Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 11, Number 4, August 2021, 2070-2089 DOI:10.11948/20200315

A NOVEL WAY CONSTRUCTING
SYMPLECTIC STOCHASTIC PARTITIONED
RUNGE-KUTTA METHODS FOR
STOCHASTIC HAMILTONIAN SYSTEMS*

Xiuyan Lif, Qiang Ma? and Xiaohua Ding?

Abstract In this paper, a novel way of constructing symplectic stochastic
partitioned Runge-Kutta methods for stochastic Hamiltonian systems is pre-
sented. First, a new class of continuous-stage stochastic partitioned Runge-
Kutta methods for partitioned stochastic differential equations are proposed.
The order conditions of the continuous-stage stochastic partitioned Runge-
Kutta methods are derived via the stochastic B-series theory. The sym-
plectic conditions of the continuous-stage stochastic partitioned Runge-Kutta
methods when applied to stochastic Hamiltonian systems are analyzed. Then
we prove applying any quadrature formula to a symplectic continuous-stage
stochastic partitioned Runge-Kutta method will result in a classical symplectic
stochastic partitioned Runge-Kutta method. In this way, various symplectic
stochastic partitioned Runge-Kutta methods can be easily constructed by us-
ing different quadrature formulas. A concrete symplectic continuous-stage
stochastic partitioned Runge-Kutta method of order 1 is constructed and two
retrieved stochastic partitioned Runge-Kutta methods are obtained. Numer-
ical experiments are presented to verify the theoretical results and show the
effectiveness of the derived methods.
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1. Introduction

Stochastic differential equations (SDEs) are widely used to model many dynamical
and social systems [18]. Since most SDEs cannot be solved analytically, the devel-
opment of numerical methods for the approximation of SDEs has become a field of
increasing interest in recent years (see [2,13,14,19,24] and references therein).
Since many systems possess some important geometrical or physical properties,
numerical integrators that can preserve the intrinsic properties of the original sys-
tems have received much attention recently. In this paper we are concerned with the
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stochastic Hamiltonian system determined by two sufficiently smooth real-valued
functions H(p, q) and H(p, q) over the phase space R??, which is represented by the
following SDEs in the Stratonovich sense

dp = ~2F5r dt — PERD 0 dW (1), p(0) = po € RY,

. (1.1)
dg = Pgpdt + 2D 0 dW (), q(0) = g0 € RY,

9H(p,q) 0H(pq) 0H(p,9) 9H(p,q)

where p, q, oy > g 0 —op > g o Po a~nd Qo are d-dimensional column
vectors with components p?, ¢, a%(;;’q), a%(q’;m, 8%(;"1), 8%(;:;"1), pi and g} respec-
tively, ¢ = 1,...,d. W(t) is a standard 1-dimensional Wiener process. Stochastic

Hamiltonian systems are one of the most important classes of dynamical systems.
It is known that the phase flows of (1.1) have the property of preserving symplectic
structure, i.e.,

dp(t) Adq(t) = dpo A dgo, Vit >0, (1.2)

where the differential two-form dp A dq is defined by
dp Adq = dp* Adg* +dp* Adg® + ...+ dp® Adg®. (1.3)
Naturally, a numerical method is called symplectic if the condition
dprn+1 A dgne1 = dpp Adgn, m=0,1,..., (1.4)

holds, where (p,, g,) is the approximation of (p(t), ¢(t)) at t = nh.

Many excellent results on deterministic symplectic numerical methods have been
derived during the last four decades (e.g., [7-9,11,26-30, 34]). Recently, stochastic
symplectic methods have also received some attention. Milstein [20] constructs some
symplectic methods for stochastic Hamiltonian system with multiplicative noise by
using the technique of truncated Brownian motion increments. Misawa [21] de-
rives symplectic integrators from composition methods for stochastic Hamiltonian
systems. Wang [32] proposes symplectic methods by computing an approximate
stochastic generating function. Ma [16,17] studies symplectic stochastic Runge-
Kutta methods and symplectic stochastic partitioned Runge-Kutta methods for
stochastic Hamiltonian systems with multiplicative noise. Wang constructs sym-
plectic Runge-Kutta methods for three types of stochastic Hamiltonian systems
in [33]. Han [12] derives high-order stochastic symplectic partitioned Runge-Kutta
methods for stochastic Hamiltonian systems with additive noise. Continuous-stage
Runge-Kutta methods were firstly presented by Butcher in 1970s [5], and then they
have been considered e.g. in [10,22,31] and more recently also for stochastic differ-
ential equations [35].

In this work, we aim to find a new and efficient way to construct symplectic
stochastic partitioned Runge-Kutta methods for solving (1.1). The rest of the paper
is organized as follows. In Section 2, we present the continuous-stage stochastic
partitioned Runge-Kutta (CSSPRK) methods for general partitioned SDEs with R
partitions and M noises. Based on the stochastic B-series theory, we derive the
order conditions. In Section 3, we apply the CSSPRK methods to the stochastic
Hamiltonian system (1.1) to obtain the symplectic conditions, furthermore, we prove
the classical stochastic partitioned Runge-Kutta (SPRK) methods retrieved from
the CSSPRK methods with any quadrature formula are symplectic provided the
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CSSPRK methods are symplectic. In Section 4, we construct a concrete symplectic
CSSPRK method of order 1 and derive the corresponding classical SPRK methods
by means of some quadrature formulas. Numerical experiments are presented in
Section 5 to report our theoretical results.

