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GLOBALLY MODIFIED NAVIER-STOKES
EQUATIONS COUPLED WITH THE HEAT
EQUATION: EXISTENCE RESULT AND TIME
DISCRETE APPROXIMATION

G. Deugoue?, J. K. Djoko*' and A. C. Fouape?

Abstract We provide in this article an investigation of the globally mod-
ified Navier-Stokes problem coupled with the heat equation. After deriving
the variational formulation of this problem, we prove the existence and the
uniqueness of the solution using the method of Faedo-Galerkin and some com-
pactness results. Next, we propose a time discretization of these equations
based on Euler’s implicit scheme. We prove the existence of solution with the
aid of Brouwer’s fixed point and study the stability of discrete in time solution
by using the energy approach.
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1. Governing equations and its mathematical set-
ting

1.1. Formulation of the problem

Let Q € R? be an open bounded set with regular boundary I' = 9. We define the
function Fy : Rt — R™ by

Fx(r) = min{1, N/r}, r € RT, (1.1)
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for N € R" and taking T> 0, we consider the following globally modified Navier-
Stokes equations coupled with the heat equations (GMNSEHE)

du — vAu+ Fx (|| w ||lj V)(u- V)u+Vp = finQx (0,7),

divu =0 inQx (0,7T),

0T — aAT + Fy (|| (u,T)|lv)(w - V)T = g in Q x (0,T), (1.2)
u(x,0) = uo(x), T'(x,0)="TH(x)in Q,

u=0, and T=1T, on Fx(O,f),

where ||u|lv and ||(u,T)||y are defined as in (1.6) and (1.7) below. As usual, u,T
and p represent respectively the fluid velocity, the temperature and the pressure.
v is the constant viscosity of the fluid, and « represent the thermal conductivity.
f is the external force acting on the fluid while g is the radiant heating. wg is
the initial velocity and Tp is the initial heat. We observe that when the added
terms are reduced to unity, then one obtains Navier Stokes coupled with the heat
equation, which has been thoroughly studied in 2D by [2,3,12,31,33], just to cited
a few. The GMNSEHE (1.2) is inspired from the globally modified Navier-Stokes
equations (GMNSE) studied in [5]. As clearly demonstrated in [5], Fn(||u|v)
prevents the rapid growth of velocity gradient and helps to obtain uniqueness of
weak solution in 3d, property which is lacking for Navier Stokes in 3D. Hence
Mathematically, the globally modified Navier Stokes has an advantage for now over
the Navier Stokes equations. In this work, we show that the factors Fiy(||lu||) and
Fn(||[(w,T)|lv) help us to control the values of ||u||v and ||(w,T)||v and subsequently
permit us the establish uniqueness of weak solution of (1.2). As we are aware
of, this remarkable property is unreachable for (1.2) without the weighted terms
(see [2,31]). Tt is worth noting that many challenges in the mathematical and
numerical analysis of the full 3D Navier-Stokes equation are still lacking at present.
Since the uniqueness theorem for the global weak solutions (or the global existence
of strong solutions) of the initial-value problem of the 3D Navier-Stokes system
is not yet proved, the known theory of global attractors of infinite-dimensional
dynamical systems is not applicable to the 3D Navier-Stokes system. Thus, the use
of “regularized approximation equations” to study the classical 3D Navier-Stokes
systems has become an effective tool both from the numerical and the theoretical
point of views. just like it has been noted in [34], many works make use of the
LANS-a model to approximate many problems related to turbulence flows.

In [5], the authors proposed a three-dimensional system of a globally modified
Navier-Stokes equations (GMNSE). They studied the existence and uniqueness of
strong solutions and established the existence of global V-attractors. Also, using
a limiting argument they obtained the existence of bounded entire weak solutions
of the three dimensional Navier-Stokes equations (NSE) with time independent
forcing. As noted in [5], the GMNSE prevents large gradients dominating the
dynamic and leading to explosion. Several articles are devoted to the mathematical
analysis of the modified problems involving Navier-Stokes equations, see for instance
[6,7,10,18,19,22-24,26,27], as well as the review paper [8] in which the authors
present some recent developments on the GMNSE The globally modified Navier-
Stokes equations are useful in obtaining new results about the 3D NSE. Indeed there
were used in [19] to show that the attainability set of weak solutions of the 3D NSE
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is weakly compact and weakly connected. We refer the reader to [9,26,27] for other
modifications on the nonlinear terms in some mathematical models. Motivated by
the above works, we consider in the present article the globally modified of the
model (1.2). More precisely, we propose a time semi-discretization of the time-
dependent globally modified Navier-Stokes problem coupled with the heat equation
(GMNSHE). The analysis we propose follows in some aspects the works in [10,12,
14-17,25,28,32], but is is worth mentioning the results presented here have not yet
been obtained in the literature because the GMNSE coupled with the heat has not
yet been analysed in the literature. It should be noted that the nonlinearities in (1.2)
will necessitate the use of special compactness results, and more computations will
also be needed to derive the kind of results one wants. These difficulties were already
present in our early contribution [11]. Finally one notes that different “stabilisation
terms” in the heat equation is possible (see [11]), but we have preferred the one
here because of its simplicity. The outline of the paper is as follows:

e We recall in section 2 the variational formulation of the problem. We also
present the mathematical tools for its resolution.

o In section 3, we establish the existence of strong solutions of the GMNSHE
in three-dimensions and their continuous dependence on N and on the initial
value in the space V. In addition, we show that the weak solution of the
GMNSHE is unique in the class of weak solutions. We also investigate the
relationship between the Galerkin approximations of the GMNSHE and the
NSHE for a fixed finite dimension.

e Section 4 is devoted to the time semi-discretization of GMNSHE. We present
a numerical scheme to approximate the unique solution obtained in section 3
and study its stability.

