tj, and q € [Pr41(T))?,
(VwU,Q)T = (Vvo, Q)T + <'Ub —Vo,q- n}aT . (3~7)

Proof. (3.7) follows directly from the definition of V,,v and integration by parts:

(vwva q)T = _(UOa V- q)T + <Ubvq : n>8T
= (Vvo,q)7r + (vp — vo,q - D) yp -

This completes the proof of the lemma.

Lemma 3.7. Let ¢ € H'(Q). Then for allv € V), we have

(aVe,Vug)r = (aVyQro, Vuv)r + ((Qu(aVe)) - n,vg — vp)yp -

Proof. Let q = Qp(aVe). It follows from Lemma 3.6 that

(Vwv,q)r = (Vvg,q)r + (vp — v0,q - n>8T
= (VUOa OéV(ZS)T + <Ub —0,q - n>8T .
Then (3.8) follows from Lemma 3.4 and (3.9).

Lemma 3.8. Let ey, = Qpu —up, € V2. Then for any v € V)2, we have

(aVyen, Vou), + (Vi - (Ben),vo)T, + (ceo,vo)
:Ea (U7 U) + gﬂ (ua U) + EC(ua U)v

where Lo (u,v), g(u,v) and £.(u,v) are defined as follows:

lo(u,v) = Z ((aVu —Qp(aVu)) -n,vg — v)ar,

TeTh
lg(u,v) = Lg,(u,v) — gy (u,v),
Le(u,v) = — (cu — cQou, vg).

Proof. Testing (1.1) by v = {vo, vy} € V), we obtain
—(V-(aVu),v) + (V- (Bu), vo) + (cu, vo) = (f, vo)-

(3.10)

(3.11)

Using integration by part and the fact that > . (aVu-n,vp) s = 0, we get

—(V - (aVu),v9) = (aVu, Vug)r — (aVu - n,v9 — vp) 5 -

It follows from Lemma 3.7 that

(aVu, Vg)r = (aV 4, (Qru), Vyv)r + (Qn(aVu) -n,v9 — vpy) o -

Combining (3.12) and (3.13) gives
—(V - (aVu),v9) = (aV(Qru), Vyv)r — Lo (u,v).
Using (3.6) and (3.14), (3.11) becomes

(Ve (Qnru), V)7, + (Vi - (BQru), v0) 7, + (cQou,v0)
= (f,v0) + Lo (u,v) + lg(u,v) + £c(u, v).

(3.12)

(3.13)

(3.14)

(3.15)

Subtracting (2.5) from (3.15) yields the error equation (3.10), and thus completes

the proof.

O
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4. Error Estimates

We will derive error estimates in this section.

Lemma 4.1. Let u € HET2(Q) be the solution of the problem (1.1)-(1.2). Then

forveVp,
[a(u,0)] < CRM2|[ull4a]lo]], (4.1)
g (u, v)| < CRM*2|[ull k20, (4.2)
[e(u,0)] < CRM*2[full g o]l (4.3)

Proof. By using Cauchy-Schwarz inequality, the trace inequality (3.1), Lemmas
3.3 and 2.1, we obtain

o (u,v) < > (Ve — QuVu) - n,v0 — vb)or|

TeTh
<C Y Vu—QuVular|ve — vsllor
TeThH
1/2 1/2
<o X wrivu-@uliy) (X o - w3
TeTh TET

< ChM2ull 3ol

To prove (4.2), we need to estimate (g, (u,v) and fg,(u,v) first. It follows from
Cauchy-Schwarz inequality and 3.3 that

1€, (u,v)| = |[(u — Qou, B - Vo), |
= ‘(U — Qou, (QnB) - Vo), + (u— Qou, (B — QuB) - Vo),

> (= Qou, (B — QuB) - Vuo)r

TETh

< Ch Y Jlu—Qoullr|Blwr= | Vvolr

TETh
< Ch Y |lu—Qoullr|Vuolr

TeTh
< Ch Y lu—Qoullrlv)inr

TETh
< OBl o] (4.4)

It follows from the definition of @ and the Cauchy-Schwarz inequality that

|0, (u, v)| = | (u = Quu, B-m(vo — v)) o, |

<C Z lu — Quullor ||BlLo< () l|vo — vbllor
TETh

<C ( Z Z hr|lu — Qk+1u|§> (Z hzt|lvo — vb||§T>

TETh ecOT TETh

Nl=
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< ChM2ul| 20|l (4.5)

(4.2) follows from combining (4.4) and (4.5) and where we used the fact ||u —
Qr+1ulle > |lu — Quulle in the inequality (4.5).

