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LIMIT CYCLE BIFURCATIONS IN A CLASS
OF PIECEWISE SMOOTH DIFFERENTIAL
SYSTEMS UNDER NON-SMOOTH
PERTURBATIONS

Jihua Yangh'

Abstract This paper deals with the problem of limit cycles of a class of
piecewise smooth integrable differential systems with switching line z = 0. The
generating functions of the associated first order Melnikov function satisfy two
different Picard-Fuchs equations. By using the property of Chebyshev space,
we obtain an upper bound for the number of limit cycles bifurcating from the
period annulus under non-smooth perturbations of polynomials of degree n.
Finally, we present a concrete example to illustrate the theoretical result.
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1. Introduction

One of the main problems in the qualitative theory of piecewise smooth differential
systems is the study of its limit cycles and their distributions, and many methodolo-
gies have been developed, such as Melnikov function method [4,6,8,10,13,14,17,18],
averaging method [1,3,5,11,15]. Picard-Fuchs equation is an important tool to cal-
culate Melnikov function, see [9,16,19-21]. In this paper, we will study limit cycle
bifurcations of a class of perturbed piecewise smooth integrable differential systems.
The generating functions of the associated first order Melnikov function satisfy two
different Picard-Fuchs equations.
Consider a perturbed piecewise smooth integrable differential system
oop - {PTED e @), @M@y et @) w20
’ (P~ (z,y) +ef (2,9), @ (z,y) +eg™ (2,y)), =<0,

where P*(z,y), Q% (z,y) € C=, 0 < |g| < 1,
n n
fi(x7y) = Z ai:jxlij gi(l'vy) = Z bz:“,:jxlij 13.7 € N
i+j=0 i+7j=0

Assume that system (1.1)|c—¢ has a first integral H*(z,y) (resp. H(z,y)) for
x > 0 (resp. ¢ < 0) and has an integrating factor u*(z,y) (resp. p~(z,y)) for
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2 >0 (resp. < 0). This system has two subsystems

& =Pt (z,y)+ef(z,y), "
{y=Q+(x,y)+ag+(J$,y), =0 (12)
and
& =P (ry)tef (2y),
{y' Q) tegry), T Y

In order to establish the first order Melnikov function of system (1.1), one must
first make the following assumptions as in [13]:

(H1) There exist an interval X, and two points A(h) = (0,a(h)) and B(h) =
(0,b(h)) such that for all h € &

HT(A(h)) = H"(B(h)) = h, H(A(h)) = H (B(h)), a(h)# b(h).

(H2) (1.2)|.—0 has an orbital arc I'} starting from A(h) and ending at B(h) defined
by H*(x,y) = h, & > 0; the system (1.3)|.=¢ has an orbital arc T'; starting from
B(h) and ending at A(h) defined by H ™ (z,y) = H~ (B(h)), z < 0.

Under the above two assumptions (H1) and (H2), system (1.1)|.—¢ has a family
of periodic orbits I';, = F;{ ul'y, he X. I'y, h € ¥ is also called a period annulus
of system (1.1)|c=p. If (1.1) has a limit cycle T'. satisfying

limT. =T,
e—0

for some h € ¥, we say that the limit cycle I'; is bifurcated from the period annulus.
For definition, we assume that the orbits I', for h € ¥ are oriented in clockwise
sense; see Figure 1. From [12,13], one knows that the first order Melnikov function
of system (1.1) takes the form

Mt = [t )" (o)de = £ o))
-

Z‘”EAi /r p(2,y) 97 (z,y)de — £ (z, y)dy]
=& (h) + U(h), h e D

It was proved in [6,13] that the number of limit cycles in (1.1) bifurcating for |e|
small enough from the period annulus of the unperturbed system is bounded by
the number of isolated zeros of M (h) if M(h) £ 0 in X. In fact, recently Han and
Yang [7] proved that if the function M (h) has at most k zeros in X, multiplicities
taken into account, then system (1.1) has at most k limit cycles bifurcated from the
period annulus, multiplicities taken into account.

For system (1.1), we make the following assumptions:

(H3) ®(h) = a(h)I1(h) + B(h)I2(h) and ¥(h) = ~(h)J1(h) + 6(h)J2(h), where
a(h), B(h), v(h) and §(h) are polynomials of h with deg a(h) < ny, deg S(h) < na,
degy(h) < my, degd(h) < mg, and ny1 > ng, my > ma, I;(h) and J;(h) (i = 1,2)
are integrals as the form fr zlyFdx or fr ztyFdy, and T is the integral path F; or
I',, I,k € Z. Moreover, I1(h) # 0 and J;(h) # 0 for h € X.
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Figure 1. The closed orbits of system (1.1)|c=0.

