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Abstract We examine the limiting dynamics of a class of non-autonomous
stochastic Ginzburg-Landau equations driven by multiplicative noise and de-
terministic non-autonomous terms defined on thin domains. The existence
and uniqueness of tempered pullback random attractors are established for
the stochastic Ginzburg-Landau systems defined on (n + 1)-dimensional nar-
row domain. In addition, the upper semicontinuity of these attractors is ob-
tained when a family of (n 4 1)-dimensional thin domains collapses onto an
n-dimensional domain.
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1. Introduction

The Ginzburg-Landau equation is an important nonlinear evolution equation, which
is used to simplify mathematical models for pattern formation in mechanics, physics
and chemistry (see [2,5,8] for more details, particularly, physical backgrounds). For
the deterministic Ginzburg-Landau equation, the long time behavior of solutions
was investigated in [15,16,27]. For the stochastic Ginzburg-Landau equation, the
study of the random attractor can be found in [17,26,28]. Our main interest in this
work is to study the dynamics of the stochastic system (1.1) defined on the thin
domain O, for small € and explore the limiting behavior of the system as ¢ — 0.

In this paper, we investigate the asymptotic behavior of solutions of the follow-
ing non-autonomous stochastic Ginzburg-Landau equations driven by multiplicative
noise on O, for t > 7 with 7 € R

di® — (1 4 ip)Aadt + putdt = (f(t,z,4°) + G(t,x)) dt + 4% o dW, xz € O,

ousf

v,

=0, z€00,,
(1.1)
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with initial condition
’ae(Tv .’E) = ﬁ’-sr(x)a HAS 067 (].2)

where 4° (¢, x) is a complex-valued function on R x O. In (1.1), i is the imaginary
unit, u, p are real constants and p > 0. v, is the unit outward normal vector to 0O;.
W is a two-sided real-valued Wiener process on a probability space, the symbol o
indicates that the equation is understood in the sense of Stratonovich integration.
The so-called thin domain O is given by

O. ={x= (" zpy1)| "= (21,22, ,2n) € Q, 0 < xpy1 <eg(z™)}

with 0 < e <1 and g € C?(Q, (0, +0)), where Q is a smooth bounded domain in
R". Since g € C%(Q, (0,+0c0)), there exist two positive constants 3; and By such
that

B1 <g(z*) <Pz, Va*ed. (1.3)

Denote O = Q x (0,1) and O = Q x (0, 83) which contains O for 0 < ¢ < 1. The
nonlinearity f and the body force G satisfy some conditions which will be specified
later.

As € — 0, the thin domain O, collapses to an n-dimensional domain. In this
paper, we will see that the limiting behavior of the equation is determined by the
following system on the lower dimensional spatial domain Q, for ¢ > 7 with 7 € R
and y* = (y17"' ayn) € Q?

1 n
—(1+ip)— Z )y dt+pu’dt = (f(t,y*,0,u°) + G(t,y*,0)) dt +u° o dW,
94
0
L =0, y* €09,
8V0
(1.4)
with initial condition
u(my") =ud(y), ¥t e g, (1.5)
ou’

where v is the unit outward normal vector to 9Q. Note that ugi means - in
(1.4) and similar notation will be used throughout this paper. .

The study of the asymptotic behavior of deterministic PDEs defined in thin
domains was first initiated by Hale and Raugel [9,10]. Then their results were
extended to various problem, see for instance, [1,4,7,12,13,18-22].

The Ginzburg-Landau equation is an important nonlinear evolution equation,
which is used to simplify mathematical models for pattern formation in mechan-
ics, physics and chemistry. For the deterministic Ginzburg-Landau equation, the
long time behavior of solutions was investigated in [15,16,27]. For the stochastic
Ginzburg-Landau equation, some recent studies can be found in [6,11,17,23,26,28].
Particularly, in [14], the authors studied the stochastic Ginzburg-Landau equation
on thin domain O, C R2. Our main interest in this work is to study the dynamics of
the stochastic system (1.1) defined on the thin domain 0. C R**! for small ¢ with
an additional nonlinear term f (¢, z, 4°) under some further restrictions, and explore
the limiting behavior of the system as € — 0. Our study is a natural extension of
the work done in [14] and provides complementary understanding of the dynamics
of the stochastic Ginzburg-Landau equation.

We organize the paper as follows. In Section 2, we establish the existence of a
continuous cocycle in L2(O) for the stochastic equation defined on the fixed domain
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O, which is converted from (1.1) and (1.2). We also describe the existence of a
continuous cocycle in L?(Q) for the stochastic equation (1.4) and (1.5). In Section
3, we deduce all necessary uniform estimates of the solutions. In Section 4, we prove
the existence and uniqueness of tempered attractors for the stochastic equation.
Section 5 deals with the upper semicontinuity of these attractors.

2. Cocycles for stochastic Ginzburg-Landau systems

In this section, we will defined a continuous cocycle for the following non-autonomous
Ginzburg-Landau systems deriven by multiplicative white noise for = (x*, x,,11) €
O and t > T,

da® — (1 +ip)Aatdt + patdt = (f(t,x,4°) + G(t,x)) dt + 4 o dW,
ouf
v,
@2(r,2) = i (2),

=0, z¢€ 8067 (21)

where 7 € R, u,p > 0 are constants, G € L? (R, L>(0)). W is a two-sided real-
valued Wiener process defined on the metric dynamical system (2, F,P, {0;}:cr),
where Q = {w € C(R,R) : w(0) = 0} equipped with the compact-open topology,
F = B(Q) is the Borel sigma-algebra of Q, P is the Wiener measure, and {6, };cr is
the measure-preserving transformation group on Q given by 6;w(-) = w(- +1t) — w(?)
for all (w,t) € Q x R. In this paper, f is a nonlinear function, and in the various
lemmas that follow we assume f satisfies the following conditions: for all z € (5,

u € Candt,seR,

Ref(t, z,u)u < —y|ul? + ¥ (¢, ), (2.2)
af(t,z,u)

2] < 5, 2.3)
Lt < w2, 2.9

where p > 2, o1 € Lj, (R, L>®(0)), o € L (R,L>(0)), v and 3 are positive
constants, . In particular, those conditions also hold for the well-known non-gauge
interaction function f = (a+i8)|ul?u (or f = (1+ip)|ul*?u with o > 0, particularly
for o = 1, for many related works), which is widely used for Ginzburg-Landau
equations (see [2,5,8] for example). In the function f, « represents the nonlinear
saturation, which is required to be positive, while § represents the strength of
nonlinear dispersion effects.