The last estimate (4.3) is resulting from the Cauchy-Schwarz inequality and
Lemma 3.3:

[e(u, )

|(cu — cQou, Vo)

u, (Qoc)vo) + (u — Qou, (¢ — Qoc)vg)
ot — u, (¢ — ro)vo)

IA

-
@

IA

This completes the proof. O
Remark 4.1. If we drop the requirement ¢ € C*(€2), then

[e(u,v)] < CR*HJullrallo]]. (4.6)

Lemma 4.2. For any v € V!,

1

(Vo (B0), 00}, = —5 (V- Boo, )7 — 3 (B m(uo — ), 0 ~ )y, - (A7)

Proof. Letv,w € V,?. From the definition 2.1 and integration by parts, we obtain

(V- (B0 w0) 7 = — (B, Vo), + (B - )y,
= (v 'ﬂvo -I—,B : VUO7wO)Th - <ﬂ ' n(UO - vb)vw0>a7'h ’ (48)

and

(V- (B),v0), = —(Buvo, Vo) + (B 1 v,
= —(,B’LU(), VvO)Th - <,B ’ n(UO - Ub)rwb>87'h ) (49)

here we have used that the fact that (8- nv,, wp)yr, = 0 in the last equality. By
summing (4.8) and (4.9), and setting v = w, we have

(V- (Bv),v0) 73, = —%(V - Buo,vo) 75, — % (B-n(vo —vb),v0 = Vb) 5, -

O

Lemma 4.3. Let e, = {ep,ep} = {Qou — uo, Qpu — up}. Then, there exists a
constant v > 0, such that

(aVuwen, Vwen)7, + (V- (Ben),e0)7, + (ceo,e0) > Allenll”,  (4.10)

if 0 < h< 1.

Proof. Let y = 1min{ay,co} and v = ej,. From (4.7) and the definition of | - ||
n (2.6), we get

(aVwen, Vyen)r, + (V- (Ben), e0) 7, + (ceo, eo)
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1 1
= (aVwen, Vuwen)T, —§(V - (Beo), eo) T, ~3 (B -n(ep — eyp), €O_€b>aTh +(ceo, €o)

1 1
> (@Vaen uen)r —5 3 (o V-(Beo)) - (ceoeo) | 3 8- (o= cu).co-ci
TETh

1
> (aVyen, Vuen)T, + (ceo,e0) — Ch Z e (€0 — ey, 0 — €p)yp

TeTh
> i (Vwen, Vwen) T, + coleo, e0) — Chllex]”
> llenll?,
if Ch < ~y, which completes the proof. O

Lemma 4.4. The weak Galerkin scheme 2.5 has one and only one solution when
h is small enough.

Proof. It suffices to verify the uniqueness for the homogeneous equation. Assume

that ug) and uf) are two solutions of (2.5). Then e = ug) — ug) would satisfy

the forthcoming equation
(@Vuen, V)7, + (V- (Ben),v0) 7, + (ceo,v0) =0, Yo e V. (4.11)
Note that e, € V2. Suppose that v = ey, in the equation (4.11) we obtain
(aVwen, Vwen), + (Vu - (Ben), eo) 7, + (ceo, €0) = 0.
From Lemma 4.3, we have
Yenll < (@Vwen, Vwen)r, + (Vu - (Bern), eo) T, + (ceo, e0) = 0.