1.2. Mathematical setting

Let us now recall from [29] the functional spaces of the model (1.2) and its abstract
formulation.

Unless otherwise specified, the domain of interest {2 is bounded connected, and
have a boundary 9Q = T that is at least C%!, i.e Lipschitz-continuous. Let k =
(K1, k2, k3) be a triplet of non-negative integers and set |k| = k1 + ko + k3, we define
the partial derivative 9% of order |k| by

oIkl

OFrz10F2290F3 15

¢ =

The usual definitions of L? spaces and H™ spaces applies with the scalar product of
L? being denoted by (-,-). These definitions are extended directly to vector-valued
functions, with the notation

L2(Q) = (LX(Q))°, H™(Q) = (H™(Q))*, Hy'(Q) = (H"())*, L§(Q) = (L§(Q)*

where L3(Q2) = {q € L*(Q); / q(z)dz = O} . It is noted that for a vector w we set
Q

il ) = / ()| dx
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where |-| denotes the Euclidean norm |w|? = w-w. We shall frequently use Sobolev
imbedding: for a real number p € R, 1 < p < 6, the space H'(Q2) is imbedded into
L?(Q). In particular, there exists a constant ¢, (that depends only on p, © and
d = 3) such that

for all v € Hj, [[v]lLoo) < ol Vol . (1.3)

When p = 2, this is Poincare’s inequality and co is Poincare’s constant. In the case
of the maximum norm, the following imbedding holds

forall r > d =3, W'(Q) Cc L™(Q)
in particular, for each r > d = 3, there exists ¢ » such that
for all v € H(l)(Q) le’T, ||'l)||]Loc(Q) S coo,r||V'v||Lr(Q) . (14)

Owing to Poincare’s inequality, the semi-norm | - | is a norm on H} (), equivalent
to the full norm. As it is directly related gradient operator, we take this semi-norm
as norm on H}(2), and we use it to define the dual norm on its dual space H~1():

. (£.0)
for all f e H (Q), fllm-1@) = sup
Il = <o ol

where (-) is the duality pairing between H~1(Q) and H}(2). We also introduce the
following spaces

V={ue (Cr))?:divu=0},

V = the closure of V in H}(Q),

H={uecl*M):divu=0andu=0o0nT},

H = H x L2(Q),

V=VxHYQ),

Hy={TeL*Q): T=T,onT},

Vi={T€eH(Q): T=T,onT}.
We have (see [29])

Ve H—V (1.5)

where the first injection is compact. We endow H with the inner product of .?(2)
and the norm of L2(£2) denoted respectively by (-,-)g and | - |g.
We equip V thanks to Poincaré’s inequality with the following inner product

((u,v))v = (Vu,Vo)u.

and the norm
lully = (Vu, Vu)i. (1.6)

Hereafter, we set

((w, T), (v,9))v = (Vu, Vo)u + (VT,VS) and ||(u, )|[5 = [luly, + [v]*, (1.7)
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where ||-|| denotes the norm in H*(Q2) and (-, -) denotes the scalar product in L?().
The dual spaces of V and H{*(Q2) are denoted by V' and H~™(Q) respectively
and their norms by ||-||;,, and [|-||_,, respectively. We will also use the following
operators A and A; defined from V to V' and V; to V{ respectively by

(Au,v) = (Vu,Vou)g for all u,v € V,
(AT, Sy = (VT,VS) for all T,S € V;.
From the regularity theory for the Stokes equation [29,30], it is known that
D(A) =H*(Q)NV,
D(Ay) = H*(Q)n W,
and the following holds true

D(A) CVCH, 18)
D(.A1) CcViCHy, .
each injection being continuous and compact; hence
lulg < \/» |lully for alluw € V, |T| < \/7 |T|| for all T € Hg () (1.9)

where A, A! are respectively the first eigenvalues of the compact operators A~!
from H into itself and A7 ' from H; into itself. |.| and |.|| represent respectively
the norm in L2(2) and H'(Q). In addition, the following Agmon type inequality
holds (See [30], page 30):

ey < C Vulgs® [ Auly (1.10)
Also, of importance in this part are the bilinear forms B, By from V x V to V'

defined by
(B(ui,uz), uz)y v = b(u1, uz, us),
(

By (u1,us), U3>V, v = by (w1, uz, u3),

for all u; € V(i = 1,2,3), where b(-,-,-) is a continuous trilinear form defined on
HI(©) x H!(42) x HI () by

b(u,v,w) z:/ma w;dz,

1,7=1
by (u,v,w) = Fy(||lullv)b(u, v, w).

Similarly, we also introduce the bilinear form By, By from V x V; to V{ defined
by
(Bl(ua T1)7 TQ) = bl (’LL, T17 TQ)a

(Bl,N(uv Tl)v TQ) = bl,N(uv Tla T2)7

for all w € V, T1,T5 € Vi, where by y is a continuous operator defined on V x
HY(Q) x HY(Q) by

3
b (u,v,w) = Z/Quiaag:wd:ﬂ
i=1 ¢

b1 N (u, v, w) = Fi([lu[v)bi (u, v, w).
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We will also use the bilinear forms ag(-, ) and a1 (-, ) given by:
ap(u,v) = (Vu,Vo)g, u,v €'V,
a(T,S) = (VT,VS), T,S € H(Q),
az(u,q) = —(¢,divu) w € H'(Q), g€ L*(Q).
From (1.10) and (1.9), we deduce most of the properties of the forms b(-,-,-) and

by (:, -, ), given in the following lemmas where C}, is a positive constant (depending
on the domain) which can vary from one line to another.