Next, we transfer the problem (2.1) into a boundary value problem on the
fixed domain O. For 0 < ¢ < 1, we define a transformation 7, : O, — O
by T.(z*, 2ny1) = ($*7%) for v = (z*,2p41) € Oc. Let y = (y*,yns1) =
T.(x*,2p41). Then we have * = y*, z,41 = €9(y*)yn+1. By some calculations, we
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find that the Jacobian matrix of T, is given by

J:

(9(3/1,'--

s Ynt1) _

) .Tn+1

1 0
0 1
0 0
_ yng+1 Gyr — yng+1 Gys "

0 0
0 0
1 0
_ Ynt1 1

=5 9 T

The determinant of J is |J| = le*). Let J* be the transport of J. Then we have

1 0 0 —y”%gyl
0 1 0 _yng+1gy2
JJ =
0 0 1 g
Yn+1 Yn+1 Yn+41 n Yn41 2 1 2
T T e T O 2 (220,) + (59)

It follows from [9] that the gradient operator and the Laplace operator in the original
variable x € O, and the new variable y € O are related by

1
V. a(x) = J*Vyu(y) and Ay a(x) = |J|div, (|J| P TT*V,u(y)) = Edivy(Psu(y)),

where G(z) = u(y), V. is the gradient operator in x € O, A, is the Laplace
operator in x € O, div, is the divergence operator, V,, is the gradient operator in
y € O, and P is the operator given by

GUy; — Gy Yn+1Uy,,

P.u(y)
GUy,, = Gy, Yn+1Uy,,

L 2
<1 + Z (Eyn+1gyi) ) Uypgr
i=1
In the sequel, for © = (z*,z,41) € O, y = (Y*,Ynt1) € O and t,s € R, we
denote by

1

e2g

n
- Z Yn+1Gy, Uy, +
=1

ué‘(y) :aé‘(x)’ f(tvxvs) :f(tvx*axn+l7s)7
ft‘(ta y*7yn+1’5) = f(tay*7€g(y*)yn+la5)a fo(t,y*,S) = f(tvy*aovs)v
Gs(tvy*’yn-‘rl) = G(tvy*afg(y*)yn-‘rl)? Go(t,y*) = f(tvy*’ O)

Then, the problem (2.1) is equivalent to the following system for y = (y*, yn4+1) € O



Dynamics of stochastic Ginzburg-Landau equations 2317

and t > 7,

1
du® — (1 +ip)—divy(Pu®)dt + pudt = (f(t,y,u) + G(t,y)) dt + u® o dW,
g

Puf-v=0, yeoo,

wt(ry) = ui(y) = A (T2 (y)),
(2.5)
where v is the unit outward normal vector to 0O.
To write the problem (2.5) as an abstract system, we introduce an inner product

() m,(0) on L*(0) by
(u,v) @, (0) :/ guvdy, for all u,v € L*(O)
' o

and denote by H,(O) the space equipped with this inner product. Since g is a
continuous function on Q and satisfies (1.3), one can easily show that H,(O) is a
Hilbert space with norm equivalent to the natural norm of L?(0). For 0 < ¢ < 1,
we introduce a bilinear form a.(-,-) : H*(O) x H}(O) — C, given by

ae(u,v) = (J*Vyu, J*Vyv)g, o) foru,ve HY(0), (2.6)
where

Gyn

" - Gy,
J Vyu = (U‘yl - g Yn+1Uy,yqs 00 Uy, — Yn+1Uy, s &_guyn+1> .

Let H!(O) be the space H!(O) endowed with norm

1
lullnyor = (Il + v lien ) (2.7)

It yields from [9] that there exist positive constants ¢, ;1 and 72 such that for all
0<e<eggand ue HY(O),

mllull oy < ae(u,w) + [[ull 720y < n2llullfn o)- (2.8)

Denote by A. the linear self-adjoint operator
1
Acu = fgdivy(Psu), u€ D(A.) = {u € H*(O): Pou-v=0on 6‘0}.

Then, we have
ac(u,v) = (Acu,v) g, 0y, Yu € D(A.), Yo e H'(O). (2.9)
Note that system (2.5) can be rewritten as, for y € O, t > 7,

du®
dt

ut (1) = us.

dw
1 i AEE £ = Eta ) : 5t7 : “dt ]
+ (1 +ip)Acu® + pu® = fo(t,y,u®) + Ge(t,y) +ut o dt (2.10)

For system (1.4)-(1.5), we introduce an inner product (-,-)m,(g) on L*(Q) by

(u,v)m,(0) :/ guvdy*, for all u,v e L*(Q)
' Q
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and denote by H,(Q) the space L?(Q) equipped with this product. Let aq(-,-) :
H'(Q) x H'(Q) — C be a bilinear form given by

ao(u,v):/ gVu - Vody™.
Q

Denote by Ap the unbounded operator on H,(Q) with domain D(4y) = {u €
H?*(Q), 2% = (0 on 0Q} as defined by

’ Avg

n

1
Agu = _5 Z(guyi)ym u € D(AO)

=1

Then, we have ao(u,v) = (Aou,v)m, (), Yu € D(Ag), Yv € H'(Q). Therefore,
system (1.4)-(1.5) can be rewritten as, for y* € Q, t > T,

dud dwW

M1+ i) Agu® + pu® = " ul ")+l

o + (1 +ip)Agu” + pu’ = fo(t,y",u’) + Golt,y") +u” o dt (2.11)
u’(7) = uj.