It follows from (2.7) that |lep||1,, = 0. Since || - ||1,5 is @ norm in V;? which implies

ep, = 0. Consequently, ul(ll) = uf) and thus completes the proof. O

Theorem 4.1. Let up, € V3, be the SFWG finite element solution of (2.5). In
addition, assuming the reqularity of exact solution u € H(])H'z(Q), then there exists
a constant C such that

lQnu — unll < CR**2|Jullks5. (4.12)
Proof. It follows from (4.10) that
1Qnu — unll* < C ((aVwen, Vawen)7, + (Vu - (Ben), €0) 7, + (ceo, €o)) -
Letting v = e, in (3.10), yields
(aVwen, Vwer)r, +(Vuw - (Ben), eo) T, +(ceo, e0) =Lla(u, en)+Lg(u, en)+Lc(u, en).
Then (4.12) follows from Lemma 4.1. O

5. Error Estimates in L? norm

A duality argument is utilized to get L? error estimate. Let ej, = {eo,ep} = Qru —
up = {Qou — ug, Qpu — up}. Consider the dual problem of seeking ® € HZ(Q)
satisfying

-V - (aVP®)—B- VP +cP =¢y, inf (5.1)
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®=0, ondQ.
Suppose that the following H?-regularity condition holds true
[2]2 < Clleol.- (5.2)

Theorem 5.1. Let up, = {ug,up} € Vi, be the SFWG finite element solution of
(2.5). Assume that the ezact solution w € Hy2(Q) and (5.2) holds true. Then,
there exists a constant C such that when 0 < h < 1,
|Qou — uollo < Ch¥*3[ul|yys, (5.3)
Ju — wollo < CR**ullys1. (5.4)

Proof. Testing (5.1) with eg, we obtain
leo* = (V- (aV®),e0) — (B VP, ) + (c®, eq). (5:5)
Using integration by part and the fact that ), (aV® - n,ep),p = 0, we have

—(V - (aV®),ep) = (aVP,Veg), — (VD -n,eq — ep) (5.6)

or,

Substituting (5.6) into (5.5) yields

leol|? = (aV®, Veg)7, — (aV® -n, e — €b>87—h — (Beo, V) + (cP, eq)

= (aVyen, VuQr®) — (a(VP® — QpV®P) -n,e0 — ep) + (Vo - (Ben), QoP)
— (B -ney, QoP) — (Bep, V(P — Qo)) + (ceo, QoP) + (cep, @ — Qo ®P)
=Llo(u, Qn®) + Lg(u, Qn®) + lc(u, Qn®) — Lo (P, ep,) — (B - nep, Qo P)

— (Beog, V(D — Qo®)) + (ceqg, ® — QoP)

=Llo(u, Qn®) + Lg(u, Qn®) + le(u, Qn®) — Lo (P, ep) — 11 — Io+ I3.  (5.7)
To estimate the terms on the right-hand side of the above equation, we use the
Cauchy-Schwarz inequality to obtain

[ (1, Qr®)| = | Y (a(Vu— Q,Vu) - n,Qo® — Qu®) 5y
TET
<C ( > V- @hvun%T) ( > Qe - QbfbléT) . (5.8)
TeThH TETh

By using the trace inequality (3.1) and the definition of @, we get

1

(Z IQofb—Qb‘PII%T) < (Z |Qo® — @[3 + Iq)—qu’I?)T)

TeTh TETh

= (Z ||Qo<1>—¢II%T> < CR*2||@)z,  (5.9)

TeTh

and

(S

< > V- @hVUIl?)T> < OR3P s (5.10)

TETh
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By combining (5.9) and (5.10) with (5.8), we obtain
[a(u, Qn®)| < Ch* 2 |lullirs]| @2 (5.11)

It follows from the Cauchy-Schwarz inequality, the trace inequality (3.1), (2.7), (4.1)
and (4.12) that

o (@, en)| = | D ((VE — QYD) n,e0 — 1)
TeThH

1 1
2 2

<C ( Z hr|VE® — QN¢II?>T> ( Z htlleo — 6b||%T>

TeTh TeTh
< Ch||®]|zlex ]l
< OR*3|ul|gs 3] @|2- (5.12)

The estimate (4.2) and Lemma 3.3 give

Mﬂ(uv Qnd)| = |(u — Qou, B-V&o)7;, — (u— Qpu,B-n(Po — q’b)aTh’

