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A TWO-PATCH MODEL FOR THE COVID-19
TRANSMISSION DYNAMICS IN CHINA*

Jie Bail'f and Jin Wang?

Abstract In this paper, we study the COVID-19 epidemic in China and
investigate its transmission dynamics. We propose a two-patch model in a
spatially heterogeneous setting that incorporates multiple transmission path-
ways. We focus our attention on the roles of the environmental reservoir and
the spatial heterogeneity in shaping the overall epidemic pattern. We conduct
a detailed analysis on the global dynamics of the model, and demonstrate the
application of our model through the incorporation of realistic data.
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1. Introduction

The Coronavirus Disease 2019 (COVID-19) is caused by a novel coronavirus named
severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2). This virus is re-
garded as the third zoonotic human coronavirus emerging in the current century,
after SARS-CoV in 2002 and the Middle East respiratory syndrome coronavirus
(MERS-CoV) in 2012. On March 11, 2020, the World Health Organization (WHO)
declared COVID-19 as a global pandemic. With over 20 million cases reported
in more than 210 countries and territories as of August 10, 2020, COVID-19 has
triggered unprecedented crises in public health and the economy throughout the
world.

In order to better understand the transmission dynamics of COVID-19 and
to design more effective disease control strategies, a number of mathematical and
computational models have been proposed (see, e.g., [5,6,8-12]). Almost all these
models are based on the susceptible-exposed-infected-recovered (SEIR) compart-
mental framework or its variants, focused on the human-to-human direct trans-
mission pathway [1,15]. On the other hand, the indirect transmission pathway
from the environment to human hosts is also a highly possible route to spread the
coronavirus, but has not been adequately investigated in current modeling studies.
When infected individuals cough or sneeze, they release the coronavirus through
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their respiratory droplets. Most of these droplets would fall on nearby surfaces and
objects, and other individuals could catch the virus by touching the contaminated
surfaces or objects. Meanwhile, some of the coronaviruses released by infected indi-
viduals could float in the air as aerosols which can be breathed in by other people.
A recent experimental study found that SARS-CoV-2 was detectable in aerosols
for up to 3 hours, on copper for up to 4 hours, on cardboard for up to 24 hours,
and on plastic and stainless steel for up to 3 days [3]. The fact that this virus can
remain viable in aerosols and on surfaces for an extended period of time indicate a
risk of environmental transmission, particularly airborne and fomite transmission,
for SARS-CoV-2. Additionally, the novel coronavirus has been found in the stool
of some infected individuals [4], which may contaminate the aquatic environment
through the sewage water and could add another possible route of environmental
transmission for COVID-19 [14].

Another limitation in the current COVID-19 models is the insufficient under-
standing of the spatial heterogeneity in the transmission and spread of the disease.
Different population characteristics, mobility patterns and environmental condi-
tions could lead to highly varied disease prevalence and incidence. For example,
COVID-19 started in China in December 2019, and the city of Wuhan became the
first epicenter; at the province level, cases reported in Hubei province, which Wuhan
city belongs to, account for more than 80% of the total cases reported in the entire
country of China. For another example, among the 50 states and several territories
of the US that reported COVID-19 infections, the 4 states of California, Florida,
New York and Texas represent more than 40% of the total cases. These data sug-
gest that the underlying transmission rates, infection risks and disease burdens vary
from place to place. Many factors lead to such variations. In particular, the move-
ment of human hosts and the different environmental distributions of SARS-CoV-2
could increase the degree of spatial heterogeneity and contribute to the complex
pattern of the COVID-19 pandemic.

In the present study, we aim to partially fill the knowledge gap related to the
two aforementioned challenges in COVID-19 modeling, by proposing and studying
a two-patch model in a spatially heterogeneous setting that incorporates multiple
transmission pathways. We focus our attention on the country of China, where
COVID-19 was first reported, and consider the period from January to February
in 2020, when the disease outbreak was most severe in China. We emphasize the
role of the environmental reservoirs in our model. The environmental reservoirs
here, defined in a broad sense, include the air, water, and all surfaces and ob-
jects surrounding human individuals. We consider both the human-to-human and
environment-to-human transmission routes, coupled with different spatial charac-
teristics in a two-patch setting. The motivations for this study are threefold: (1) to
better understand the spatial dynamics of COVID-19; (2) to gain more knowledge
on the role of the environmental reservoirs in the transmission of COVID-19; and
(3) to investigate how the multiple transmission pathways and spatial heterogeneity
are coupled together to shape the overall pattern of the disease dynamics.

The remainder of this paper is organized as follows. In Section 2, we present the
formulation of our mathematical model. In Sections 3 and 4, we conduct a detailed
analysis for this model and establish its threshold type dynamics. In Section 5, we
conduct numerical simulation and fit our model to the publicly reported data in
China. In Section 6, we conclude the paper with some discussion.
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2. Model formulation

Given the different incidence and prevalence levels of COVID-19 in China, we divide
the entire country into two patches: patch 1 for Hubei province, and patch 2 for the
remaining part of China. Within each patch, we divide the total human population
into four compartments: the susceptible (denoted by S), the exposed (denoted
by E), and the infected (denoted by I). Individuals in the infected class have fully
developed disease symptoms and can infect other people. Individuals in the exposed
class are in the incubation period; they do not show symptoms but are still capable
of infecting others. Meanwhile, to study the role of the environmental reservoirs in
the transmission of this disease, we introduce V to denote the concentration of the
coronavirus in the environment. We describe the COVID-19 transmission dynamics
by the following system.

Patch 1:
dS
T A — BE S1EL — B, 5111 — By, S1Vi — uSt + a2Ss,
dE
ditl = Bp,S1E1 + Br, 5111 + Pv, S1Vi — (o + p) Eq + ba Es,
“ (2.1)
a =al — (wl +'7+M)Il7
A%
dTl =¢E) — oV,

Patch 2:
dSs
T Ay — B, SoEs — B1,5212 — By, S2Vo — Sa — a2Sa,
dE,

T BE,S2E> + Br,5215 + Py, S2Va — (v + ) Ea — by Es,
(2.2)

dl
d—f:aEg—(wg-i-’y-l—u)Ig,
Vs

— =¢FEy —oaVs.

7 EEy — oV

The parameter g is the natural death rate of human hosts in China, a~*! is the
incubation period between the infection and the onset of symptoms, ~ is the rate
of recovery from infection, £ is the rate of the exposed individuals contributing
the coronavirus to the environmental reservoir, and o is the removal rate of the
virus from the environment. We assume that these rates are the same for both
patches. We also assume that (symptomatic) infected individuals are strictly iso-
lated and treated in the hospitals and so their contribution of the coronavirus to the
environment can be neglected. The parameters Sg, and ;; represent the direct,
human-to-human transmission rates between the exposed and susceptible individ-
uals, and between the infected and susceptible individuals, respectively, in patch
J (j = 1,2), and By, represents the indirect, environment-to-human transmission
rate in patch j (j = 1,2). Meanwhile, we let A; and Ay denote the population
influx rates due to newborns, and w; and wsy the disease-induced death rates, in
patches 1 and 2, respectively. Additionally, due to the lockdown of all the major
cities in Hubei province and the strict quarantine policy imposed by the Chinese
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government (starting from January 23, 2020), we assume that no human hosts can
move from patch 1 to patch 2, while susceptible and exposed individuals move from
patch 2 to patch 1 at rates as and by, respectively.

3. Dynamics of patch 2

Our model consists of two subsystems (2.1) and (2.2). Clearly, (2.1) depends on
(2.2), whereas (2.2) is independent of (2.1). Thus it is natural to start our analysis
by examining the subsystem (2.2).

