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ANALYSIS OF A MULTI-GROUP
ALCOHOLISM MODEL WITH PUBLIC
HEALTH EDUCATION UNDER REGIME
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Abstract In this paper, we study a multi-group stochastic alcoholism model
with public health education, which is formulated as a piecewise deterministic
Markov process. Through a rigorous analysis, we firstly show that the solu-
tion of the stochastic model is positive and global. Then we obtain sufficient
conditions for the extinction of alcohol problems. In addition, sufficient con-
ditions for the persistence in the mean of alcoholism are derived. Specifically,
in the case of persistence, we prove the existence of positive recurrence of the
solution to the model by employing suitable stochastic Lyapunov functions.
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1. Introduction

Alcoholism has become one of the leading risk factors for population health world-
wide. Excessive drinking not only leads to increased risk of health problems such
as liver diseases and cancer, but also causes road injuries and violence. In 2016,
the harmful use of alcohol resulted in some 3 million deaths worldwide and 132.6
million disability [43].

Mathematical modeling has proved especially useful in understanding complex
social dynamics, notably those involving interactions between micro and macro
level processes and the development of emergent behaviors [8]. Complex systems
modelling tactics have the potential to combine our developing knowledge about
multilevel determinants of population health, patterns of feedback and interaction
between determinants at unique levels, and to inform our knowledge about how
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unique policy interventions affect the pathways that shape the health of popula-
tions. Therefore the risky health behavior of drinking can be viewed as a treatable
contagious disease [9]. Unlike the infectious disease model, the alcoholism model
is difficult to capture the interactions of individuals whose behavior is in many in-
stances highly subjective and not entirely rational, and therefore very difficult to
quantify and calibrate [8]. However, mathematicians have formulated and studied
the dynamics of several alcoholism models [1-3,28-30]. A model for the spread
of alcoholic drinking is formulated in [1] which regard alcoholism as a contagious
disease. Bani et al. [2] studied the role of environmental factors on the long term
dynamics of an alcohol drinking population and found that heavy drinking can be
reduced if the drinking reproduction number R4 < 1. Mulone and Straughan [29]
developed a two-stage model for youths with serious drinking problems and their
treatment and they established a threshold such that two steady states will be
stable.

In usual epidemics models, researchers assumed that each individual has the
same probability to be infected. However, considering the heterogeneity (e.g. sex,
age, space, etc.) of host population, more and more attention has been paid to multi-
group models [7,16,18,21,35,36,44]. For instance, Li et al. [18] investigated a class
of multi-group SEIR models with distributed delays and indicated that the endemic
equilibrium is globally asymptotically stable if the basic reproduction number Ry >
1. Kuniya [16] studied that the global behavior of a multi-group SIR epidemic model
with age structure is completely determined by the basic reproduction number.

For alcoholism, women drink less alcohol and have fewer alcohol-related prob-
lems than men [33] and underage drinkers consume more drinks per drinking oc-
casion than adult drinkers [4]. Hence multi-group alcoholism epidemic model is
worthy of being studied, Ma et al. [31] have formulated the following multi-group
SEA alcoholism model with public health education

ds; -
T (1—q)Ai— ZBijSiAj — (1 +pi)Si,
=1
dE; -
T PiSi — ZgiﬁijEiAj — (uf +ei)Ei, (1.1)
=1
dAi - A .
dt = (Sl + UZEl) Z/BWAJ - (Mz +a; + 71)"417 1= ]-a 2; sy N
=1

In this model, the heterogeneous host population is divided into n homogeneous
groups. For ith (1 <4 < n) group, the susceptible drinkers S;(¢) who do not drink
or drink only moderately and do not accept the public health education, but may
one day develop problems with alcohol; the educated susceptible drinkers F;(t) who
do not drink or consume alcohol in moderation and have accepted the public health
education, but may one day also develop problems with alcohol; the alcoholics A;(t)
who have drinking problems or addictions. All parameters of model (1.1) are defined
in Table 1. Since alcohol abuse is harmful to human health, in this paper, we assume
that uf < p + a;. Denote Ri ={z = (v1,22,...2q4) ER?: 2; > 0,1 <i < d}.
Define ji; = min{yf, pF+e;} < p+a;+v; and fi; = max{pZ+e;, i +ai+vi} > pf .
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Table 1. Description of the variables and associated parameters

Symbol Description

A; Influx of individuals

1—¢; € (0,1) Fraction at which influx of individuals entering into the susceptible com-
partment S;

Bij Rate of becoming alcoholics through contacts between susceptible indi-
viduals (S; or E;) and heavy drinkers (A4;)

i the rate of susceptible S; who accepted the public health education en-
tering into the educated E; class

o; € (0,1) Multiplier to the force of infection to susceptible individuals by public
health education

/,L;S Natural death rate of susceptible individuals

,uiE Natural death rate of educated individuals

uf‘ Natural death rate of drinking individuals

&; Fraction of educated individuals E; who do not drink or who quit drink
due to
the effect of the public health educational campaigns

a; Additional death rate of alcoholics due to excessive drinking

Yi Recovery rate of heavy drinkers

In [31], authors presented the positively invariant set of model (1.1) as follows

1—q)A\;
F: S7EaA7"'uSn7En7An GRgn:OSSiS(77
(S B ) ERY P
1—q)A; )
0§Si+Ei+Ai§%,1§zgn}.
2%

System (1.1) has two equilibria: the alcohol-free equilibrium P° = (S, E9,0,...,S9,
E?,0), where
(1 —ai)A piSy pi(1 —qi)A;

L AU = L i=1,2,...,n,
17 +pi pf e (uf +p) (e +e)

and the alcohol-present equilibrium P* = (S}, E}, A%,...,S!, EX, AY). Let basic
reproduction number Ry = p(My), where

Bij (S} +0iE?))
an’

My = M(S?, E?, ..., 8% E° :(
0 ( 1 1 n n) ,U;A"i‘az“"}/z

and p(Mp) denotes the spectral radius of the matrix.

