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GROUND STATE SIGN-CHANGING
SOLUTIONS FOR FRACTIONAL KIRCHHOFF
TYPE EQUATIONS IN R?

Guofeng Che"' and Haibo Chen?

Abstract In this paper, we investigate the existence of ground state sign—
changing solutions for the following fractional Kirchhoff equation

(a +b . |(—A)2 u|2dx> (=) *u+ V(z)u = K(z)f(u) in R?,

where a € (0,1), a,b are positive parameters, V(z), K(z) are nonnegative
continuous functions and f is a continuous function with quasicritical growth.
By establishing a new inequality, we prove the above system possesses a ground
state sign—changing solutions u, with precisely two nodal domains, and its
energy is strictly larger than twice that of the ground state solutions of Nehari—
type. Moreover, we obtain the convergence property of u; as the parameter
b — 0. Our conditions weaken the usual increasing condition on f(t)/|t|>.

Keywords Fractional Kirchhoff equations, ground state energy sign—changing
solutions, non—Nehari manifold method, variational methods.
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1. Introduction

In this paper, we consider the following fractional Kirchhoff equation:

(a + b/]Rs |(—A)gu2d:r) (=) u+V(r)u = K(z)f(u) in R (1.1)

where @ € (0,1), a,b are positive parameters and V(x), K(z) are nonnegative
continuous functions.

Eq.(1.1) is a nonlocal problem because of the appearance of the terms (—A)%u
and [, [(—A)“u|?dz, which provoke some mathematical difficulties. This also
makes the study of Eq.(1.1) particularly interesting.

When o =1, Eq.(1.1) reduces to the well-known Kirchhoff equation:

e

- (a + b/R3 Vu|2dm) Au+V(r)u = K(z)f(u) in R, (1.2)
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which was related to the stationary analogue of the following equation

Pu (P, E [T ou,, \ o
J— — — —_— — 1.
P (h Tor ), 15 ) g =0 (13)

where L is the length of the string, h is the area of cross-section, F is the Young
modulus of the material, p is the mass density and Py is the initial tension. Eq.(1.3)
was presented by Kirchhoff [25] as an extension of the classical D’Alembert wave
equation for free vibrations of clastic strings. Recently, many mathematicians have
devoted to the study of Eq.(1.2), especially on the existence of positive solutions,
ground state solutions, sign—changing solutions, multiple solutions and bound state
solutions, see [13—15, 18, 20, 21, 30, 35-37, 45, 46] and the references therein. For
instance, by using the Nehari manifold and the concentration compactness principle,
Lii [30] established the existence of ground state solutions for Eq.(1.2) with V) (z) =
1+ Mg(x) and f(z,u) = (ﬁ % |u|P) [u|P~2u. Moreover, the concentration behaviors
of these solutions were obtained as A — oco. By introducing a new constraint of the
Nehari manifold, Sun and Wu [37] obtained multiple positive solutions for Eq.(1.2)
when f(x,u) = f(z)luP"2u,2 < p < 4, and V(z) satisfies the steep potential well
condition.

When b =0, Eq.(1.1) reduces to the following fractional Schrédinger equation:

a(—A)*u+V(z)u = K(2)f(u) in R? (1.4)

which was proposed by Laskin [27] in fractional quantum mechanics as a result of
extending the Feynman integrals from the brownian like to the Lévy like quantum
mechanicals paths. In the past several decades, with the aid of variational methods,
the existence and multiplicity of nontrivial solutions for the fractional Schrédinger
equation have been extensively investigated in the literature, see [4,6,9, 16, 17,
22,24,26,31,32,40] and the references therein. In [4], when V(z), K(z) and f
satisfy some suitable conditions, Ambrosio et al. studied the existence of a sign—
changing solution for Eq.(1.4) with a = 1, R?® being replaced by RV, N > 2a.
Moreover, the existence of infinitely many weak solutions is obtained when f is
odd. In [31], using the Mountain Pass Theorem, Secchi proved that Eq.(1.4) had at
least a nontrivial solution when f has subcritical growth and satisfies the famous
Ambrosetti-Rabinowitz condition. By virtue of the harmonic extension techniques
of Caffarelli and Silvestre [12], Teng and He [40] proved the existence of ground
state solutions by using the concentration—compactness principle and methods of
Brezis and Nirenberg.