(H4) The vector functions Vi = (I1(h), Iz(h))T and Vo = (J1(h), J2(h))T satisfy
the following Picard-Fuchs equations

Vi(h) = (Bih + C1)V{(h), Va(h) = (Bzh+ C2)V3(h), (1.5)
respectively, where B; and C; (i = 1,2) are 2 X 2 constant matrices. Moreover,
det |E — B;| # 0 for i = 1,2, here FE is the 2 x 2 identity matrix.

Under the assumptions (H1)-(H4), M (h) in (1.4) can be rewritten as

M(h) = [a(h)I1(h) + B(h)I2(h)] + [v(R)Ji(h) + 6(h) J2(R)], h € 3.

Our main result is the following theorem.

Theorem 1.1. Suppose that (H1)-(H4) hold, then the number of limit cycles of
system (1.1) bifurcating from the period annulus is not more than 3n; + 21my + 33
for h € ¥, taking into account their multiplicities.

Remark 1.1. If uT(x,y) = p~(z,y) = 1, that is, system (1.1)|c—o is a piecewise
smooth Hamiltonian system, then Theorem 1.1 also holds.

2. Proof of Theorem 1.1

In order to prove the main result, we first introduce some definitions and helpful
results in the literature, see [2].

Definition 2.1. The real vector space of functions V is said to be Chebyshev in
interval I provided that every function S € V' \ {0} has at most dimV — 1 zeros,
taking into account the multiplicity.
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Proposition 2.1. The solution space X of
2" (t) + a1 (t)2'(t) + ax(t)z(t) =0 (2.1)

is a Chebyshev space on 1 if and only if there exists a nowhere vanishing solution
zo(t) € X (xo(t) #0, Ve €l).

Proposition 2.2. Suppose that the solution space of (2.1) is a Chebyshev space
and let R(t) be an analytic function on 1 having | zeros, taking into account the
multiplicity. Then every solution xz(t) of

2" (t) + a1 (t)2'(t) + az(t)x(t) = R(t)
has at most [ + 2 zeros on 1.

In the following, we denote by #{¢(h) = 0,h € (a,b)} the number of isolated
zeros of p(h) on (a,b) taking into account the multiplicity, and we also denote

Gl(h) = det(Blh + Cl>, GQ(h) = det(BQh + CQ)

Lemma 2.1. (i) Let wy(h) = Ié(h) h € X, then wyi(h) satisfies the Riccati
equation

Gi(h)wi(h) = =biy(Mwi (h) + (D32(h) = b1y (h))wi(h) + b3, (h),  (2.2)

where biy(h), bio(h), b1 (h) and by (h) are polynomials of h of degree not
more than 1.

(ii) Let wo(h) = fgzg , h € 3, then wa(h) satisfies the Riccati equation

Ga(h)wy(h) = —ciy (w3 (h) + (cha(h) — ciy(h))wa(h) + c3y(h),  (2.3)
where ¢i5(h), ciy(h), ¢ty (h) and ¢4, (h) are polynomials of h of degree not
more than 1.

Proof. If Gi(h) # 0, then, in view of (1.5), one has

GL(W)V!' () =(Bih + C1)*(E — BV (h) = Vi(h), (24)

where F is a 2 x 2 identity matrix, (Bih + C7)* is the adjoint matrix of Bih + Cf.
It is easy to get that degbj;(h) < 1 and degG1(h) < 2. A direct calculation shows
that

)
TR
:Gll(h) T2 (h)w? (h) + (b35(h) = b1y (h))wi(h) + b§1(h)]

If G1(h) = 0, (2.2) also holds. (2.3) can be proved similarly. This completes the
proof. O

Lemma 2.2. Assume that G1(h) # 0 for h € ¥. Then ¥(h) has at most 3my + 2
zeros on X, taking into account the multiplicity.
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Proof. Since Ji(h) # 0 for h € 3, let x2(h) = LG v(h)4+06(h)wa(h). It follows
from (2.3) that

G2(h)d(h)xa(h) = —cia(h)x2(h)? + Fa(h)x2(h) + Fi(h), (2.5)

where

)
Fy(h) = h) (h) +2¢12(h)y(R)
with deg Fy(h) < 2mj + 1. From Lemma 4.4 in [22], one gets
#{x2(h) =0,h € X} < #{5(h) =0,h € } +#{F1(h) =0,h € X} + 1.