In the rest of this paper, we consider the probability space (2, F,P) where
Q={we C(R,R):w(0) =0}, F is the Borel o-algebra induced by the compact-
open topology of Q, and P is the corresponding Wiener measure on (2, F). Define
the time shift by

Orw(’) =w(-+1t) —w(t), we, teR. (2.12)

Then (9, F,P, {0, }+cr) is a metric dynamical system. It follows from [3] that there
exists a {0; }rer-invariant subset of full measure (still denoted by ) such that
4
lim w(t) =0 for every w € Q. (2.13)

t—+oo ¢

We now convert the stochastic system into a deterministic non-autonomous one.
Let v (t, 7,w,v%) = z(t,w)us(t, 7,w, us) with z(t,w) = e~“®). Then v° satisfies, for
yeO, t>r,

T QAL+ 0 = () ol 00 + 200Gty
v (1) = vs.

Since (2.14) is a deterministic equation which is parametrized by w € Q, by a
Galerkin method, one can show that if f satisfies (2.2)—(2.4), then for every w €
Q, 7 € R and v2 € L?(0), system (2.14) has a unique solution v¢(-,7,w,vZ) €
C([r,0), L2(0)) N L*((r,7 + T), H'(0)) for every T > 0. Furthermore, one may
show that ve(¢,7,w,vS) is (F, B(L*(0)))-measure in w € Q and continuous in ve
with respect to the norm of L?(0). We now define a mapping ¥, : RT x R x Q x
L?(0) — L*(0) for problem (2.10). Given t € R, 7 € R, w € Q and vZ € L*(0O).
Let

U (t,ryw,ul) =u (t+7,7,0_rw,ul) = v (4T, T, 0w, v3), (2.15)

z2(t+7,0_rw)
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where v¢ = z(7,0_,w)ut. As stated in [24], the mapping U, is a continuous cocycle
on L?(0) over (Q, F,P,{0;}ier).

Let R. : L?(0.) — L?(O) be an affine mapping of the form (R.i(y)) =
W(T'y), Vi e L*(0.). Givent € RT, 7 € R, w € Q and 45 € L*(O,), we can
define a continuous cocycle W, for problem (2.1) by the formula W, (¢, 7,w,us) =
R (t,7,w, Roul), where W, is the continuous cocycle for problem (2.10) on
L*(0).

Similarly, let v°(¢,7,w,v?) = 2(t,w)u’(t,7,w,u?). Then system (2.11) can be
transformed into the following equation on Q with y* € Q, ¢t > T,

d 0
S (L i) Age” + o = 2(t,w)folty" 27 (Lw)e’) + 2(t,w)Golt, y7),
00 (1) = 2.

(2.16)
It follows from above arguments that system (2.11) generates a continuous cocycle
Uo(t, 7,w,ul) in the space L?(Q).

Denote by X. = L*(0.), Xo = L*(Q) and X; = L?(0). For each i = ¢,0
or 1, let D; = {D;(r,w) : 7 € Ryw € Q} be a family of nonempty subsets of
X;. Then, D; is called tempered (or subexponentially growing) if for every ¢ >
0,  lim e || Di(t + t,0w)| x, = 0 holds, where ||D;|x, = sup,¢cp, ||#[x,. This
definition is a straightforward extension of the concept of tempered random subsets
for autonomous random dynamical systems. We also denote by D; the collection of
all families of tempered nonempty subsets of X;, i.e.,

D; ={D; = {D;(1,w) : T € R,w € Q} : D; is tempered in X,}.

The following condition will be needed when deriving uniform estimates of so-
lutions:

/ 4 (1605, M2 gy + 11(5, )2 ) ) ds < 00, VT ER.  (217)

— 00

When constructing tempered pullback attractors for the cocycle ¥, we will assume
for any o > 0,

0
M ar lS
tim e [ e (G B + (s 4 2 ) ds =0, (218)

r——00 oo

3. Uniform estimates of solutions

In this section, we derive uniform estimates of solutions for system (2.14). We first
derive the estimates of solutions for problem (2.14) in Hy(O).

Lemma 3.1. Assume (2.2) and (2.17) hold. There exists g > 0 such that for every
O<e<epn TR weQand Dy = {Di(r,w) : 7 € R,w € O} € D, there exists
T =T(r,w,D1) > 0, independent of €, such that for all t > T, the solution v¢ of
system (2.14) with w replaced by 0_,w satisfies

Hva(’r? T—1, 977'("}; vqs—ft)”%{g((’))
0

§Mz*2(77,w)/ e%PSZQ(s,w) (1+||G($ + T, -)Hiw(é) + |1 (s + T, .)||200(5))d8
(3.1)
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and

"okt (|10 e I

ez’ (IIU (s, 7=1,0—rw,v7 )71 (0)
T—t
+ 22(s,0_rw)|Juf (s, 7—t,0_rw,us_,) Hip(@))ds
0
<Mz2(—7,w) / 20°22(5,0) (116 s + 7} ) + 1105+ 7 )} ) 5
(3.2)

where vS_, € Di(T —t,0_w) and M is a positive constant depending on p, but
independent of T,w,e and D1.