3.1. Reproduction number of patch 2

We first calculate the reproduction number Rz for patch 2. Obviously, the disease-
free equilibrium (DFE) of patch 2 is

Ay

X = S ,0,0,0 = 9
20 ( 20 ) (,u+a2

0,0,0) (3.1)

which is unique. Furthermore, the new infection matrix F and the transition matrix
V are

BE2S20 Br,S20 Bv, S20

Fa = 0 0 0 )
0 0 0
and
o+ o+ by 0 0
Vo = —o wy+v+p0
—£ 0 o
Thus,
BEy S20 + B, S20 + §BvyS20  BryS20  BvySz0
a+pu+ba (atp+b2)(watvy+p) (atp+b2)o waty+p o
FoVy ! = 0 0 0

0 0 0

By the next-generation matrix method [2], the reproduction number is given by

BE, 520 o1, S20 £Bv,S20

Roz=p(FVy ') = :
02=p(F2Vy") a+p+by (atptbe)(wety+u)  (at+p+ba)o

(3.2)

We observe that Rgo consists of three parts, representing the contribution from
the three respective transmission routes: exposed-to-susceptible direct transmis-
sion, infected-to-susceptible direct transmission, and environment-to-human indi-
rect transmission. These three transmission modes collectively shape the infection
risk of COVID-19 in patch 2.
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3.2. Stability of equilibria in patch 2

We first state the following result.

Theorem 3.1. For the subsystem (2.2), when Roe < 1, there is only one equilib-
rium, the DFE, which is locally asymptotically stable; when Rgo > 1, in addition
to the DFE, there is a unique endemic equilibrium.

Proof. We only need to show the existence and uniqueness of the endemic equi-
librium when Rg2 > 1. Consider the following equations at the equilibrium:

Aoy — Br,S2E2 — B1,5212 — By, S2Va — j1S2 — aaSa = 0, (3.3)
BE,S2E2 + Br,Sala + P, S2Va — (a+ p) B — baEy = 0, (3.4)
ally — (wg +7v+p)lz =0, (3.5)
EEy — Vo = 0. (3.6)

Multiplying equation (3.4) with wy + v + p and equation (3.5) with 51,55, and
adding the results, we obtain

afr, S
Es [5E252 + Bv, S - § + wgfIifyj,u

- (a+u+b2)} —0. (3.7)
Since Fs # 0 at the endemic equilibrium, we can immediately solve for S from
equation (3.7). Then adding equations (3.3) and (3.4), we can solve for Fs, which
subsequently determines I and V5 from equations (3.5) and (3.6). Hence, the
endemic equilibrium in patch 2, if it exists, must be unique and given by

E E E 71E E
Lo = (SZ aEQ 712 7‘/2 ) (38)
E _ a+pu+bs E _ Ay—(ptas)SY E _ _aEJ E _
where Sy = w0 BY = oy, o 12 = a and Ve =

BE, +BV2‘§+W

%. The existence of the endemic equilibrium requires S¥, EF IF V,F > 0, which
is equivalent to Rg2 > 1 through simple algebraic verification. O
Clearly, the DFE is locally asymptotically stable when Rg2 < 1 and becomes
unstable when Rgz > 1 [2]. A local stability analysis for the endemic equilibrium
when Rgo > 11is presented in Appendix A. Next, we conduct global stability analysis

for the DFE and the endemic equilibrium. Define the domain

A ={(S2, Ea,13,V3) : So, Ea, I3, Vo > 0,55 < Sa,
So 4 By + I < Ao /p, Vo < EAg/(po) }.

It is clear that A is positively invariant for the subsystem (2.2). The following
theorem summarizes the global stability results.

Theorem 3.2. (1) When Ro2 < 1, the disease-free equilibrium of subsystem (2.2)
is globally asymptotically stable in A. (2) When Roe > 1, the endemic equilibrium
of subsystem (2.2) is globally asymptotically stable in the interior of A.

Proof. (1) Global stability of the DFE. The subsystem (2.2) implies

dFE

7: < BEyS20E2 + Br, 82012 + By, Sa0Va — (o + p) By — b Es,
dl.

i Salh = (w+y+ P,
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% < EBy —aVa. (3.9)

Let Y = (FEy, I, V5)T. We then have

dy

— < (Fa = W)Y, (3.10)

dt
By the Perron-Frobenius theorem, there exists a non-negative left eigenvector u of
the non-negative matrix V5 L F, with respect to the eigenvalue Ro2 = p(F2Vy 1) =
p(Vy ' Fz). We define the Lyapunov function:

L=u"v; Y.

Differentiating L along solutions of (2.2) implies
/ 7y,-1 Y Ty)—1 T
L'=u VQ E Su VQ (.FQ_VQ)Y: (Rog—l)u Y.

If Roa < 1, then L' < 0, and L’ = 0 leads to u”Y = 0. Therefore, at least one
of the three equations Eo = 0, I = 0 and Vo = 0 must hold. By one of the
three equations, we can obtain that the other two equations also hold based on
subsystem (2.2). Thus, Fy = I = V5 = 0. Consequently, Sy = Sop. Hence, the
largest invariant set where L’ = 0 is the DFE (S0, 0, 0,0). By LaSalle’s Invariance
Principle, the DFE is globally asymptotically stable in A when Ry < 1.

(2) Global stability of the endemic equilibrium. We introduce the follow-
ing Lyapunov function:

Sz, SE Ey , EE SETE I, , IE
L:/ Y 2du+/ v By g, 4 P 2E2/ L% gy
B u B Uu aF B U

Sz Ez 2 12

| BuSFVE /W u-Vy¥

5 E. 2E V2E u

>0.
Meanwhile, the following equations hold:

Ao — Bp, SYEY — B, Sy I — By, SV — nSY — aaSy =0, (
BE,S5 By + 1,55 Iy + Py S5 Vs — (a+ pn)Ey —byBy =0, (3.12
aby — (wy+7+p)ly =0, (
EEE —oVE =0. (

Using equations (3.11)-(3.14), we calculate the derivative of L along the solution of
subsystem (2.2):
Sy
L'lpatcnz = (1 — 572)[/\2 — BE,S2E2 — B, 8212 — Py, S2Va — Sz — a2Ss
— (M2 = BE, ST Ey — Br, 831y — B SyVe" — uSy — a25y)]
(denoted as k1)

Ey

+( o W BE,S2E2 + Br,S215 + Py, S2Va — (v + 1) Eo — by Eo]
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(denoted as ko)

51252E‘[2E ‘[2
Sy (=7 =Bz — (w2 + 7+ p)12]
— [aBY — (wy + v+ p)IF]}  (denoted as k3)
Bv S Vs o Vi
+— (1= 2Bz — aVa — (EB3 — oVy)]
¢EY Va T

(denoted as ky).

We arrange ki, ko, k3, k4 as follows:

S SE
ki =(n+a2)SF(2 - 5 = g5) + Bra(l -

& °L)(SEEE - $.8)

57
Sa

52

V(5515 — Saly) + P, (1 —

S SE
= (u+a9)SE(2 - i—s—y '

+ Br,(1 —

SE 2EE
+ BE, (S5 By — SaFa — (S )°Ey | SYE,] #

BL[SEIE — Sy1, — 2T gpp o

+ By, [ST VS — SoVa — + S5 Vs B,

by —(atptb)EEe— 2 B8y g By p  gepp
2 2 2)52 EE E, Es B, 2452 2 B2
2E E

TN(Sala — SFIE) + (1 - L) (SaVa - SEVE)

1-
+ﬁ[2( E2

Es E2
=(a4+p+b)EFf2-=-=2) &
( l’l' 2) 2( EE EQ)

B E Sy (Ey)? B
=+ ﬂE‘g [—SQ E2 + SoEsy + T — 52E2 ] (VA
2
EES, I, N EESETE
Ey Ey
E¥ S,V + EFSPVYF
2 2
81,8513 B D I
W(w2+7+ﬂ)12 2-—%-)
ﬁ1252EI2E
aEf

+ ﬁIQ[—SéEIQE + Soly — ] Qq

+ Bvy [ STV + SaVa — ] ©Os,

ks =

E IEE, IF
B2 12k 2
a2 (EE LEE T )
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and
BvSs Ve e Vy? Voo BnSSVY g V¥ Es
ky=—2—=_=¢gV. — (1 - = 22 2 fFEX(1 - 2 ) (=% -1
_ ﬂVzSQEVQEUVE@ _ L2E _ ﬁ) + BV2S2EV2E§EE(& 11— Vi By LQE)
¢ey e Vo VF ¢ey TP EF VREP Vs

E
=By, SEVE(1 - Yo + B _Y Ez) £ (according to (3.14)).