Lemma 1.1 ( [5,21]).

b(u,v,w) = —b(u, w,v), and by(u,v,v) =0Vu,v € V,

1/4 3/4 1/4 3/4
| < Gy lulg Il ol ol lwly, wv,w e V,

| S NCb ||uHV||w||V7 ’U/,’U,’U) S V;

. |bN(u, v, w)
. |bN(u7 v, w)

b, v, w)| < Cy u]}? [Auli? 0]y |w] g, Yu € D(A), v e V, w e H.

- b(w, v, w)| < G [[ully o]y lwlf? w]y?, Vu, v, we V.

v ™ Lo v o~

Lemma 1.2 ( [5,22]). For all uw,v € V with v # 0,

lu—|
- FN(”'UHV)| < ||'UHVV'

— Fn(lolly)] < 5Py (lull ) Ex (o]l ).

Lemma 1.3 ( [5]). For all M, N, p, r € RT,

1 Fy([lully

I

2. |En(llully

M—-N —
M-N| -l
r r

|Fp(p) — Fn(r)| <
Remark 1.1. Similar properties are satisfied by b1(-,-,-) and by n(-,-, ).
In the following, we shall use, if necessary, the notation ¢(t) for the function
x — o(x,t).

As usual for handling time dependent problems, it is convenient to consider func-
tions defined on a time interval (a,b) with values in a functional space, say Y
(see [4]). More precisely, we let || - ||y~ be the norm on Y and for any number r
with 1 <7 < 0o, we define

b
L"(a,b;Y) = {w measurable in (a,b) ; / |w(®)[[y-dt < oo}

equipped with the norm

b
Il oy = [ )

with the usual modification if » = oco. It is Banach space if Y is a Banach space,
and when r = 2, it is a Hilbert space if Y is also a Hilbert space. Of particular
interest here will be the space L?(0,T;H), L?(0, T; H{(Q)), etc...

The analysis of (1.2) will required the following
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Lemma 1.4. Let T > 0 and let & be a non-negative function in L(0, f) Letc>0
be a constant and 1) € C°(0,T) a function that satisfies

forallt € [0,T] , 0<v(t) <c+ /t k(s)Y(s)ds,
0

then v satisfies the bound

for allt € [0,T] , ¥(t) < cexp </Ot n(s)ds) .

We will require the following compactness in time result to pass to the limit [4,20]

Theorem 1.1. Let E, F,G be three Banach spaces with continuous imbedding E C
F C G, such that the imbedding of E into F' being compact. Then for any number
q € [1,00], the space

{v e LY0,T; E), 8w e LY(0,T;G)}

is compactly imbedded into L1(0, T; F).

In the next paragraph, we propose a weak formulation of our problem.

1.3. Variational formulation

We propose here a weak formulation of Problem (1.2) given by the following defi-
nition.

Definition 1.1. Suppose that (ug,Tp) €H and fGLQ(O,T; H-1(Q)), gGLz(O,f;
H=1(Q)). A weak solution to (1.2) is any pair (u,T) € L*(0,T;V) x L?(0,T; Hy)
such that

I v At By, w) = £ in DO, T V),

daT -
’ + oA T + BLN(’U,,T) =gin D(O,T; Vll),

u(z,0) = uo(x), T(z,0)=Toh(x) in 2,

(1.11)

w=0 and T=T, on I'x(0,7)

or equivalently for all (v, S) € H}(Q) x HL(Q),

<d3§t)’”> +vao(u(t), v) + by (u(t), u(t), v) = (£(),v),

<di;’§t)’5> +aay (T(t),S) + by (u(t), T(t),S) = (g(t),S), (1.12)

u(x,0) = up(x), T(x,0)="Ty(x)in Q,

w=0, and T=T, on I x(0,7).

Remark 1.2. The previous definition provides also the variational formulation of
problem (1.2) which is, due to the density of D(Q) in L?(Q) and H} () equivalent
to it.
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Remark 1.3. If the couple (u,T) belong to L(0,T; V) x L2(0,T; V;) and satisfies
du dT ~

(1.11); — (1.11)2, then (d?’dt) € L*(0,T;V’), and we deduce from [29] that

(u,T) € C([0,T;H). In fact, By(u,u) € L2(0,T; V'), vAu € L2(0,T;H) C

L*(0,T; V"), f € L*0,T;H™Y) c L*0,T;V') and By n(u,T) € L*0,T;V{),

oA T € L2(0,T; Hy) € L*(0,T;V{), g € L2(0,T; H{' ') € L2(0,T; VY).

Before stating the existence result, it is clear that we need to take care of the
boundary condition involving the temperature. For that purpose, invoking to the
trace’s result, we let R be a continuous operator from H'/2(Q) in to H'(f). Since
Ty, € L2(0,T; HY/2(I")) we denote by T}, the function defined for a.e. 0 < ¢t < T by

Ty(t) = RTy(t).
This function belongs to L2(0,T; H'(Q)) and satisfies

||Tb||L2(o,T;H1(Q)) <ca HTb”L’-’(Of;HW(F)) ’

_ 1.13
||Tb S EHTb ( )

12070 ) 20 Fmr 20y »

where € > 0 is any reel number and cp is a positive constant depending only on {2

and R. When setting 7" = T — Ty, the variational formulation of problem (1.2)
reads: seek (u,T*) € L?(0,T; V) x L*(0,T; H}(2)) such that

dU Lt By(uw) = f, inDO,T: V),

dt
dT* * * 'R *
o FOAT 4 Fy (] (. T4 T3) ) B (u, T)
dT _ _ _ .
= 9= —a AT, — Fy(|(w. T+ T)[0)Bi(w. Ty) i DO.T3vf),  (114)

u(x,0) = uo(xz), T*(x,0) = To(x) — Ty(x,0) in €,

=0, and T*=0 on I x (0,7),

or equivalently for all (v, S) € V x H}(Q),

<dz£t)’v> + vag(u(t), v) + by (u(t), u(t),v) = (f(t),v),

<dz;l*t(t) ) S> + aai (T*(t), S) + En(||(w, T* + T)||v)bi (u(t), T*(t), S)
= {9(1),5) = (Cid?’, 5) — aay(Ty, S) — En ()| (uw,T* + Tp)||v)br (u(t), Ty(2), S),

u(zx,0) = uo(x), T*(z,0) = To(x) — Ty(x,0) in Q,

w=0, and T*=0 on I x (0,7).
(1.15)
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2. Existence theory and qualitative properties of
the solution