Proof. Taking the inner product of (2.14) with v® in Hy(O) and taking the real
part, we obtain

1d
2dt
:Z(tv w)Re(fs(ta Y, Zﬁl(t w)ve)’ UE)HQ(O) + Z(tv w)Re(Gs(ta y)v 'UE)HQ(O)' (33)

¥ 117, (o) + Re(1 + i) (Aev®,v%)mr, 0) + pllv° 17, (0

For the second term on the left-hand side of (3.3), applying (2.9), we have that
Re(1 +ip)(Acv®,v%) g, (0) = ae (v, v%). (3.4)

For the first term on the right-hand side of (3.3), using (2.2) and (1.3), we obtain
that

z(t, w)Re(f(t,y, 27 (t, w)v%),v%) i, (0)
zz(t,w)Re/ngE(t,y,zil(t,w)vs)visdy
=2(t,w)Re /O 9fe(ty",e9(y" ) yn+1, u)usdy
SfVZQ(t,W)/Ogluglpdy+Zz(t,w)/ng/fl(t,y*,eg(y*)ynﬂ)dy
<- vﬁlzz(t,w)/o [uPdy + c2? (£, w) [ Y1 (t, )| e &) (3:5)

Applying Holder inequality and Young inequality, the last term on the right-hand
side of (3.3) is bounded by

z2(t, w)Re(Ge(t,y), v ) u, 0) < 2(E WG Y)l my 01071, (0)

IN

1. 1
3210 0 + %zz(tw)\ng(t,y)II%g(@

IN

1 g
§P||U H%IQ(O) + CZZ(t>w)|\G(t7y)|\2Lm(5)- (3.6)
By (3.3)-(3.6), we obtain
d 112 112 e ,E 2 e|p
i1V, o) + Pl I, 0) + 206 (0%, 0%) + 29127(F w) O|u Pdy

<ez?(t,) (I1G (2 ) + 01 (8 ) o) ) - (3.7)
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Multiplying (3.7) by e2P" and integrating the resulting inequality on (1t —t,7) with
7 > 0, we obtain, for every w € ,

”va(Tv T —tw, qu'ft) H%I_q((’))

y Yr—t

-
+ 2/ e%p(S_T)aE(UE(s, T—t,w,vi_,), v (s, 7 —t,w,vi_,))ds
T—t
1 T Lp(s=T7) ||, € 2
+§p T_t62 ||U (577_t7w7vr—t)”Hg(O)d8
T
+ 2761 / e%P(S*T)Zz(Saw)”uE(Sv T —tw, Ui—t)”ZL)p(o)ds
T—t

_1 _i 7T
<e ¥ oy tee 3 €022 ,0) (160 B e 115l @) .

0
(3.8)
Now, replacing w by 6_,w in (3.8), we get
0% (7,7 = £, 0w, v5_) I, (o)
+2 /T e%p(S_T)aE(vs(s, T—t,0_rw,vs_,),v(s, T —t,0_;w,vs_,))ds
r—t
g [ I r 1005 oy
Tt
+ 270, /T t e2P(57T) 225, 0_w)||uf (s, 7 — t, 0w, ui,t)H’zp(o)ds
< 67%pt||vi_t||?fg(c9)
wector | ;e%mz?(s,eqw) (165, e ) 1 (5. V)
< e*%ﬂtHUi_tH%{g(O)jL cz 3 (=1,w) /OOO e (s, w)([|G(s + 7, 9)|? = ()
915+ 7)o ) s (3.9)

Note that v¢_, € Di(7 —t,0_tw) and D, is tempered. It follows that there exists
T =T(r,w,Dq) > 0 such that for all t > T,

0
e_%ptHvi,tH?{g(o) < 6_%”t||D1(T—t7thw)H%Q(o) < 273 (-T, w)/ 27522 (s,w)ds.
—00
The lemma then follows immediately from (2.8) and (3.9). O

As a consequence of Lemma 3.1, we obtain the following inequality which is
useful for deriving the uniform estimates of solutions in H1(0O).

Lemma 3.2. Assume that (2.2) and (2.17) hold. Then, there exists g > 0 such
that for every 0 < e <eg, T €ER, w € Q and D1 = {D1(1,w) : T €R,w € Q} € D,
there exists T = T(r,w,D1) > 1, independent of €, such that for all t > T, the
solution v of system (2.14) with w replaced by 0_,w satisfies

-
/ . HUE(Sa T—t, 077(“]’ vf——t)”?{é((’)) +22(33 Q,Tw)HUE(S, T—1, 077—0-), ’uf_—t) ”ip(@)ds
—
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0
_ 1
<Mz 2(_7—7w)/ ex” 22(87W)(1+||G(S+Tv')||2Loo(5) + ”wl(S‘FTa')Him(@))dsa

—o0
(3.10)
where vE_, € Dy(T —t,0_w) and M is a positive constant depending on p, but
independent of T,w,e and D1.
Proof. Since e2P(T—1) < €3PS < e3P for all 7 — 1 < s <7, we have, for t > 1,

.

)

e 2/ lve (s, 7—t,0_rw,vi ) ||§151(O) +22(5,0_,w)|[uf (s, 7—t,0_rw,us_,) ||1£,,(O)ds
T—1

IA

[ et (o=t o
+22(s, 0_rw)|[uf (s, 7—t,0_rw, uf__t)HZL)p(O)) ds
< [ e (s -t o
T—t
+22(5,0_rw)||uf (s, 7—t,0_rw, ui_t)Hip(O)) ds.

Together with Lemma 3.1, the desired result follows. O
We need the following inequality to deduce uniform estimates of solutions v¢ in

Lemma 3.3. Assume that (2.2)—(2.4) hold. Then we have for uw € D(A;)

Re(fg(t’y’u)’Aeu)Hg(o) <M (GE(U,U) + ||Q/J2H2°°((§)) )

where M is a positive constant independent of €.