We continue the algebraic manipulation for the above equations. First, we have

E, EF
& = (Be, SYEL + Br,SEIF + By, SEVE)(2 — =% — =2)  (due to (3.12))

EE B
e SEEER - 25— ) &
T B SEIE( —é@—%ﬁ) »
FouSPVER - - T o

Second, we merge the same items:

E, EY E, Sf Ef S
D =BmSyE2— g~ -t~ o+ — — o5
bt M =S B g - g g 5, YR P

Sy, SE
_ EnE 2
_/BEQSQ EQ( _g_sig))
E2 EE E2 EE IEE2
© =BLSYIy(2— —% — 241+ o+ 2 -2
*24"24’ 2+O /612 2 2( EQE E2 + +E2E E2 IQE2E

Sy E,SPIP

o SEIF( -l S ErSil
2

LEF S,  BSPIF)
and

FEs EF Es EY  ViE,
© — B, SEyE(_ =2 T2 g, P2 o Vo
&3 + ‘3 + V3 +Ij /BV2 2 V2 ( EQE E2 +1+ EQE + E2 VQEQE
SE  EFSV,

B 872 B EQSQEV2E)

VEE, SE  EEFSV
~pusfvia- oo - Ho

Finally, adding the three equations above to the expression of #g, we conclude

S2 SE S2 SE

L patens = A O R —— SPEF(2 - =% - "2

|Paten2 = (1 + a2) Sy ( SE SQ)+BE2 2 By ( SE 52)
IEE, SE  EES,I
+BLSEIF(3 - 22 - 22 - 2222



1990 J. Bai & J. Wang

ViEE, SE  EPS,V,
SEyE(g_ 1272 P2 720272
+BV2 2 V2 ( VQEQE SQ EQS2E‘/2E)

<0.
It is clear that

{L|paten2 =0} = {So = S¥, By = EX I, = IF V5 = VP

Hence, according to LaSalle’s Invariance Principle, the endemic equilibrium 2% =

(SE EE 1P ViF) is globally asymptotically stable. O

4. Dynamics of the entire system

We have resolved the main dynamical properties of the single-patch subsystem
(2.2), and Theorem 3.2 establishes the condition Rg2 = 1 as a sharp threshold for
disease extinction and disease persistence in patch 2. Now we proceed to analyze
the coupled two-patch system (2.1) and (2.2).

4.1. Basic reproduction number of the entire system

Clearly the DFE of the two-patch system is unique and given by

xo = (870, E1os L10> V10> S305 E205 1305 Vao), (4.1)
* * * * * * * * A1+£$—7?12 Ao
where (S0, Bio, o, Vi s o Lo, Va)=( ~—22,0,0,0, 42-,0,0,0).

The new infection matrix F and the transition matrix V are

BE ST BruSTo BviSTy b2 0 0
0 0 0 0 0 0
F_ 0 0 0 0 0 0 ’

0 0 0 Br,53 P55 PvaSsg

0 0 0 0 0 0

0 0 0 0 0 0

and

o+ 0 0 0 0 0
—a wi+7y+p0 0 0 0
vo| ¢ 0 o 0 0 0
0 0 0a+pu+b 0 0
0 0 0 —« w2 +7v+pu0
0 0 0 —£ 0 o



A two-patch model for the COVID-19 transmission 1991

The next-generation matrix is

mir mizg miz mig 0 0
o 0 o0 o0 0 0
. o 0 0 0 0 O
Fy— = ,
0 0 0 myq mas mye
o 0 0 o0 0 0
o 0 0 0 0 O
BE, ST Br, ST §Bvy S By ST Bvy ST
where myy = “20 + Griiiim T alger ™2 = Gyt M8 = e
_ b _ Br,S3 afr, S5 §Bv, S5 _ B1,S5
mi = Wi"’b’“ Mag = 0T+ i) (e i) T atuibae 45 = Gty
Mag = 5‘/20@ Hence the basic reproduction number is given by
Ro = ,0(.7:))71) = max{Rm,Rog}, (42)
where
5 Q@ S5 Q
=10 (B4 br, +£ﬁ"1), Rop=—22 (Bg,+ bry +§ﬂv2). (4.3)
a+tp w1 +y+p a+p+by waty+p o

The two terms Ry and Rge are the reproduction numbers for patches 1 and
2, respectively. Note that Rgz is the same as defined in equation (3.2). Ro1,
similar to Rg2, consists of three parts that represent the contributions from the
three different transmission modes. Particularly, we emphasize the environment-
to-human transmission component (i.e., the third component) in each of these two
reproduction numbers, and we denote

rEH _ S0 &Bv, rEH _ S0 &P,
01 — ) 02 — .
o+ o a+ p+ b o

In addition, note that Ry; depends on information from patch 2 due to the popu-
lation movement. The maximum of Rg; and Rge determines the overall infection
risk of the entire system.

4.2. Stability of equilibria in the entire system

Through simple algebraic manipulation, we obtain that there are at most three
biologically feasible equilibria for the coupled system (2.1) and (2.2): the DFE x¢
defined in equation (4.1), a boundary equilibrium

o = (SE,Ef 1Y, ViF, 82,0,0,0), (4.4)
and an endemic equilibrium

where (S, EY | 1F, V) is the unique endemic equilibrium for the single-patch sub-
system (2.2).
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Below we analyze the dynamical behavior for each of these three equilibria.
Define the domain
Ag :{(51,E1,11,V1,527E2,I2,V2) >0]51 <857,5 <850; 8+ E; +1; <Nj,
V; < Mj, for j =1,2}
where N1 = STO +b2A2//J2, N2 = AQ//L, M1 = le/O', and M2 = §N2/0-. The
upper bound in patch 1, Ny, is obtained by adding up the first three equations in

system (2.1) and using the fact that So < No and F2 < Ns. It is easy to observe
that Apg is positively invariant for the system (2.1) and (2.2).

Theorem 4.1. When Rp1 < 1 and Ro2 < 1 (i.e., Rg < 1), the DFE xq is the only
equilibrium of the entire system and it is globally asymptotically stable in Ag.

Proof. From system (2.1) and (2.2), we have

dE
ditl < Be, STl + B, Sioli + By SioVi — (a4 p) By + ba B,
dl
7; < abBy — (wi +v+ p)h,
%
G e em
dt _6 1 O-V17
dE2 * * *
7 < BE,S50E2 + Br,S5012 + By, S50 Vo — (a0 + p) Ea — ba E,
dl.
7; < aFBy — (wg +v + p)la,
dVa
—= < EFy — .
a St

Let Z = (Ey, 11, V1, Eo, I, V3)T. The inequalities above yield

dz
— < — )
7 = (F=-WV)Z

By the Perron-Frobenius theorem, there exists a non-negative left eigenvector v of
the non-negative matrix V=1 F with respect to the eigenvalue Ry = p(FV7!) =
p(V~LF). We define the Lyapunov function:

L=v"y7Y.
Differentiating L along solutions of the system implies

Z
L= uTv—lcht <V HF-V)Z = (Ro— 1" Z.

If Ry < 1, then L’ < 0. Using a similar argument as in the proof of Theorem

3.2, we can show that the largest invariant set where L’ = 0 is the singleton
xo0 = (579, 0,0,0,535,,0,0,0). By LaSalle’s Invariance Principle, the DFE is globally
asymptotically stable when Rg < 1. O

Theorem 4.2. When Ro1 > 1 and Roz < 1, the DFE x¢ and the boundary equilib-
rium x are the only equilibria of the two-patch system; furthermore, xo s unstable,
and x¥ is globally asymptotically stable.
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Proof. Since Ry > 1, the DFE z is unstable [2]. Since Rg2 < 1, the only equi-

librium of the single-patch subsystem (2.2) is x99 = (520, 0, 0,0) based on Theorem

3.1. Through direct calculation, we can easily verify that in addition to xg, the only

equilibrium of the two-patch system is ¥ = (SF, EF IF ViF, S9,0,0,0), where
E B E

= atp , BP = Mmpdidanti pp . oB o pE = S0 s

S =
1 apB 9 1
3 I a+p wi1+y+p
Bey +BV1';+w1+'Yl+u

straightforward to observe that SE > 0, and EF, IZ, V¥ > 0if and only if Rg; > 1.

