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SOLITON SOLUTIONS FOR ANTI-CUBIC
NONLINEARITY USING THREE
ANALYTICAL APPROACHES
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Abstract In this article, three constructive techniques namely, Exp,-function
method, the modified Kudryashov method and the generalized tanh-method
are adopted to analyze the nonlinear Schrodinger equation having anti-cubic
nonlinearity. Nonlinear Schrédinger equation is a comprehensive model that
governs wave behavior in optical fiber. Cubic-quintic nonlinear Schrédinger
equation, additionally having anti-cubic nonlinear term is investigated to con-
struct bright, dark, kink and singular soliton solutions. The graphical repre-
sentations of the soliton propagation are also demonstrated by the solutions
obtained using these three techniques.
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1. Introduction

The importance of nonlinear partial differential equations (NLPDESs) is acceptable
due to their immense use in almost all branches of science like physics, chemistry,
biology, mechanics, fiber optics, electronics and atmospheric science. Many physical
phenomena are described by the models, based upon these NLPDEs. So obtaining
various exact and accurate solutions of these NLPDESs is a fascinating subject in
mathematical research. During last few years, many important developments [1—4,
7,21,22,24,25,27,30,32-39,41-48,51,53] were made for searching the exact solutions
for NLPDEs.

Nonlinear Schrédinger equation (NLSE) is a special class of NLPDEs. The
NLSEs are applicable in different fields of biological, physical and engineering sci-
ences. NLSE is often used in various processes of plasma physics, nuclear physics,
fiber optics and fluid dynamics. The importance of NLSE is evident from the fact
that it describes the modeling of many important phenomena, such as wave dynam-
ics in optical fibers, modeling of structure of DNA and wave pattern producing in
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semiconductor material [14]. NLSE with different forms of nonlinearities has im-
mense applications in modeling of many physical phenomena of theoretical physics.
Such applications are noticed in water waves, nonlinear optics, Bose-Einstein con-
densates and nonlinear quantum field theory.

Soliton is a useful feature discussed with analysis of NLSE. Optical soliton is
very eminent area of research in field of nonlinear models during past two decades.
Optical solitons are used in communication systems through optical fibers. Optical
solitons were first studied by Zakharov and Shabat [52] in 1971. These solitons
provides very accurate signal transmission over extremely long distances. This
provides scope for innovation and development in future communication technology.

In last two decades, various methods were adopted to solve NLSEs with different
forms of nonlinearity, such as the trial solution approach [17], the ansatz approach
[40], the semi-inverse variational principle [11,12], the tan(y/2)-expansion method
[29], the extended (G'/G)-expansion scheme [16], the NLSE- based constructive
method [13], elliptic function method [8], the extended trial equation method [15],
simplest equation approach [18] and the first integral method [19].

Nonlinear Schrédinger equation with anti-cubic nonlinear term was firrst ob-
served by Fedele et al. [20] during 2003. Afterward, the models with anti-cubic
nonlinearity were worked out by many researchers [6,9,10,12,15,28,49]. As Exp,-
function method [5], generalized tanh-method [26,50] and modified-Kudryashov
method [23,31] r are also very useful and efficient methods to acquire traveling
wave solutions of many NLPDEs. So these reliable approaches are applied to ac-
quire soliton solutions of NLSE having anti-cubic nonlinearity. We extract optical
soliton solutions and interpret them graphically.

2. The Governing Model

The Nonlinear Schrodinger equation (NLSE) having anti-cubic nonlinearity of form
1t + 01a + (Balg| ™ + d3lq® + dalg|*) ¢ = 0. (2.1)

Here, q(x,t) is the function that describes wave profile, x and t are spatial and
temporal coordinates respectively. The first term on left side is the temporal evo-
lution of the pulse while 4, is coefficient of group velocity dispersion (GVD). The
coefficients do, 03 and 4 introduce anti-cubic, cubic and quintic nonlinearities re-
spectively. If 6o=0, then Eq. (2.1) reduces to cubic-quintic NLSE.