If Ry < 1, the alcohol-free equilibrium PP is unique equilibrium of system (1.1),
and it is globally asymptotically stable (GAS) in I'. If Ry > 1, the alcohol-free
equilibrium PP is unstable, and there exists a alcohol-present equilibrium P* which
is GASin I'.

In system (1.1), authors assumed that host individuals live in a determinis-
tic environment. However ecosystem dynamics are inevitably affected by random
fluctuations in the real world, many studies confirm that, it is more realistic to
include the effect of stochasticity rather than to study a entirely deterministic
model [17,19, 20, 32, 34, 37, 38,40, 45]. For instance, Lv et al. [20] investigated a
stochastic predator-prey model with a functional response, and obtained the exis-
tence of stationary distribution to the model. An impulsive stochastic chemostat
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model with saturated growth rate in a polluted environment is proposed in [32],
and authors obtained conditions for the extinction and the permanence of their
model. Wang et al. [41] studied the asymptotic behaviors of a stochastic social epi-
demic model with multi-perturbation, and they investigated the long-term stochas-
tic dynamics behaviors of random disturbance on the stability of the alcohol abuse
model [42]. Recent study indicated that colder weather and fewer sunshine hours
are possible causal agents for higher alcohol consumption worldwide [39]. There-
fore, climate exerts a strong influence on the alcoholism transmission coefficient 3;;
(i,7 = 1,2,...,n) of system (1.1). For example, when the weather is cold, people
are more willing to drink high-quality alcohol, which leads to alcoholism, but not
when the weather is cold. In other words, due to changes in climate and tem-
perature, the coefficient 3;; may switch from one environmental state to another.
The usual modeling cannot model environmental changes as solutions to differential
equations. They are random discrete events that occur at random epochs [6]. It
is an emerging approach to use a continuous-time Markov chain taking values in
a finite state space to model the random switching of environmental regimes. The
continuous-time Markov chain produces the changes of the main parameters of epi-
demic models with state switchings of the Markov chain. Hence it is interesting and
meaningful to study the effect of the random switching of environmental regimes
on the spread of alcoholism.

Although environmental noise plays an important role in epidemic models, re-
searchers have paid little attention in this area. Gary et al. [10] firstly studied a
piecewise deterministic SIS epidemic model with Markovian switching. D. Li, S. Liu
and J. Cui [22,23] studied the dynamics and ergodicity of Markovian switching and
semi-Markov switching on the deterministic SIRS epidemic models, respectively.
For multi-group epidemic models, a multigroup SIS epidemic model with standard
incidence rates and Markovian switching was investigated by Liu et al. [24], they
establish sufficient conditions for extinction and persistence in the mean of the dis-
eases. In addition, they obtained sufficient conditions for the existence of positive
recurrence of the solutions to the model. However, the above multigroup SIS model
is 2n-dimensional, it is more realistic and meaningful to study higher dimensional
models.

To the best of our knowledge, there are few investigations on the dynamics of
the multi-group alcoholism model, which is formulated as a piecewise deterministic
Markov process. Motivated by the referred works, in this paper, we will study
the dynamics of the multi-group SEA alcoholism with public health education and
Markovian switching. In this model, the alcoholism transmission coefficient §;; is
obtained by a homogeneous continuous-time Markov chain {r(¢),t > 0} and the
other parameters are the same as in system (1.1). Then, the stochastic model can
be described as the following system

ds; S
5 = (- @i - > Bii(r()SiA; — (uf +pi)Si,
=1
dE; - E
@ Pisi— > 0iBii(r())EiA; — (uf + &) Ei, (1.2)

d4; - .
g = Sitoil) D Bi(rt)A; — (uf +ai +v)Ai, i=1,2,...,n.
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Let r(t) be a homogeneous continuous-time Markov chain, taking values in a finite
state space S = {1,2,..., N}, with the generator I'* = (7;;) nx~ given by [27]

YAt Fo(A),  ifi#

P{r(t+ At) = jlr(t) = i} = {1 + vt +o(At), ifi=j

where At > 0 denotes a small time increment, v;; > 0 is the transition rate from 4
to j if ¢ # j, while Z;\le vij = 0. For each [ € S, B;;(1) is positive constant.

The organization of the rest of this paper is as follows. In Section 2, we prove that
there exists a unique global positive solution of system (1.2) with any positive initial
value. Sufficient conditions for extinction of the diseases are established in Section
3. In Section 4, we obtain sufficient conditions for the diseases being persistent in
the mean and prove the existence of positive recurrence of the solutions to system
(1.2) by constructing appropriate stochastic Lyapunov functions. Section 5 shows
numerical simulations to illustrate how the Markovian switching affect the behavior
of the stochastic systems. Finally, we conclude our results to end this paper.

2. Existence and uniqueness of the global positive
solution and preliminaries

Throughout this paper, unless otherwise specified, let (Q, F, {F}i1>0,P) be a com-
plete probability space with a filtration {F; }+>0 satisfying the usual conditions (i.e.,
it is increasing and right continuous while Fy contains all P-null sets). For any vec-
tor g = (9(1),9(2), .., g(N)), define § = minges g(k), § = maxees glk). Tt M is a
matrix, its transpose is denoted by M7 and p(M) denotes the spectral radius of
M.

Assume further that the Markov chain r(¢) is irreducible [25] such that the
system can switch from any regime to any other one, which implies the ergodicity
property according to Markov theory for finite states. Since I'* always has a trivial
eigenvalue. The algebraic interpretation of irreducibility denotes that the rank of
'™ is N — 1. On the basis of these conditions, the Markov chain r(¢) has a unique
stationary distribution © = (71, 72, ..., 7n) which can be determined by equation

7I* =0, (2.1)

subject to Zthl 7, =1, and 7y > 0, for any h € S.