To the best of our knowledge, there are few papers in the literature that consid-
ered Eq.(1.1). In [7], Ambrosio and Isernia studied the following fractional Kirchhoff
equation:

<a + b/RN |(A)‘%u2dg:) (=) +V(z)u = f(u) inRY, (1.5)

where f is an odd subcritical nonlinearity satisfying the well-known Berestycki-
Lions assumptions [11]. By minimax arguments, the authors obtained a multiplic-
ity result in the radial space Hf‘ad(RN ) when the parameter b is sufficiently small.
In [5], by using penalization techniques and Ljusternik—Schnirelmann theory, Am-

brosio and Isernia studied the existence and multiplicity of positive solutions for
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a class of more general fractional Kirchhoff equation. Furthermore, the relation
between the number of positive solutions with the topology of the set where the po-
tential attains its minimum was also obtained by them. Recently, when f satisfied
the Berestycki-Lions type conditions of critical type [47], Liu et al. [28] obtained
the existence of positive ground state solutions for Eq.(1.5) by using the mono-
tonicity trick and the profile decomposition. Moreover, the nonlinearity does not
satisfy the Ambrosetti-Rabinowitz type condition or monotonicity assumptions.
In [34], By using the Moser iteration scheme, Su and Chen considered the exis-
tence, nonexistence and multiplicity of nontrivial solution for Eq.(1.5) with critical
Hardy-Littlewood—Sobolev critical exponent. By using the Nehari manifold tech-
nique, Isernia [23] obtained the existence of the least energy solution for Eq.(1.5).
Moreover, the multiplicity result was also obtained by the author.

Inspired by the above works, more precisely by [28], our goal is to deal with
Eq.(1.1) and study the existence of ground state sign—changing solutions for Eq.(1.1)
without the variant Nehari—type condition. Moreover, we prove that the energy of
any sign—changing solutions for Eq.(1.1) is strictly larger than twice that of the
ground state solutions for Eq.(1.1) and obtain the convergence of the least sign—
changing solutions for Eq.(1.1) as b — 0.

We denote the fractional Sobolev space H®(R?) with the product

N

(u,v) = /R3 (a(=A) u(—A) v+ uv) dz

and the norm
[|u|| = (/ (al(—A) 2 ul? +u2)dx) .
RB

Let D*?2(RR?) be the completion of C§°(R3) with respect to the Gagliardo norm

lullo-e = ([ 1-a)2upas)

In this paper, we consider the space

5 HYR3) = {u e H*(R?) : u(x) = u(|z|)}, if V(x) is a constant,
{u € D¥?(R®)| [os V(z)u?dz < 00} if V(z) is not a constant,

with the norm
1
3

foll = ([ (alt=2)%uP + viop)as )

To avoid involving too much details for checking the compactness, for V(z) not
being a constant, similar to the arguments of [19,42], we may assume that:
(V) V € C(R3,R") such that £ C H*(R?) and the embedding E — L"(R3), r €
(2,27) is compact.
Define the energy functional J, : E — R by

2
Ip(u) = %||u|\2 + Z(/Rs |(—A)gu|2dm) -/ K(z)F(u)dz. (1.6)
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Then Jj is well defined on E and .J, € C*(E,R). Furthermore, for any u, v € E,
we have

i) = [

R3

(a(—A)gu(—A)gv + V(x)uv) dx — K(z)f(u)vdzx
R (1.7)
2 ul?de —A)2u(—A)Zvdz.
S ICSE Y I NEREINER

Hence, if u € F is a critical point of Jp, then u is a solution of Eq.(1.1). Moreover,
if u € E is a solution of Eq.(1.1) with u® # 0, then u is a sign-changing solution of
Eq.(1.1), where

ut(z) := max {u(z),0} and u (x):= min{u(z),0}.

Here, a solution is called a ground state (or least energy) sign—changing solution
if it possesses the least energy among all sign—changing solutions. By a simple
calculation, (1.6) and (1.7) imply that

Toa) = h(e) + D)+ 5 [ )RR [ j-a)tu a0

(ht) ) = () 40 [ A Ft e [ a)Fu s (19)

(Jp(u),u™)y = (J)(u"),u”)+0b |(—A)%u+|2dm/ |(=A)2u~|?dz.  (1.10)

When b = 0, Eq.(1.1) does not depend on the nonlocal term [p; [(—A)2ul*dx
any more, i.e., it reduces to Eq.(1.4), which corresponds to the energy functional
Jo: E— R by

To(u) = %Hu||2 - /R K (2)P(u)dz. (1.11)

Analogously, Jy is well defined and Jy € C'(E,R). Furthermore

(T(w),v) = a / (—A) 2 u(—A)3vdz — [ K(2)f(u)vda. (1.12)

R3 R3

From (1.8)-(1.10), it is easy to see that there are some essential differences in study-
ing the sign-changing solutions for Eq.(1.1) between b > 0 and b = 0, the existence
of sign—changing solutions for Eq.(1.4) has been extensively studied, for instance,
see [29,41,43] and the references therein. However, the methods of looking for sign-
changing solutions heavily rely on the decompositions of (1.8)-(1.10) with b = 0,
which seems to be not applicable to Eq.(1.1). Motivated by the above works, we
will consider the following minimization problems:

my, = ﬁg Jp(u) and mg = }\r/llg Jo(u), (1.13)
where
My ={ueE:uF#£0,(J(u),u") = (Jy(u),u") =0}, (1.14)
and

Mo ={ueE:u*#0,(J\(u),u") = (Ji(u),u") =0}, (1.15)
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whose minimizers are the sign—changing solutions for Eq.(1.1) and Eq.(1.4), respec-
tively.