Proof. By (2.6) and (2.9), we infer that
Re (fs(t7 Y, u)ﬂ Asu)Hg(O) = Re Qe (fs(ta Y, U), u)

n
g 7 — g i —
:RGZ/ (fsyi"‘f'fsuuyi_iynJrl(fsyn+1+f5uuyn+1)) (uyi_iyn+1uyn+l)gdy
=170 g g
1 _
+ Re/ %(fsynH (t,y,u) + feu(tvyau)uyn,+1)uyn+1dy
O
. g
:Z/ fsu(t;yvu)’uw*iyn+luyn+l
i=17/0 g

n
Gy _ Gy, _
+ Re Z nyi (ta Y, U) - iy’n-‘rlfc‘:"yn+1 (t7 Y, U) Uy, — iyn-i-luynﬂ gdy
-1 70 9 Y

2
gdy

1 _ 1
+ Re/ 2 nynJrl (t’y7u)uyn+1dy +/ 2 2f€u(t7y’u)|uyn+l |29dy.
0¢ey 0 €&y
Together with (2.3) and (2.4), one has

Re (fe (tv y7 u)7 Aé‘u)Hg(O) - Reas (fe (t, y7 U), ’LL)
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1
<B ac(u,u) + / L g (b9, 0)| [t ] dy
o0 E°g

+§_;/O
1

1 1
SB aa(u7u) + 5 ae(u7u) + 5 /@ @f?ynJﬂ(ta y7u)gdy

9y Gy
nyi, (ta Y, u) - %ywrlfsyn“ (ta Y, U) ’ ‘uyi - ?yyn+1uyn+1 gdy

1 Gy, 2
+ 5 Z/@ (fsy7 (t’y’u) - %yn+1f€yn+1 (tvyau)> gdy
=1

1
<(8+3) actww) +ellval?. 5.

This completes the proof. O

Lemma 3.4. Assume that (2.2)—(2.4) and (2.17) hold. Then, there exists g > 0
such that for every 0 < e <eg, T € R, w € Q and Dy = {D1(1,w) : T € R,w € O} €
D, there exists T = T(1,w, D1) > 1, independent of €, such that for allt > T, the
solution v¢ of system (2.14) with w replaced by 0_,w satisfies

|o(r, 7 —t,0_rw, Uf-—t)H%Ig((’))
0
< Mz*z(fr,w)/ e0°2%(5,0) (141G + 7. )} < )

—0o0

+||¢1(8 + 7, )Hzoo(@) + ||¢2(5 +7, )”ioo((j)) dS, (311)

where v:_, € Dy(T —t,0_w) and M is a positive constant depending on p, but
independent of T,w,e and D1.

Proof. Taking the inner product of (2.14) with A.v® in H,(O) and taking the
real part, we obtain
1d
2dt
= 2(t,w)Re(f(t,y, 271 (t,w)v%), Aev®)m,(0)
+ z(t,w)Re(G(t, y), AEUE)Hg(O). (3.12)

ae(v%,0°) + [ A 3, (o) + p a=(v%,v°)

For the first term of the right-hand side of (3.12), by Lemma 3.3, we have

Z(ta w)Re(fs (ta Y, zil(t w)ve)’ AEUE)HQ(O)
:Z2 (t7 w)Re(fE (t7 Y, us)’ AEUE)HQ(O)
<e22(t,w) ((ac(u,u®) + 2t )2 . 5 )

—ca-(v°,0°) + ¢ (t,w) [abat, )| (3.13)

2 ~
L=>=(0)’
For the second term of the right-hand side of (3.12), applying Young’s inequality,
we get

1 1
2(t, w)Re(Ge(t,y), Av) 1, (0) < 5 140% I, (0) + 527 (1 WG, 1) 7, (0)

1
B ||Aevs||?qg(0) + 2 (t,w)||G(t, ')||2L(x>(5)~ (3.14)

IN
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By (3.12)—(3.14), we deduce
d g
& au(00°) + 140 3 o) + 2pac(v,0)
<ea (v, %) + e2(t,w) (2t )2 ) + G2 5 ) (3.15)

which implies that

a
dt
Givent € RT, 7 € Rand s € (1 —1,7), by integrating (3.16) on (s, 7) we know that

ac(0%,0%) < cae(07,07) + e22(t,0) (08 ) 2 )+ IGE ) )) - (3:16)

(’UE(T, —tyw,vs_ ), v (T, T — t,w, s _ t))
“(s,7

<ag (

+C/T ac (vV(&, T —t,w,vi_y), v (&, 7 — t,w,vi_,)) d§
te [ 2w (a6 o)+ 166 6)) de

8,7 —tw,vi_,),v°(s, 7 — t,w,v5_,))

We now integrate the above with respect to s on (7 — 1, 7) to obtain
ac (v (7,7 — t,w,vi_y), v (1,7 — t,w,vi_y))

.
§/ ae (v°(s,7 — t,w,vi_,),v°(s, 7 — t,w,vi_,)) ds
1
T T
+ c/ e (vs(s, T —tyw,vi_y), v (s, T — t,w, vi_t)) ds
T—1

be / | ) (25, )12 ) + 1G5 M e ) s

Replacing w by 6_,w, we obtain that
ae (v (1,7 = t,0_rw,v5_,), v (1,7 — t,0_w,v5_,))

§(c+1)/ ac (v5(s,7 —t,0_rw,v5_,), v (s, 7 — t,0_w,vE_,)) ds
T—1
T 2
o[ 200-0) (e M ) + 166N ) ds (317
Note that for every 7 € R and w € €,
[ #0200 (sl )2 gy + 1605 )2 ) ds
o ©) ©)
-2 T _ a2 - 2
= (1) / s =) (Ialo, M ) + 1G5 M)
2 0 2 2
=2"%(—rw) / 2 (5,0) (W2l + 7l ) + 166 + 7))

0
etz (—rw) / 2022 (5,0) (Il + 7l ) + 16 + 7))
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0
Se%”z_Q(—T,w)/ €352 (s,w) (Hz/)z(s +7, ')”200((5) +[|G(s + T, -)||2LOO(5)> ds.

Let T = T(7,w, D1) > 1 be the positive number established in Lemma 3.2. Then it
follows from (3.17), (3.17) and Lemma 3.2 that, for all ¢ > T" and for all w € €,

ac (v (1,7 — t,0_rw,v5_,), v (1,7 — t,0_;w,v5_,))

0
SCZ_Z(—T,(U>/ e%pSZQ(S,w) (1 +|G(s + T, ')”200(5) + lv1(s+ 7, )||Loo(o
— 0o

s + 7l g ).

which, together with Lemma 3.1, completes the proof. O

4. Existence of pullback random attractors

In this section, we establish the existence of D;-pullback attractor for the cocycle
U, associated with the stochastic problem (2.10) and Dy-pullback attractor for the
cocycle ¥ associated with the stochastic problem (2.11), respectively. We first
show that problem (2.10) has tempered pullback absorbing set as stated below.