Firstly, we give a theorem to show the existence and uniqueness of the global
positive solution of the stochastic model (1.2).
Theorem 2.1. For any initial value (S1(0), E1(0), A1(0),...,S5,(0), E,(0), A,(0),
7(0)) € R3"XS, there is a unique solution (S1(t), E1(t), A1(t), ..., Sn(t), En(t), An(?),
r(t)) of system (1.2) on't > 0 and the solution will remain in R3™ x S with prob-
ability one, which means (S1(t), E1(t), A1(t), ..., Sn(t), En(t), An(t)) € RY* X S for
all t > 0 almost surely (a.s.).

Proof. We omit the beginning of proof, which is similar to [15]. We only show
the essential stochastic Lyapunov function here.
In view of model (1.2), for ¢t < 7, we have
(Si+ Ei+ A) =(1— @) Ai — 7' Si — (uf + &) Es — (5 + ai + 7:) A
<(1 = q)Ai — 1:(S; + Ei + Ai),
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thus S;(t) + Ei(t) + A;(t) < P;, where

(1!;1)/\ if S:(0) + E;(0) + A;(0) < (1!;1)A
P, = v }
S:(0) + E;(0) + A;(0), if S;(0) + E;(0) + A;(0) > (1_ﬁql)Al

On the other hand, for ¢ < 7, one gets

(Si+Ei+ A) =(1— qi)A; — p1f Si — (uF + &) B — (i + ai + i) A
>(1—qi)Ai — i (Si + E; + Ay),

therefore, S;(t) + E;(t) + Ai(t) > Q;, where

5,00+ B0+ A0), if $,0)+ E(0) + A40) < T8,
Qi = '
1—gi)\; . 1—qi)\;
i Hi
Define a C*-function V; on R3" to Ry |J{0} as follows
Vl(Sla E17A17 ceey Sna EnaAn)
—Z i —1—1ogS;) + (E; — 1 —log E;) + (4; — 1 — log 4;)].

The nonnegativity of V7 can be seen from x — 1 — logx > for any x > 0.
Applying Itd’s formula [26] to Vi, we have

d‘/l(Sla E17A15 ey S’na EnaAn) = E‘/I(Sla Ela Ala ceey S’!‘HEN? An)dt7
where LV] : Ri” — R is calculated by

Vi = Xn: [(1 B §) ( i) — Zﬁw — (uf -H%)Siﬂ
+ Zn: [(1 — E) (piSi — Zaiﬁij(k‘)EiAj — (Mf + gi)Ei>:|
+zn:[<1_/i>< Si+oiE Zﬁw (e +al+%)Az)}

<> {(1 — )N — pfSi = (uf + &) Ei — (i + ai + %)Al}

o
Il
-

=1
+Z[ZBWA +uf +pz+Zaz,6’”A +uF e+ it + o+ ]
i=1 j=1 j=1

< [(1—qi)Ai+uf+pi+uf+ei+u;“+ai+%+<1+oi)ZBUPJ

i=1 j=1

where M; is a positive constant. The remainder of the proof is similar to Ji et

al. [15], we omit it here. This completes the proof.

O
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Remark 2.1. Theorem 2.1 demonstrates that for any initial value (S1(0), E1(0),

A1(0), ...,Sn(O) ( ), A (0)) € R3™ x S, there exists a unique global solution
(S1(t), Ex(t), A1(2), ..., Sn(t), En(t), An(t)) € R3™ x S a.s. of system (1.2).

Since

Sj=(1—q)hi — Zﬁ” — () +pi)Si < (1= q)Ai — (5 +pi)Si,
and

Si(t) < 89 + e (HPIL(S,(0) — D),

If 0 < S;(0) < SY, then 0 < S;(t) < S? as..
In the case of 0 < S;(0) < SY, we have

pzS Zozﬁm (Mz +51)E <p150 (MiE+€i)Ei7

thus if 0 < E;(0) < EZ»O, then 0 < E;(t) < EY ass..
Moreover,

(1—qi)Ai — (S + Ei + Ai) < (Si + Ei+ Ai)' < (1 - qo)Ai — u(Si + Ei + Ay).
Hence if =208 < §(0) + F;(0) + A;(0) < U=28s then U=00% < 6,(1) 4 Bi(t) +

Ai(t) < U=z qZ)A a.s..
The reglon

:{(Sl,El,Al,...,Sn,En,An) ERY: S5 <8, E; < EY,

1—q)A; L—qi)Ai |
% <Si+Ei+A; < %,221,2,...,71}
i M
is a positively invariant set of system (1.2).
From now on, we always assume that the initial value (S1(0), E1(0), A1(0),...,

S.(0), E,(0), A,,(0),7(0)) € T x S.

Then we present the graph-theoretical approach of Guo et al. [11-13].

Given a nonnegative matrix A = (a;j)nxn, the directed graph G(A) associated
with A has vertices 1,2,...,n with a directed arc (7, j) leading from initial vertex k
to terminal vertex j if and only if a;; # 0. A digraph G(A) is then said to be strongly
connected if any two distinct vertices can be joined by an oriented path. A weighted
digraph G(A) is strongly connected if and only if the matrix A is irreducible [5].

Lemma 2.1 ( [5]). If matriz A is nonnegative and irreducible, then the spectral
radius p(A) of A is a simple eigenvalue, and A has a positive eigenvector w =
(w1,wa,...,wy,) corresponding to p(A).

Then we present the definitions of the persistence in the mean and the positive
recurrence.