Next, we prove the global asymptotic stability of 2. Since Rgy < 1, Theorem
3.2 states that x99 = (S20,0,0,0) is globally asymptotically stable for the single-
patch subsystem (2.2). Thus, lim; o S2(t) = S0, lim;—o E2(t) = 0, and it then
suffices to consider the limiting system of (2.1):

ds

CT; = A1 — Be,S1E1 — Br, 5111 — By S1Vi — pS1 + a2Sa,

dE,

W = ﬂEllel + 51151[1 + BV1S1V1 - (OL + ,u)El,

dl

cTtl =aky — (w1 +y+p)h,

dV;

dTl =&E — oV (4.6)

When Ro; > 1, system (4.6) admits a unique positive equilibrium (SF, EF, ¥
ViE). Specifically, we have the following equations:

A1 = B, STEL = Br,STIY — By STV — uST + a8 = 0,

ﬁElleElE + 61151EIIE + /Bvlle‘VlE - (a + :U‘)ElE =0,

aBE — (w; +v+p)If =0,

¢EE —oVE =0. (4.7)
To establish the global asymptotic stability of ¥ for the two-patch system, we

only need to show that the positive equilibrium (S, EF IF V/F) of system (4.6)
is globally asymptotically stable in patch 1. We define a Lyapunov function

S1, _ QE E,, _pE EfE L, _ TE
L= / U= 5 du+/ u= By du + BllleII / u= Iy du
S I

B U EP U akEq B U

RSt s,

5 F 1E VIE u

We differentiate £ with respect to ¢ along the solution of (4.6), and obtain

SE EE 51 SEIE IE BV SEVE VE
2/:1_151 1_1E/ 11 71 —LI/ 1~¥1 V1 —1V/.
( 51)1+( E1)1+ oEF ( h)l"‘ ¢EF ( Vl)l
Using the equations in (4.7), we then obtain
st
£=(1- S, )AL — Be, S1E1 — Br, S1li — By, S1Vi — St + a2

— (M = Be, STEP = B STIT — B STV — uST + azSao)]
(denoted as kj)
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EE
+(1- F){[5E151E1 + B, S0 + P, S1Vi — (o + p) B
(3 SPEF + 51, SPIE + 50, SEVE — (o )
(denoted as k¢)

BrSTIT I E E
+— o (- Il){[aEl (w1 +v+wh] = [aBy — (w1 +v+ w7}
1
(denoted as k7)
SEVE Vi
+ %( ‘} VB — Vi — (EEF — oV/F)].  (denoted as kg)
1

We arrange ks, kg, k7 and kg separately as follows:

S SE SE
k5:us{3(2—s—,{3— 50)+Be (L= )(STEF - S1B)

SE SE

+ b1, (1 — é)@%E S1I1) + By, (1 — é)wﬁf—&m)
S SE

:NS1 (2 - SfE - 571) T4
SE 2EE
=+ 6E1 [SlEElE - SlEl - % + SFEﬂ §1

S
+ B [SFIF — 8,1, — % +5Fn] &

SEN2Y,
+ B [SEVE — 51, ( 15),1 1 vl 8,
ke = (a + p) By ( *Eflngf)ﬁLﬂEl(lefl)(SlEl*& EY)
+ B (1 — —=)(S1ly = ST L") + vy (1 — —)(S1V1 — STV7)
E1 El
E EE
(a+p)EY( —Efi;—fl) i
 GEpE SP(EP)?  « p
+ Br, [-STE; +51E1+7E1 S1E7] 1
EEST EESETE
+ B [-SPIP + 811 — 2= 4 L) g
Fy Fy
EESV; EESEVE
+ B [-SEVE 4 57 - L2 APLTL ) g
Ey F1
Br, STIP L If
fp = 22U Eeo- i I
7 oBE (w1 + 7+ I ( TP 11)
ﬂhS{EIlE g, B IFEl IE
Fhel1 G pEc L .
+ aEF ! (E{f LEFE + 11)
I E I FE
E1E 1 1 1 ~1
=BnST I (1 I7E+7_11E{5)

(on the basis of the third equation of (4.7)),
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and
kg = /8V1SFV1EO_VE( v ﬁ)
358 ! Vi Vi
+ ﬁvllelegEE(ﬂ —1—= VlEEl + LF)
¢ef T Ef VEF Vi
Vi By VEE
=B STVFE(1l— — + —% — ) £
PO R T v

(according to the fourth equation of (4.7)).

We continue to organize the expressions for ks, kg, k7 and ks. First, we decompose

the factor q;:
G =(Be, STEY + B, STIT + BvSTVE) 2 — —f — =)
Ey By

(due to the second equation of (4.7))
E, EF

=Be, STEF(2 - B E71) 9

+BLSTIY (2 - 5 — 7)) e

+ B SEVIP(2— —% — E) AFER

Second, we combine the same items:
B, EF E, SF EF Sl)

=Be, STEY(2— —5 — =
T+ 8 +1 = Be STET( EF El—’—E{E Si B SF
S1 SP
E E 1 1
:ﬂEllel(Q*@*ST)a
E, EF
ﬂ12+§2+iz+¥:&1551{5(2_%_714_1
EY By

IEE SE EES| T
= prSPIP(3 - Ll 2L Aol
LEE S, ESEI

and

Yz + 85+ 15+ £ =PuSTVE(2 - BBy
LB EP VPRSP EfSWi
EE  Ey VEF S1  ESEVE
E E E
= BuSEVEG - T - S - )
Finally, adding the three equations above to the expression of 41, we obtain
S, SF S, SF

"=uSE - = - L SERE(@Q - — - =L
£ =psSy( SF Sl)+/BE1 T ET( SF 51)
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IPE SE EE51[1
gE[E(3 _ i1 o o1r B
+ B ST LEE S ElleIlE)
VEE, SE EEs W
gEyE(g_ i1 o1 Broni
+5V1 1 1( ‘/lElE Sl Ellele)

<0.

Meanwhile, it is easy to observe that the largest invariant set for £ = 0 is the
singleton {(SF, EE, IF,ViF)}. Hence, LaSalle’s Invariance Principle yields that the
positive equilibrium (S, EF, IF, V/F) of the system (4.6) is globally asymptotically
stable. We therefore conclude that the boundary equilibrium z¥=(Sf, EF IF VP,
Sa0, 0, 0, 0) of the two-patch system is globally asymptotically stable. O

Theorem 4.3. When Ro1 < 1 and Rgo > 1, the entire system has only two
equilibria: the DFE g, and the endemic equilibrium x2F defined in equation (4.5).
When Ro1 > 1 and Rz > 1, the system has three equilibria: the DFE xq, the
boundary equilibrium x¥, and the endemic equilibrium xFF. As long as Rz > 1,
the endemic equilibrium zPF exists and is globally asymptotically stable.

Proof. From the proof of Theorem 4.2, it is clear that the boundary equilib-
rium z¥ does not exist when Rg; < 1. Now we show the existence and unique-
ness of the endemic equilibrium % when Rg2 > 1. In this case, Theorem 3.1
states that the single-patch subsystem (2.2) has a unique endemic equilibrium
o8 = (SE EEF IF VJF), defined in equation (3.8). Substitution of S¥ and E¥
into the first two equations of subsystem (2.1) at the equilibrium state yields a
quadratic equation for Fy:

(Oé + M)tlE% — [tltz — u(a + M)]El — MbQEQE = 0, (48)

where t1 = g, +01, m—kﬁvl g, and ty = A1—|—agS2E+b2E2E. Obviously, equation
(4.8) has one and only one positive real root, denoted by EF¥. Consequently, SEF
IFE and V{FE are uniquely determined from subsystem (2.1). Therefore, the two-
patch system has a unique endemic equilibrium given by

EE __ EE EFE 71EFE EFE E E 7FE E
€z _(Sl 7E1 a-[l avl 7SQaE27127‘/2)7
where S¥ = actitb EE — Me—(uta2)Sy (B _ _aBy B _ £E7
2 = e, %P, 2 T atptby T2 T wotatp’ V2T o 0
5E2+BV2';+

wo+y+p
tito— ti1to— 244 tuby EF
pEE = bt platp)+1/[tita—p(atp)]?+4(a+u)t pba B , S{;E:i (A + aoSE — (o +