In order to show the energy of any sign—changing solutions of Eq.(1.1) is larger
than twice that of the ground state solutions of Eq.(1.1) and obtain the convergence
of least energy sign—changing solution for Eq.(1.1) as b — 0. As usual, we first get
the ground state solutions of Nehari type to Eq.(1.1) and Eq.(1.4) by seeking the
minimizers of corresponding energy functionals J, and Jy on the following Nehari
manifolds:

N = {u € E\ {0}, (Jy(u),u) = 0}, (1.16)

and

No = {u e E\ {0}, (J5(u),u) = 0}. (1.17)

Furthermore, we suppose more general conditions 1nvolv1ng the functions V' (z) and
K(x), such that (VK) in [3,8] can be seen as a particular case. Throughout this
paper, we say that (V, K) € K if the following conditions hold:

(Hy) V(z), K(x) >0 for all z € R3 and K € C(R3,R) N L>(R3,R);

(Hz) if {A,,} C R? is a sequence of Borel sets such that the Lebesgue measure of
A, is less than R, for all n and some R > 0, then

lim K(x)dx =0, uniformly in n € N;
"0 S A N BE(0)

(Hs) 5 € L=(R%);

or
(Hy) there exists p € (2,2}) such that

K(z)

V(x)2a—2

—0 as |z|— oo

This kind of conditions were firstly introduced by Alves and Souto [1] to get a
positive ground state solution of (1.4) with o = 1. Similar to Proposition 2.1 in [1],
we can prove the space X given by

X = {u € D*?(R3): [ V(x)uldr < oo}

R3

with the norm

full = ([ (=80 + V<ar>u2>dsc)é

is compactly embedded into the weighted Lebesgue space
L7 (R3) = {u R? - R: uis measurable and / K(z)|u|"dz < oo}

for some r € (2,27). Moreover, we also have M, # ().

To state our results, we introduce the following conditions:
(K) K(x) >0 for all z € R3 and K € C(R?,R) N L= (R3,R);
(Fy) lim £ ( ) = o;

t—0

(F2) f has a “quasicritical growth”, that is, lim tz,fz(tjl =0;

[t]—o0
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(F3) lim 8 00;

3
[t oo b

(Fy) there exists a §p € (0,1) such that for any z € R?, ¢ > 0 and 7 # 0,

flr) _ fl7) 11—

w75 - {5 om0 o o 2o

Now, we are ready to state our main results.

Theorem 1.1. Suppose that conditions (V), (K) and (Fy) — (F4) hold. Then
Eq.(1.1) has a sign—changing solution u, € My such that Jy(up) = }\r/llf Jp(u) > 0,
b

which has precisely two nodal domains.

Theorem 1.2. Suppose that conditions (V), (K) and (Fy) — (Fi) hold. Then
Eq.(1.1) has a sign—changing solution @ € N such that Jy(u) = ij{l/f Jp(u) > 0.
b

Furthermore, my > 2¢p, where ¢, = inf Jp(u).
uer

Theorem 1.3. Suppose that conditions (V), (K) and (Fy) — (Fy) hold. Then
Eq.(1.4) has a sign—changing solution vg € My such that Jy(vg) = ij\r}f Jo > 0,
0

which has precisely two nodal domains. Moreover, for any sequence {b,} with
bn, — 0 as n — 00, there exists a subsequence which we label in the same way such
that up, — ug in E, where ug € My is a sign—changing solution of Fq.(1.6) with
Jo(uo) = inf Jo(u).

Corollary 1.1. Suppose that (V, K) € K and f verifies (Fy) — (Fy). Then all the
conclusions in Theorems 1.1, 1.2 and 1.3 hold in X.

Remark 1.1. It is worthy stressing that the condition (F}y) is weaker than (F}) as
follows:
(Fy) The map t — % is nondecreasing for all t € R\ {0}.

In fact, it is not difficult to find some functions satisfying assumptions (Fy)—(Fy),
but not (F}). For instance, let

t°t, |t] < p,

altPt+ st |t > p,

where M > 0, «, p > 0. We can easily verify that f satisfies (F}) — (F4), but not
(Fy)-

Remark 1.2. By using Non—Nehari manifold method introduced in [38] to seek
ground state solutions for Eq.(1.1), we can prove the existence of a sign—changing
solution for Eq.(1.1) directly instead of using Proposition 3.1 in [10].

Remark 1.3. We also give an affirmative answer to an open question that the
energy of any sign—changing solutions of Eq.(1.1) is strictly larger than twice that
of the ground state solutions of Eq.(1.1).

Notation 1.1. Throughout this paper, C' denotes various positive generic con-
stants, which may vary from line to line. 2} = 3762(1 is the critical Sobolev expo-

nent. Also if we take a subsequence of a sequence {u,}, we shall denote it again
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The remainder of this paper is as follows. In Section 2, some preliminary lemmas
and corollaries are presented. In Section 3, we prove the existence of a ground state
sign—changing solution with precisely two nodal domains. In Section 4, we first
investigate the ground state solutions of Nehari type and then prove Theorem 1.2.
The proofs of Theorem 1.3 and Corlllary 1.1 are given in Sects. 5 and 6, respectively.