Definition 2.1. System (1.2) is said to be persistent in the mean if for any ini-

tial value (S1(0), E1(0 ) 1(0),...,8,(0), E,(0), A,(0),7(0)) € T x S, the solution
(S1(t), Ex(t), A1(t), ..., Sn(t), En(t), An(t),r(t)) of system (1.2) has the following
property

t—o00

1 st
liminff/Ai(s)>O a.s., 1i=12...,n
0
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Definition 2.2 ( [27]). The process X} with X, = x is recurrent with respect to
Dy, if for any © ¢ D., P(tp, < co) =1, where 7p_ is the hitting time of D, for the
process X[, that is

7p, = inf{t > 0, Xy € D.}.

The process X7 is said to be positive recurrent with respect to D, if E(7p,) < oo
for any x ¢ D..

3. Extinction

For the dynamical behavior of the stochastic alcoholism model, we are firstly inter-
ested in the state that the alcohol problems die out in a long term. In this section,
we shall establish sufficient conditions for extinction of the alcohol problems for
model (1.2).

Theorem 3.1. Assume that By = (Bij)nxn is irreducible. If R§ = p(M§) < 1,
then there exists a positive solution (S1(t), E1(t), A1(t),...,Sn(t), En(t), An(t),r(t))
of system (1.2) which has the following property

0; A
limsup - lo ( 71) <0, a.s.,
tﬁoopt s z;/‘?""‘%""ﬁ

which means the alcohol problems die out exponentially with probability one, i.e.,

lim A;(t)=0 a.s., i=1,2,...,n,

t—oo
3, (SO 4o, EO
where p(M§) denotes the spectral radius of M§ = (%)nxn and o =
(1, @a,...,0p) s a left positive eigenvector of M§ corresponding to p(M§).

4. Persistence and positive recurrence

In this section, we will study the persistence of model (1.2), i.e. the alcohol problem
will persist in all groups.

Theorem 4.1. Assume that By = (Bij)nxn (i,j = 1,2,...,n) is irreducible. If
RY = p(M}) > 1, then there exists a positive solution (S1(t), E1(t), A1(t), ..., Sn(t),
E,(t), An(t),r(t)) of system (1.2) which has the following property

t
1
liminf/ Ap(s)ds > — min {p +a; +3}(RE—-1)>0, as, p=1,...,n,
0 D, 1<i<n

t—o0

here p(MP) denotes the spectral radius of MP =(BaSHeBD) 5 (5 o, . G
where p(M{) denotes the spectral radius of M = P nxn,w—(wl,wg,...,wn)

is a left positive eigenvector of M{ corresponding to p(M() and for p=1,2,...,n,

= n 5 (1-gj)A; A
D. — maxlgi,jgn{ﬂijpn(&o + O'ZEIO) |:1 + Op Zj:Q Bpj [L; -+ H’p + Qap + Tp
v min{jiS, iF + 2.}

opAp(1—ap) min2§]§n{épj}
fp

In the case of persistence, we will find a domain D, C I' which is positive
recurrence for the process (S1(t), F1(t), A1(t), ..., Sn(t), En(t), An(t), r(t)).
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Theorem 4.2. Assume that By = (Bij)nxn (i,j = 1,2,...,n) is irreducible. If
RE = p(MP}) > 1, then there exists a positive solution (S1(t), E1(t), A1(t), ..., Sn(t),
E,(t), An(t),r(t)) of system (1.2) which is positive recurrence with respect to the
domain D, where R is given in Theorem 4.1,

DE:{(Sl,El,Al,...,Sn,En,An) €T:e<S <SV—e<8 <0 -,

C<E<E) - & <E <E)—¢,c< A, <A,

1—q)A 1—q)A

d-a)h ,ql) 1+€2§S1+E1+A1§(~#—62,
M1 H1

A=g)d) | o <8+ By + A <U=g)d o j:2,3,...,n},
Hj Hj

and € is a sufficiently small positive number.

5. Numerical simulations

In this section, applying the the EM method [14], we shall verify our theoretical
results. Assume that the total population is divided into two distinct groups, i.e.,
n = 2. We choose the initial value as (S1(0), E1(0), A1(0), S2(0), E5(0), A2(0)) =
(5,0.5,0.5,5,0.5,0.5). From [31], we take the following set of values of parameters
for model (1.1):

[
[, i) = 02,0125, [qu, q2] = 0.5,1/3], [sl,ez]:[o.zom],
[

p1,p2] = [0.5,0.25], [/1‘14,/1'24] =[0.5,0.25], [y1,72] =[0.5,1/3],
[a1,as] = [0.5,0.4]

(5.1)

d Br;(r(t)) takes different values in different examples, where r(t) takes values
= {1,2,3}. The generator of the Markov chain is
14 4
*_ | 1 _2 1
F=1s-2s|
11 _2
77 7

thus by solving the linear equation (2.1), we obtain the unique stationary distribu-
tion m = (71, 7, M) = (%, 15—47 %)

Example 5.1. For the state [ = 1,2, 3, Let the transmission coefficient £x;(l) as

B11(1) Bi2(1) _ 0.08 0.03 B11(2) B12(2) _ 0.1 0.05
Ba1(1) B2a(1) 0.03 0.08 B21(2) B22(2) 0.05 0.1 )
B11(3) B12(3) 0.30.2

B21(3) B22(3) 0.2 0.3
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Therefore, we obtain Rf = 0.9658 < 1. Thus the alcohol problems die out expo-
nentially with probability one (Theorem 3.1). For deterministic model (1.1), choose

Pu Pz = 0-1 005 , then we compute Ry = 0.2788 < 1. Fig. 1 shows the
Markovian chain of the extinction system. Fig. 2 confirms that the disease will die
out in both the deterministic model (1.1) and the stochastic model (1.2).