Q(QEJE#)tl EE
E ¢E
W) EEE 4 b, EF) TFE = w(er;Jm, and V{FF = 21—
The proof of the global asymptotic stability of z¥F has some similarity to that
of Theorem 4.2, and the details are provided in Appendix B. O

Theorems 4.1-4.3 provide a complete description of the global dynamics for
our two-patch system (2.1) and (2.2). Biologically, these results highlight the role
of the reproduction numbers associated with the two patches in characterizing the
threshold between disease eradication and disease persistence. From a public health
point of view, an outbreak control policy would need to reduce both Rg; and R
below unity; i.e., to meet the requirement of Theorem 4.1, in order to completely
eliminate the infection.
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5. Numerical results

We present some numerical simulation results in this section to illustrate the appli-
cation of our modeling framework and to verify our analytical predictions. We fit our
model to the publicly reported data in China from January 23rd to February 23rd
that marked the most severe period of the COVID-19 epidemic in China, starting
from the lockdown of Wuhan city (the epicenter) on January 23rd. We further di-
vide this epidemic period into two stages: from January 23rd to February 3rd as the
first stage, when the number of new infections reported daily was increasing; from
February 4th to February 23rd as the second stage, when the number of daily new
infections was decreasing. In particular, we mention the establishment of shelter
hospitals in Hubei province around February 4th, which contributed significantly
to the control of the epidemic and the decrease of new infections.

We conduct data fitting and numerical simulation for these two stages separately.
For each stage, we fit our two-patch model to the daily reported new infections in
Hubei province (patch 1) and the remaining part of China (patch 2). The results
of our parameter estimation from data fitting are presented in Tables 1 and 2,
respectively.

5.1. Stage 1 - from January 23rd to February 3rd

The curve fitting results for patch 1 and patch 2 are shown in Figure 1 and Figure 2,
respectively. Based on the estimated parameter values from Tables 1, we can evalu-
ate the reproduction numbers of the system. We find Ry; = 5.382 and Rge = 1.944,
where Rp; and Roq are defined in equation (4.3). This result, where both reproduc-
tion numbers are higher than unity, is consistent with the onset and development
of the disease outbreaks in both patches during this period of time. Meanwhile, we
are also able to evaluate the environment-to-human transmission component in each
of these two reproduction numbers, and we find RE? = 0.409, REH = 0.840 (see
equation (4.3)), which indicates a significant contribution from the environment-to-
human transmission route toward the infection risk in each patch. The basic repro-
duction number for the entire system is given by Ro = max{Rg1, Ro2} = 5.382 for
this first stage of the epidemic.

In addition, we have sketched a phase portrait of I vs. E for each patch (see
Figures 3 and 4) using the parameter values from Tables 1. We pick a set of different
initial conditions, each of which determines a solution orbit. We observe that all
these orbits converge to the endemic equilibrium over time, a demonstration of the
globals asymptotic stability of the endemic equilibrium predicted in Theorem 4.3.

5.2. Stage 2 - from February 4th to February 23rd

Figure 5 and Figure 6 show the fitting results, respectively, for patch 1 and patch 2
in this period. Using the estimated parameter values from Tables 2, we find Rg; =
0.558, Ro2 = 0.209, and thus Ro = max{Rq1, Roz} = 0.558. We also find RE! =
0.0203 and R = 0.0855. The result that Ry < 1 is a mathematical indication of
the declining trend of the epidemic in China after February 4th, evidenced by the
sustained reduction of the daily reported new infections.

Phase diagrams of I vs. E for the two patches with the parameter values in Ta-
bles 2 are presented in Figures 7 and 8. We observe that all the solution trajectories



1998 J. Bai & J. Wang
Table 1. Definitions and values of model parameters from January 23rd to February 3rd
Parameter  Description Value Unit Source
A Population influx rate due 1433.80325544  persons/day [17]
to newborns in patch 1
Be, Transmission constant be-  6.45 x 1079 /person/day Estimated
tween S and E in patch 1
B, Transmission constant be- 1.144 x 10710 /person/day Estimated
tween S and I in patch 1
Bv, Transmission constant be- 1.008 x 10710 /virus/day Estimated
tween S and V in patch 1
I Natural death rate of hu- 3.01 x 1075 per day [13]
man hosts in China
as Rate of susceptible individ- 2.9 x 1076 per day Estimated
uals moving from patch 2 to
patch 1
b2 Rate of exposed individu- 1.9 x 10~6 per day Estimated
als moving from patch 2 to
patch 1
I3 Rate of the exposed con- 2.3 viruses/person/day  [13]
tributing viruses to the en-
vironment
y Rate of recovery from infec-  0.071428 per day [13]
tion
o Removal rate of the virus 0.42 per day Estimated
from the environment
w1 Disease-induced death rate  0.01 per day [13]
in patch 1
a~t Incubation period between 5.2 days 7]
infection and onset of symp-
toms
Ao Population influx rate due  32434.8697289  persons/day [18]
to newborns in patch 2
BE, Transmission constant be- 9 x 10713 /person/day Estimated
tween S and E in patch 2
B, Transmission constant be- 8 x 101! /person/day Estimated
tween S and I in patch 2
Bvs, Transmission constant be- 3 x 101! /virus/day Estimated
tween S and V in patch 2
w2 Disease-induced death rate 1.7826 x 107°  per day [13]
in patch 2
S10 Initial value of the suscepti- 59270000 persons [17]
ble in patch 1
E1o Initial value of the exposed 546 persons [19]
in patch 1
Lo Initial value of the infected 525 persons [19]
in patch 1
Vio Initial value of viruses in the 69279 viruses/ml Estimated
environment of patch 1
S20 Initial value of the suscepti- 1331600000 persons [18]
ble in patch 2
Eyp Initial value of the exposed 800 persons [20]
in patch 2
Iz Initial value of the infected 246 persons [20]
in patch 2
Vao Initial value of viruses in the 25150 viruses/ml Estimated

environment of patch 2

converge to the disease-free equilibrium, an illustration of the global asymptotical
stability of the DFE stated in Theorem 4.1.
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Table 2.

Definitions and values of model parameters from February 4th to February 23rd

Parameter

Description

Value

Unit Source

BE,

B,

Bv,

ag

ba

Transmission constant
between S and E in
patch 1

Transmission constant
between S and I in
patch 1

Transmission constant
between S and V in
patch 1

Rate of susceptible in-
dividuals moving from
patch 2 to patch 1
Rate of exposed in-
dividuals moving from
patch 2 to patch 1
Removal rate of the
virus from the environ-
ment

Transmission constant
between S and E in
patch 2

Transmission constant
between S and I in
patch 2

Transmission constant
between S and V in
patch 2

5.6 x 10710

5.84 x 10710

2 x 1071

1.6 x 10~7

2.3x 1077

0.63

8.7 x 10~14

8.2 x 10712

4.2 x 10712

/person/day  Estimated
/person/day  Estimated
/virus/day  Estimated
Estimated

per day

per day Estimated

per day Estimated

/person/day  Estimated
/person/day  Estimated

/virus/day ~ Estimated

Initial value of the ex-
posed in patch 1
Initial value of the in-
fected in patch 1
Initial value of the ex-
posed in patch 2
Initial value of the in-
fected in patch 2

16411

15679

3801

7263

persons [19]
persons [19]
persons [20]

persons [20]

In addition, Figures 9 and 10 show a long-term simulation for the epidemic
development of COVID-19 in the two patches of China, based on our model. We
observe that the prevalence levels (I3 and I5) both increase initially, reaching a peak
around February 6th in patch 2 and around February 9th in patch 1, and then start
decreasing. It takes about 6 months for patch 2 to reach a state of almost complete
elimination of the disease (with the number of infections below 1), whereas it takes
about 12 months for patch 1 to reach the same level of disease elimination. An
indication is that patch 1 (Hubei province) has a higher degree of outbreak severity
and a longer period of disease persistence than patch 2 (other parts of China) does,
so that stronger disease control measures may be always needed in Hubei province
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Figure 1. Data fitting for the daily new infections from January 23rd to February 3rd in patch 1. The
circles represent the reported data and the solid line represents the fitting result.
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Figure 2. Data fitting for the daily new infections from January 23rd to February 3rd in patch 2. The
circles represent the reported data and the solid line represents the fitting result.

compared to those in other parts of the country.