3. Algorithm of applied methods

In this section, we briefly explain the constructive steps of Exp,-function method,
modified Kudryashov method and generalized tanh-method.
Let PDE as follows

G(u, Uz, Uy, Uz, Ug, Ugt, Uyt Ugg, -+ ) = 0, (3.1)

where G is a polynomial involving u and its various partial derivatives, including
the highest order derivative term and all nonlinear terms.
Step 1 (Conversion of PDE into ODE)
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We use the wave transformation as
q(z,t) = u(€).e’=r2 D where € = a(x — ct), (3.2)
into Eq. (3.1), to convert that into ordinary differential equation as
H(u, v, u” v, ) =0. (3.3)

Here, u is a function of £ and v’ = du/d¢ ; and ¢ is the wave-speed.
Note: First step, conversion of PDE into ODE, is common in all three methods,
so we will start description of each method from step 2.

3.1. Exp,-function method

The further steps for Exp,-function method are as follows:-

Step 2. Let
N g
a0
u(§) = 7211\70 e (3.4)
> i bia
is supposed to be the solution of Eq. (3.3), where a; (i = 1,2,3,--- ,N) and b;
(i=1,2,3,---,N) are constants to be determined afterward.

Step 3. Now balancing the highest-order derivative and the nonlinear term of
highest order which occur in Eq. (3.3), we determine the values of N.

Step 4. Then use Eq. (3.4) into Equation (3.3), we get an expression in a'¢, where
(i=1,2,3,4,---,0) as

P(aé :t0+t1a£—|—-"—|—t9a0§ =0. (3.5)

Now accumulating all the terms in the coefficients of a’ where power(i) is same
and then putting these equal to zero, we get a system of equations in all constant
terms. Solving these equations using Maple, the values of involved parameters are
find out. Then putting all values into Equation (3.4), we find amplitude component
u. We ultimately attain the required solutions by putting these values in (3.2).

3.2. The modified Kudryashov method

The other principal steps carried out in the modified Kudryashov method to find
the solution of given a NLEE are as:
Step 2. Let

N .
u() = Z aip’, (3.6)
i=0

is supposed to be the solution of Eq. (3.3), wherea; (i = 1,2,3,--- , N) are constants
to be determined afterward. Here, p(€) is the following function

1

p(ﬁ) = m,

(3.7)

where, A is arbitrary constant.
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This function p(§) clearly satisfies the following first order ordinary differential

equation
El%) = (p* —p)Ina. (3.8)

Step 3. Now by homogeneous balancing of the highest-order derivative and the
nonlinear term of highest order which occur in Eq. (3.3), we determine the values
of N.
Step 4. Then use Eq. (3.6) and Eq. (3.8) into Eq. (3.3), we get an expression
in p’, where (i = 1,2,3,4,---). Now accumulating the terms in coefficients of p’
for each i where power(i) is same and then putting these equal to zero, we get a
system of equations in all constant terms. Solving these equations by using Maple,
the values of all involved parameters are determined. Then putting all values into
Equation (3.6) and using Eq. (3.7), we ultimately attain the required solutions.

3.3. The generalized tanh-method

The further main steps applied in the generalized tanh-method to find the solution
of given a NLEE are as:
Step 2. Let

N .
u(€) = am', (3.9)
=0

is supposed to be the solution of Eq. (3.3), where a; (i =1,2,3,--- , N) are constants
to be determined afterward. Here, n(€) is the solution of following Ricatti equation

n =m+n’ (3.10)

Step 3. Now by homogeneous balancing of the highest-order derivative and the
nonlinear term of highest order which occur in Eq. (3.3), we determine the values
of N.

Step 4. Then use Eq. (3.9) and Eq. (3.10) into Equation (3.3), we get an expres-
sion in n?, where (i = 1,2,3,4,---). Now accumulating the terms in coefficients of
n® for each i where power(i) is same and then putting these equal to zero, we get a
system of equations in all constant terms. Solving these equations by using Maple,
the values of all involved parameters are determined. Then putting all values into
Equation (3.9) and considering solutions in the next step, we ultimately attain the
required solutions.