2. Variational setting and preliminaries

In this section, we give some preliminary lemmas and corollaries, which will play
crucial roles in proving our results.

Lemma 2.1. Assume conditions (V'), (K) and (Fy) — (Fy) hold. Then

1—s* tt
To(u) 2 Jp(su™ + tu™) + ——(Jy(u),u”) (Jp(w),u™)
_ 2 _ _ 2 2
+ (1 00)511 ) ” +||2 ( 90)( ) ||u7||2 (2.1)
b(s? — t2)2 -
A 2u+w2dxb/'| s,

foranyu=ut4+u" €E, s t>0.
Proof. For any x € R? ¢ >0, 7 € R, it follows from (F}) that

11—t 2\2_2
K(x)[ Tf(T)—FF(tT)—F(T)] + (1—¢t)r

1) V@)
_/t [ T3 (t1)3 + (s7)? ] ds 2 0.

00‘/(:6)
4

It follows from (1.6), (1.7) and (2.2) that
Jy(u) — Jp(su™ +tu™)
1
S0P = llsu + 00y + 3 [ 1=2)F )’

b

iy

— | K(@)[F(su™ +tu”) — F(u)]dz

- (e [ (et Pa)?)
+<| —\|2+b/| 2u_|2da:)2)

Ukl W TRV Gl W
4 4
b(1 — s2¢2 N o
=) (o)FuPds [ [(-8)Fu e
R3 R3

(=22 (sut + tu_)|2dx)

+

+ . K(@)[F(sut)+ F(tu™) — F(u") — F(u™)]dx
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1— g4 1— ¢4 (1—s2)2

= L ) + 2w,y + L e
+ EE e+ B [ oyt pas [ o)t
+ [ K@ fwhut + Flsu®) - Flu)de
RS
4
s [ R@ETE o + ) -
e _#4 _ — §2)2
> L )t + 2 g,y + L0 e

4 4
_ _42)2 2 _ 12)\2
+—(1 f)1 — ) ||u*||2+7b(s 4t) / |(—A)%u+|2dm/ |(—A) 3w [Pz
R3 R3

— st T
# [ {E@ET et Pty = P+ 25 - 22 fas
+ /]RS {K(x)[l :lt flw u™ + F(su™) — F(u™)] + LZ(I) (1-— t2)2u_|2}dx
. _ 44 _ _ §2)2
> L, ) + ), )+ SO

1—6p)(1 —t?)2 b(s? — t2)2 o N
+—( o)( )||u*||2+7(5 1 )/|(_A)au+|2dz/ |(—A)2u~|?dz,
R3 R3

for any s, t > 0. This shows that (2.1) holds. O

Corollary 2.1. Assume (V), (K) and (Fy) — (Fy) hold. If u = ut +u~ € M,,
then

(1—60)(1 —t?)?
4

(1—60)(1 —s*)?
4

Jy(u) > Jp(su™ +tu”) + Jut® + llu |

b(s? — t2)2 |
4 R3

(2.3)
(_A)%U+|2dx/ (=A)3u~|2dz, Vs, t>0.
]R3

Corollary 2.2. Assume (V), (K) and (Fy) — (Fy) hold. If u = u™ +u~ € M,,
then

Jp(u) = max Jp(sut +tu™). (2.4)

Lemma 2.2. Assume (V), (K) and (F\) — (Fy) hold. If u = ut +u~ € E
with u® # 0, then there exists a unique pair (s,,t,) of positive numbers such that
SuuT +tyuT € My.

Proof. For any u € E with u? # 0, we first adopt the idea used in [2] to prove
the existence of (sy,t,). Let

g1(s,t) = s ||u™|* + b54(/ (=) 2 uT|?dz)? — K(z)f(su™)sutdz
R R (2.5)

+b32t2/ |(—A)%u+\2dx/ (—2)3 u- 2o
R3 R3
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and

ao(s,t) = 2u-|? + bt4(/ ()3 uPde)? — [ K(2)f(tu-)tu=da
R3 R3
(2.6)
+b32t2/ |(—A)%u+\2dx/ (=A) 3 u~Pda.
R3 R3

For any fixed t > 0, using (F7) and (F3), it is easy to verify that ¢1(0,¢) = 0,
g1(s,t) > 0 for s > 0 small and ¢1(s,t) < 0 for s > 0 large. From the continuity of
g1(s,t) on s, there exists a s; > 0 such that g;(s¢,t) = 0 for t > 0. We claim that
s¢ > 0 is unique for any ¢ > 0. In fact, for any fixed tg > 0, let §1, S > 0 such that

91(51,t0) = g2(52,t0) = 0. (2.7)
Then it follows from (1.7), (2.5) and (2.7) that
(Jy(5rut + tou™), 51u™) = (Jy(Sou™t + tou™), 52u™) = 0. (2.8)