5.3. Infection risks versus communication rates

Finally, we make some discussion regarding the impact of the parameters as and
bs on the disease risks. Our model has two patches and as and bs, which quantify
the rates of population movement, represent the communication between the two
patches (in a unidirectional manner) and contribute to the heterogeneity in different
parts of the country.

The infection risks for the two patches are measured by their reproduction num-
bers Ro1 and Rg2. To quantify their dependence on the communication rates, we
calculate their partial derivatives with respect to as and by and list the results in
Table 3. Note that since Rg; does not depend on by, 8;%21 = 0 which is not dis-
played in the table. We observe that R(; increases monotonically with respect to
asz, whereas Ro2 decreases monotonically with both as and b2, an indication that
the unidirectional population movement tends to reduce the disease risk for patch
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Figure 3. The phase diagram of I; vs. E; in patch 1 based on the parameter setting in stage 1
(from January 23rd to February 3rd). The trajectories starting from different initial values approach the
endemic equilibrium where (EF¥, 1E¥)=(10940, 25826).

2 but increase the risk for patch 1. Moreover, Figure 11 illustrates how the two
reproduction numbers change when as and be vary in some ranges. As shown in
the figure, Rp1 is more sensitive than Rge to the change of as, and Rgo is more
sensitive with respect to the change of as than that of bs.

These results imply that for the outbreak management, there could be a conflict
between different parts of the country in terms of mobility control, as host move-
ment may reduce the infection risk for one patch but increase the risk for the other.
Incorporation of such a mobility factor as well as other spatial heterogeneity charac-
teristics could help with the public health policy development that better balances
the disease control efforts in different regions, and with the strategy design that
makes the overall epidemic prevention and intervention more effective.

Table 3. Dependence of reproduction numbers on communication raes

Symbol Expression Property
&ﬁjl 5ﬁv1

Ro1 ’BElJr“:(E”j:; (A + :}j_‘;ﬁ) Increasing
IR Az (Bry + e+ ) -

Oas QB;;& - (p+a2)?
Ro2 ﬁE2+“;2_:;:Z2+ . (Mﬁfm) Decreasing
IR0z Ao (Bt oy + %) [~ L] <0

daz a+u;rb2 s (p+az)?

IRo2 AQ'<§E2+N§£’{{&#+ 0‘/2) . [ 1 ] <0

Obo ptas (atp+bg)?
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Figure 4. The phase diagram of I» vs. FE3 in patch 2 based on the parameter setting in stage 1
(from January 23rd to February 3rd). The trajectories starting from different initial values approach the

endemic equilibrium where (B, 1F)=(81893, 220326).
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Figure 5. Data fitting for the daily new infections from February 4th to February 23rd in patch 1. The
circles represent the reported data and the solid line represents the fitting result.

6. Conclusion

We have presented a two-patch model for the transmission dynamics of COVID-19 in
China. This two-patch structure is based on the observation that Hubei province,
associated with more than 80% of the cases reported in China, has significantly
higher disease prevalence and infection risk than any other part of the country.
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Figure 6. Data fitting for the daily new infections from February 4th to February 23rd in patch 2. The
circles represent the reported data and the solid line represents the fitting result.
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Figure 7. The phase diagram of I; vs. E; in patch 1 based on the parameter setting in stage 2 (from
February 4th to February 23rd). The trajectories starting from different initial values approach the
disease-free equilibrium where (Ej,, I7,)=(0, 0).

Our model incorporates different parameter settings for the two patches and takes
into account the population movement, emphasizing the spatial heterogeneity in
disease dynamics. Meanwhile, our model includes both the human-to-human and
environment-to-human transmission routes, highlighting the importance of the en-
vironment in the transmission and spread of this disease.

Through a careful equilibrium analysis, we have established the global stabilities
for both the single-patch subsystem and the entire two-patch system. Our results
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Figure 8. The phase diagram of Is vs. E5 in patch 2 based on the parameter setting in stage 2 (from
February 4th to February 23rd). The trajectories starting from different initial values approach the
disease-free equilibrium where (E3,, 15,)=(0, 0).

x10%

P 4

1.2

Number of individuals

o
@

0.6

340 360 380 400 420 440

0.4

0.2

L ! L L 1 1
0 50 100 150 200 250 300 350 400 450 500

time(days)

Figure 9. Long-term simulation for the numbers of exposed and infected individuals in patch 1.
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Figure 10. Long-term simulation for the numbers of exposed and infected individuals in patch 2.

show that the reproduction numbers in each case can be used to characterize the
disease threshold: when the reproduction number is lower than unity, the disease-
free equilibrium is globally asymptotically stable in the relevant region; when it
is higher than unity, the endemic equilibrium is globally asymptotically stable in
the relevant region. Rich dynamics occur with the interaction between the two
patches and we find that the disease could be completely eradicated (if Ro; < 1
and Rpz2 < 1), could die out in patch 2 but become endemic in patch 1 (if Rp2 < 1
and Rg; > 1), and could persist in both patches (if Roz > 1).

When our model is applied to the reported data in China, we find that the
reproduction numbers for both patches are higher than unity during January 23 to
February 4, but both are reduced below unity afterwards, indicating an elimination
of the infection in the long run. Our numerical simulation results are in line with
this finding. Meanwhile, we observe that Rg;, the reproduction number for patch
1, is much higher than Rgs, the reproduction number for patch 2, consistent with
the fact that patch 1 (i.e., Hubei province) represents the vast majority of the
reported cases in China and has a higher risk than that of the remaining part of
the country. Through data fitting, we find that for each patch, the contribution
from the environment-to-human transmission route is significant toward the overall
infection risk. This provides a justification of the indirect transmission pathway
incorporated in our model. We also find that the communication rates, represented
by the parameters ay and bs, between the two patches play an important role in
shaping the overall disease risk. Specifically, population movement from patch 2
to patch 1 reduces the risk for patch 2, but increases the risk for patch 1. Disease
control policies shall take into account this observation, so as to optimally scale
the intervention efforts in different regions and manage the outbreak in a holistic
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Stage 1 (from January 23rd to February 3rd)
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Figure 11. The impact of the population movement rates a2 and b2 on the reproduction numbers Ro1

and RQQ.
February 23rd).

manner.

Left panel: stage 1 (January 23rd — February 3rd); right panel: stage 2 (February 4th —

This paper represents a pilot study for the spatial heterogeneity of COVID-
19 transmission, in a coarse-grained, two-patch setting. A natural extension is to
formulate a multi-patch model that could accommodate a large number of patches.
Application of this extended model to a country, such as China or the US, with each
patch representing one province or state, will possibly lead to a better description
of the COVID-19 transmission dynamics in a heterogeneous environment.
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Appendix A: Local stability of the endemic equilibrium in patch 2

We study the local asymptotic stability of the endemic equilibrium z¥=(S¥ EZ
IF ViF) for the subsystem (2.2) when Rgz > 1. Evaluating the Jacobian matrix at
¥ we obtain

anl 7/6EQSQE 7/BIQS2E 75V252E'

az;  ag Br, S¥ Bv, S
0 a —(waty+p) O
0 13 0 —0

where a1 = —Bp,ES — B, 13y — B, Vs — p— ag, as1 = Br, By + Br,15 + B, V¥,
azo = Bp,S¥ — (a+ pn + by). Its characteristic polynomial is given by

det(A — J) = M 4+ 1 A3 + o)\ + e3h + ¢y,

where
c1 =1l +ds+da,
co =l +dsly +da(g2 + 0+ dv),
c3 = I3 +dsla + da(q20 + d1g2 + dy0),
¢4 = d3l3 + dadiga0,
with
L =q +q+o,
lo =qiq2 +0(q1 + q2) — (q3 + ),
I3 = 0q1q2 — 043 — q4q2,
and

@ = —Be,SY +a+pu+bs,

G2 = w2 + v+ [,

a3 = afr, Sy,

a1 = EBv, S5,

di = a+ p+ bs,

dy = BE, EY + Br13 + B, Vs7,
d3 = p+ as.