2.1. Existence and uniqueness

Here, we prove that problem (1.12) has a unique weak solution which is, under
some conditions a strong one. In this section, we construct solutions by combining;
Galerkin’s scheme, a priori estimates and compactness results. The method of proof
is classical (see [20]), but it is worth mentioning that the nonlinearity involved here
are particular. We give details proofs so as to render our work self contained. As
mentioned earlier, we would like to see how the added terms can control de velocity
gradient and help us to obtain uniqueness in 3d. We begin this journey by showing
that the weak solutions are properly defined (see theorem 2.1), next we show that
the solution is uniquely defined (see theorem 2.2).

Theorem 2.1. Suppose that f € L2(0,T;H 1(Q)), g € L2(0,T; H1(Q)), T €
HY(0,T; HY2(T)), the initial temperature on the boundary T belongs to H'/?(T)
and (uo, Ty, ) € H be given.

There exists a weak solution y = (u,T) of (1.12), which is in fact a strong
solution if (uo,Tp) € V, in the sense that

y € C(0,T;V) N L*(0,T; D(A) x D(A1)). (2.1)

Proof. It is done on several steps:

Stepl: Faedo Galerkin Approximation.
Let {(¢,14),4 =1,2,...} C V be an orthonormal basis of H, where {¢;,i = 1,2, ....},
{1i,i=1,2,....} are eigenvectors of A and A; respectively. We set V;, x W, =
span {(é1,v1), .., (én,¥n)} and denote by P, = (P}, P?), the orthogonal projector
from H onto V,, x W, for the scalar product (-, )y defined before. Note that P, is
also the orthogonal projector from D(A x A;),V,V’ onto V,, x W,,.

In V;, x W,,, a smooth Galerkin’s approximation of problem (1.14) is as follows:

we look for (wy,, ) = (z Unidi, S mei> € L2(0,T;V,) x L*(0,T; W,,) such
=1 1=1
that

d ~
—, + vAu, + By (un,u,) = Prf  inD(0,T; V),

dt
d * * * 'R *
%Tn + aAlTn + FN(”(U’TH Tn + Tb)”V)Bl (Un, Tn)
d - _ _ _ ~
= Plg— — T, — aAiTy — Fn(||(wn, Ty + Tp)|[v) Bi(wn, Tp)  in D(0,T3W,),

dt
wn,(7,0) = Plug(z), T7(z,0) = P2Ty(x) — PgTb(x, 0) inQ,

u, =0, and T2 =0 on I x (0,7).
(2.2)
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or equivalently for all (v, S) € V,, x W,,,

<dun(t),v> = <Pﬁf(t), v> —v(Aug,(t),v) — by (un(t), un(t),v),

dt
(T30.5) = (PRa0).8) = a(AT(0.5) = F(lwns T3 + Tl)
X by (un(t), T, i > —a(AiTy(t),S) (2.3)

dt
— Fn(Il(wn, T; + Tp)[|v)b1 (u
un(2,0) = Pyuo(z), T;(x,0) = PTo(r) —
u, =0, and 7, =0 on I'x (O,T),

n(t), To(t), 5),
P2Ty(x,0) inQ,

where w,;(t), Thi(t) are C' functions, (P} f(t),u) = (f(t),u,) and (P2g(t),T) =
(g(t), Ty,) for (u,T) € V. (2.3) is a Cauchy problem and the mapping

Plf +vAv — By(v,v)
d— _ _
(v,8) — | P2g-— %Tb —a Ty — Fn(||(v,s +Tp)||,) Ba (v, Tp)—

FN(H ’U,S—|—Tb Bl ’U S) —aA;s

)
is locally Lipschitz-continuous on H!(Q) x H*(2) (see Appendix).

It follows from the Cauchy Llpschltz theorem that problem (2.2) has a unique
solution (u,,Ty) € C(0, T, V,, ) x C(0, Ty Wi ) for some T, < T and the problem is
to show that T is in fact independent of time. The following a priori estimates (see
lemma 2.1 and lemma 2.2) on u,, and T, will be enough to conclude that T, =T.

We next want to construct the limit of (w,, 7)) given via the equations (2.3),
and we hope that the limit will solve (1.15). For that purpose, we next derive some
a priori estimates and next we use compactness results to pass to the limit in (2.3).

Step2: A priori estimates and passage to the limit

Lemma 2.1. The functions w, and T, are uniformly bounded on L2(O,T; V)n
L*(0,T; H) and L*(0,T; H} (2)) N L>(0,T; L*(Q)) respectively.