Lemma 4.1. Suppose that (2.2)—(2.4), (2.17) and (2.18) hold. Then, there exists
€o > 0 such that for every 0 < € < gq, the continuous cocycle V. associated with
problem (2.10) has a closed measurable Dy -pullback absorbing set K € Dy which is

given by, for every 7 € R and w € Q K(1,w) = {u € L*(0): ||u||L2(O < L(r, w)},

where
L(r,w) =M / e40722(5,0) (14 G572 3, 1557 )2

+a(s+7 )2 2 ) ) s

and M is a positive constant depending on p, but independent of 7, w, € and D1.

Proof. Given Dy = {Dy(r,w) : 7 € R,w € Q} € Dy, define a new family D; for

Dy as

Dy :{Bl(ﬂw) : Dy (r,w) = {v € L*(0) : [v]lr2(0) < 27 (=7, @) D1(, @) 220y}
TeRwe Q}

For any Dy € Dy, by (2.13) one can check that 51 also belongs to Dy, i.e. 151 is

tempered. For any us_, € Dy(7 —t,0_,w), we find that v¢_, = z(7 — ¢ 9_Tw)
satisfies

Ur

[07—¢llz2 (o) = ll2(7 = 1,0 7w)us_ [l 20

° (4.1)
< 27Nt —7,0_w) || Di(T — t,0_w)| 12(0)-

By (4.1), we obtain that v¢_, € Dy(r — t,0_w). Since Dy € Dy, by Lemma 3.4,
there exists T = T'(7,w, D1) > 1 such that for all t > T,

H'UE (T’ T—t0_-w, Uf——t)”%[(sl (0)
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0
it orw) [0 (1410647 6

o (©)
2 2
+\\¢1(5+77)|| (D) + ||7/}2(5+7_7)” oo(@)) ds. (42)
Notice that ve(t, 7,w, vs) = 2(t,w)us(t, 7,w, us). This implies
v (T, T =t 0w, vl ) = 2(7, 0_rw)ut (T, T — £, 0_rw,ul )

=2 N =r s (1,7 —t,0_,w,us_,),
which along with (4.2) implies that for u_, € Di(7 —t,0_,w)
0,7 = 0 r0, ) oy < L), (43)

Therefore, for every 7 € R, w € Q and D; € Dy, there exists T = T(7,w, D7) > 1,
independent of e, such that for allt > T, U (¢, 7—t,0_sw, D1(7—t,0_,w)) C K(7,w).

Next, we prove K = {K(7,w) : 7 € R,w € Q} is tempered. Given 0 > 0, 7 € R
and w € Q, we deduce

| K (T 47, 0,w)|[ 120y < 7" L(T 41, 0,w)

0
e [ ek ) (L 106+ 7

2 2
+or (s + 1+ 7, (@ T [2(s + 7+, ')||Loo(5)) ds

0
=Me°" / e2Ps2(w(r)—w(r+s)) (1 +|G(s+ 7+ 7, (&)

+1(s+ T+ -)Hzm(@) + |2 (s + 7+, -)||2w(5)) ds.

Let 0 < ¢ < min{p/8,0/4}. By (2.13), for every w € 2, there exists T1 = T (w) <
0 such that for all » < Ty and s < 0, |w(r)] < —cr, |w(r+ )| < —c(r + s).
Consequently, we infer that for every 7 € R and w € Q

limsup " || K (7 + 7, 0,w)][ 22(0)

r——0Q

0
<M limsup el7 4" / elzr=2¢)s <1 +G(s+7+7,)
—00

2
imsup It~

+ |1 (s+7+T, ~)||iw(5) + ||tba(s + 7+, -)QOC(@))ds

+ o1 (s+7+7,)|

0
<M lim sup e(‘HC)’"/ etrs (1+IIG(8+T+T» 7 I~ 5)
— 00

rT——00

> (0)
s 1 g )

— 157y (c—4c)r i 1ps |2 12 ~
<bte i tmsup e [ b (160 4 1) B + s+ g

2
(s 4l )



Dynamics of stochastic Ginzburg-Landau equations 2327

from which, together with (2.17) and (2.18), we deduce that

lim_ e K (7 4 7,0,0) | 2(0) = 0
and hence K (7,w) is tempered in L?(0). On the other hand, it is evident that, for
every T € R, L(7,-) : Q@ — R is (F, B(R))-measurable. Consequently, K is a closed
measurable D;-pullback absorbing set for ¥, in D;. O

Theorem 4.1. Suppose that (2.2)—(2.4), (2.17) and (2.18) hold. Then there exists
€o > 0 such that for every 0 < € < gg, the continuous cocycle Y. has a unique
Dy -pullback attractor A. = {A(T,w) : 7 € R,w € Q} € Dy in L*(0). In addition,
if G, f,11,%s are T-periodic with respect to t with T > 0, then the attractor A. is
also T-periodic.

Proof. From Lemma 4.1, we know that ¥, has a closed measurable D;-pullback
absorbing set K. Applying (4.3) and the compact embedding H'(0) — L?*(0),
we get that W, is D;-pullback asymptotically compact in L?(0). Hence, we ob-
tain the existence of a unique Di-pullback attractor for the cocycle ¥, following
from [25] immediately. If G, f,11,12 are T-periodic with respect to t, then the
continuous cocycle ¥, and the absorbing set K are also T-periodic, which implies
the T-periodicity of the attractor. O

Similar results also hold for the solutions of the problem (2.11), more precisely,
we have

Theorem 4.2. Suppose that (2.2)—(2.4), (2.17) and (2.18) hold. Then the contin-
uous cocycle Uy has a unique Dy-pullback attractor Ay = {Ap(T,w) : 7 € Riw €
0} € Dy in L*(O). In addition, if G, f, 1,12 are T-periodic with respect to t with
T > 0, then the attractor Ag is also T-periodic.