2
< O |ul g2l @2 + CR 2 |lul 2 < Z hr'|Qo® — qu)”c%T)
TETh

< OB [lul| 2| |2- (5.13)
It follows from the Cauchy-Schwarz inequality and the trace inequality (3.1 that

|(B - ney, Qo®)|
|(B - ney, Qo® — D)
|(B-n(ep —€0), QP — )| + |(B - ney, QP — P)|

| 11]

VANVAN

<C Z 1Bl (o1 [|Q0® — @|lor (lleo — esllor + lleollor)
TEThH
1 1
’ © L lleoll
<C Z [Qo® — @[3 Z hr'lleo —eoll3r |+ Wy
TET TET 2

< chlj@lls (lleall + 27 leoll)
< CH* 3 ulli2|[@]|2 + Ch2 [leo]*. (5.14)

The estimates (4.2), (4.12), and Lemma 3.3 give

|I2] = |(Beo, V(@ — Qo@)| < Ch Y V(@ — Qo®) 2 |IBllwr~(rlleollr

TeTh
<Ch Y V(@ — Q)| reollr
TEeTh
<ch ( S V(@ - Qoq»)%) llenl
TeTh

< ChM2[@|a] |42
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< CHM2||@ Iz v (5.15)
It follows from the estimate (4.3) that
13| = |(ceo, @ — Qo®@)| < CR 2| @|zflen]l < CR 2 ||ullur2l@]l2.  (5.16)
Similarly,
[e(u, Qu®)| < CH**2[ullis2]| ]| (5.17)
Now combining (5.7) with the estimates (5.11)-(5.17), we have
leol® < CHF 2 |ully 2| @]l + ChEleo]?, (5.18)

which combined with (5.2) and the triangle inequality, provides the required error
estimate (5.3). (5.4) follows from

lu —uollo < [lu — Qoullo + [|Qou — uollo < CRF* ™ [uf| 41

6. Numerical Experiments

In this section, various numerical examples in 2D uniform triangular meshes are
presented to validate the theoretical results derived in previous sections. We will
compare our SFWG method (2.5) with the older version of the SFWG method
proposed in [1,14] and the WG method in [10].

6.1. Example 1 (Constant diffusion a, convection  and reac-
tion c)

In this example, we use the SEFWG scheme (2.5) to solve the convection-diffusion
equations (1.1)-(1.2) posed on the unit square 2 = (0,1) x (0,1) with the following

10 1
data: a = ,B= ,c =1, and the analytic solution is

01 1

u(zx,y) = cos(x) cos(my).

The source term f(x,y) and the boundary conditions are computed accordingly.
We applied the SEFWG algorithm 1 with (Pg(T), Pyt1(e), [Pr+1(T)]?) elements and
the older version of the SFWG algorithm with (P (T), Pi(e), [Pr+1(T)]?) elements
in the computation. As we can see in Table 1 that the error between ug and
Qou, the numerical solution obtained by using the SFWG method (2.5) and the
L2-projection of u, respectively, is ||Qou — uo| = O(RF3). If the older version
of the SFWG method is used, ||Qou — up|| = O(RF1). If the WG is used with
(Pi(T), Prya(e), [Pry1(T)]?) elements, [|Qou — ugl| = O(R*1), as can be see from
Figure 1. Thus our new SFWG method is much more accurate. Since we have
increased the complexity, the new SFWG method is slower than the older version
of the SFWG method. However, in comparison with the WG method, the new
SFWG method is faster as can be seen from Figure 2.
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Figure 1. Example 1: Plot of the L2-error and convergence rate for (PL(T), Pa(e), [PQ(T)]2) and
h =1/64: (a) SFWG method (2.5); (b) WG method.
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Figure 2. Example 1: Comparison of computation times for the SFWG algorithm 1 and the WG
algorithm using (P1(T), P2(e), [P2(T)]?) elements.

Table 1. Example 1:Errors and convergence results.