Step 5. The well known solutions for Eq. (3.10) are described [50] as follows:

Case 1 For m < 0, solution to Eq. (3.10) are

1(€) = —v/=mtanh(v/=me), (3.11)

and
n(€) = —v—mcoth(v/—mé). (3.12)

Case 2 For m =0, solution to Eq. (3.10) is

n(&) = -z (3.13)
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Case 3 For m > 0, solution to Eq. (3.10) are

n(§) = vmtan(vmg), (3.14)

and

n(€) = —v/m cot(v/me). (3.15)

4. Mathematical Analysis
Using the following wave-transformation,
q(z,t) = h(€)e*? where & = alx — ct), ¢p(x,t) = —Kz + wt. (4.1)

The function h() is amplitude component and ¢(z, t) is phase component of soliton,
c is speed and « is inverse width of traveling wave, k and w are frequency and wave
number of soliton respectively.

Using Eq. (4.1) into Eq. (2.1), we get the following ODE

(—tach’ — wh + 610%h" — 2u61akh’ — §1K%h + 6oh ™ + 63h3 + 64h°) €® = 0. (4.2)
As e® #£0 , so Eq. (4.2) becomes
—wh + 01020 — 6152k + 6ah ™3 + 8303 + 54h° + ¢ (—ach’ — 25;akh’) = 0. (4.3)
The imaginary part of Eq. (4.3) yields
—ach’ —261akh’ =0 = ¢ = =2 k. (4.4)
Now considering the real part of Eq. (4.3), we have
51020 — (w + 61K%)h + 6oh ™3 + 6303 + 64h° = 0. (4.5)
Balancing between highest order derivative term h” and nonlinear term of highest

order h® in Eq. (4.5), we have N = 1.
So we take

[N

h=u2. (4.6)

Using Eq. (4.6) into Eq. (4.5), we get
260202 u — 5102 2 (0))2 — 4w+ 61K2)u? +463u” 2 +405u® +464u3 = 0. (4.7)
Multiplying Eq. (4.7) by u?, we finally have the following ODE
2012 un’” — 6102 (u')? — 4w + 51k u + 455 + 403u> + 46,u* = 0. (4.8)
This can be written as

201 %un” — 5102 (W')? — 401 (ow + K2)u? + 46 + 4d3u> + 454u* = 0, (4.9)

1
where o0 = —.
1
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5. Solitons with anti-cubic nonlinearity

Now, we use prescribed methods to obtain the soliton solutions of NLSE having
anti-cubic nonlinearity. We proceed according to steps mentioned for each method.

5.1. Applying Exp,-function method

Through balancing between the highest order nonlinear term u* and derivative term
of the highest order v’ in Eq. (4.9), we attain N=1.
Hence, solution form by Exp,-function method as given in Eq. (3.4) is reduced
into the following form
ag + a1 aé

we) =g e (5.1)

Here, ag, a1, bg and by are constants which have to be determined.

Putting u, v’ and v using Eq. (5.1) into Eq. (4.9), a polynomial is obtained in
at. Then accumulating all the coefficient of a’¢ with same power i=0 ,1,2,3,4 and
then putting these equal to zero, we get a system of algebraic equations as:

—4610wbia? + 403b1a3 — 461k2b3a3 + 45407 + 46261 = 0,

20287 In(a)?agb?a; — 851x2b2apa; — 2a26; In(a)?a2boby — 8510wbobra?
+1263b1aga? — 86 0wb?agay + 463byai + 166,a0a’

+16082bob3 — 861 k2bgbrat = 0,

—2a261(In(a))?a1boaghy + 246,a2a% — 1651 k%bgbraga; — 1651 0wbobiagay
—4810wb3a? + o261 (In(a))2a2b? + o261 (In(a))?ab? — 461k2b3a? — 46,0wb?al
+2469b2b% + 1283bgaga? — 40120303 + 1263b1a3a; == 0,

20281 In(a)?a1b3ag — 8510wbobrag — 20267 In(a)?abiby — 8610wbiapas
—861k2bgbrad + 1283bgata; — 801Kk*b3apar + 1684a3a1 + 1652b3b1 + 4d3b1a3 = 0,
463boal — 481 K2b3ad + 462b8 + 404a8 — 4610wb3ad = 0.