Then it follows from (2.2) and (2.8) that

4 x4

To(Grut + tou™) > Jy(Saut + tou~) + L 4~452 (TL(Grut + tou™), F1ut)
51
(1= 00)(55 = 83)* 1o
2.9
+ (2.9
1—0.)(52 — 52)2
— (ot tgu) + LI BT o
457
and
ot - st LB =\ ot
Jp(S2u™ +tou”) > Jp(SouT +tou") + T&Ub(szu +tou), Sau™)
2
1—0:)(52 — 52)2
+( 0)(82 31) ||u+||2 (2.10)

2
453

= Jb(§2u+ + toui) +

(1= 6= o
T 2
2

(2.9) and (2.10) imply that §; = 35. Hence, s; = §(¢t) > 0 is unique for all ¢ > 0.
i.e., g1(s,t) = 0 defines an implicit function s = 5(¢) for all ¢ > 0. Since sg = §(0)
and for every t > 0, g1(s,t) > 0 for small s > 0 and ¢1(s,t) < 0 for large s > 0.
Then one has

g1(st,t) =0, Vt>0; s>t for smallt >0, s; <t for larget>0. (2.11)
Similarly, g2(s,t) = 0 defines an implicit function ¢ = ¢, = #(s) such that

92(8,ts) =0, Vs>0; ts>s for small s >0, t; <s for large s > 0. (2.12)

(2.11) and (2.12) imply that the planar curves s = 3(t) and t = £(s) intersect at
some point (8, t,) with s,, t, > 0. Hence, s,u™ + t,u™ € M,.
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Next, we prove the uniqueness. Choosing (s1,%1) and (s2,2) such that s;u™ +
tiu~ € My, i =1, 2. Then it follows from Corollary 2.1 that

1—00)(52 — 52)2
JoGaut 4 tu) > Jy(Gaut + tu—) 4 LG =8

43 (2.13)
(1—00)# —1)* > '
+ 2y
and
1—00)(52 — 52)2
Jy(Bou™ 4+ tou”) > Jp(GruT +tiuT) + ( 0)(:922 51) f|lut]?
1% (2.14)
(1—60)( —13)% '
AT
2
Both (2.13) and (2.14) imply that (s1,t1) = (s2,t2). The proof is complete. O
Lemma 2.3. Assume (V), (K) and (Fy) — (Fy) hold. Then
) ==l e s + ),
Proof. Both Corollary 2.2 and Lemma 2.2 imply the above Lemma. O

Lemma 2.4. Assume (V), (K) and (Fy) — (F4) hold. Then my > 0 is achieved.

Proof. Similar as Lemma 2.7 in [39], it follows from (F}) — (F3) that there exists
a constant 3 > 0 such that ||u*|| > g for all u € M. Let {u,} C M, be such that
Jp(upn) — myp. Observe that (2.2) with ¢ = 0 yields

1 90V($>

K(@)[3f(r)r = F(n)]+ =;=72>0, V2R’ 7€R. (2.15)

Then it follows from (1.6), (1.7) and (2.15) that for large n € N, we derive
1
mp+ 1> Jp(un) — = (Jp(un), un)

4
Ll + [ (K@ ) — Pl + 2 e (2:16)
R3
1— 6
=4
which implies that {u,} is bounded in E. Then there exists u; € E such that
ut — ui in E. Thus, from (V), (K), (F1) — (Fy), (2.2) and Lemma A.1 in [44],

n
we obtain

unl1?,

0<B< luyl® + b(/ (—2) Fuy 2dz)”
e (2.17)
= K(z)f(up)upde = K(z)f(w)udx 4+ o(1),
R3 R3
showing that uff # 0. Therefore, by (2.7), Fatou’s Lemma and the weak semicon-
tinuity of the norm, we derive

I 1P+ [ 1= FunPe)’” = timin [ 2+ 0( [ 1(=0)Fuafa0)’]

= L, K(z)f(u)udz,
(2.18)
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showing that
(Jh(up), ujy) < 0. (2.19)

Then by (1.6), (1.7), (2.1), (2.15), (2.19), Fatou’s Lemma, the weak semicontinuity
and Lemma 2.3, we derive

mp = lim [J,;(un)—iu,g(un),un)]

= tim {5l + [ K@ A - Pl
> hnrglgf / |(— %un|2dx + (1 — 6y) /Rs V(z)|u,[*dz]
+ lim {K(m) [ undun — Flun)Jdz + ?V(m)|un|2}dx
- hnrglg / [(=A) 2 up|?dz + (1 — ) /RS V (z)|up|*dz]
+ lim {K(:c) [i F(un)u — F ()] + ZOV(;E)|ub|2}dx 2.30)
= Jlul? + / (@) [2 flun)uy — Fuy))da
1

= Jp(up) — = (Jp(up), up)

.