2. CSSPRK methods and order conditions

For the partitioned SDEs with R partitions and M noises in the Stratonovich sense

AXOB) = 30 gD (XD @), XO@), ... XW (1))« dWin (1), € [0,7], o)
m=0 .

X™(0) :xér), r=1,...,R,

where the deterministic terms are represented by m = 0 and the stochastic terms
are represented by m = 1,..., M. «dWy(t) = dt and *dW,,(t) = odW,,(t) for
m=1,...,M. W, (t) (m=1,...,M) are 1-dimensional and pairwise independent
Wiener processes defined on a complete filtered probability space (Q, F, P, {F}i>0)
fulfilling the usual conditions. The coefficients gy(:;) (R x . xR — R are suffi-
ciently smooth and satisfy the conditions such that the solution of (2.1) uniquely ex-
ists. Denote the initial values vector by zg = (xél), . ,x((]R)), which is independent
of the o-algebra generated by the underlying Wiener process with E||zg|? < oc.
For an equidistant discretization of the interval [0, 7] with a fixed step size h > 0,

we denote the numerical approximation of X (") at t,, = nh by Y,ST). Now we define
the CSSPRK method for solving (2.1) as following

M
YO =y 4z e v Y N de, v =1, R,
m=0 (2.2)

M
YO =Y 4 gD Y e, r=1,.. R,
m=0

rm) . .
§ ) is a function of

e € [0,1], the random variables are included in the coefficients Zs(i;m) and zE,T(’,m).
Before discussing order conditions of the proposed CSSPRK method (2.2), we

first recall some theories about stochastic B-series and rooted trees. The B-series

theory for ordinary differential equations was introduced in [4], and B-series for

stochastic case were developed in [1-3,6,15,25].

where Zs(f&m) is a function of two variables £,0 € [0,1], z

Definition 2.1 ( [1]). The set of shaped, rooted trees
T=T1UT,U---UTg

where
T, ={0}UT.oUT.1U---UT. p

for r =1,..., R is recursively defined by

(I) @, belongs to T, representing one vertex of shape r and color m;

(ID) If 7,...,7 € T\{Do,...,0r}, then [r1,...,7x]rm € Ty m denotes the tree by
grafting the roots of 7,..., 7, to a new vertex of shape r and color m.
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Definition 2.2 ( [1]). For a tree 7 € T, the elementary differential is a mapping
F(7) : R4 x ... x R4® — R defined recursively by

(1) F0)(wo) = 27, 0r €T,

(IN) F(.m) (0) = 12 (o),

(III) If 7 = [, ..., Tlrym € Tr,m, then

F(7)(20) = (Dyy...r, 93 ) (@0) (F (1) (o), - . ., F(7ic) (20)),

where 7 is the shape of 74, k=1,...,k, and D, ,_
tive operator of order k.

Lemma 2.1 ( [1]). If Y")(h) is a B-series B")(p,x0;h) as
YO (n) = B (p,20:h) = Y al7) - o(r)(h) - F(7) (o),
7T,

forr=1,..., R, where a(7) is defined by

= m is the deriva-

1 K
ally) =1, a(e,m) =1, a([r1,- - Tulrm) = W kl;[loz(ﬁc)7

here 1, pia, . .. count equal trees among T1,...,Tx. Then g,(:;)(Y(l)(h), L Y (R))
can be represented as a formal series of the form

g (YO h),...YP(R) = Y alr)- ¢ (1) (h) - F(r)(x0),
T€ET m

forr=1,...,R, m=0,..., M, where

17 Zf T = .’I“,m7

@)= ] &
#ran(T)(R) kl;[lgp(Tk)(h), if 7=, Tlrm € Trm.

Lemma 2.2 ( [1]). The exact solution X")(to + h) of (2.1) can be written as a
B-series B") (¢, z0; h)

XO(tg +h) = BD(¢,m0:h) = > a(r) - ¢(r)(h) - F(7)(x0),
€T,
with
¢(®T)(h) =1, (b(.r,m)(h) = Wm(h)v
O[T, s Tlrm) () = [y T 6(7)(s) = AW (s),

forall 7, ..., Telrm € Trm, r=1,...,R, m=0,...,M.
Now we put forward to the first main result of our work.