(5.2)
On solving this system of equations with help of Maple, we attain the values of
involved parameters. We construct solution corresponding to these values as:

1 303b1 + 8d4a1
o= { }, K=k,

a B 125451 ' b1 ln(a)
_ —480401b3K% 4 248401 03b1 + 320703 — 96363
w= 48(54(510‘[)% ’
ap = b0(4éz§i;— 363b1), a; =ay, by =by, b =0y,
5y — —a?(2464a163by + 1662a% + 952b2)
480,47 '

Putting these values in Eq. (5.1), we have

’U,(f) _ —353b0b1 — 454&1(()0 — blClE
4(541)1((70 + blaf
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where, £ = a(x — ct) = £ = a(x + 201kt) , using Eq. (4.4)
Now put this value of u in Eq. (4.6) and ultimately putting all these values in
Eq. (4.1), we attain the exact traveling wave solution to Eq. (2.1) as follows

N —353b0b1 - 454@1(170 - blaa(w+2élﬁt) (—kxtwt)
1t = \/ 464b1(bo + biao(z+201kt) e (54)

where, o and w are as given above.

5.2. Applying modified Kudryashov method

Through balancing between the highest order nonlinear term v* and derivative term
of the highest order wu” in Eq. (4.9), we attain N=1.

Hence, solution form by modified Kudryashov method as given in Eq. (3.6) is
reduced into the following form

u(§) = ag + arp. (5.5)

Here, ag and a; are constants which have to be determined.

Putting u, v’ and u” using Eq. (5.5) into Eq. (4.9) and also considering Eq.
(3.8), a polynomial is obtained in p(¢). Then accumulating all the coefficient of p’
with same power ¢ = 0,1,2,--- ,4 and then putting them equal to zero, we get a
system of algebraic equations as:
464af + 3a281a% In(a)? = 0,
1604a0a3 + 4a261a1 In(a)?ag — 4028102 In(a)? + 4303 = 0,

—461k%a3 —60a%51a1 In(a)?ag — 46, 0wa? + 24840203 +1203a0a3 +a?51a? In(a)? =0,

1604a3a1 — 881K%apar + 1203a3a; — 8510wapar + 2a51a1 In(a)?ag = 0,

—4610wa + 40 + 43a3 + 46,08 — 461k%a3 = 0.

(5.6)
On solving this system of equations with help of Maple, we attain the values of
involved parameters. We construct solution corresponding to these values.

K=K, a=aq, 0=0,

" —160%a%a?In(a)? + 2702 In(a)?62 — 12852a3 K>
N 128(82a%0) ’
_ _4@154 + 363 _ 5= — 4(1,%(54
ao 854 y a1 ai, 01 302 ln(a)2 )
5 (4a164 + 363)%(166%a2 + 962 — 24a;1403)
> 1228843 '

Putting these values in Eq. (4.9) and also considering Eq. (3.7), we have

74CL154 + 303 aq
8(54 1+ )\Cl57

u(§) = (5.7)

where, £ = a(x — ct) = £ = a(x + 201kt) , using Eq. (4.4).
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Now put this value of u in Eq. (4.6) and ultimately putting all these values in
Eq. (4.1), we attain the exact traveling wave solution to Eq. (2.1) as follows

_ 4aq64 + 363 a t(—kz+wt)
a@t)= \/_ 804 1 T aaga@rsian < ¢ ' (5:8)

where w is as given above.