0 10 20 30 40 50 60 70 80 90 100

Figure 1. The Markovian chain of the extinction system with state space S = {1, 2, 3}.

5 05
chastic S, 1) Stochastic A, (1)
N — — Deterministic S, (t) 0.4 — Deterministic A, ()
_ __ 03
=3 =
(2] <
02
2 1
01
= \
1 05 0
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Time t Time t Time t
5 3 05
45 25 04
chastic S,(t) ochasti chastic A1)
_ 4 Deterministic S,(t) 2 Deterministic E.,(t) o3 — — Deterministic A,(t)
s o <
15 02y
3
o 1
25 ! 1y
\
2 05 0
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Time t Time t Time t

Figure 2. The diagrams track the populations size of the susceptible drinkers, educated susceptible
drinkers and alcoholics of the deterministic model and the stochastic model over time, respectively.

Example 5.2. For the state [ = 1,2, 3, consider the transmission coefficient Sy (1)
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as
B11(1) Bia(1) _ 0.350.25 B11(2) B12(2) _ 0.40.3
B21(1) Baz(1) 0.350.25)  \Bar(2) Baa(2) 0305/
B11(3) Bi2(3) _ (0504
B21(3) B22(3) 0.4 0.5

Therefore, we obtain Rj = 1.1470 > 1. Theorem 4.1 shows that the disease will
persist in the mean for a long term. Moreover, for deterministic model (1.1), choose

b1 B 0.4 0.3
) , then we compute Ry = 1.5577 > 1. Fig. 3 shows the

Ba1 Ba2 0.30.5

Markovian chain of the persistence system. Fig. 4 displays that the alcohol problem
will persist in both the deterministic model (1.1) and the stochastic model (1.2).

Figure 3. The Markovian chain of the persistence system with state space S = {1, 2, 3}.

6. Conclusion

In this paper, we have studied a multi-group alcoholism model with public health
education and Markovian switching. Firstly, the existence of the unique global
positive solution is analyzed. In addition, we establish sufficient conditions R§ for
extinction of the alcohol problem. By constructing suitable stochastic Lyapunov
functions with regime switching, the critical condition R} for persistence in the
mean of alcoholism is identified, which is also shown to determine the existence of
positive recurrence of the solutions to the model (1.2). More precisely, we have
obtained the following results

* Assume that By = (Bij)nxn is irreducible. If R§ = p(Mg) < 1, then there
exists a positive solution (S1(t), E1(¢), A1(t), ..., Sn(t), En(t), An(t),r(t)) of system
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5 3 15
Stochastic S, 1 Stochastic E, 1 Stochastic A, (1)
4 — — Deterministic S, (1) 25 — — Deterministic E, (1) — — Deterministic A, (1)
2
= 3 =
= =15
a W A— - =L N
1
! 05
0 0
0 20 4 60 80 100 0 20 40 60 80 100
Time t Time t
5 3 25
Stochastic S0 Stochastic E,(t) Stochastic A(t)
4 — — Deterministc S,(t) 25 = = Deterministic E,(t 2 — — Deterministic A1)

Time t

Figure 4. The diagrams track the populations size of the susceptible drinkers, educated susceptible
drinkers and alcoholics of the deterministic model and the stochastic model over time, respectively.

(1.2) which has the following property

1 = Wi A
limsup = lo ( #) <0, a.s.
t—oo T & ;uf‘JraiwL%‘

In other words, the alcohol problems die out exponentially with probability one,
ie.,

lim A;(t) =0 a.s, i=1,2,...,n.

t—o0

% Assume that By = (Bij)nxn (i,j = 1,2,...,n) is irreducible. If R
p(ME) > 1, then there exists a positive solution (S (t), E1(t), A1 (¢),...,Su(t), E
A (t),r(t)) of system (1.2) which has the following property

t
1 A

im i > — mi S 4 a; + P .S. =1,...
htmmf/o Ap(s)ds D, 11Snimn{ul a; +viH(Ry—1) >0, as, p=1,...,n,

which means the alcohol problem will persist in all groups, where

_ maxy<iy<n{ By} n(SY + 0, BY)
=

n A 1—jAj
14 Ung‘:Qﬂpj%‘*‘N?"‘ap"‘%

min{p?, uf +¢;} opAp(1—gp) Mina<;j<n{Bp;}
Hp

D

)

forp=1,2,...,n.
% Furthermore, assume that By = (Bij)nxn (i, =1,2,...,n) is irreducible. If
RE = p(M}) > 1, we obtain that there exists a positive solution (S1(t), E1(t), A1 (¢),
Sn(t), En(t), An(t),r(t)) of system (1.2) which is positive recurrence with re-
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spect to the domain D., where

DE:{(Sl,El,Al,...7Sn,En,An) elie<S <8 —e<8 <89,

e < E, SE?—EQ,GQ < B SE?—GQ,GSAl,GS < Aj,

1—q)A 1—q)A
%+62§51+E1+A1S(~#*627
H1 H1
1 YA 1—q;)A;
( ﬁqj) ]+€2§Sj+Ej+AjS(ﬂqj)]_€47 j:2,3,...,n}.
j J

Appdenix A (Proof of Theorem 3.1)

Since By = (Bij)nxn is irreducible, 3;; > 0 and p* + a; +v; > 0 and SY + o, EY >

— — [37_7(S,+01EU)) _
0, (i,j = 1,...,n), then M§ = ( Witatn ) is irreducible and nonnega

tive. From Lemma 2.1, we obtain that there exists a left positive eigenvector
w = (@1,w2,...,&,) of M§ corresponding to p(M§) such that

(@1,@27...,@n)p(Mg): ((211,(:)2,..‘,(:)”)M3. (Al)