New SFWG Old SFWG
k 1/h  ||Qru—un| Rate |[[Qou—wug| Rate |[|Qru—up|| Rate |Qou—ug|| Rate
2 1.4996E-01 - 6.7207E-03 - - - -

4 4.7127E-02 1.67  3.1720E-03  1.08 - - - -
0 8 1.2476E-02 1.92  9.5774E-40 1.73 - - - -
16 3.1744E-03 1.97  2.5094E-04  1.93 - - - -
32 7.9838E-04 1.99  6.3476E-05  1.98 - - - -
64  2.0006E-04  2.00 1.5916-E-05 2.00 - - - -

2 3.0030E-02 - 2.5934E-03 - 4.7984E-01 - 3.5246E-02 -
4.1036E-03  2.87  1.9037E-04 3.77  2.3818E-01 1.01  9.5301E-03 1.89

1 8 5.3169E-04 295  1.2436E-05  3.94 1.1868E-01 1.00  2.4462E-03 1.96
16  6.7463E-05  2.98  T7.8713E-07 3.98  5.9286E-02 1.00  6.1618E-04 1.99

32 8.4889E-06 299  4.9375E-08  3.99  2.9636E-02 1.00  1.5435E-04 2.00

64  1.0644E-06  3.00  3.0892E-09  4.00 1.4817E-02 1.00  3.8609E-05 2.00

2 3.2735E-03 - 1.4234E-04 - 8.6482E-02 - 3.4577E-03 -
2.1578E-04  3.92  4.7017E-06  4.92  2.1811E-02 1.99  4.2976E-04 3.01

2 8 1.3693E-05  3.98  1.4986E-07 4.97  5.4417E-03  2.00  5.3423E-05 3.01
16 8.6072E-07  3.99  4.7291E-09  4.99 1.3588E-03  2.00  6.6681E-06 3.02

32 5.3930E-08  4.00 1.4851E-10 4.99  3.3960E-04  2.00 8.3318E-07 3.00

64  3.3747TE-09  4.00 4.6531E-12  5.00  8.4893E-05  2.00 1.0413E-07 3.00
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6.2. Example 2 (L-shaped domain)

In this example, we consider the problem (1.1)-(1.2) posed on an L-shaped domain

2
Q =[-1,1]2\(0,1) x (—1,0) with the following data: o = B=(1,-1)T,c=
03

sin(zy), and f(z,y) is given such that the exact solution is
u(z,y) = sin(mzx) sin(7y).

Table 2 lists errors and convergence rates in || - [-norm and L?-norm. It can be ob-
served from Table 2 that the numerical solutions obtained by our SFWG algorithm
2.5 converge at rate of k42 and k+ 3 in H'-norm and L?-norm, respectively, while
the corresponding rates are k and k + 1, respectively, by using the older version
of SFWG algorithm. If the WG method is used with (Py(T), Pet1(e), [Pos1(T)]?)
elements, converge at rate of k in H'-norm and k-+1 in L?-norm, as can be see from
Figure 3. The numerical solutions for the SFWG (2.5) are plotted in Figure 4.

0 0
10 10 ‘
v, -Q,, ull ellu,-Q, ul
O(h'*‘) 00
102 © o)
-2
5 10 :
& = 10
B S
10
10
-6 8 L
10 10
10° 10’ 102 10° 10’ 102 10° 10*
(a) (b)
10° ‘ 10° ‘
Tl0,G, vl [lug-Qq ull
A= A,
5 5
e e
= 107 5
T S
10-2 L s < 10 5 L L L
10° 10’ 102 10° 10’ 102 10° 10*

Figure 3. Example 2: Plot of the errors and convergence rate for (Py(T), P2(e), [PQ(T)]Q) and h = 1/64,
for errors measured by ||Qou — u|| and [|Qpru — ul|: (a), (b) SFWG method (2.5); (c), (d) WG method.

6.3. Example 3

Interior layer-continuous boundary condition. This example is adopted from
[10]. Let © = (0,1) x (0,1) with the following data: 8 = (1,0)7,c = 1, and the
exact solution is given by

u(z,y) = 0.5z(1 —x)y(1 —y) (1 — tanh 77_7”3) ,
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Figure 4. Example 2: Plot of numerical solutions for (Py(T), Pz(e), [P2(T)]?) element using SEFEWG
method (2.5)and h = 1/64: (a) 2D plot; (b) 3D plot.

Table 2. Example 2: Errors profile for the SFWG method using (Px (T, Pk1(e), [Pk+1(T)]2) elements
and the older version of SFWG method using (Px(T), Pk (e), [Pk+1(T)]2) elements.