Theorem 2.1. The continuous-stage values YE(T) and the numerical solution Yl(r)

can be written in the form of B-series

Y = BO (W, ; h) = é a(r) - U (7)(h) - F(7)(x0),
Yl(r) _ B(T)(‘I),xo; h) = g%a(T) - ®(1)(h) - F(1)(x0),
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forr=1,..., R, with

. (0,)(h) =1, \Ifs(-r,m)(h) 3 25 do,
Ve[, Tl () = [ 285 1]1 W, (7,) (h)do,
and
O(0,)(h) =1, ®(em)(h) = [} 2" de,
O([r1, s Talrm) (B) = [y 247 kf[l U, () (h)de,
forall [m1, ..., Tlrm € Trms r=1,...,R, m=0,..., M.

Proof. The proof follows the way proving Theorem 2.2 in [1]. Write V") as
B-series
Y =" a(r) - Uo(r)(h) - F(r)(z0), r=1,...,R. (2.5)

T€T,

From Lemma 2.1 and the first equality of (2.2) we get

VIO = a4 S RS ) W, (r) () - Fr)wo)do

m];o TETLm (2.6)
o4 N B alr) [y 2 (7)o - P ao)

where

Lifr = ®r.m,

o rm(T)(R) = kﬁl U, (1) (h), if 7=[m,.. . Tslrm € Trm- 2.7)

Comparing (2.5) with (2.6) term by term, we obtain (2.3).
Similarly, suppose

v = > al(r) ®(r)(h) - F(r)(z0), r=1,...,R. (2.8)

7T,

By the second equality of (2.2), Lemma 2.1 and (2.5) we have

Y\ =al” + z Sy 2™ alr) WL, (1) () - F(7)(0)de
T€Trm (2.9)
— ) 4 Eo 2 aln) Jy () e - F(7) o),

where

1, if 7= ®rm;
v omh 2.10
&7, ( )( ) H \Ijs(Tk)(h)7 if 7= [Tla"'aTﬁ]Tvm € Tr,m7 ( )
k=1

thus (2.4) follows from comparing (2.8) with (2.9) term by term. O



A novel way constructing symplectic methods 2075

Definition 2.3. [1,3] The order of a tree 7 € T is defined by

1, for m =0,

1

5, otherwise.

p(0;) =0, p(1 =[r1,... >Tﬁ]r,m) = ZP(Tk) +
k=1

By comparing the derived B-series of the exact solution and the numerical so-
lution, now we can obtain the order conditions of the proposed CSSPRK method.

Theorem 2.2. The CSSPRK method (2.2) has mean square convergence order P
if
O(7)(h) = ¢(7)(h), V7 € T with p(r) < P,
E®(7)(h) = E¢(7)(h), V7 € T with p(t) = P + %

(2.11)

The result (2.11) follows from Lemma 2.2 and Theorem 2.1, see [3] for details.

3. Symplectic CSSPRK methods

3.1. Symplectic conditions

The stochastic Hamiltonian system (1.1) is of the form (2.1) with R =2, M = 1.
In this section, we will apply the CSSPRK method (2.2) to (1.1) to study the

symplectic conditions. For convenience, we denote fi(p,q) = OH( p 9D, (p,q) =

BH(p q), g1(p,q) = aHa(pq and g2(p,q) = aﬂé}’;m with the componentb filp,q) =
aH(p oH®.a)  fi(p ¢) = 8H(p oH®.a) i(p ¢) = Bfg(q;q) and gi(p,q) = %ﬁ;q), respectively,

i= 1 ,d. For a glven step size h > 0, with the initial values (Py, Qo) = (po, o),
we apply the CSSPRK method (2 2) with Zg(lgo) = hA: ., Zg(}gl) = AW (h)B: .0,
73D = hA. ., 735D = AW(h)B..,, 2 = hew, 28D = AW (R)D., 22V = hC.
and 2%V = = AW (h)D, to (1.1) to derive the following iterative scheme

pe = Pp — h/o1 Ac o f1(Po, g0 )do — AW (h) /01 B: +91(po, 45)do, (3.1a)
g = Qn + h/ol Az o f2(Po, G0 )do + AW (h) /01 B 092(Po 40 )do, (3.1b)
Poy1 =P, — h/ol Ce f1(pe, gc)de — AW (h) /01 D.g1(pe, qc)de, (3.1c)
Qni1=Qn+h /01 C- f2(pe, qc)de + AW (h) /01 Dega(p<, g- ) de, (3.1d)

where AW (h) = W (tn4+1)— W (t,,) are independent Gaussian random variables with
N(0, h) distribution. Now we propose the symplectic conditions results.

Theorem 3.1. The scheme (3.1) preserves the symplectic structure of (1.1), i.e.,



2076 X. Li, Q. Ma & X. Ding

dPp11 NdQpi1 = dP, N dQy,, if the coefficients satisfy the following conditions

CAcy + Coloe = CCy,

D.A.,+ CyB,. = D.Cy,

C.B. o+ DyAye = C.Dy, (3.2)
D.B.,+ D,B,.= D.D,,

C.=C., D.=D..