Hence,
#{U(h) =0,h e X} = #{x2(h) =0,h € T} < 3m; + 2.
This completes the proof. O

Lemma 2.3. If K =mj +mgo+ 3, then, for h € &, there exist polynomials Pa(h),
Pi(h) and Py(h) of h with degree respectively K, K — 1 and K — 2 such that
L(h)¥(h) =0, where

d? d

L(h) = Pa(h) 75 + P(h) 7 + Po(h). (2.6)

Proof. By (1.5), we have
Vy(h) = (E — Ba) ™ (Bzh + C2)Vy' (h),
where F is a 2 x 2 identity matrix. Hence,

U (h) =1(h)Va(h) = 7(h)(Bzh + C2)V;(h)
ZT(h)(BQh + CQ)(E - Bg)_l(th + CQ)‘/QN(]’L)
1=Om, +2(7)J7 (h) + Oy 42(h) I3 (h),

where 7(h) = (7y(h),0(h)), ©m,+2(h) denotes a polynomial in h of degree at most
my + 2 and etc.. For ¥/ (h), we have

V' (h) =7 (M)Va(h) + 7(h)V5(h)
(7' (W)(B2h + C3) 4+ 7(0) ) (E — B2) ™ (Bah + Ca)Vy (h)
=0, 1+1(h)J{ (h) + Oy 41(R) T3 (h).

In a similar way, we have

V() := O, ()T (h) + O, (h)J5 (R).



2250 J. Yang

Therefore,

L(h)¥(h) =P(h)¥"(h) + PL(h)¥'(h) + Po(h)¥(h)

=Py(1) [ O, ()] (1) + Oy ()5 (1)
+ Pi(R) @y +1(R) Y () + Oy 41 () T3 (1)

o+ Po(B) [ s2 (W) (1) + Oy 42 ()5 ()]

= [Pa(1)Oum, (1) + Pi(1)Ory 41(h) + Po(h) Oy 42(h) | T (R)
+ [P (1)@ (h) + Pr(1)Ormy 1 (1) + Po(1) Oy 2 (R)| 5 (R)

=X (h)J{ (k) + Y (h)J3 (h),

)
where X (h) and Y (h) are polynomials of h with deg X (h) < K+m; and degY (h) <
K +ms. Let

K-2

K K—-1
=D poxh®, Pi(h) = pah™ Po(h) =) posh!  (2.7)
k=0 m=0

=0

are polynomials of i with coefficients ps , p1,m and pg; to be determined such that
L(h)¥(h) =0 for

0<k<K, 0<m<K-1, 0LZI<K-2 (2.8)
Assume that
K+m1 4 K+mo 4
X(hy= > ah', Y(h)= > yh’,
i=0 j=0
where z; and y; are expressed by pa k, p1,m and po; of (2.7) linearly. Let
xz; =0, . .
{ 0 0<i<K+my, 0<j<K+mg, (2.9)
Yy; =Y,

then (2.9) is a homogenous linear equations with at most 2K +m; +msg+2 equations
about 3K variables of ps k, p1,m and po, for k, m and [ satisfy (2.8). Since 3K —
(2K +mq +mg + 2) = 1, there exist pa x, p1.m and po; such that (2.9) holds. This
ends the proof. O

Proof of Theorem 1.1. For the sake of clearness, we split the proof into three
steps.

(1) For h € X, L(h)I(h) = R(h), where L(h) is defined by (2.6),

1

R(D) = Gy [0 em () + Ascn i (I (B)], (2.10)

where ©;(h) and A;(h) denote polynomials in h of degree at most [ and etc..
In fact, from (1.5) and (2.4), one has

©(h) =o(h)Vi(h) = o (h)(Bih+ C1)V{ ()
=On, 4 1(WI1(h) + Ay 1 (D) I3(h),
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o' (h) =o' (h)Vi(h) + o(h)V{(h) = [0'(h)(Bih + C1) + o (h)]V{(h)
@"(h) =6, (W11 (h) + Ay, (R)I5(Rh) + On, (W)IY (h) + Ap, (h) 15 ()

ﬁh) [©n1 (B (R) + Ay 1 (R)I5(R)],

(2.11)

where o(h) = (a(h), 8(h)). From Lemma 2.3, we have
L(h)I(h) = L(h)®(h) = Py(h)®" (h) + Pi(h)®'(h) + Py(h)®(h). (2.12)
Substituting (2.11) into (2.12) gives (2.10).

(2) Zeros of R(h) for h € 3.
By (2.10), we obtain

R(h) = é{l((};)) [@K+n1+1(h) + A qn,+1(h)wi(h)].