Proof. Taking v = u,(t) in (2.3); and S = T,,(¢) in (2.3)2 and using Lemma 1.1,
we obtain

1d
o lun @+ v (V@ < e 170y @l
1 d * * * *
531 TR +a VT < a0y 120 + ea| 5500 7z
(2.4)
N

+ acy |VTb(t)| VI (@) + H(un(t),Tb(t))HV

X Cs ||Un ||V HTb H ”
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Which leads to

1d 2 2 i 2 v 2

5 o lun @+ v a1} < SEIF@ IR + 2 lun @I

1 d * 2 * 2 C2 2 @] « 2 202 d — 2 Q « 2
S ITE P +a I TE@ 1< 2 g7+ 5 ITr @I+ =2 | ST | +35 1Tl

T 2 a * 2N262 = 2 (% %
25 [T + g 1017 + == T + 5 1T @)
(2.5)
Hence
5 T ) 2 (T ) ,
Iun(t)\H+u/0 [ (1) |3 dt < 71/0 £ (O3 dt + |uoly
T 2 T o T 2
« " 2c 4c d -
ITn(t)|2+a/ HTn(t)sztgf/ Hg(t)||31dt+?3/ ZTo(t)| dt (2.6)
0 0 0
AN2 2 T
+<4c§+ C5>/ ||Tb(t)|}2dt+|T;|2.
«Q 0
O

From (2.6), we infer that HU"HLOQ((),T;H)’ ”“n”m(of;v)’ ”Tn”Lw(O,T;L?(Q))’
1Tl L2 0,7 2 () are uniformly bounded independently of n. Then, considering
[T
also (1.5), we use Theorem 1.1 to extract a subsequence of (u,,T,’) denoted again
by (un,T)) satisfying

weak-star in L>°(0,T; H),
weakly in L?(0,T;V x H}(2)),
strongly in L2(0,7T;H),

a.e., in (0,7) x Q,

(Un, Ty) = (u,T") (2.7)

n

with (w,T*) € L°°(0,T;H) N L*(0,T; V x H}(Q)).
With the weak convergence (2.7), we can pass to the limit in the linear terms in
(2.3), meaning that as n — oo,

(i) -+ (Lutoo),
(Aun(t),v) = (Au(t), v),
<CZT;§(1€),S> — <5tT*(t),S>,
(AT (1), S) = (AT*(t),S).

Now, it remains to deal with terms involving nonlinearities and projections in (2.3).
Starting with nonlinear terms, it is worth noticing that the weak convergence in
L2(0,T;V x H}()) is not enough to ensure that

Fn(|lunlv) = Fn(|lullv) as n — oo,

Fn([[(un, T3)llv) = Fn([[(w, T%)[lv) as n — oo.
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Hence we need to derive stronger a priori estimates and this is the goal of our next

result.

Lemma 2.2. The functions u, and T are uniformly bounded on LOO(O,T; V)n

L2(0,T; D(A)) and L>=(0,T; HL(Q)) N L2(0,T; D(Ay)) respectively.

Proof. Taking the inner product of (2.2); by Aw,(¢) and the inner product of

(2.2)3 by AT (t), we obtain

~— Jun O3 + v [ Au, ()5
S <f(t)7~’4un(t)> - FN(”unHV)b(umumAun)a

1d

5o IO +a AT ()

<(g(t), AT (1) — E1i(0), AT (1) — o(VT(t), A T (1))

dt
= Fn([[(un(t), To(t) + Ty ())[]y )01 (un (1), Ty (8), AL T (1))

= P (|| (wa(t), To(t) + T (1)) || )1 (wn (), T3 (£), AL T ().

(2.9)

Using Lemma 1.1 and Young’s inequality, we have the following estimates:

3(cyN)* v
[ Exatally oCat . A < 2N a2 Y ()

c? 2 v 2
0. AunO)g] < S 1O + 2 1 Au (0.
2 2 (e} 2
a0 ATl < 2L g0, + & AT 0P
~(AT0. AT 0)] < 22 Jado) + ST
dt ! = 1T 167
(VT 0. ATy 0)] < 22 VR0 + 2 AT 0P,
|—FN(H(un(t),Tb( )+ T (t) ||V )by (un (t ),Tb(t),A1T:(t))|
S(CbN)4

« *
< lun(®)l + 15 AT

«

|—Fn (|| (wn (8), To(t) + T (8)) || b1 (wn (8), T (£), AL T (1))
N 4
<HON 01+ S AT
Then using (2.10)—(2.16) in (2.9), we have
d N)*
77 lun @I + v | Aun (1) < 2i 17 + X8 ),

dt

d 2 .2 81
— T (¢ T ()" <—=
7 | Th " + a AT, ()] < 5 I

8¢c3 —
I, + =2 (o]

82 | - 2 15(Ney)?
+?’|Tb(t)” +—

()13, -

(2.10)
(2.11)
(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Hence

T
|WMW@+VA|mM@mﬁ

4
<22 [ an+ 2420

T
2 2
Almﬂwvﬁ+Mﬂm

and

T
nmmW+aA|mﬁva

7
d -

LT

7

e
+ 15(Ncb)4
4oy

802

T 8c3 T 2
Lg%, dt + 22 PG / I1To(0)| dt

T
A e ()12 dt + T3P (2.18)

and the lemma is proved. O

From (2.2), we have

%un(t) = v Ay (t) — Ba(wn(t), un () + PLE(E),

%T{f( t) = —a AT (t) = Fn([[(wn, Ty + To)[[v) B (un (1), T, () + Pag(t)
- %Tb — ali Ty(t) — Fn([[(un, Ty + Tp) [v) Bi(wn (1), To(t))-
(2.19)

d d .\ . .
T dT”> is also bounded in

It follows from (2.19) and Lemma 1.1 that (
L2(0,T, H).