Proof. For simplifying notations, we denote f1(pe,q:) = fi.e, f1(Do,¢0) = fi,0

f2(Pe,6e) = fores f2(Po,d0) = foio0 91(Pe,Ge) = 91,5 91(Po,d0) = 91,05 92(Pe,Ge) =
92.¢, 92(Pos ¢o) = 92,0 Differentiating on both sides of (3.1c) and (3.1d) with respect

to P, and @, yields

APyi1 = dP, — h [y Cedfy cde — AW(R) [ Dodgi ode,

: i (3.3)
AQni1 = dQy + h [y Cedfsode + AW (R) [ Dodgs -de,

where
6flg afle 3915 8916
d e = 7dPn 7dnad e = ,dpn ~d ns
n, T @ tne = op, 1 00, 10
d .= 2, dPn 2,£d N d .= 92,¢ dPn gQ,ad .
Foe =g, 1 g, 1O done = P 50, 10

Then according to the properties of wedge product [23], by a straightforward com-
putation, we obtain

1
dPpi1 AdQpir =dPy AdQ, + h / C.dP, N dfy .de
0
1 1
+ AW(h) / D.dP, A dgy .ds — h / C.dfy - N dQ,de
0 0
1 1 N
—h? / / C.Cdfi . A dfs gdode
0 0
1,01
— AW (h)h / / C.Dydf) < A dgs, ,dode (3.4)
0 0
1
— AW (h) / D.dgi . A dQ,de
0
1 1 B
- AW(h)h/ / D.Cdgy e A dfy odode
0 0

11
— AW?(h) / / D.D,dg; . A dgs sdode.
o Jo
Differentiating on both sides of (3.1a) and (3.1b) with respect to P,, and @,, yields

dp. = dP, — h [ Ac odf1 sdo — AW (R) [ B. odgi »do,
dge = dQu + h [ Acodfs,odo + AW (R) [ Be,odgn qdo,
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then there are

dPn A df2,€ = dpa A df2,€ +h fol AE,del,a A df2,5da
FAW(R) [l Beodgi o A dfs cdo,
APy N dgse = dpe Ndgae +h [y A pdfi 5 A dgsdo
FAW(R) [y Bevdgi,o A dgs odo,
dfl,e A dQn = dfl,a Adg: —h fol Ae,odfl,e A df2,od0
—~AW(h) [y Beodfi A dga odo,
dg1 . NdQy = dgc Ndge —h [} Az odgy . N dfapdo
—~AW(h) [y Bepdgyc A dgs ,do.
Inserting (3.5) into (3.4), we get
dPyy1 N dQpya
1 11
=dP, ANdQ,, + h / C.dp. A dfa .de + h? / C. / Ac odf1 o A dfacdode
0 0 0
1 _ 1 1 N
+ AW (h)h / C. / B. odg1.o A dfs cdods + AW (h) / D.dp. A dgo .de
0 0 0
1
+ AW (h)h / D. / A odf1 o A dgs cdode
0 0
1 ~ 1
+ AWQ(h)/ DE/ B. »dg1,6 N dga cdode
0 0
1 1 1 _
—h / C.dfy . A dg.de + h? / C. / Ac odfy c N dfa pdode (3.6)
0 0 0
1 1 1ol
+ AW (h)h / C. / B. odfy « A dga odode — h? / / C.Codfy e N dfy odode
0 0 0 0
1 1 N 1
— AW (h)h / / C-Dydfy - A dgs odods — AW (h) / D.dgi - A dg.de
0 0 0
1 1 B
+ AW (h)h / D. / AL odgy . A dfs pdods
0 0
1 1
+ AWZ(h)/ DE/ B. »dg1 e N dga sdode
0 0
1 1 _
— AW (h)h / / D.Codgy c A dfs pdode
0 0

11
— AW?(h) / / D.D,dg; ¢ A dgs ydode.
o Jo
Substituting the conditions C. = C., D, = D, in (3.2) into (3.6), we deduce that
dPn+1 A dQn+1

1
—dPy A dQu + h / Cu(dpe A dfoe — df 2 A dg2)de
0



2078 X. Li, Q. Ma & X. Ding

+ AW (h / D.(dp- N dga.c —dgi e Ndg.)de
+ h2/ / CAcy+ Corlye — C.Co)dfy o A dfy pdode (3.7)
+ AW (h)h / (Deﬁw +C,B,. — D.C,)dgy . N dfz ,dods

0 0

1 1 _ ~ B
+ AW (h)h / / (C.B.y + DyAy . — C.Dy)dfy o Adga gdodes

1 1 B B B
+ AW?2(h) / / (D:B: s + DyBy. — D.Dy)dgy c A dga ndode,

where we have used the equality

1 1 1 1
/ C. / Ac odfy 5 N dfa dode = / / Co Ay odfy o A dfs o dode,
0 0 0 0

and other similar equalities in the derivation of (3.7).
By (1.3) we have

dps/\deE_dfls/\dQE

Z dpe /\df2€_df1€/\dq€)
k_

d ofk ofk
=) [dpf A <Z 82fdf Zaigdw

k=1

afls 1 8fls j k
() —Fdpl+ =dgl) A dg] (3.8)
; Ope ; g

d k d k k

f3 . - f3 . COfTe

=Y —ZEapb adpl+ Y (S 2Edpk Adgl — —=Edpl A dgl)
k7]‘_1 De k,j=1 gz 6]75

_ Z flJE dqg A dqE

ofk.  ofi. i ofF. off.
= 2]1 82 Ydpk Adpl + Y (= L

. )dp® A dg?
Opz p k=1 5qg ape )

8flk,5 fls 7
_Z( o " g Ydg? A dgP.