5.3. Applying generalized tanh-method

Adopting homogeneous balancing between the highest order nonlinear term u* and
derivative term of the highest order uu” in Eq. (4.9), we attain N=1.

Hence, solution form by generalized tanh-method as given in Eq. (3.9) is reduced
into the following form

u(€) = ap + a1m. (5.9)

Here, ag and ay are constants which have to be determined and 7(€) is such that
satisfies Eq. (3.10). Putting u, v’ and u” using Eq. (5.9) into Eq. (4.9) and also
considering Eq. (3.10), a polynomial is obtained in n(§). Then accumulating all the
coefficient of * with same power i = 0,1,2,--- ,4 and then putting them equal to
zero, we get a system of algebraic equations as:

3a261a3 + 464a] = 0,

4(53@‘;’ + 40(2(51(1()@1 + 1654@0(1:1)’ =0,

20281a3m — 461K%a3 — 4610wa? + 2464a%a3 + 1283a0a3 = 0, (5.10)
—8610wapa; — 81Kk2apar + 1253@3(11 + 4a261apa1m + 1654@80,1 =0,

—a?81a3m? — 4(510wa3 + 454@3 — 4(5152(1(2) + 465 + 453(13 =0.

On solving this system of equations with help of Maple, we attain the values of
involved parameters as follows. We construct solution corresponding to these values.

K=K, x=q«, M =1m,
—32(5154&2 — 955 + 16a251m64
w =
324, ’

303 [ 36
ag = —=—, 1 =/ ——— Q
0 864 y 41 454 ;
5 57662003K%54+ 16205010 — 288530262 mads — 13505 — 57601 k20364 +T76852atm?252
2= .
409663

Putting these values in Eq. (5.9), we have

35 30,
u(©) = 55+~ 35 am. (511)

where, £ = a(x — ct) = £ = a(x + 201kt) , using Eq. (4.4).
Now put this value of u in Eq. (4.6), ultimately in Eq. (4.1) and also consider-
ing solutions described in Step 5 of Section 2.11, we have following optical soliton
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solutions to Eq. (2.1) as
Case 1 For m <0, solution to Eq. (2.1) are

[NIE

0 0
q(x,t) = _373 _ \/_3>1 Ow/—mtanh{m OZ(JC—FQ(SUQt)} % eL(fmﬁ#»wt)’
864 4(54
(5.12)
and
3(53 361 2 (—katwt)
Q(l’7t) = —g — _K amcoth{m OZ($+251I<;t)} x et(—ratwt)
4 4

(5.13)
which are dark and singular soliton solutions respectively.

Case 2 For m = 0, solution to Eq. (2.1) is

363 351 ]. 2 (7 + t)
H=|— . N ((=ratwt) 14
CI("E, ) [ 804 464 {3;‘ + 261kt }] xe (5 )

Case 3 For m > 0, solution to Eq. (2.1) are

Nl

q(z,t) = [—;23 + 1/—% ayvmtan{y/m a(x + 26lnt)}] x et(mretwt) (5 15)
4 4

and

W=

q(z,t) = [—2? — 4/ —% ayvmcot{v/m a(z + 251575)}1 x etmretwt) (5 16)
4 4

which represent singular periodic soliton solutions.
In all solutions, w is as given above. These solitons exist provided that

6154 < 0. (517)

6. Results and Graphical Representation

In this study, we successfully obtained new exact traveling wave soliton solutions
of the NLSE with anti-cubic nonlinearity. These solutions are in the exponential
functions form and the hyperbolic functions form. For the physical interpretation,
three-dimensional (3D) and two-dimensional (2D) graphs of the solutions of the
NLSE having AC nonlinearity are represented in Fig. 1 to Fig. 7. The solution
acquired by Exp,-function method as given in Eq. (5.4) is bright soliton, as plotted
in Fig. 1 for arbitrary values of the involved parameters as

1
a1:1, 60:12, b1:73, 51:47 53:2, 54:71, kji’ a=3.2.