New SFWG 0ld SFWG
k 1/h |Quu—us|] Rate [|Qou—wuo| Rate [|Quu—un| Rate [|Qou—uol| Rate
2 L7I21E-00 - 15180B-01 - - - - -

4 4.9968E-01 1.77  5.3307E-02  1.51 - - - -
0 8 1.3033E-01 1.94  1.4578E-02 1.88 - - - -
16 3.2954E-02 1.98  3.7287E-03  1.97 - - - -
32 8.2639E-03  2.00  9.3754E-04  1.99 - - - -
64  2.0678E-03  2.00 2.3472E-04  2.00 - - - -

2 2.8477E-01 - 1.8883E-02 - 2.4382E-00 - 1.3594E-01 -
4 3.8981E-02  2.87  1.4809E-03  3.67  1.2058E-00 1.02  4.3569E-02 1.64
1 8 5.0153E-03  2.96  9.8282E-05 3.91  5.9758E-01 1.019 1.1610E-02 1.90
16 6.3272E-04 299  6.2388E-06 3.98  2.9794E-01 1.00  2.9807E-03 1.97
32 7.9338E-05  3.00 3.9147E-07  3.99 1.4886E-01 1.00  7.4879E-04 1.99
64  9.9290E-06  3.00  2.4491E-08 4.00  7.4414E-02 1.00  1.8743E-04 2.00

2 4.7787E-02 - 1.4200E-03 - 7.2082E-01 - 1.9190E-02 -
4 3.1684E-03  3.91  4.3315E-05  5.03 1.8136E-01 1.99  2.2813E-03 3.07
2 8 2.0035E-04  3.98  1.3446E-06 5.00  4.5056E-02  2.00  2.7751E-04 3.04
16 1.2560E-05  4.00 4.2024E-08  5.00 1.1235E-02  2.00  3.4353E-05 3.01
32 T7.8588E-07  4.00 1.3142E-09 5.00  2.8069E-03  2.00  4.2782E-06 3.00
64  4.9140E-08  4.00 4.1084E-11  5.00  7.0165E-04  2.00  5.3392E-07 3.00

where the parameters n and ~y control the location and thickness of the interior
layer. Figures 5 shows that the error between ug and Qou, the numerical results
obtained by using the SFWG method (2.5) and the L2-projection of u, respec-
tively, is [|Qou — ug| = O(R**3). If the older version of the SFWG method is
used, ||Qou — ugl| = O(R*T1). If the WG is used with (P (T), Pey1(€), [Pit1(T)]?)
elements, ||Qou — ug|| = O(h¥*+1). Table 3 shows that the SFWG scheme (2.5) with
(Pi(T), Pesi(e), [Pes1(T)]?), k = 0,1,2 elements has convergence rate of O(hF+3)
in ||Qou—uo|| and O(R**2) in ||Qpnu—wus|| for the convection-diffusion problem with
the diffusion coefficient matrix a = 0.115 and o = 0.0112,7 = 0.5, and v = 0.05.
We can capture the interior layer accurately. The numerical solutions and exact
solution for the SFWG (2.5) with v = 0.011 and (Py(T), Pz(e), [P2(T)]?) elements
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are plotted in Figure 6.
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Figure 5. Example 3: Plot of the errors and convergence rate for errors measured by ||Qou — u|| and
h = 1/128: (a) SFWG method (2.5); (b) old version of SFWG method with (Pi(T), Pz(e), [P2(T)]?)

elements, (¢) WG method.

Figure 6. Example 3: Plot of: (a) SFWG solutions (2.5); (b) Exact solution, for (P(T), Pz(e), [P2 (T)}z)
and h = 1/128.

6.4. Example 4

In this example, we use the SFWG scheme (2.5) to solve the convection-diffusion
equations (1.1)-(1.2) posed on the unit square Q = (0, 1)? with the following data:

10
, B=10.5—y,z—0.5], c =1, and the exact solution is
01

o =

u(z,y) = exp(x) cos(y).
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Table 3. Example 3: Error profiles and convergence rate.