It follows from the sufficiently smooth property of H(p,q) that

Off. Ofl. 0 (0H(peq:)\ 0 (OH(pe,q.)
gl opk 6g£ opk opk I’
2
_ 0 H(paQa) - 0 H(pEaQa) -0, k‘, j= 1,...,d.
dqlopk Opkog?
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Similarly, we can easily check

ok b J o fk ) J
foe f2;j=0, fle fl;j:o, k,j=1,....d. (3.10)
8p§ aps 31]5 aqe

Inserting (3.9) and (3.10) into (3.8), we obtain

dpe Ndfa e — df1 e Ndge =0, (3.11)
then in the same way, we can deduce that

dpe Ndgz,c — dg1,- N dge = 0. (3.12)

Finally, substituting (3.11), (3.12) and the first four conditions in (3.2) into (3.7),
we derive

APy NdQui1 = APy A dQ,,
which completes the proof. O

3.2. SPRK methods retrieved from CSSPRK methods

So far, we have constructed the CSSPRK methods, studied the order conditions,
and analyzed the symplectic conditions of the CSSPRK methods when applied to
the stochastic Hamiltonian system (1.1). Notice there are integrals in the proposed
CSSPRK methods, hence the use of numerical quadrature formulas is necessary in
practical implementation.

Applying a quadrature formula denoted by (b;,¢;)i_; to (3.1), we get a classical
SPRK method of s-stage for solving (1.1) by

Mv

pi = Pn —h Z bjACi,ijl(pj7qj) - AW( )

Jj=

=Qnth Z bjAc,c; f2(pss 4) + AW (R) |
Jj=

DPnt1 = Pn —h Z biCe, f1(pi,qi) — AW (h )

qn+1 = Qn+h Z bi C f2(pqu) + AW<h)

bBc7cg1(Pg,q]) 7]_,“"5’

<.
Il
_

an

b'BCi,ng2(pj?Qj)7 Z = 1) ceey S,
1

b Dclgl (pza Qz)

b; Ecig2(pi7 qi)7

i [
i Mw
— I

Mm

=1 =1
(3.13)
where Aci,cj- = AE,U|E:C7;,O':CJ'7 Bci,cj‘ = BE,O’lE:Ci,O':Cja Acqy,cj AE O’lE cl,a cjs
Bci,(:j = Be,a|s:ci,a:cja C(y = CE|62(17‘,7 Dci = De‘s:cm 007 C |e cis (‘l =

(3.13) is a classical SPRK method applied to (1.1), which can be denoted by the
following Butcher tableau

(bjAci,Cj)sxs (bchi,(:j)sxs (bjAci,cj)sXs (bjBCi,,Cj)SXS ’ (314)

u v u v

where u = (01Cc,,...,0:Cc,), v = (b1De¢y, ..., bsDe,), @ = (01Cc,, ..., 0,C,), U =
(01Deyy- .-, bsD )
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Lemma 3.1 ( [16]). For a SPRK method denoted by the Butcher tableau

(@)exe O)ons @)uns Bi)ee (315)

@ 8 a B

where o = (alu”was)y 5 = (ﬁlv"'aﬁs); o = (d17"’7d8)7 B = (Blu"'7ﬁ~s)7
when applied to the stochastic Hamiltonian system (1.1), (3.15) is symplectic if the
coefficients satisfy

QG5 + ajag; = a;a, 4, J=1,...,5,

Bitij + &jbj; = Biay, 4, j=1,...,s,

by + Biaz = iy, 0, j=1,....s, (3.16)
5151‘3‘ +ijji = 51‘5]', i, j=1,...,s,

a; = ay, ﬁi:Bi, i=1,...,8

Next we will show the symplectic conditions of (3.13).

Theorem 3.2. If the coefficients of the CSSPRK method (5.1) satisfy the sym-
plectic conditions (3.2), then the SPRK method (3.13) retrieved from (3.1) and the
quadrature formula (b;, c;)i_q is symplectic for solving the stochastic Hamiltonian
system (1.1).