_ 1—s* —tt _
> sup [l -+t + =) ) + )|
5,t>0
1 !
= 1 (w), w)
> sup Jy(suy + tuy )
5,t>0
> my,
which implies that
lim |( )2 u,|?de = / |(—A) Zuy|?dz, lim V(2)|u,|*da
n—oo n—oo R3
(2.21)
_ / V(@) up|2dz.
R3
Hence, u, — up in F, then Jy(up) = my and u, € My, O

Lemma 2.5. Assume (V), (K) and (Fy)—(Fy) hold. If ug € My and Jy(ug) = my,
then ug is a critical point of Jy.

Proof. Assume that up = ul +ug € My, J}(ug) # 0. Then there exist w, § > 0
such that

u€eE, ||lu—u <36 = ||J(u)] > w. (2.22)
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Then for all s, t > 0, it follows from Corollary 2.1 that

Jb(SUJr —|—tu7) < Jb(u) _ (1 *90)(1 - S ) ||u+||2 _ WHU*HQ

4 4
(1= 00)(1 — )2 (1=0)(1— ) _
=y~ EZONLZ S g C OO e
(2.23)
Let D = (0.5,1.5) x (0.5,1.5), Then by (2.23), we obtain
K = max Jp(sud +tug) < my,. (2.24)

For & := min{(my — x)/3,0w/8} and S := B(ug,d), Lemma 2.3 in [44] yields a
deformation n € C([0,1] x E, E) such that

(i) n(1,u) = u if w & J, ([my — 26, mp + 2€]) N Sas.

(ii) n(1, J7**° N B(ug, 8)) C Ji"~°.

(iii) Jp (n(1,u)) < Jp(u), Vu € E.
From Corollary 2.2, J,(sug + tug ) < Jy(ug) = my for all s,¢ > 0. Then it follows
from (i7) that

Jo(n(1, sud +tug)) <mp —e, Vs, t>0, [s— 12+ [t — 1| < 82/||luol/®. (2.25)

On the other hand, by (iii) and (2.23), for any s,t > 0, |s—1|2+|t—1|% > 62/||uo|?,
there holds
Jy(n(1, sug +tugy)) < Jp(sug + tug)

(1—6p)(1 —s?)? (1—6p)(1 —t%)?

LR i G ek i T
(1 — 90)52 : +112 -2
my — ~————— min{||lug ||*, ||u .
—= b 8||UOH2 {” 0 ” || 0 || }
(2.26)
Then it follows from (2.25) and (2.26) that
max Jo(n(1, sud +tugy)) < my,. (2.27)

Define g(s,t) := sug +tuy . By a similar argument as [33], we get n(1, g(D))NM,; #
(), which contradicts to the definition of m;. The proof is complete. O

3. Sign—changing solutions

Proof of Theorem 1.1. It follows from Lemma 2.4 and Lemma 2.5 that there
exists a up € M, such that Jy(up) = myp and Jf(up) = 0. Thus, u; is a sign—changing
solution of (1.1).

Next, we prove that u;, has exactly two nodal domains. Let up = uy + us + us,
where

ur >0, ug <0, Q1N =0, ui]o,u0, = t2]0,u0; = uslo,ua, =0, (3.1)

O ={r € R®:uy(x) >0}, Qo={x € R¥: uy(2) <0}, Q3=R>\ {(2; UN)}, (3.2)

and €, are connected open subsets of R3.
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Setting v = u; + ug, we see that vt = u; and v~ = uy, i.e. v+ # 0. Then it

follows from (1.6), (1.7), (2.1), (2.15) and (3.1) that
my = Jy(up) = Jp(up) — i(«]zﬁ(ub)’uﬁ

b o o
= Jp(v) + Jp(us) + 5/ \(*A)5v|2dx/ |(7A)5’U,3|2d$
R3 R3

= 1[0+ Gyl v + 20 [ (-2)F0Ps [ 1(-8)Fuafas]

[ N o 1=st IR e A _
> sup Jb(SU +tv )+7<Jb(v)av >+ 4 <Jb(11),1} >

5,t>0 L

1 1
- Z(Jé(v),v) + Jo(us) — Z<Jl§(u3)7u3>
> sup Jb(sv++tv_)+é |(—A)%v+|2dm/ (=) 2 ug)?da
5,620 | 4 Jps RS
b e 2 a2 1 2
+ 7 [ 1(=8)207Pde | [(=4)2us["dx | + —[us]]
4 R3 R3 4
1
+ K(x)[if(w)u?, — F(ug)]da
R3
+ - L—0o 2
> sup Jp(sv™ +tv7) + [lus]|
s,t>0
1-46
> my + —— [lus|*,

which implies that ug = 0. Hence, u;, has exactly two nodal domains. The proof is

complete.

4. Ground state solutions of Nehari type

O

In this section, we will use Non—Nehari manifold’s method to seek the ground
state solutions of Nehari type for Eq.(1.1). First, we can prove the following lemmas

and corollaries as in Section 2.