Thus, the stability of the endemic equilibrium 2% is determined by the zeros of
A+ Cl)\3 + 62/\2 +c3A+ ¢4 =0.

It follows from the Routh-Hurwitz criterion that to verify the stability of zf’, it
suffices to show

c1 >0, co>0, c3>0, c4 >0, cica —c3>0, 010203—0%04—c§>0.
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Firstly, note that

1= —BrSy +a+p+by
a+pu+b
= 75}32 Iug Z(Xﬂl +a+p+by
ot B, & + ol
(ot bo)(1- o
DLI2

ﬁEz‘FﬁVg'g‘Fm
> 0,

which leads to

h=qa+g¢g+o>0,
and

c1 = li+ds+dy > 0.
Secondly, note that

lo= qig2 +0o(q1 +q2) — (g3 + q4)
= —55((q2+ 0)Bm, + aBr, + EBv,] + (a + p+ b2) (g2 + 0) + g2
a+ i+ by _
Be, +Bvs - £ + 8L o

(07

(g2 + 0)BE, + Q2/8V2§ +&Bv, +afr, + Uﬁfzm

— (@24 0)BE, —afr, —EBv,] +oqe

13 «
= SQE(QZBVQE + B, m) +0q2

> 0,
which leads to
c2 = ly+dsly +da(g2 + 0+ dy) > 0.
Thirdly, note that

I3 =0(q192 — q3) — quqe
. o+ 1+ by .
Be+Bv S+ BL
[—0BE,(wa + v+ p) — oaBr, — §(we + v+ ) Pr,+
oBe, (we +7 + p) + oaBr, + {(wa + v + 1) By,
=0,

which leads to

c3 = I3+ dsly + da(qao + dig2 + dio) > 0,
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and
c4 = dszls + dadigoo > 0.
Next, we have

cica — c3 =(ly + d3 + da)[l2 + dsly + da(g2 + 0 + dy)]
— [l3 + d3la + d2(g20 + d1g2 + d10)]
=lily 4 daly + l%d3 + d§ll + dadsly + (q1 + q2)d2g2 + lidao + qidad,y
+ (dg + d3)d2(q2 + 0 + dy)
>0.

Moreover, after direct calculation, we obtain

cicacy — Chcy — Ca
=c3(cica — ¢3) — ey
=[dsly + do(q20 + d1go + d10)] - [l1le + doly + 13d3 + d3ly + dodsly
+ (q1 + q2)dag + l1d20 + qudady + (da + d3)da(q2 + 0 + dy)]
— (Iy + d3 + do)*dad1ga0
=dsly - [l1ls + dols + 13d3 + d3l + dodsly
+ (¢1 + g2)d2q2 + lid20 + qidady + (d2 + d3)da(g2 + 0 + di)]
+ da(qeo + digqz + dio) - [l1l2 + dalo + l%d?, + d%h + dadsly
+ (q1 + q2)daqe + lidao + qrdady + (da + d3)da(qe + o + dy)]
— (I3 + d3 + d3 + 211d3 + 211 ds + 2dad3)dadr g2
=dsly - [l1lg + daly + 13d3 + d3ly + dodsly
+ (q1 + q2)dage + l1d20 + qudady + (da + d3)da(q2 + 0 + dy)]
+ d2(q20 + digz + dyo) - {l1l2 + d2[SzE(Q25V2§ +opi, wz%w) + 0go]
+ lldg((h + g2 + J) + dg((h +q2 + U) + dodsly
+ (q1 + q2)d2ge + l1d2o + qidady + (da + d3)da(qo + 0 + dq)}
— (I3 + d3 + d3 + 2lyds + 21y ds + 2dods) - dodiga0
=m1 + ma + mg + my + ms + dodsly + q1dady + mg,

with

my =dsly - [l1lg + daly + 13d3 + d3ly + dadsly
+ (g1 + q2)daga + lidoo + qidadi + (do + d3)da(g2 + 0 + di1)],
ma =da(q20 + d1go + d10) - lily — 1} - dodiga0
& «
=da(g20 + d1g2 + dr0) - 11[55(6125V2; + 0B, m) + 0qo]
—li(q1 + g2 + 0) - dadrgz0
£ @
=d d dyo) - 1,S¥ > _
2(q20 +diga + dio) - 115, (%ﬁVQJ + o, " +7+M)
+ da(qeo + d1g2) - lioga — li(q1 + @2) - dadigao
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=ds(q20 + d1g2 + d10) - l152E(qQﬂV2§ +op, #W)
+d2q20 - lioqe — liq1 - dadigo0
=dz(g20 + di1g2 + d10) - 1155(6125\/2% + Uﬁfzﬁw)
+ daqo0 - liogy — L (—BE, S5 + dy) - dadrgao
=d3(q20 + digz + d10) - 1157 ((Jzﬁvg5 + o, W%W)
+118E, 5% - dad1q20 + d2q20 - liogo — lydy - dadigoo
(the positivity of mq will be discussed later),
ms =da(q20 + d1gz + d10) - {d2[S5 (QQ/BVQ ; + Oﬁlgﬁw) + 0qa]
+ (q1 + q2)d2q2 + lidao} — 2l1dy - d2d1qQU
=ds(g20 + d1g2 + dy0) - {dQSQE((HﬁVQ% + 0P8 m)
+ lidaqe + lidao} — 2lydy - dadigao
:d2(CI2(T +dig + d10) d2S5 (q2/8V2§ + ﬁ[z ?UZ%’V‘FM)
+ da(q20 + di1g2) - lid2gz + d2(q20 + d10) - l1d20,
my =da(q0 + di1g2 + di0) - lhds(q1 + g2 + 0) — 2l1d3 - dad1ga0
=da(q20 + d1g2 + d10) - lidz(q1 + o) + d2(q20 + d1q2) - l1d3q2
+ da(q2o + diga + d10) - lids(q1 + q2) + da(qe0 + d10) - lid30,
ms =do(qe0 + digo + dio) - d3(q1 + g2 + 0) — d3 - dodiga0
=dy(q20 + digz + d10) - d3(q1 + o) + d2(q20 + d1g2) - d3qe,
me =d2(g20 + d1ga + d10) - (d2 + d3)d2(q2 + 0 + d1) — (d3 + 2dads) - dod1gac
=da(q20 + d1gz + d10) - (d3q2 + d0 + didy + d3daqz + dsdao + dsdady)
— (d3 - dad1g20 + 2dads - dadig20)
=da(q20 + d1ga + d10) - (d30 + d3dy) + da(g20 + diga) - dgo
+ da(q20 + dig2 + d10) - (d3d20 + d3dady) + da(q20 + d1g2) - d3d2q2
+ da(q20 + di1ge + d10) - (d3d2q2 + d3dao) + da(d1ge + dio) - dzdady.
For the positivity of mso, we give an explanation as follows:
({)if o > go,

13 «
my =da(g20 + d1ga + dr0) - 1152E(Q25V2g + B, m)

+ ll/BE‘ZSQE ~dadi1q20 + d2qa0 - lioga — l1dy - dadigao

13 «
2(q20 + d1g2) - 1155 (Q2ﬂv2 + 0B, . M) + daqoo - 110G

13 «
+dodyo - 1,S¥ (Q25V2 +o 5lgm + BE,q2) — lidy - dadigao

& «
=d digs) - 11SE > — ) +d 1
2(q20 + d1gz) - 1155 (Q2ﬂv20 +0612w2+v+u)+ 2G20 - 110G2
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dy & o «
QQ(BV -+ 7ﬁ1 — +BE )
BV2§+BIZ#W+BE2 0 g Cwaty+tp ’

— lidy - dadigao

+ dodio -1y -

a
>ds(q20 + diga) - l15'2E((J2ﬁV2§ + OBIZW) +dagqao - liogo

+ d2d10’ . l1 . d1(]2 — lldl . d2d1QQO'
& «
=d d 1, SE = _ d -l
2(q20 + d1gz2) - 1155 (QQ5VQU+UﬁIQw2+7+M)+ 2G20 - 110q2
>0;

(ii)if o < go,

«
mg =da(g20 + d1g2 + dr0) - 1155(925%5 + 0B, m)