Applying Itd’s formula to for model (1.2), one gets

S -
pitaity

Ai S+ o, F;
L’(uf‘—&-ai—k%) S +az+%;B“A — A,

Define a C2-function V5 on T to R

Z A+az+'71

11/1’Z

The differential operator £ acting on the function V5 along the solutions and com-
bining with (A.1), we have

LV, <ZZ ﬁ”SjLal )Aj—iwiAi

=1 j=1 +CL,+’Y, =1
Ay
Ay

= (@1,@2,...,@n)(MSIn—In)
Ap

= (p(Mg) — 1) Z@'A
i=1

- - i(l - RS)LIJZ‘Ai,
i=1
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where I,, denotes identity matrix. Then we obtain

g — R&w; A;
L(logV3) < — =& i( - ?4)w < — min {g* + a; + 7 }(1 — Rf). (A.2)
Z'—l i 1<i<n
=1 pitaity

Integrating (A.2) from 0 to ¢ and then dividing by ¢ on both sides leads to that

log Vi (t log V(0
og t2( ) < log t2( ) 12[112 {4 + a; + v }(1 - RE) < 0. (A.3)

Taking the superior limit on both sides of (A.3), we obtain

< — mm {ﬂZ +a; +7}(1—Rf) <0, a.s.,

. log Va(t)
limsup ————=
t—o00 t 1<i<

which means
lim A4;(t)=0 a.s.,, i=12,...,n

t—o0

That is to say, the alcohol problems die out exponentially with probability one in
the sense that alcoholism fractions go to zero from all the groups. This completes
the proof.

Appdenix B (Proof of Theorem 4.1)

Since By = (Bij)an is irreducible, Bij > 0, /Jf +a;+7v > 0and S? + o, E? >

3. (S04 0 O
0, (i,j = 1,...,n), then M = (W) is irreducible and nonnega-
wi et ) pxn

tive. By Lemma 2.1, we obtain that there exists a left positive eigenvector w =
(01, w2, ...,w,) of M§ corresponding to p(M}), such that
(@01,02, ..., 0n)p(ME) = (01,02, ..., @n) M. (B.1)

In the view of model (1.2), one gets

A,
E(m)

Si + o, B

i +az+%zﬁ” A

SO+UZEO i:ﬁ _(SO S)"‘O'ZE E Zﬁ
/~L2+az+%, il A it +ai + i Y

Define a C?-function V5 on T to R as follows
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The differential operator £ acting on the function V3 along the solutions, we have

LVs > ZZ MA Z“’l _ZZ Bis@il(S7—Si)+ (B — Ei)]Aj

=11 ,UZ +a;+; i=1j=1 Mz tai+7
Ay
-~ - Bz wz SO ) (E E)]
_ p ] .
= (@1, @2, -« -, On)(MET, — I,) —2; prr—— A;
Ap
Bz Wz ) (EO _Ei)]
MP_]_ zA J A
E}“ 2; uz +a; + ’
- Bz Wz - ’L) + (EO - El)]
Rp—l A J L A

Applying It6’s formula to the functions —log V3 and —(S; + E;), respectively, one
gets

Bij@i[SY+0i EY—(Sit+oiE)]
(RE—1) o0, @A — Y, S0, 2u] P
n 'LA/L
2 uAiaHr%

< — min e +ai 9} (B — 1)+ max (B nl(S? - S0)+0,(E0 - ).

—L(log V3) < —

—L(Si + E;) = — (1 — ¢)As + piSi + (uF + ) E; + (Si + o, E Z
< —pl(S) = Si) — (uf + &) (B) — E) + (S + 0,EY) Z&jAJ
< —min{p}, u +e:}[(S) =)+ (E) — E)|+(S) + 0. EY) ZBijAJ
j=1

Then we define

V= —lOg‘/g . ma’X1<z7J<n{6ij}n(Si +EZ)
min{nS i 1 21)

The differential operator £ acting on the function Vj along the solutions, we have

3.2 SO + o EO n
< _ : A . . y rnaX1<z J<7L{/81]} 7
LV, < 11311%1”{;% +a; +v7 Ry — 1)+ min{yi5, 1uF + i} ZA
(B 2)
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Applying Ito’s formula to — Ay, one gets

—L(A1) == (S1+01E) Zﬁu (,ul +a1+71)A

j=1

< —o1(S1+ B+ A1) Y Byt (010 Y By + it + a1 +m) A

j=2 j=2

1A (1 = g1) ming<;<n{ B, } iA'
i = ’

“n "

(Gl 2L S f a4

j=2 fij
Define ,
maxi<; ]<7L{613}2n(SO+UiE?)
E
min{py,pu;"+e;
‘/5 = V4 — { : } Al.
o1A1(1—q1) miny< ;< {B1,}
f

The differential operator £ acting on the function V5 along the solutions, we have

(B.3)

LVs < — min {pf +a; + 9 }(RE — 1) + D14y,
where
~ n A 1—q; Aj
D, = maxi<i,j<nifBij }*n(S} + i EY) 14 712 5= ﬁlj% ML 71}
! min{uf, ,LLiE + 614} o1A1(1—q1) mina< <, {B1,}
A1

Integrating (B.3) from 0 to ¢ and then dividing by ¢ on both sides, we get

Vs(t) _V5(0) » Dy [*
— < . lgllél {uz +a;+7 Ry — 1)+ 7/0 Aq(s)ds

Since (1_5& <S;+E+A;< (1—g¢7 (i=1,2,...,n), we have

Z E (Bi;)? SD+07EO)
i=1 £<j=1 min{pf pf+ei}
o1A1(1—q1) ming< <, {B1;}
A1

n [0V 1*‘17 ) ﬂl 7)A1
e (X T "X i o

=17

‘/5(517E17A1a . -7Sn7EnaAn) = V4 +

(Bij)2(8%40:E?)
Zz DI 1m L =g
0’11\1(1 q1)m1n2§]§n{ﬂlj} [1'1
I3t

:=M5 is a constant.