Proof. Let e =c¢;, 0 =c; in (3.2), then we have

3

CeiAcic; + CoAcy s = C,Co,

Dciflci’cj—&-C’Jchl D, é

Ce,Be,c; + De,Ac, e, = Ce, D (3.17)
1%&W+D4%M:mpw

Cq - Cciv DC,; = Dci~

Q

Multiplying b;b; on both sides of the first four equalities in (3.17) and multiplying
b; on both sides of the last two equalities in (3.17) yield

(0:Ce) (bjAc, ;) + (b;Ce) ) (biAc, c,) = (:Ce,) (b;Ce,), i G=1,...,5,

(biDe,) (bjAc, c;) + (0;Ce;)(biBe, ;) = (b:iDe,) (b;Ce,), iy G =1,...,5,
(biCe,) (b Be, e;) + (b;De; ) (biAc, ) = (0:iCe,)(b;Dey), i, j=1,...,5,  (3.18)
(biDe,)(b;Be,.c;) + (b;De, ) (biBe, o) = (b:iDe,)(biDe,), i, j=1,...,5,

b;Ce, = b;C,, b;D,, =b;D,,, i=1,...,s,

which are exactly the symplectic conditions of the SPRK method (3.13) according
to Lemma 3.1. The proof is completed. O
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Theorem 3.2 reveals the SPRK methods retrieved from the CSSPRK methods
will always be symplectic if the CSSPRK methods are symplectic, no matter what
quadrature formulas are chosen. It implies that we can construct various symplectic
SPRK methods by choosing different quadrature formulas based on one CSSPRK
method, which is a new and cheap way to derive symplectic SPRK methods.

4. Construction of a symplectic CSSPRK method
and two symplectic SPRK methods

In this section, we will construct a concrete symplectic CSSPRK method (3.1) for
solving (1.1) according to the symplectic conditions derived in Section 3, then get
the corresponding SPRK methods by using some quadrature formulas. Since the
convergence order 1.5 for Runge-Kutta types schemes can not be surpassed if just
the increment AW (h) of the Wiener process is used [2], in view of the form of (3.1),
here we only focus on constructing a symplectic CSSPRK method of order 1.

By Theorem 2.2, (3.1) has order 1 if the two conditions

O(7)(h) = ¢(7)(h), V7 € T with p(7) <1,
E®(1)(h) = E¢(T)(h), Y7 € T with p(7) = 1.5,

(4.1)

hold. Notice the second condition in (4.1) is always true, since 7 with p(7) = 1.5
must have an odd number of stochastic nodes so that the expectations will be 0. We
list all the trees with p(7) < 1in Table 1, where we use o, ¢ to denote a deterministic
node in partition r, and e, ; to denote a stochastic node in partition » for r =1, 2.
According to the first condition in (4.1), we get the following equations

1 1
/ D.de = 1,/ D.de =1,
0 0
1 1
/ C.de = 1,/ C.de =1,
0 0
1 1
/ DE(/ B, ;do)de =
0 0
1 1
/ DE(/ Be sdo)de =
0 0

N~ N~ N~ N
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Table 1. Trees with order p(7) < 1 and corresponding functions

No. T p(7) o(T) (1)

1 1,1 05 AW(h) AW (R) [ D.de

2 2,1 05 AW(h) AW (h) [, Dede

3 1,0 1 h h [y Cede

4 20 1 h h fy Cede

5 I%} 1 AWTQ(}L) AW2(h) [} D. [} B. ,dode
6 I%i 1 AWTQW AW?2(h) [} D. [} B. ,dode
7 IH 1 AWTQW AW?2(h) [} D. [} B. ,dode
8 Igi 1 AWTQ(}L) AW2(h) [} D. [} B. ,dode

The symplectic conditions for (3.1) are derived in Theorem 3.1 as

CeAep + CrAy. = C.Cy,

D.A. s+ CyBy. = D.C,,

C.B. s + DyAo. = C:D,, (4.3)
D.B. o+ DyBy. = D.D,,

C.=C., D.=D..

Now we solve the equations (4.2)-(4.3). For simplifying conditions, we set

D.=D.=1, C. =C- = 2,

then the equations (4.2)-(4.3) reduce to

1 1 1
/ / B, sdode = -,
o Jo 2

25/1570 + 204, = 4eo,
flsﬁg + 2085 = 20,
25B5’U + Ay =2,

B s+ By = 1.

By solving (4.5), we get a solution

Ao, =4c0? B., =20, A. 5 =20(1 —2¢0), B.y =1— 2¢0.

(4.4)

(4.5)
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Notice there are many solutions satisfying (4.2)-(4.3), while here we just take the
solution (4.4) with (4.6) as an example. Inserting (4.4) and (4.6) into (3.1), we
obtain a symplectic CSSPRK method with order 1 for solving (1.1) as following
pe =P, —h fol dea’ f1(po, o )do — AW (h) fol 2e091(po, qo )do,
G = Qn +h [} 20(1 — 260) fo(po, 4s)do + AW (R) [} (1 — 260)g2(po, 4o )do,
Poy1=P, — hf()l 2¢ f1(pe, g-)de — AW (h fol 91(pe, =) de,
Qui1 = Qu +h [y 26 fo(pe, q-)de + AW (R) [} ga(pe, g2 )de.

(4.7)

By applying different quadrature formulas to (4.7), we will derive different sym-
plectic SPRK methods. Next we demonstrate the order results of the retrieved
SPRK methods.