5. Upper-semicontinuity of random attractors

In this section, we establish the upper semicontinuity of the random attractor A..
To get started, we derive the uniform estimates of solutions.

Lemma 5.1. Suppose that (2.2)—(2.4) hold. Then there exists €9 > 0 such that for
every 0 <e <ep, T€ER, we Q, T >0 and v2 € Hy(O), the solution v° of (2.14)
satisfies, for allt € [7,7 4+ T],

t
/ 0% (5,70, ) 2 s
i

T+T
MU B0+ M [ (16,12 )+ Ia(s: )2 )

where M is a positive constant depending on T,w, p and T, but independent of €.

Proof. Multiplying (3.7) by e2”" and then integrating the resulting inequality on
(7,t), we deduce that for every w € Q and t € [r,7 + T,

t

o 670,050 2 [ D (05,7005, 05,05
T

1 by s—
ey / e300l (5, 7,0, 0) |3, (0
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t
1 _
2B / 52022 (5, 0) [ (5,7, w0, 42 |2, )
t

D AR 1 (s
<e 3 oz o) +e / e300 22(5,0) (1G5, )12 )+ 101 (5 ) e )
T+T
§||Ui||§{g(0) +C/T 2*(s,w) (\|G(S7')||2x(5) + H¢1<s7')||LN(6)) ds

T+T
<ol o o amax 2ew) [ (166 6+ 10165, o))
(5.1)

which along with the same argument as Lemma 3.2 completes the proof. O
Similarly, we can obtain the following estimates.

Lemma 5.2. Suppose that (2.2)—(2.4) hold. Then for every 1 € R, w € Q, T >0
and v2 € H,(O), the solution v° of (2.16) satisfies, for all t € [r,7 + T,

t
/T 100 (s, T, w, v )||H1(o)ds

<Ml 0) + M / (166, o)+ 191050 ) s

where M is a positive constant depending on T,w, p and T, but independent of €.

Given u € L?(0), let Mu be the average function of u in y, 11 as defined by

1
Mu:/ WY, Ynt1)dYny1-
0

Then following result on the average function can be found in [9].

Lemma 5.3. Ifu € H'(O), then Mu € H'(Q) and |[u—Mul g, 0y < cellull g1 0
which ¢ is a constant, independent of €.

In the sequel, we further assume the functions f and G satisfy
I fe(t,-,8) = folt, -, s)||lL2(0) < @i(t)e, forall t,s € R, (5.2)
|Ge(t,) — Go(t, )l L2(0) < p2(t)e, forallt € R, (5.3)

where ¢1(t), p2(t) € L7 (R). Since L?(Q) can be embedded naturally into L*(O)
as the subspace of functions independent of ¥,,41, we can consider the cocycle ¥
as a mapping from L?(Q) into L?(0O). In this sense, we can compare ¥q and V..

Theorem 5.1. Suppose that (2.2)—(2.4) and (5.2)—(5.3) hold. Given T € R, w € 2
and a positive number 1(r,w), if us € HX(O)such that |[us] g1y < 1(T,w), then,
foranyt >,

: ey _ € —
igréH‘I/E(t,T,w,uT) Wo(t, 7, w, Mus)||L2(0) = 0.

Proof. Taking the inner product of (2.16) with g¢, where ¢ € H'(Q), we infer
that

du”
/ fqbdy + (1 +ip) Z/gv Py, dy” +p/ gv°pdy*
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—z(t,w)/ggf(tvy*,(),zl(tvw)vo)édy* +2(t,w)/QgG(t,y*70)¢_5dy*~

If ¢ € HY(O), then fol (Y, Yns1)dyni1 € HY(Q). So for any & € HY(O), we have

n
’5 +(1+in) Z Vi &ui) oy TP (0%6) (0)
dt H,(0) = ) ’

=2(t,w) (f(t,y",0,27 1 (t,w)e?), )Hg(o)JrZ(tM) (G(t57,0),8) (0 -

Since v° is independent of y,,,1, the above equality gives, for any ¢ € H'(O) and

0<e<l,
dv° 14 0 0
Eﬁ + (1 +ip)ac (v°,€) +p (v ’5)119(0)
=2(t,w) (f(t,57,0,27 (t,w)v").€) o) (5.4)

+Z(taw) (G(t7y*70) g)H ¢(0) 1+1/”' Z (gyl yi’y”+1§y"+1)

Hy(0)

Due to (5.4) and (2.14), we obtain for any ¢ € H!(O)

dv®
dt
:Z(
+

d . c B
-2 7§> + (1 +ipae (v° —0°,€) +p (v _”ng)Hg(O)
H,(0)

w) (fe(ta Y Ynt1,s z_l(taw)vs> - fty",0, Z_l(t’w)vo)’g)Hg(O)
2(t,w) (Ge(t, Y ynt1) — G(t,y", 0), g)Hg(O)

N~ (9w
+ (L +ip) Z ( ; vgiayn+1§yn+1>

i=1

(5.5)

Hg(0)

Setting ¢ = v® — 1Y, then taking the real part, (5.5) becomes

% 0% =) + pllo =7 o)
=z(t,w)Re (fe(t,y", yns1, 271 (Ew)o%) = f(t,y7, 0,27 (Lw)o"), 07 =) o
+ 2(t,w)Re (Ge(ta Y5 ynt1) — G(t,y",0), 0% — UO)Hg(O)

+ Re(1 +ip Z (vyl,ynﬂ( O ”2,L+1)) ) (5.6)
i=1 Hy(o)

By (2.3) and (5.2), we have

— 0|, o) +ae (v° —v

2(tw)Re(folty" ysn, =7 (0, w)07) = F(Ey" 0,27 (Bw)”),0f o)

=z(t,w)Re (}'1, Ve — v0>

Hy(0)

+ z(t,w)Re (]-'2, vt — vO>H ©)