When a =0.11, ‘When a =0.011,
k 1/h ||Qnu—u|] Rate |Qou—wug|| Rate 1Qru — up| Rate ||Qou—ug|| Rate
2 2.5742E-02 - 6.7135E-03 - 8.4620E-03 - 4.4487E-03 -

'y

1.6868E-02  0.61 3.3898E-03  0.99 5.5596E-03 0.61  1.4750E-03 1.59
0 8 6.6918E-03 133 9.1608E-04 1.89 2.2516E-03 1.30  4.0512E-04 1.86
16 2.7046E-03 1.31 2.4865E-04 1.88 5.6001E-04 2.01  8.9084E-05 2.19
32 1.3364E-03 1.02 1.0143E-04 1.29 2.9797E-04 0.91  3.5546E-05 1.33
64  3.4969E-04 1.93  2.7012E-05 1.91 7.1323E-05 2.06  9.0668E-06 1.97
128 8.8184E-05 1.99  6.8605E-06 1.98 1.7589E-05 2.02  2.2879E-06 1.99

2 2.0623E-02 - 5.4186E-03 - 1.1963E-02 - 5.3159E-03 -
4 6.1873E-03 1.74  4.3667E-04  3.63 2.0356E-03 2.56  3.6794E-04 3.85
8 3.1236E-03  0.99  2.1944E-044  0.99 7.2972E-04 1.48  1.1031E-04 1.74
16 1.1438E-03 1.45  4.7538E-05 2.21 3.0271E-04 1.27  2.5223E-05 2.13
32 1.3086E-04  3.13  2.7709E-06  4.10 3.9110E-05 295  1.7315E-06 3.86
64  1.6017E-05  3.03 1.7072E-07  4.02 5.0209E-06 2.96  9.5886E-08 4.17
128 2.0202E-06  2.99 1.0794E-08  3.98 6.3771E-07 2.98  5.7702E-09 4.05

2 1.0848E-02 - 2.4768E-03 - 6.0108E-03 - 2.6754E-03 -

4 3.8843E-03 1.48  3.3173E-04  2.90 1.1415E-03 2.40  3.1075E-04 3.11

2 8 1.7795E-03 113 6.9767E-05 2.25 5.0803E-04 1.17  5.0676E-05 2.62
16 1.2276E-04  3.86  2.1735E-06  5.00 3.7420E-05 3.76  1.7881E-06 4.82

32 1.0665E-05  3.52  9.9126E-08  4.45 3.3317E-06 3.49  8.5683E-08 4.38

64  8.5554E-07  3.64  4.0046E-09  4.63 2.6905E-07 3.63  3.8464E-09 4.48

128 5.3825E-08  3.99 1.2619E-10  4.99 1.6994E-08 3.98  1.2499E-10 4.94

Table 4 shows that the numerical performance of the (Py(T), Pyi1(e), [Prr1(T)]?)
elements on the uniform triangular partition. It can be observed in Table 4 that
the numerical solutions obtained by our SFWG algorithm 2.5 converge at rate of
k+2in H'-norm and k + 3 L?-norm. We observe from Table 4 that the numerical
performance is the same as those in Tables 1-2 and 3, two orders of superconvergence
in both L?-norm and three-bar norm.

6.5. Example 5(Continuous convection 3)

In this example, we perform the SFWG scheme (2.5) to solve the convection-

diffusion equations (1.1)-(1.2) on a square domain Q = (0,1)? and the following
20

data: o = , B = (exp(1 — z),exp(zy))", ¢ = 1, and f(z,y) is chosen such
01

that the exact solution is
u(z,y) = sin(x) cos(y).

Table 5 shows that the numerical solutions obtained by our SFWG algorithm 2.5
converge at rate of k + 2 in H'-norm and k + 3 L?-norm. We can see from Table
5 that we do have two orders of superconvergence in both three-bar norm and L?
norms.
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Table 4. Example 4:Errors and numerical rates of convergence for the SFWG (2.5).

kE 1/h  ||Qru—un| Rate ||Qou—uo| Rate

2 1.4514E-02 - 7.1372E-04 -
4 4.2583E-03 1.77 9.8371E-05 2.86
0 8 1.1341E-03 1.91 1.2700E-05 2.95
16 2.9178E-04 1.96 1.6118E-06 2.98
32 7.3951E-05 1.98 2.0303E-07 2.99