Theorem 4.1. Assume the coefficients of the CSSPRK method (3.1) satisfy (4.4)
and (4.6), then the SPRK method (3.13) retrieved from (3.1) with the quadrature
formula (b;,c;)i_; has convergence order 1 as long as the quadrature formula has
order p > 2.

Proof. Since D, = D, = 1 are constants, C. = C. = 2¢ are polynomials of degree
1, B; s = 2e0 and BEVJ = 1 — 2e0 are bivariate polynomials of degree 1 in € and
degree 1 in o in (4.4) and (4.6), applying the quadrature formula (b;, ¢;)5_, of order
P > 2 to the integrals in (4.2) yields

biD., = [y Dede =1, Y. b;D,, = [5 Dede = 1,

N
Il
-

-

T

Ce, = fol Cede=1, biéci = C.de =

i
<
i
I\

(b:De,) (b Bei ;) = Jy De([fy Beodo)de =

- 1L
e £

s
Il
—
<
Il
-

‘ (biDCi)(bﬂ'BCiﬁj) = fol Ds(fol Be sdo)de = (4.8)

e T
M

N
Il
-

<
Il
—

)(6Beie,) = Jo De(fyy Beodo)de =

M
.an .
:_@

s
I
-
<
I
—

<8

™

|
N — N~ N~ N

- - 1 = 1 =~
(biDCi)(bjBCi,Cj) = fo DE(IO B. Uda)

M
e

&
Il
—
<~
Il
_

which are the conditions of convergence order 1 for (3.13) according to [16]. The
proof is completed. O
Now we construct two SPRK methods by applying two different quadrature

formulas of order p > 2 to (4.7) respectively. First, we use Gauss quadrature
formula (b;,c;)?_; with (b1,b2) = (3, %) and (c1,¢2) = (5 — \6[, i+ ?) to get a
2-stage SPRK method denoted by the following Butcher tableau

15 1,V |\ 1_ 5 1 V3 1,3 1,443 1
2 18 6 3 6 6 9 3 9 6 6 3
L_y3 1,543 1 LoV |1 _v3 V3 1 1_ V3
6 18 2 6 3 6 3 9 9 3 6 6
L8 1,43 1 1 1_¥3 14 V3 1 1
2 6 2 2 2 2 6 2 6 2 2
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Second, we choose a quadrature formula (b;, ¢;)?_; with (b1, b, b3) = (3,2, %) and
(c1,¢2,¢3) = (0,3,1) to get the following 3-stage SPRK method denoted by the
Butcher tableau

00 0/0 0 0|0 2 % |& 2 ¢
0o 1 11y 1 1o 1 0 1 1 0
s 200 2 tlo o i1 o 1 (1.10)
03 3/0 35 5/0 0 —5]5 0 —§
2 1 1 2 1 2 1 1 2 1
0 5 5]/ 35 5|9 35 3|6 35 &

Due to Theorem 3.2 and Theorem 4.1, the SPRK methods (4.9) and (4.10) are
symplectic and have convergence order 1 for solving (1.1), which will be verified in
the next section.

5. Numerical examples

In this section, the symplectic SPRK methods (4.9) and (4.10) retrieved from the
symplectic CSSPRK method (4.7) will be applied to solving three stochastic Hamil-
tonian systems to verify the convergence order results and show the superiority of
symplectic SPRK methods. For convenience, we denote the 2-stage symplectic
SPRK method (4.9) by SPRK-2 and the 3-stage symplectic SPRK method (4.10)
by SPRK-3.

Example 5.1. Consider the Kubo stochastic oscillator
dp(t) = —aq(t)dt — ba(t) o AW (1), ¢ € 0,T],
dq(t) = ap(t)dt + bp(t) o dW (¢), t € [0,T].

(5.1)

a(p®* +¢*) -

(5.1) is a stochastic Hamiltonian system (1.1) with H(p, q) = ) , H(p,q) =

bP* +¢%) . :
—————=. This example is often used to demonstrate the convergence order of a
numerical method. Compared to those equations whose exact solutions cannot be

expressed explicitly, (5.1) has the following explicit exact solution

p(t) = po cos(at + bW (t)) — go sin(at + bW (t)),
q(t) = posin(at + bW (t)) + go cos(at + bW (1)),

where pg = p(0), go = ¢(0) are initial values, so that the derived convergence order
results are more convincing.

We employ SPRK-2 and SPRK-3 to solve (5.1). Choose the initial values
po = 0.5, go = 0 and the coefficients a = 1, b = 0.5. Figure 1 demonstrates
the convergence rates of SPRK-2 and SPRK-3 for solving (5.1), where we use 1000
independent sample paths, and for each path, SPRK-2 and SPRK-3 are imple-
mented with five different step sizes: h = 275, 276, 277 278 279 respectively.
We calculate the sample errors at the terminal 7' = 1 by

1000

(2 VI w) = px(@)P + Ja(Le) — ax@)P?) /1000,
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and show the results in a log-log plot in Figure 1. By comparing with the reference
line with slope 1, we see SPRK-2 and SPRK-3 are of convergence order 1, which
coincides with Theorem 4.1.