Using Lemma 2.2, (1.8), and ‘the compactness result (Theorem 1.1), there ex-
ists an element (u,T*) € L?(0,T;V x H}(Q)) N L?*(0,T;D(A) x D(A;)) and a
subsequence of (wy,T)) denoted again by (u,,T,) satisfying

weak-star in L>°(0,T;V x Hg(Q)),
weakly in L2(0,T; D(A) x D(Ay)),

o T T S 2.20
(u )= (T strongly in L?(0,T;V x H}(2)), (220
a.e., in (0,7) x £,
and
(575 n,jT,’f) — <C‘;tu, iT*) weakly in L2(0,T; H x H( (). (2.21)
From (2.20), we infer that
Fx([[unllv) = Fn([lullv) as n — oo,
(2.22)

Fy([[(un, T3 + Ty)llv) = Fn([[(w, T* + Tp)[lv) as n — oo
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Our next task is to compute the limit when n goes to infinity of Fy(||(wn, T +
To)||v)b1(wn, T, S) and Fn (|| (wn, T + Tp)|lv)b1 (wn, Ty, S) for (v,8) € V,, x W,,.
Firstly,

En([[(un, Ty +T3) [[v)b1 (un, T, S)

= Fn(l[(un, Ty +Tb)\\v)/ﬂ(un(t) V)T, (t)Sdx

= Fn([[(wn, Ty +T3)|lv) Z/ 0T ()7 da

7,7=1

Z / Ey ([ (wn, Ty + Th) )y (DO T (1) 87 dee

,Jl

_ Z / Fov (| (o, T+ ) [ )l ()T ()0, dv.

i,5=1

But

n

2/3

([ lozof” )

(/| 3/2><4/3 )2/3X3/4</|T*7 3/2x4 392/3“/4
/2 1/6

(/ |u;<t)|2dx) </ 1729 (0) dm)

Q Q

= | () 177 O )
<Clun®ly I T (1))

Hul (t)T,;:j (t) H]Ls/z(ﬂ) =

IN

Hence, u!, T/ is bounded in L?(0,T;1L3/2(2)). Next, we note that
0 < Fn(l(wn, Ty + Th)llv) < 1,

and Fi (||(wn, Ti+Ty)||v)ul, T is still bounded in L*(0, T;L3/2(2))  L¥/2(0, T; L3/?(Q)).
Thus there exists x;; € L2(0,T;1L3/2(Q)) such that

Fn(||(wn, T + T ||v)ul, T — Xij in L3/2(0, T, ]L3/2(Q)) — weak. (2.23)
In addition, relation (2.22) implies
Fn (|| (o, Ty 4T [[v)ul T — Fa (|| (w, T* +T3) |[v)uw'T* a.e. in (0,T)x Q. (2.24)
Then we apply Lemma 1.3 in [20] to conclude from (2.23) and (2.24) that
Fr (|, TyATo) |l T = F (| (w, THT3) |[v)w' T in LP/%(0, T3 1L%/%(Q)) weak,
which implies the following convergence result

-y [l T+ i) (0T (00

1,7=1
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- Z/FN [[(w, T + T) [|v)w' ()T (t)0; S dx.

i,j=1

Hence,

F ([ (wn, Ty +T3) [v)b1 (wn, Ty, S) = Fn(|[(wn, Ty + To) [v)bi (w, T, S), S € W,
(2.25)
Secondly,

Ex ([ (wn, Ty + T)l[v)b1 (wn, T, S)
:FN(H(umTiZ+Tb)llv)/Q(un(f)V)Tb(t)de

=P ([ (. T3 + To)]l) Z/ 00,3 (1) de

3,j=1

= Z/FN 1, T+ T )y (D0,T (1) e

,Jl

=Y [ Pl T3 Bl 0T 00,0

1,5=1
Using (2.7) and (2.22) one obtains the following
[ Pl T+ Ty (073 (00,8 do

= [ Pl T + D)l () (10,57
Q

thus
Fx(l(wn, T + Tp)||v)b1 (wn, Tp, S) = Ex(||(wn, Tk + Tp)|[v)b1 (w, Ty, S), S € W,.
(2.26)
For the initial data, we have
P, (uo, Ty) — (uo,Ty) in H. (2.27)

Indeed, P, (uo, Tg) = (un(0),775(0)). Since (un,T) € C([0, T];H) and (uw,,Tr) —
(u, T*) strongly in Hj; then (2 27) follovvb
In addition, since <P1 u> ), up) and u,, — u strongly in H, then

<P f) u>% ft),u).

Similarly, we prove that
(Pag(t),T) — (g(t),T).

Step 3: recovering the pressure
The method is standard and proceed as follows. First, we integrate the first

equation of (1.15) respecting to ¢, we define the functional for all L by: for all
v € HY(Q),

L(v) = /0 ((F(s),v) = vao(u(s),v) = bn(u(s), u(s),v)) ds = (u(s),v) + (uo, v)
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which is a continuous linear functional on H*({2) and vanish on V. Hence from [13],
there exists a unique function P(t) € L§(Q) such that for all v € Hy(R), for all
te (0,T)

L(v) = —(divv, P(t))n,

2.28
P < sup L) (22
veHg(Q)H'U”v

d _
By defining p(t) = ﬁP(t), we conclude that (u,p, T = T*+T}) is the weak solution

of problem (1.2).
Hence we have constructed the weak solutions of problem (1.2). O
We now show that problem (1.2) has a unique solution.

Theorem 2.2. Suppose that f € L2(0,T;H1(Q)), g € L2(0,T;: H (), T, €
HY(0,T; HY2(T)), the initial temperature on the boundary T? belongs to HY/?(T')
and (ug,Tp,) € H be given.

The weak solution of problem (1.2) given by theorem 2.1 is unique.

Proof. Let (u1,T1) and (usz, T2) two weak solutions of (1.11), then we have when
setting U =Uu;y — U2 and T = T1 — Tg,

%u(t) + vAu(t) < —Bpy(ug(t),u1(t)) + By (us(t), usa(t)),
%T(t) + a1 T(t) < —bin(ui(t), T1(t)) + b1 N (ua(t), T(t)), (2.29)

(w(0), T(0)) = (0,0),
or for all (v,S5) € H{(Q) x HL(Q),

<jtu(t),v> + v(Au(t),v) < =by(u1(t), u1(t),v) + by (ua(t), ua(t), v),

dt
(u(0),7(0)) = (0,0).