2 1.0015E-03 - 4.1487E-05 -
4 1.3438E-04 2.90 2.6963E-06 3.94
1 8 1.7343E-05 2.95 1.7282E-07  3.96
16 2.2012E-06 2.98 1.0954E-08 3.98
32 2.7721E-07 2.99 6.8966E-10 3.99

2 5.2444E-05 - 1.6300E-06 -
4 3.3573E-06 3.97  4.8725E-08 5.06
2 8 2.1187E-07 3.99 1.4821E-09 5.04
16 1.3298E-08 3.99 4.5626E-11 5.02
32 8.3235E-10 4.00 1.4157E-12 5.01

Table 5. Example 5:Errors and numerical rates of convergence for the SFWG (2.5).

k. 1/h  ||Qru—un| Rate ||Qou—uo| Rate

2 1.2635E-02 - 8.5356E-04 -
4 3.6334E-03 1.80 2.9683E-04 1.52
0 8 9.5726E-04 1.92 8.0842E-05 1.88
16 2.4457E-04 1.97  2.0658E-05 1.97
32 6.1740E-05 1.99 5.1931E-06 1.99

2 1.5277E-03 - 1.0329E-04 -
4 2.0418E-04 2.90 7.3227E-06  3.82
1 8 2.6333E-05 2.95  4.7690E-07  3.94
16 3.3403E-06 2.98  3.0231E-08  3.98
32 4.2051E-07 2.99 1.8992E-09  3.99

2 6.1133E-05 - 2.3140E-06 -
4 3.9230E-06 3.96 7.2691E-08  4.99
2 8 2.4765E-07 3.99 2.2949E-09  4.99
16 1.5553E-08 3.99 7.2316E-11 4.99
32 9.7450E-10 4.00 2.2715E-12 4.99

6.6. Example 6(L-shaped domain)

In this example, we perform the SFWG scheme (2.5) with (Py(T), Pit1(e), [Pes1(T)]?)
elements to solve the convection-diffusion equations (1.1)-(1.2) on an L-shaped do-
main Q = [-1,1]2\ (0,1) x (—1,0) with the following data: a = I, 8 = (z,y) ",
c=xz+y+1, and f(x,y) is chosen such that the exact solution is

u(z,y) = 2y,
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Table 6. Example 6:Errors and numerical rates of convergence for the SFWG (2.5).
k 1/h ||Qru—un| Rate | Qou—wuo| Rate

2 2.7089E-01 - 3.3577E-02 -

4 48.5930E-02  1.66 1.0564E-02 1.66
0 8 2.3611E-02 1.86 2.8116E-03 1.91

16 6.1484E-03 1.94 7.1460E-04 1.98

32 1.5660E-03 1.97 1.7940E-04 1.99

2 5.8131E-02 - 3.5443E-03 -
4 8.2445E-03 2.82 2.6175E-04 3.76
1 8 1.0838E-03 2.93 1.7429E-05 3.91
16 1.3861E-04 2.97 1.1153E-06 3.97
32 1.7517E-05 2.98 7.0321E-08 3.99

2 7.0599E-03 - 2.8088E-04 -
4 4.6786E-04 3.92 8.9436E-06  4.97
2 8 2.9788E-05 3.97  2.8126E-07  4.99
16 1.8750E-06 3.99  8.8160E-09  5.00
32 1.1755E-07 4.00  2.7590E-10  5.00

Table 6 shows that the numerical solution obtained by our SFWG algorithm (2.5)
converge at rate of O(h¥*2) in H'-norm and O(h**3) in L%mnorm. As one can
observe from Table 6 that we can capture two order of superconvergence in both
L?norm and H!'-norm by using SFWG algorithm (2.5).

7. Concluding remarks

In this paper, we presented an SFWG finite element method for solving the general
second-order elliptic problem on triangular meshes in 2D. We have shown both theo-
retically and numerically that on a triangular mesh, using (Px(T"), Pet1(€) , [Pes1(T)]?)
elements instead of (P (T), Px(e), [Pry1(T)]?) elements, the accuracy of the approx-
imation to the L2-projection of the exact solution can be greatly improved.
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