Noting that I{(h) # 0 for h € ¥, we have for h € &
#{R(h) = 0} < #{Oksn,+1(h) + Axsn,+1(R)wi(h) = 0} + 2.
Let x1(h) = O tmy 1 (1) + A (W1 (), by (2.2), we obtain
G1(h) Ak ny11(R)X1(h) = =bTo(R)x1(h)? + Ok yn, 42(h)x1 (h) + O2rc y2n, +3(h).
From Lemma 4.4 in [22], we have for h € %
#{x1(h) = 0} < #{Ak4n,41(h) = 0} + #{O2k42n,43(h) = 0} + 1.

Hence,
#{R(h) =0,h € T} < 3K +3n; + 7.
(3) Zeros of I(h) for h € X.

By Lemma 2.2, we have U(h) has at most 3m; + 2 zeros on 3. We assume that
Py(hi) =0, U(hj) =0, hi,h; €%, 1<i<K, 1<j<3m +2.

Denote h; and hj as h%,, and reorder them such that hf, < hyyq for m =

1,2,--- K +3m; +2. Let

S

A<9:(h:7h.*+l)? 5:071"" 7K+3m1+27

where hg is the left end point of ¥ and hj, 3, .3 is the right end point of ¥. Then
Py(h) # 0 and W(h) # 0 for h € As and L(h)¥(h) = 0. By Proposition 2.1, the
solution space of

& Pi(h) d Po(h)>

L(h) = P2(h)(m T Py(hydh T Py(h)
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is a Chebyshev space on A;. By Proposition 2.2, I(h) has at most 2 + I zeros for
h € A, where [, is the number of zeros of R(h) on A,. Therefore, we obtain for
heX

#{I(h) =0} <#{R(h) =0} + 2 - the number of the intervals of A
+ the number of the end points of A,
<BK +3n1 +7+2(K+3my +3)+ K +3mg +2
<3ni + 21mq + 33.

This completes the proof Theorem 1.1.

3. Application

In this section, we will present a piecewise smooth differential system with the form
of (1.1). Consider the following perturbed piecewise smooth Hamiltonian systems

- n
t=y+eft@y), e>0,
Yy=x— 1+ Eg+(xay)7
(3.1)
t=ytef (z,y), ¢ <0,
y=z+1+eg9 (z,v),
where
n ] ) n
[y = Y 2y, g5 @y =Y o'y, ijeN
i+j=0 i+5=0
When ¢ = 0, the corresponding Hamiltonian functions for (3.1) are
. 1, 1,
H (m,y):iy — 5% +2z, x>0, (3.2)
and
B 1, 1,
H (:c7y):§y — 5%~ g, x < 0. (3.3)

When ¢ =0, (3.1) has a family of periodic orbits as follows
U ={(z,y)[H" (2,y) = h,2 > 0} U{(z,y)|H " (z,y) = h,z < 0}
=T ury,,
with h € (0, %), see Figure 2.

Theorem 3.1. An upper bound for the number of limit cycles of system (3.1) is
3[2] + 21[251] + 33.

Now we study the algebraic structure of the first order Melnikov function M (h)
of system (3.1). Obviously, H,(0,y) = H, (0,y). Hence

M(h) = /F e s /F i ey

—®(h) + U(h).
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o > v
=
v

Figure 2. The closed orbits of system (3.1)]c—¢.

For h € (0, %), we denote

I j(h) = /F+ a'y/dy, J;;(h) = /_ a'y’ dy,
h

s

and [1(h) = ono(h), [Q(h) = Ilyo(h), Jl(h) = Jo@(h) and Jg(h) = J170(h). It is easy
to get that I{(h) # 0 and Jy(h) # 0 for h € (0,1). The orbits [ are symmetric
with respect to the z-axis. Thus, I; 2j+1(h) = Ji2j+1(h) = 0. So we only need to
consider I; o;(h) and J; 2;(h). We first prove the following results.

Lemma 3.1. Ifh € (0,1), then
®(h) = a(h)i(h) + B(h)Iz(h), W(h) = ~(h)Ji(h) + 6(h)J2(h), (3.5)
where a(h), B(h), v(h) and §(h) are polynomials of h with

n—1
2

deg a(h), deg(h) < [5], deg B(h),deg d(h) < [~

Proof. Let D be the interior of I‘Z Uﬁ7 see Figure 2. Using the Green’s Formula,

one has
iyl dx :j{ iyl dx 7/ iyl dx
/1“;r Iy UAE AB
= ziyldr = j // 2y " tdady
?{“j[uﬁ " 7

/+ 2yl dy = j{+ _ 2y ldy = —(i + 1) // ziy! ~tdady.
Fh Fhu

D
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Hence,
/ zhyldr = —- J 1/ Ty dy. (3.6)
rf i+ 1 et
In a similar way, one gets
/ zhyldr = —- J 1/ Ty dy. (3.7)
r; e+ Ly