< d T(t),S> +a(A1T(t),S) < —bin(wi(t), T1(t), S) + b1 n(ua(t), T2(1), ),

(2.30)
Taking v = u(t) in (2.30); and S = T'(¢) in (2.30)2, we have

~—Ju(t)lg + v u)y < by (ui(t), ui(t), u(t) + by (uz(t), uz(t), u(t)),
S TP + o |T)] < —by,n(ui(t), Ta(t), T(t)) + by, (ua(t), Ta(t), T(t)),

(w(0), T(0)) = (0,0).
(2.31)
Now, we estimate each term of the right hand side of (2.30). First,

— by (ur(t), ur(t), u(t)) + by (uz(t), usa(t), u(t))
= — Fn([lur(®)[[3)b(u(t), ui(t), u(t)) — (FN(”ul(t)”V)

- FN(IIUz(t)Ilv)>b(U2(t), uy (1), u(t)).
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But using standard inequalities
|~ F ([fon (8 )bes(8), 0 (£), w(8))]
< cbﬁ lu(®)lly [ @)y )[4 [u@)])

= Ney lu(®) |3 [u(t) i

v 3(Ncb)
< 7 OIS + =) .

(2.32)

and

= (En(lur(®)llv) = Fa(luz(t)lly)) blua(t), wi (t), u(t))]

< [|ua(t) —]Vul(t)HV b(wa(t), w1 (t), w(t))| Fn(|lur()|lv) Fn([lua(t)|ly)

< e Py (Jur()lly) E (laz®ly) NV )l a0y D12 ) 142

N
= Ney [u(t) |37 [u(t)y

< 2l + 25 oy

(2.33)
Similarly
—bn1(ui(t), T1(t), T(t)) + b1 (uz(t), T2(t), T'(t))
= —Fn([[(w1(t), T1(1)[ly)br (u(?), T1(t), T(t))
— (En([[(u1(t), T1 (1)) [ly) — Fn([[(wa(t), Ta(t))[ly)) b1 (ua(t), T1(t), T'(t)).

Again, with usual inequalities one has

|=Fn ([l (w1 (8), Ty (@) [l b1 (u(t), T1(2), T(2))]

c N u 1/2 1/2
SCRORAO)® [w®)llv T @I T @)= [T @)

1/2 1/2 (2.34)
< Ney [u()lly TG 7@
< ol + S i+ o e
=7 v 4 )
and
= (s (00, TaO)lhy) — e asa8), To(0)) ) b a0, 73 0), T8
MO TN 1y g 1), 730 70 P 0 0. 73 00) ) Ew a(0). To(e) )
<er B (a8 73 (0)) ) Ew o). To(0) ) LTy

< T8 )2 7 ()
—Ney | ult), T Y2 (7))
< e 7)1 + 2N

=%ty + < 1ol + 2 e,

(2.35)
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Using (2.32)—(2.35) in (2.29), we obtain

3(Ncb)4
2v

SATOF +a T < allu@ly + (2528 + 2Gal) r@P?,  (2:36)

— (b5 + v lu@)y < ()l

(u(0),7(0)) = (0,0).

Dropping momentarily the term v ||u(t)||i, in (2.36); and using lemma 1.4, we have

3(Ncb)4t
2v s

lu(t)lf; < [u(0)f3e

consequently, u;(t) = u2(t) since u(0) = 0.
Using this in (2.36)2 and Lemma 1.4 again, we have

2(Nep)? | 3(Nep)?
o +27ab)t

IT(t)]* < |T(0)3, 6( ,
hence, T (t) = Ta(t) since T(0) = 0 and the theorem is proved. O

2.2. Continuous dependence on initial values and the param-
eter N

The goal of the paragraph is to show that the solution (w(t),T(¢),p(t)) of (1.2)
depends continuously on the parameter N as well as on the initial value (ug, Tp).
This result was already obtained when the temperature is zero in [5]. The non trivial
task here is to re-adapt their proof by taking into account the coupling between the
velocity and temperature. More precisely, we prove the following result

Theorem 2.3. Let f € LQ(O,T; L2(Q)), g € L2(O7T; L2(Q)), N; >0, (woi, To;) €
V, i =1;2 be given. Assume y = (u;,T;) be the solutions of (1.2) corresponding to
the parameter N; and the initial values yo; = (wo;, Tos), @ = 1;2. Then

(u1,Ty) — (w2, To) in C(0,T;V)ND(0,T;D(A) x D(A))

when N1 — Ny and (w2, To1) — (w02, To2). More precisely, the following esti-
mates hold true.

12¢7
e%
6(N 4 T
+ A1T2(5)|2)ds} X exp <(acb)T+a4/ |Au2(t)|§,dt> .
3 0

(2.37)

I Ca (), T(0))II5 S{ 1((0), T(O)II5 + —2 [Ny — Nz|2/0 (|Auz(s) 3

and

T
o / ([ Au() %+ AT dt
0

12612)

a3

7
< {Il(u(O),T(O))Iif + [N — N2|2/0 (| Aua(s) 3 + |«41T2(8)|2)d8}
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4 T 4 T
x |1+ (MTJrOM/ |Au,2(t)|fth> X exp lG(NCb) T+ay |Au2(t)|§_1dt‘|‘|
Qa3 0 Qs 0
(2.38)

asz, oy will be defined later.

Proof. Setting u = u; — ug and T' = T7 — T, we have for almost every t € (0, ZN“)

24O FrAu(t) < =By, (ui(t), ui (1) + Br; (ua(t), ua(t)),
(2.39)

%T(f) + a1 T(t) < =B n, (u1(t), T1 (1)) + Bi,n, (ua(t), T2(2)).