Therefore

(B.4)

(B.5)
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Taking the inferior limit on both sides of (B.4) and combining with (B.5), we have

liminf/ Ay (s ds> — mm {MZ +a; +v}(RE—1) >0, a.s.

t—o00
Using the same method as above, we can also get that

¢
liminf [ A,(s)ds > !

A
minf | >, lrgniléln{ui +a;+v}(RE—1)>0, as., p=2,...,n,

where
3 12,060 0 o, S LB U=a)ds 4 Ay g+
maxi<; j<n{fBi;j}°n(S; + o;Ey) 1 p2uj=2Ppi p; “p p T p

min{p?, uf +;} opAp(1—gp) miny< i< {Bps}
Hp

D, =

This completes the proof.

Appdenix C (Proof of Theorem 4.2)

From Theorem 2.1, it follows that for any initial value (S1(0), E1(0), A1(0), ...,
Sn(0), E,(0), An(O) 7(0)) € T x S, the solution of system (1.2) is regular.
Define a C?-function V on I to R as follows

V= M%—Xn: log Si—i log(S?—Si)—zn: log E"_i log(E?—Ei)—zn: log A;
im1 i_1 i—2

=1 =1
(1 —qi)A;

—Zlog _S E;, — A Xn:log[Si+Ei+Ai— [i:

i=1

B

where M > 0 is a sufficiently large number satisfying the following condition
= M[min {p! +a; + 7} RE - D] +Q < -2, (C.1)

and @ will be determined later.

Note that V(Sy, E1, A1, ..., Sy, En, A,) is not only continuous, but also tends to
o as (81, E1, A1, ..., Sn, En, Ay,) approaches the boundary of I'. So it must be lower
bounded and achieve this lower bound at a point (S;(k), E1(k), A1(k), ..., Sn(k),
E,(k), A,(k)) in the interior of T.

Then we define a C2-function V on I to Ry [J{0} as follows

V(Sla Elv Ala ey Sn7Ena An)
=V (S1,E1, A1, ..., S0, En, Ap) — V(S1(k), By (k), Av(k), ..., Sn(k), En(k), An(k))

n

=MVys — znjlog S; — Xn:log(S? -8 — Z;log E; — ilog(E? —E;) — zn;log Ay

i=1 i=1
(1—q)A;

—Zlog A—S E; — A) anlog(si—i—Ei—&-Ai— o

_V(Sl( k), E ( k), Av(k), . .. Sn(l%) En(k), An(K))
=MV5(S1,E1, A1,y ..., Sn, Eny An) + Ve(S1, ..., Sn) + V2(S1,...,S0)

)
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+Va(Ey, ..o Bn) +Vo(Er, ..., Ey) + Vip(Asz, ..., Ay)
+ ‘/11(517E17A17 . '7SnaETL7ATL) + V12(517E1aA1) .- '?STL7E7L)A7L)7

where

Ve (51, ZlogSZ, 7(S1,...,50) = —Zlog(S? -
Va(E1,...,E ZlogE“ o(Br,..., Ey) == log(E) —
‘/10(1427...,14”) = 7ZIOgA“

Vi1(S1, Br, Av, ..., Sny Bny Ay) Zlog LS, —Ei—Ay),

and Vlg(Sl,El,Al,.. Sn,

En, Ay) = = 31 log(Si+ Ei+ A; — =208 — 778, (1),
Ev (D), Ar(D), - -, Su(1), En(D), An(D)).

Applying It6’s formula to Vg, V7, Vg, Vo, Vig, Vi1 and Vis, respectively, we have

ﬁvﬁz—z +ZZ£M k)A; +Zﬂz +pi)

i=1 =1 j=1 i=1
n (C.2)
<oy ek +Zzﬂw uzmm
i=1 =1 j=1
LVe=>" ﬁ [(1 —qi)Ai — Zﬁij(k)SiAj - (P +pi)5i}
i=1 "% ' j=1
i=1 "% j=1
Sy i = [(uf (S0 — S) + Z By (k)(S0 — $:) 4, — B“S?Al}
i=1 "1 g
S DL S S S RTARS 3) pr ]
i=1 "t i=1 i=1 j=1 Hi
(C.3)
AC‘/S = - sz‘Sl + Z Z O‘iﬁlj (k)A] + Z(:u’z + E’L)
i=1 " i=1 j=1 i=1 (C.4)
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Vo=3 ﬁ [pisi =Y 0By (k) Eid; — (uf + &)El}
£~ E) - E; =

[ nf +&)E) — (uf + &) E; — 0B (k) E) Ay

= EO

Zn:azﬁ” (B? — Eq)4;)

AT L )

1=1 j=1

< -

&M: i

n

LVig=— Zzﬂw SJFUZ Ei)A j+Z(M;;4+(M+'Yi)

1=2 j5=1 =2
51‘151'141 = A
7; 1 +;(ui +ai + %),

LVin — . (1—gi)A; — Hz‘SSi - (HZE + &) B — (MA +a; +vi)Ai
11—2 A=ghi g _ g _ A
i K2 1 1

1_% 7 ﬁz(s"_E""A) (/14;4+a2+'7i_/]i)14i
Qoabs g, — B, — 4

i
_ Z ,u,l +a; + v — Nz i zn:
(A—gi)Ai qL)A — S, —E, — A, —
£V __i (1 —qz-)Ai — 13 Si = (uf + &) Ei — (uf + ai +7:) A
- (1—qi)As
i=1 Sz + Ei + Az - #

Hi
<Xn: Bi(Si + B +A) — (1 —q)N — (s — N?)Si
_1:1 Si+ Ei + Ai — %

S St L

115+E+A

.
i M: i
I,

(C.8)

Hence, from (B.3), (C.2), (C.3), (C.4)7 (C.5), (C.6), (C.7) and (C.8), it follows that
EVZ[:(MV5+V6+V7+V8+V9+V10+V11+V12)

n

1—gi)Ai  ~~piSi
< M{min {1 +az+%}<R§—1>1—Z( &) IR
1: 1 K3 - 1

_ i Bil(si ‘;i'z i Z 5115 Al Z ﬁzlE A?