Lemma 4.1. Assume (V), (K) and (Fy) — (Fy) hold. Then

2
(Jp(u),u) + [

o) > Jy(tu) + = Ql@§;ﬁL

foranyue E, t>0.
Corollary 4.1. Assume (V), (K) and (Fy) — (Fy) hold. Then for u € Ny,

Jp(u) > Jp(tu) + (

—0p)(1 —t2)?
——J%%——LMW,VUGE,tEO

Corollary 4.2. Assume (V), (K) and (F1) — (Fy4) hold. Then for u € Ny,

Jp(u) = max Jp(tu).
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Lemma 4.2. Assume (V), (K) and (Fy) — (Fy) hold. If u € E\ {0}, then there
exists a unique pair t, > 0 such that t,u € Ny.

Lemma 4.3. Assume (V), (K) and (Fy) — (Fy) hold. Then

inf J; =cp = inf  max Jp(tu).
ot p(u) = cp ueEl,ui;éO nax b(tu)

Lemma 4.4. Assume (V), (K) and (Fy) — (Fy) hold. Then there exist a constant
cx € (0,¢p] and a sequence {u,} C E satisfying

To(un) = oy (L [[un )] T(un)ll = 0. (4.4)

Proof. It follows from (2.1), (Fy) and (F») that there exist o > 0 and pg > 0
such that
Jy(u) = po, |[lull = do. (4.5)

Choosing v;, € N} such that

1
cp < Jp(vg) < cp + X k eN. (4.6)

Since J,(0) = 0 and Jy(tvy) < 0 for large t > 0, then it follows from Mountain Pass
lemma that there exists a sequence {ug p }nen C E such that

Ty (urn) = ey (14 [luen ) T5(urn) | = 0, Kk €N, (4.7)

where ¢, € [po, sup Jp(tvy)]. In view of Corollary 4.1, we derive
>0

Jy(vg) = Jp(tog), ¥Vt>0,

showing that J,(vg) = sup Jp(tvy). Therefore, it follows from (4.5) and (4.7) that
>0

1
To(urn) = i € [posco + 71, (L+ furalD I Jy ()l = 0, k € N. (4.8)

Now, we can choose a sequence {nj} C N such that

1 1
To(ur) € lposeo + 21 (1 o DI (i)l < 25 k€N (4.9)

Ea
Let up = ug n,, k € N. Then passing to a subsequence if necessary, we obtain
Jo(un) = cx € [po o], (1 [[unlDI1 T3 (un)[| = 0.

The proof is complete. O

Proof of Theorem 1.2. It follows from Lemma 4.4 that there exists a sequence
{un} C E satistying (4.4), showing that

Jp(un) = oy (Ji(un), un) — 0. (4.10)
For large n € N, it follows from (1.6), (1.7), (2.15) and (4.10) that
1-6

e+ 12> Jy(un) — (T (un, un) > [l 1?,
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which implies that {u,} is bounded in E. By a standard argument, we can prove
that there exists a ug € E'\ {0} such that Jj(ug) = 0. This shows that uy € N} is a
nontrivial solution of problem (1.1) and Jy(ug) > ¢p. On the other hand, it follows
from (1.6), (1.7), (2.15), Fatou’s lemma and the weak semicontinuity of the norm
that

e > ¢ = lim [Jy(u,) — i(Jé(un),uTL)]

n—oo

=% {iul + / K@) ) F(un)}dx}

1 o
> 1uminf[/ a\(—A)fun\QdJH—(l—eo)/ V(@)]un|2de]
R3 R3

n—roo

. 1 2
+tim [ K@) = Pl + V@l o
1 o
> Yimint [ [ [(-A)%uo) dx—i—(l—&o)/ ) uo|2de]
4 n—oo R3

+ lim {K(:c) [%f(uo)ug — F(ug)]dz + 64V(z)|u0|2}d1‘

= el + [ K@) 3o — Flun)ldo
= Jy(uo) — %Jé(uo),uw
= Jb(“O)?

which implies that Jp(ug) < ¢, then Jy(ug) = ¢p = ij\r}f Jy > 0.
b

It follows from Theorem 1.1 that there exists a u, € My, such that Jy(up) = my.
Then by (2.1), Lemma 2.1, Corollary 2.2 and Lemma 4.3, we obtain

my = Jp(up) = sup Jb(sub+ +tu, )
0

s5,t>
+ oy, bs?t? & +2 a2
= sup  Jo(suy ) + Jp(tuy, ) + 5 (=A)2u) |*de | [(—=A)2w, |“de
5,620 R3 R3

> sup Jy(su;") + sup Jy(tu, ) > 2¢y.
520 >0

The proof is complete. O

5. The convergence property

In this section, we give the proof of Theorem 1.3.

Proof of Theorem 1.3. In the arguments of Section 2, b = 0 is allowed. Hence,
it follows from the assumptions of Theorem 1.3 that there exists a vg € Mg such
that J}(vo) = 0 and Jy(vg) = mg = ug}& Jo(u), i.e., Eq.(1.6) has the least energy
sign—changing solution, which changes Sigon only once.