Hg(0)
<Blv7 = o0l (o) + s (1) + ce22(t,0) (Iv° I, o) + 1 0)) (5.7)
where

Fir =ty eg(y yns1, 27t w)v) — f(ty* eg(y )yntr, 27 (L wh?),
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Fo=f(t,y*,eg(y™ )yn+t1, zil(t,w)vo) — f(t,y*,0, zfl(t,w)vo).
By (5.3), we obtain

2(tw)Re(Ge(ty" ) = Glty",0),07 =)

Hy(0)
<z(tw)l|Ge(t Y yns1) = Gty 0,0 107 = °lI34, (o)

<epa(t)ez(t,w)lv® = °lI%, (o)

<cep(t) + ce2(t,0) (0%, 0 + 103,009 ) - (5.8)
Finally, by (2.7), we get

Re(1 +ip) Z (ggmvgi, Yn+1 (V5

0
Yn+1 - Uyn+1)>
i=1 H,y(0)

n

_ : 0 0
=Re(1 +ip) ; <gyivyi,ynﬂ(vzn+1 — Uy"“))LQ(O)
<cg ]l (g)llv® = v°I1F o)

<ee (101330 + 10"l (o)) -

From (5.6)—(5.9), we obtain that, for t > r,
d

v = 13,0y < 281107 = 01, oy e (101 o)+l o))

+ ez ($3(0)+63(0) e (1,0) (107 By 0 10, arycon ) -

(5.10)
Multiplying (5.10) by e~2* and then integrating the resulting inequality on (7,t),
we deduce

lv® () = " (D)1 F, (o)

t
< ) o7(r) — (1|13, oy + c2e? ) /

(1 I 0y + 1131 oy ) s
t
+ cee?Pt=T) / (¢1(s) + ¥3(s)) ds

+cee?Pt=7) max 22

t
2% (S’w)/T (I 00 + 0, o100 ) -

(5.11)
By Lemma 5.1 and Lemma 5.2, we have that there exists a positive constant o =
o(T,w,~,T) such that for all t € [r,7 + T] with T > 0,

[0°(t) = ° (DI, o)

< T (1) = (), o) + 02" [llvill?fgw) + el o

T+T T+T
+/ (@?(8)+s@§(8))d8+/ <1+||G(S,-)||2Loo((—5)+||¢1(s,-)ioo(@)ds]‘
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Together with Lemma 5.3, for all ¢t € [r,7 4+ T, we have
Hua(tv T, W, u'sr) - uo(tv T, W, Mu'sr) H%L,(O)
= 272(t, w)||ve (¢, T, w, 2(T,w)us) — O (t, T, w, Z(T,w)/\/lui)\ﬁ{g(o)

< 22t w)l|2(r w)us — 2(r,w) M, o)

+ Q€€2BTZ_2(757W) |:||Z(va)uf—”%1g(0) + HZ(T’W)MU‘?H%IQ(Q)

T+T T+T
[ e s [ (11GE R o I ) ]

< ce?2%(r,w)2 2t w) [z o) + 02272 (t w) [IIZ(T» W)z, o)

T+T
+meMw&@w/ (62(s) + ¢2(s)) ds

T+T
[ (IO e g (5. )

Together with the assumption |[u || z1(0) < 7(7,w), we obtain the desired result.
O
We finally establish the upper semicontinuity of random attractors as € — 0.

Theorem 5.2. Suppose that (2.2)-(2.4), (2.17), (2.18) and (5.2)~(5.3) hold. Then,
for every 7 € R and w € 9, liH(l) distr2 (o) (.AE(T,(U),.A()(T,(U)) =0.
e—

Proof. Given 7 € R and w € Q, by the invariance of A. and (4.3), we find that
there exists g > 0 such that

||u\|fq€1(o) < L(r,w) forall 0 <e <¢gpand u € A (7,w), (5.12)

where L(T,w) is the positive constant in (4.3), which is independent of e. Let
K ={K(r,w) : 7 € R,w € Q} be the D;-pullback absorbing set of ¥, obtained in
Lemma 4.1 and denote by Ko = {Ko(7,w) : 7 € R,w € Q} with Ky(7,w) = {Mu :
u € K(1,w)}. Then Kj is tempered in L?(Q), and hence K, € Dy. Since Ay is
the Dy-pullback attractor of ¥y in L2(Q), given 1 > 0, we infer that there exists
T =T(n,7,w) > 1 such that

1
diStLQ(Q) (\Ilo(T, 7T, Q,Tw, Ko(’T =T, Q,TUJ)), Ao(T, OJ)) < 5’17 (513)

By the invariance of A.(7,w), we see that for any z. € A.(7,w), there exists y. €
A (1 —T,0_pw) such that

2o =V (T, 7= T,0_rw,y.). (5.14)
By (5.12) and Theorem 5.1, we obtain
gg}% H\I/E(T7 T — Ta G_TW, ya) - \I’O(T? T— T7 9—Tw7 My5)||L2(O) = 07

and hence there exists €1 € (0,¢¢) such that for all € < ¢4,

1
||\I}€(T7 T = T7 efTW7 Z/s) - \Ifo(T, T = T7 Q,TW, My€)||L2(O) < 577 (515)
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Since y. € A(7 — T,0_rw) and A (7 — T,0_rw) C K(1 — T,0_7w), we know
My, € Ko(t —T,0_pw), which along with (5.13) implies

1
diSth(Q)(‘lfo(T, T—T, G_Tw, Mye), .A()(T, w)) < 5’!}. (516)
By (5.15) and (5.16), we have, for all € < &1,

dist 20y (Ve (T, 7 = T,0 1w, ye), Ao(T,w)) < 1. (5.17)

By (5.14) and (5.17), we deduce, for all € <e1, dist 120y (2e, Ao(7,w)) <7, for all . €
Ac(7,w). This indicates that for all e <eq, distz2(0)(A:(T,w), Ao(T,w)) <7, as de-
sired. O
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