+ 1188, 5% - dad1gac + dagao - l10gs — l1dy - dad1gac
& «
=d dyo) - 1,S¥ = )+ daqeo - 1
2(geo + dio) - 1155 (QZBVQU +Uﬂ[2w2+7+u)+ 2G20 - 110q2
a

¢
+ dadiqs - 1155(%5\/2; + Uﬂlgm + BE,0) — lidy - dadygz0

13 o
—d d1o) - 1L SE (g8, & Y Vi dageo-l
2(q20 +d10) - 1155 (QQ5VQU+UBIQU}2+W+M)+ 2420 - 1102
dy

3
Bt + Bt +Bp, O

+ dodyqol4 + BE,)

g2
o(=Bv,= + B, —————
wa+y+ 1 7 w2 Y FH

—lidy - dadigao
13 «
>d d 1. SE = _— d -l
>da(geo + dio) - 1155 (qQIBV20_+O./BIQw2+,Y+M)+ 2Q20 - 110q2
+dadiq - 1y - dyo — l1dy - dadigeo
13 «
=d d 1, SE = —_— d -l
2(q20 4+ di0o) - 115, (q2/8V20+0612w2+V+H)+ 2q20 - l10q2
>0,

and it is concluded that in either case mo is greater than zero.
In brief, m; > 0 hold for i = 1,2,3,4,5,6, and the local asymptotic stability of
x¥ establishes.

Appendix B: Global stability of the endemic equilibrium in the entire
system

We provide details of the proof that when Rgs > 1, the endemic equilibrium
P = (SPP, BPP IPP VPP ST EY I V)
for the two-patch system is globally asymptotically stable. From Theorem 3.2

we know that the endemic equilibrium (S¥, E¥ IF VJF) of the single-patch sub-
system (2.2) is globally asymptotically stable in patch 2 when Rg2 > 1. Thus
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limg 00 So(t) = S¥, and lim; o Fo(t) = E¥. Hence, it suffices to consider the
limiting system of (2.1):

dsS

dftl = Ay — Br,S1Er — Br,S111 — Bvy S1Vi — St + a2 SY,

dE

= Be 1B+ B Sil+ By SiVi — (a+ p)Ey + bEY,

dl

dftl =aF) — (wy +v+ p),

A%

—r =EB oW, (6.1)

and show that its positive equilibrium (SFE, EFF TFE VEF) is globally asymptot-
ically stable in patch 1. We have
Ay = B, STPEPY — B, SYPITE — By STPVIPE — pSPP + a8y = 0,
B, STEE + B, STPITE + By STEVEE — (a+ ) EXY + b By =0,
aBfP — (wy +v+ )P =0,
EEFE —oVFP = 0. (6.2)

We construct a Lyapunov function

S1 EFE By EFE EETEE I EE
u— S u—F ST u—1
c=| =2 du—i—/ U gy On L / L du
S{zE u E{E‘E u aEl IlEE u
ﬁVl SlEEleE /V1 u— V'IEE
+ —— —du.
fElEE V]EE u

The derivative of £ along the solution of (6.1) is:

E/ —(1 — 1 S/ 1— 1 El 1~1 1 1— 1 I/
( Sl ) 1+( El ) l+ O[ElEE ( Il ) 1
eFFT iV

Thus we obtain

EE
L£=(1- 51
1
— (M1 = B, STPECY = B STPITY = By STEVEE — pSPE + aa87)]

(marked as ko)

EEE
+ (]. — El‘l ){[ﬂEllel + 61151[1 +,BV151V1 — (OL + U)El + ngQE]
— [Be, STPEFT + 8r,STPIPE + Bvi STEVIEE — (a + p)EYP + b EY']}
(marked as k1)
BuSPEIER | IEF
O[ElEE Il

— [@BFE — (wy + v+ p)IFE]}

)[Al - 5E151E1 - /81151]1 - 6V151V1 - Nsl + GQSQE

+ HlaEr — (w1 + v+ p) 1]

(1
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(marked as k11)

ﬁ 1SEE‘/EE VEE
g (1= o IeE — oVi— (€BFF — oV
1

(marked as k12)

+

(by using the four equations of (6.2)).

Manipulating the algebra for kg, k19, k11 and k1o separately, we have

bo=pusP@ - ST g - S gpEpEe g
9 =M1 SFE S, Ey S, 1 1 1451
1 eEEEE g 1 sEEyEE 5,
+ 61, ( S )(STH L 111) + By ( S )(STE VY 1V1)
Sl SEE
— SEE 2_ _ 1
22541 ( SlEE Sl ) *1
SEE\2 pEE
+ B, [STPETE — S1B1 — G ‘5),1 — + STPE] A
I, (P11 1 141 751 1 1 2
SEE 2vEE
B SPEVEE sy - OV geeyy
1
El EEE EEE
k1o =(a + p)EFP(2 - EEE 1*31 )+ Be, (1 - 131 )(S1Ey — ST EPP)
EE’E EEE
+ B, (1 — éﬁl)(sﬂl — SPEIPP) + By, (1 — }}1 )($1V1 — STEVEE)
El EEE
=(a+p)EFP (2 - - ) v
( /U') 1 ( ElEE E, ) 1
SEE(pEE)2
+ Bp, [-SEPEEE + 8 B, + %11) — S,EFE] ¢,
+ B, [-SFEIFE 4 5,1, — L 51 Ly ST ] *
Ey F4
+6V1[_S1EEV1EE+51V1_ 1 1V1 + 1 1 1 ] ’3’
F1 F1
k11 :W(M +y+ ) IFP(2 - IlEilE - }T)
+ﬁhlEEl aBfP( ElE_l_ . Eé —)
aEl El IlEl I1

L B IPPR ) %
IEE " pEE [ EFE

(on the basis of the third equation of (6.2)),

=AnSTPIE(1

and
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n 6V1S1EE‘/1EE€EEE( El 1 ‘/IEEEl VlEE)
EEEE ' VEFF ViEFE W
V; E VEER
=By, SPEVEE(1 - — ) ®

VEE + EFE o VLEEE
(according to the fourth equation of (6.2)).

To proceed, we first decompose the term V¥i:

vy =B, STPEE 4 B, STEITE + By, STEVEE + b, EY) (2 — E]?E _ ng)
(due to the second equation of (6.2))
65, SEPBER 2 - oy - )
B SPEIFP Q- 2t - B v
+ﬁv151EEV1EE(2 — E?E — EglE) v
+ba By (2 - E?E - EEl?E) Via.

Secondly, we collect the same items:

E, EFE B, SFF EFF g5
TEFF T B TEFE s T B SER)
S, SPE
SlEE_ Sl )a
E, EFFE
EFE  E,
L B BPP O IPPE.SPE BPFSL
EEE " B, LEFE S,  ESPEIEE
IFEE,  SFE EFFSI,
- LEFE S 7E151EE11EE)’

Vi1 A1+ & :BEls{EEE{EE(Q

=B, ST BT (2 -

Vio+ Ao+ @2 + % :5115{EE11EE<2 -

+1

)

=P STPIIE(3

and

E,  EPF
EFE B
L B ERE VPR SPE EPESI )

EFE " Er WEPEF S, E\SPEVEE
ViPPE,  SFE EFFS\V )

- WEFF S, E\SPPVPE

Vi3 + Az + €3+ ® =0y, SEEVEE(2 - +1

=P, STEVIE (3

Finally, adding the three parts above to the expressions of % and V14, we obtain

E, EFE

Si SPE B
EFE R,

L)+ hEF(2

L =pSPr(2—
o7 ( S{EE S,

)
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B SEFEFE( - S ST
Eq1 91 1 SlEE Sl
+ 8 SEEIEE(B _ IFEE, B SFE _ EEES I )
e LEFE S, E,SFEIFE
+ By, SEEVEE(3 — VTR ST BCSin )
Y VEFE ~ S| E,SFEVEE
<0.

Meanwhile, it is clear that

{£' =0} ={S1 = STF, E1 = BEfP, [, = [P,V = VPP

Using LaSalle’s Invariance Principle again, we obtain that (SFF, EFE [FE VFEE)
is globally asymptotically stable for the limiting system (6.1), which leads to the

conclusion that the endemic equilibrium x

EE is globally asymptotically stable for

the entire two-patch system.
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