Choosing @ € C§°(R?) such that ¢F # 0. It follows from (H;) and (F}) — (F3)
that there exist v4 > 0 and

vz max{( [ |-0)8atPan)’. ([ -0)FerPa)’y
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such that

K(@)F (s )dz > sl — m, / K(@)F(sgy)dz > wltt -y, (5.1)
R3 R3

for any s, t € R. Then for any b € [0,1], it follows from (1.6), (1.13), (5.1) and
Lemma 2.2 that

Jp(up) = mp < max Jb(sgaa' +tpg)
s,t>0

s2 bhs? o 2
=max | =|lof 7+ — [ (I(m2)%2¢f|*dz)” — | K(x)F(spg)ds
s,t>0 2 4 R3 R3
2, bt o g2 _
+=lleg IIP+— [ ([(=2)7¢pPde)” — | K(x)F(teg)dx
2 4 RS RS
bs?t? e L2 a _i9, ]
+ 5 [(=A)2 ¢q |*de (=) 2 ¢y |7da
R3 R3 J
(5% 2 bst % o 12de)? 4 (5.2)
=max | —|l¢g |7+ —- (‘(‘A) 25 | daz) + 271 — Y28 :
5,20 | 2 2 R3
2 bt o _ 2 |
+slleo P+ 5 | (I(=A)2 g [Pde)” —Aat?
2 2 Jps ]
<max [Deil? = S [ (-a)tedPae) +2m + Sl P
< g%ﬂé 2 %o 2 Jas o | AT T+ 5P

t4 a9 2
Y (|(*A) 2¢q | dx)
R3
= Ay € (0, +00).

For any sequence {b,} with b, — 0 as n — oo. For large n € N, it follows from
(1.6), (1.7), (2.15) and (5.2) that

1— 6

1
Ao+ 12 Jp, (up,) = 7, (un,) s, ) = s, 117,
which implies that {u;, } is bounded in E due to 6y € (0,1). Therefore, there exists
a subsequence of {b,}, still denoted by {b,} and u,, — ug in E. By a standard
argument (see [33]), we can prove that ui — uf in E. Note that

Uhtun)oe) = [ (al=)Fun=2) o+ Viopup)ds = [ K(a)f(uo)pde
= nhﬁrr;o [/R3 a((=2) 2wy, (D)2 o + V(z)up, p)da
ULy ICNETT L N ECINERE
- [ K@) o]
R3
= lim (S}, (m,). @), ¥ € G (R?),

which implies that Jj(up) = 0, and so ug € My and Jo(ug) > mg. Next, we show
that Jo(ug) = mg. Let b, € [0,1]. Then it follows from (F3) that there exists a
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number Ny > 0 such that

32 bn84 o
o, (svg +tvg) = g |1 + / (I(=2)FvofPde)* — | K(@)F(svf)da
2 4 R3 R3
t2 —n2 bnt4 a _ 9 2 _
+ 5 llvo I + (I(=8)%vg [*dz)” — | K(2)F(tvy )dx
2 4 R R3

3
bns’t? N o
w8 [ e aytagian [ -5 Pas)
2 R3 R3
2 4

s s o 2
<SI+ 5 [ otk - [ K@Fei
2 2 R3 R3
t2 —2 t4 a 9 2 _
+ ol P+ 5 [ ((=8)%v[Pde)” — | K(2)F(tvg )de
2 2 R3 R3
< O7 Vs+t > No.
(5.3)
In view of Lemma 2.2, there exists (s, t,) such that snvg' +tyvg € My, which,

together with (5.2), implies that 0 < s,,,t, < No. Therefore, it follows from (1.6),
(1.7), (1.11) and (2.1) that

mo = Jo(vo)

b o
= Do) = ([ 1= FuofPao)?
1—st

> i (snt + bavg) + o (f, (v0), ) + T (w0 )

%[ 0By

1+ Ny 1+ N§ -
> o, — =L, (00), 0] = =L, (v0), 7))
bTL «
= ([ (L)% v[*dx)?
4" Jr
1+ N§ 1+ Ng -
=mp, —— |(Jy,, (vo), 05 )| — 1 (3, (v0), vg )|
b a
— ([ H(=2)%v|*dz)?,
4 Jr
showing that
lim sup my,, < mo. (5.4)

n—oo

It follows from (1.4), (1.6) and (5.4) that

mo = Jo(up) = limsup Jp, (up,, ) = limsup my,, < mo,
n— o0 n— o0

which implies that Jy(ug) = mg. The proof is complete. O

6. Proof of Corollary 1.1

Similar to Proposition 2.1 in [1], we have the following Lemma.
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Lemma 6.1. Assume (V,K) € K. If (Hs) or (Hy) holds, then the embedding
X < L% (R3) ds compact for 2 <r < 2%.

Proof. The proof is analogous to Proposition 2.1 in [1], we omit it here. O

Proof of Corollary 1.1. From Lemma 6.1 and the assumptions of Corollary 1.1,
we can easily verify that Jj, satisfies the similar geometry structure as the case where
(V) and (K) hold. Therefore, Corollary 1.1 follows by slightly modification of Sets.
2-5. [l
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