7,+a’2+2 i)A; - i_iSi
_Zlu i — fii) _Z (i = 17) L0, (C9)

ql)A =S —Ei — 4 1:15i+Ei+Ai_%

where

0= 222&] 1+al +Z[ w4 pi + pE 4 e) + 4 i

i=1 j=1




2298 Z. Shi, D. Jiang, N. Shi, T. Hayat & A. Alsaedi

+ Z(N? +ai +vi)-
=2

Then we define a bounded closed set as follows

DE:{(Sl,EhAl,...7Sn,En,An) elie<S <8 —2e<8 <8¢,

e <E <E)—€é ¢ <E <E)—é e< A, <A

1—q1)A 1—q1)A

( 7‘11) 1+62§51+E1+A1§( ~111) 1_ 2
M1 H1

1—gqi)A; 1—q)A;

( _QJ) ] +€2 SSJ+E]+A] S( ~q_]) J
Hj Hj

)

— e j=2,3,...,n},

where € is a sufficiently small positive constant satisfying the following inequalities

(=) n MD:(1—q1)
€ I
B Z;—l:z(l —q;j)A; n MDi(1—q1)Ay
€ i1
MDq{(1— A
— 12 + % + Q S _17
€ H1
B > j=2Pj n MD;(1—q1)Ay
€ i
1
€< )
- MD,
B > i B n MDi(1—q1)\y
€ 1
_ B115Y n MD;(1—q)A

. Lig<-1,
€ H1

X2 BnSy L MDi(1 = g)As
€ i1
_ BuE} n MDi(1—q1)\
€ 1
_ X P MDi(1 - q)A
€ i1
(Wt a - ) L MDi( = a)hy
€ fi1
Tl ety — i) MDi(1—g)hs
€ 1
iy —py  MDi(1—q)A
! M1+ 1(~ (11)1+Q§_1’
€ M1
Xl i) MDi(1—a)A

- Lig< -1
€ 125}

Mo<,

+Q§_17

+Q§713

+QS_17

+Q§_17

+Q§_17

1+Q§_17

+Q§715

+QS_17

For convenience, we can divide T’ \ D, into the following fourteen domains,

D; = {(517E17A17~-~7SnaEn7An) € f : Sl < 6},

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)
(C.15)
(C.16)
(C.17)
(C.18)
(C.19)
(C.20)
(C.21)
(C.22)

(C.23)
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D? = {(Sl,El,Al,...,Sn,En,An) S r: Sj < c}’
D? ={(S1,E1,Ay,...,Sn, En, Ay) €T By < €251 > €},
D! ={(S1,F1, A1,...,5:,En, Ay) €T Ej < ,S; > €2},
D? ={(S1, E1, A1, ..., Sny Ep, Ap) € [:A < €},
Dg = {(SlvEl»Alv 7SnaEn7An) el: AJ‘ < 647Sj > G,Ej > 627141 > 6},
Dz:{(517E17A17 7Sn7En7An)€f:S?*62<Sl,A1ZE},
DSZ{(SlvElaAh' 7SnaEn7An)€fZS§)—62<Sj,Al26}
D? = {(S1,E1, A1, ..., Sy Eny Ay) €T EY — 2 < By, Ay > €},
D;O = {(Sl,El,Al, .,S7L,En,A.,L) c f . Eg) —62 < E],Al Z 6}
- (1—q)A
Dil = {(SlaElaAla'“aSnaEnaAn) el: (/j?l)l 763 < Sl +E1 +A1,
1
Ey > €% A > e},
_ 1—a:)A;
‘Diz = {(517E17A1u"'75n7EnaAn) el: ('aqj)J _65 < Sj +Ej +AJ7
J

Ej > EQ,AJ‘ > 64},
(1—q)\y

K1

DI = {(S1, B, A1, ..., S, En, Ay) €T S1 + By + Ay < +e,
By > € Ay > e},

DM = {(S1,E1, Av, ..., Sp, En, Ay) €T 8, + E; + A <(1ﬂqi)Aj+e5,
E; 262,Aj 264}, ’

forj=2,3,...,n.

Clearly, '\ D, = U;il D:. In what follows we prove that LV (S1, E1, A1, ..., Sy,
E,,A,) < —1for any (S1,E1, A1, ..., Sn, En, Ay) on T'\ D, which is equivalent to
proving it on the above fourteen domains, respectively.

From inequalities (C.10) to (C.23), we obtain that there is a closed set D, such
that for any (S1, E1, A1, ..., S0, En, Ay) € T\ D

LV (S1,E1, A1,..., S0, Eny Ay) < —1. (C.24)
Let (S1(0), £1(0), 41(0),...,S,(0), E,(0), A,(0)) € T\ D, from (C.24) we have

E[Si(7p,), E1(Tp,), A1(7D,), - - Su(TD,), En(7D,), An(TD,)]
- V(Sl(o)a El(o)a Al(o)a ey Sn(o)aEn(0)7An(0))

- E/TD" LV(S (1), Er(£), Ay(b), - S (), En(t), An (b))
< _E(mp).
Thus, due to the positivity of V, it follows that
E(rp.) < V(S1(0), B (0), A41(0), . ., Sn(0), En(0), Ay (0)).

This completes the proof.
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