The solution deduced by modified Kudryashov method, as given in Eq. (5.8) is kink
soliton, drawn in Fig. 2 for arbitrary values of the involved parameters as

Cl1:O.57 a=2, )\:1, (53:1, (54:—17 k‘Zl, a = 3.5.
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The graphs of all solutions acquired by generalized tanh-method, are plotted, by
giving specific values to the involved parameters as follows;

04172, H:2, (51:1, 53:4, 54:73.

Fig. 3 depicts the graphs of the solution given by Eq. (5.12), which is kinked
dark soliton, drawn for m=-1. Fig. 4 shows the graphs of the solution given by
Eq. (5.13), which is singular soliton, for m=-1. Fig. 5 demonstrates the graph of
solution given in Eq. (5.14), which is singular kink-shaped soliton, for m=0. Fig.
6 and Fig. 7 represent the graphs of solutions given in Eq. (5.15) and Eq. (5.16),
which are singular periodic solitons, for m=1.

T TLPLT

T

L.

i
Fig.a Fig. b

Figure 1. (a) 3-D plot of solution (5.4) for —20 < z < 20 and —5 < ¢t < 10 (b) 2-D plot of solution
(5.4) for z =0 and —5 < ¢ < 10

Fig.a Fig.b

Figure 2. (a) 3-D plot of solution (5.8) for —10 < z < 10 and —10 < ¢ < 10(b) 2-D plot of solution
(5.8) for —10 <z <10 and t =0
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Figure 3. (a) 3-D plot of solution (5.12) for —10 < z < 10 and —1 < ¢t < 1 (b) 2-D plot of solution
(5.12) forz =0and —1<t<1

1.6+
1.5 41
14—
13 ba
124 12
1.1+
1] 114
0.9 1ol
0.8+
02
-6
08q
5 ) 1 0 1 2
t
Fig.a Fig.b

Figure 4. (a) 3-D plot of solution (5.13) for —6 < z < 6 and —3 < ¢ < 3 (b) 2-D plot of solution
(5.13) forz =0and —3<t <3

064

04

029

-3 -2 -1 o 1 2 3

t
Fig.a Fig.b

Figure 5. (a) 3D plot of solution (5.14) for —6 <z < 6 and —3 <t < 3 (b) 2D plot of solution (5.14)
forx =0and -3 <t <3
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40

e L UuL U

t
Fig.a Fig.b

Figure 6. (a) 3D plot of solution (5.15) for —1 <z < 0and —1 <t <1 (b) 2D plot of solution (5.15)
forx =0and -1 <t<1

S S

-2 -1 0 1

Fig.a Fig.b

Figure 7. (a) 3D plot of solution (5.16) for —2 <z < 1and —1 <t < 2 (b) 2D plot of solution (5.16)
for -2 <ax<landt=0

Remark 6.1. From this graphical representation, we suggest that these solutions
for NLSE having anti-cubic nonlinearity would be very helpful in demonstration
and analysis of all physical phenomena described by this equation.

Remark 6.2. We affirm that these reported solutions for NLSE having anti-cubic
nonlinearity using Exp,-function method, the modified Kudryashov method and
the generalized tanh-method are new and have not been stated earlier.

7. Conclusion

In this article, we established new optical soliton solutions for NLSE having anti-
cubic nonlinearity with the help of Exp,-function method, the modified Kudryashov
method and the generalized tanh-method. Maple is used for solving all the equations
involved in this paper. All the solutions are also checked by putting them into the
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PDE and proved to be correct. The results show that the reported approaches
are very useful, efficient and accurate tools to get the soliton solutions of PDEs.
The obtained solutions may be very helpful for demonstrating the certain nonlinear
physical phenomena. All the graphs were plotted with help of Maple. Our graphical
representation of acquired solutions shows that these solutions are well illustrative in
describing the related physical phenomena. The solitons solutions obtained in this
way would be very useful to investigate the signals through optical-fibers, theory of
plasma physics and waves in electromagnetic field.
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