By a straightforward calculation and noting that (3.6) and (3.7), we obtain

M(h) :/F+ Z bijyciyjdac—/F+ Z a;fjxiyjdy

h i4+j=0 h i+j=0
n n
—I-/ Z b;szyjda?—/ Z a; ;x'y’dy
Ty itj=0 LY itj=0
= _ + i1, -1 T i
= Z i+1bi7j/+x ¥ hdy /+Zai’j/+xydy
i+j=1,j>1 Ty Ty i4j=0 ry
N E: i+1@b/:IHJ¢7Wy* E:ciﬂ/_ﬂwdy
itj=1,j>1 Ty i+5=0 T,
n n
= Gglig() + Y migdis(h),
i+5=0 i+5=0

where & ; and 7;; are constants which can be expressed by the coefficients of
f*(2,y) and g*(z,y).

Without loss of generality, we only prove the first equality in (3.5). The second
one can be shown similarly. To establish the relations between the integrals I, ;(h),
we take the equation H™(z,y) = h, and differentiate both sides with respect to y.
One has

Ox Oz
—x—+—=0. 3.8
v=ra g, (3.8)
Multiplying (3.8) by the one-form x'y’ ~!dy and integrating, one obtains the relation
J—1 j—1 ‘ :
Lij=—Iiv1j 90— "——Iii0,; 9,1>0,j>1. 3.9
0= i lirtie — g lives2 120, (3.9)

Similarly, multiplying H¥ (x,y) = h both sides by 2?~3y’dy and integrating over
I‘:, we get another relation

Lij=—2hl; o ; +2L; 1 ;+ Ii—2 42, 1 > 2,5 >0. (3.10)
Elementary manipulations reduce equations (3.9) and (3.10) to

i 2+j—1

L= [2hly, — 2 Iy, i>2,5> 11
J i+j+1[ 2,j i1 LJ] ¢ J=0 (3.11)
and

1,7 Z+]+1 1,5 —2 i+ 1 i+1,5-2]> YU, = L .
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Easy computation using the above two equalities gives

Io.o(h) = 5h1oo(h),

Iro(h) = —3hloo(h) + 2I1,0(h),

[172(h) = ghfoyo(h)Jr(%hf %)[10(}1)7 (3.13)
Ty 0(h) = =$hIoo(h) — (3h— )11 0(h)

Then, the result about ®(h) in (3.5) follows directly by induction using (3.11),
(3.12) and (3.13). The proof for ¥(h) follows by using the same arguments, so we
omit for the sake of brevity and readability. This ends the proof. O

Lemma 3.2. The vector functions (I1(h), Iz(h))T and (J1(h), J2(R))T satisfy the
following Picard-Fuchs equations

I _ 2h 0 I (3.14)
Iy h h— % I

and
J1 _ 2h 0 Ji , (3.15)
Ja —h h— % J5

respectively.

Proof. We only prove (3.14). (3.15) can be proved similarly. According to (3.2)
one has

1 1
§y2 - 51'2 +xz=h. (3.16)
Differentiating the above equation with respect to h gives % = ﬁ, which implies
which implies
i—1,j
I, = z/ T Y (3.17)
? FI 1—=x
Hence,
L L
lij = i1t T 21142,]-. (3.18)
Multiplying both side of (3.16) by h, one gets
1 . .
hIZ{J =5 z{,j+2 + - Iz{-i-l,j SR (3.19)

2 i+1) 2(i 4 2) I
On the other hand, in view of (3.6) and (3.17), one has for i > 1,5 >0

I =— - iyt
Y+l /r; !

. i1, j+2
_ / YT (3.20)
i+l )+ 11—z
1

/

:mji’j+2-
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Thus, by (3.18), (3.19) and (3.20), we obtain

1 )
Ii:i(ghp._ip ) i >1,j>0, 3.21
»J 'L+]+1 7,7 Z+1 141,75 vz J = ( )

which yields
1
Lio=hlj— Z—ré,(r

It follows from (3.18) that

1
Too =110 — §I§,O~
The result then follows from the above two equalities and the second equality of
(3.13). This completes the proof. O

Proof of Theorem 3.1. By Lemmas 3.1 and 3.2, it is easy to check that the
conditions (H1)-(H4) hold for system (3.1). Hence, by Theorem 1.1 we obtain that
the number of limit cycles of system (3.1) bifurcating from the period annulus is not
more than 3[2]+21[252] 433 for h € (0, 1), taking into account their multiplicities.
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