——SPRK—2
- - Reference Slope=1

—— SPRK—3
- - Reference Slope=1

‘sample average of [|(X(T),Y(T))-(X N.‘lN )i

Figure 1. The convergence rates of SPRK-2 and SPRK-3 for solving (5.1). Left: SPRK-2; Right:
SPRK-3.

For illustrating the superiority of symplectic SPRK methods, in the next two
examples, we introduce a common non-symplectic SPRK method (denoted by NS-
SPRK for short) as

‘0 1 05 0.5

, (5.2)
‘ 1 1 1 1
and make a comparison.
Example 5.2. The stochastic Kepler problem
Consider the stochastic Kepler problem
T
P (@ +a3)*
D q2
) 42
d = | (F+ad)> | (dt+BodWy), 65
n Y41 .
q2 Do
p1(0) = p1o, p2(0) = p20, q1(0) = q10, ¢2(0) = g0,

where 3 denotes the noise intensity. The system (5.3) possesses a quadratic invariant
I(p1,p2,q1,G2) = q1p2 — q2p1 representing the angular momentum.

1+e
1—e’

e = 0.3, and the noise intensity § = 0.1. Figure 2 reports the numerical solutions
with respect to (g1, ¢2) of a sample phase trajectory of (5.3) simulated by SPRK-2,
SPRK-3 and NS-SPRK on the interval [0,200] with step size h = 0.1, respectively,
from which we find the numerical solution of NS-SPRK spirals outward while the
numerical solutions of SPRK-2 and SPRK-3 could better simulate the behaviour

We choose the initial values p1g = 0, pgg = qi0 = 1—e, g0 = 0 with
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of the exact solution. Figure 3 exhibits the errors |I(pn, ¢n) — I(po,qo)| of SPRK-
2, SPRK-3 and NS-SPRK on the interval [0,200] with step size h = 0.1. It is
shown the symplectic SPRK methods SPRK-2 and SPRK-3 can preserve this kind
of quadratic invariants very well while NS-SPRK cannot.

0 3 5 E] S
Yin Y

Figure 2. Numerical solutions with respect to (q1, g2) of (5.3) computed by the three numerical methods
with h = 0.1. Left: SPRK-2; Middle: SPRK-3; Right: NS-SPRK.

04 /
o /
o

TR F I I T I VR R )
t

w0 o w o ow ow w W wm w
i

Figure 3. Errors in the angular momentum computed by the three numerical methods for the system
(5.3) with h = 0.1. Left: SPRK-2; Middle: SPRK-3; Right: NS-SPRK.

Example 5.3. We consider the mathematical pendulum problem [11] with the
additive noise, which is given by

dp(t) = —sing(t)dt + o o dW (t), p(0) = po,
dq(t) = p(t)dt, q(0) = qo-

(5.4)

It is easy to check that (5.4) is a stochastic Hamiltonian system (1.1) with
H(p,q) = 4p? — cosq, H(p,q) = —oq. The Hamiltonian H(p,q) = 2p? — cosq has
a linear growth moment, that is,

E(H(p(1), (1)) = E(H(po, 1)) + 50°, (5.5)
where (p(%), q(t)) is the exact solution of (5.4).

We apply SPRK-2, SPRK-3 and NS-SPRK to (5.4) to test the abilities of the
three numerical methods in keeping the property (5.5). Choose the step size h = 0.1,
the initial values py = 1, g9 = 0 and the coefficient 0 = 0.1. Figure 4 reports the
moments computed by SPRK-2, SPRK-3 and NS-SPRK on the interval [0, 100],
where we choose 1000 independent sample paths to simulate E(H (py,, ¢, )). It turns
out that SPRK-2 and SPRK-3 show good behaviour in keeping the linear growth
of the moment while NS-SPRK doesn’t keep the property.
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sssssssssss

Figure 4. Moments computed by the three numerical methods for the system (5.4) with h = 0.1. Left:
SPRK-2; Middle: SPRK-3; Right: NS-SPRK.

The three examples above report that symplectic SPRK methods can preserve
some qualities of the original stochastic Hamiltonian systems while common non-
symplectic methods cannot, so symplectic SPRK methods could better simulate
the original stochastic Hamiltonian systems, which also shows the importance of
constructing symplectic SPRK methods.

6. Conclusions

In this paper, we present a novel way of constructing symplectic SPRK methods for
stochastic Hamiltonian systems. First, we propose CSSPRK methods for general
partitioned SDEs. Based on the stochastic B-series theory, we derive the order con-
ditions. Then we apply the CSSPRK methods to stochastic Hamiltonian systems to
obtain the symplectic conditions. Moreover, we prove the classical SPRK methods
retrieved from the symplectic CSSPRK methods with any quadrature formula are
still symplectic, which means various symplectic SPRK methods could be easily
constructed by use of different quadrature formulas. As an example, a concrete
symplectic CSSPRK method with order 1 and two retrieved classical SPRK meth-
ods are obtained. Finally, numerical experiments are given to verify the theoretical
results.
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