Taking the inner product of (2.39); with Aw(t) and of (2.39)y with A;T(t), we
have

T I+ | Aea (1) < o, (o 1) 01 (0), Av(0) + i (o (1), w0, Aus(1),
;i 1T+ AT @) < —b1 n, (ur (8), Th (2), AL T(t))

+ b1 N, (ua(t), To (), AL T(2)).
(2.40)
We now need to treat the right hand side of (2.40). First from the linearity one has

— by (ua (8), ui (), Au(t)) + b, (ua(t), ua(t), Au(t))
= = Fn, ([lua (D]l )b(w(t), ur (t), Au(t)) — Fi, ([luz(t)]|)b(uz(t), w(t), Au(t))

— (Fn, ([ur(W)ly) = Fv, ([lua()lly)) bl (t), ui (), Au(t)).
(2.41)

The right hand side of (2.41) is treated using standard inequalities as follows;

Ny 1/2 /2
=i s () ). ). A < v Y s ()l w3
= Nicy [[u(t) [y | Au(t)
< 2 (ol + 22T )2,
(2.42)
= (P (s (0)l1y) — Fraua(8) ) blua(t). s (). Au(e)|
N =Nl Ol
< (Tl * @l ) ol sy a0l
(2.43)

2 v
<o (1N = N [fut) ) e L Aua ()l + - [Au(d)ly

t\m

1%
<= (1N = Mol + [u®)I, ) o} [ Auz(®) f + 5 [ Au®)s
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and
| —Fn, ([[uz () |y)b(ua (1), u(t), Au(t)| < [b(ua(t), u(t), Au(t))]
< o [Auz(t) | [[u(t) v [Au(t)]

2 Au(t) %+ % [ Aus () [u®)]
(2.44)

IN |

Secondly, exploiting the same linearity one has

= b, (wr(2), Th (1), T'(2)) + b1 w, (u2(t), To(t), AL T (1))
= = Fn, ([[(wr(8), T (8) 1y )br (w(t), Ty (1), AL T (1)) — Fv, ([[(w2(t), To () [ly)
X by (ua(t), T(1), ALT(1)) — (Fiv, (| (s (8), Tl(t))llv) — Fiv, ([[(u2(t), Ta())[lv))
)

x by (usz(t), T1(t), A T(t)).
(2.45)
Again, we treat the right hand side of (2.45) using standard inequalities as follows;
|=F v, ([ (wa (8), Ty (8)[|5) b1 (w(t), T1(2), AT (1))

. Ny “ 1/2 3/2
< AeRORAGE lu@®) v~ ([T ()] AT ()] 2.16)

=Nicy [u(t) 2 AT ()
3(N10b)4 2
T H“(t)||V7

<S AT +

1 (Fa (a8 T )lly) — Fovy (1), To(0)) 1)) b (s (0), T (1), AT
N, Ol
< (n(ul(t),n(t»nv * ||<u1<t>,T1<t>||\v> b A (Dl [T AT

2 «
<2 (1N = Nl + () ,)? & a0 + § AT )

4 o
<= (1IN = Mol + Iy} ) L Aus (01, + § AT O,
(2.47)

and
|=Fn, ([ (w2 (t), T2 (8)) ly)br (wa(t), T'(t), AL T(1))]
< by (u2(2), T'(t), A T(2))]
=cp [Aua(t)| g ||T( AT (#)]
<CLATOP + L LAua() 1T
Using (2.42)—(2.48) in (2.40), we obtain

(2.48)

d cp)* c?
@Iy + v Auff < (Hes 4 00 Laus (1) ) ()5
2
+ T [Ny — Nof? [Aua (1) 55
4 2
TN + AT < {280 4 52 [ Aus (1) u®)]y

55 Ny N ? [ Aws () [+ 2% | Auo (8) 3 |7 ()] -
(2.49)
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Adding these two inequalities, we obtain

@), TON + as(AuO)f + AT
2% 3, N (Maa(o)fy + LATOP)

6(Ncb)4 2 5
= <a3 + g [Aug ()i ) [[(w(®), T(0)[ly (2.50)
Dropping momentarily the term 043(|Au(t)|f{ + |A1T(t)|2) in (2.50) and using
Lemma 1.4, we have

. 14c¢2
where a3 = min (11, a) ;a4 = T

IC(t), T < {II(U(O),T(O))II@Jrlz?’ |N1—Nz|2/0 (IAU2(S)I§1+|A1T2(8)|2)d8}

4 T
X exp (WT + 044/ |Aus (1) |7 dt) . (2.51)
0

3

Using (2.51) in (2.50), we get

T
s [ (uff + AT () de
0

1

(07

2 T
< {n(u(m,T(o»é + 2% Ny - N / (| Auz(s) |5 + |A1T2<s>|2>ds}
3 0

X

Qs

4 T 4 T
1+ (W%)T—F(M/ |AuQ(t)|iI dt) X exp [G(ZZCb) T+ay |./4’U:2(t)|il dt]
o 3 0

(2.52)
the proof of Theorem (2.3) follows. O

2.3. Comparison of (Galerkin solutions of the GMNSHE and
NSHE

We first note that NSHE stands for Navier-Stokes equation coupled with the heat
equation. In this paragraph, we prove that the Galerkin’s approximations of the
GMNSHE (2.54) below are the same as the Galerkin’s approximations for the NSHE

(associated with the same initial value (ug, Ty) over the time interval [0,7]) for some
value of N. The following inequalities (see [5]) will also be used:

AT < AL Tl, 1Tl < (AL)Y2IT), (2.53)
Al < llunll3 MITal? < (175017,

where \; and )\} are the corresponding eigenvalues of the operators A and A;. our
next result establishes a link between GMNSHE and NSHE. We claim that
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Theorem 2.4. We assume that f € L>(0,T;L%(Q)), g € L>(0,T; L*(Q)) for
al T > 0, and we consider the Galerkin’s approximations of the GMNSHE and
NSHE of fized dimension n for the same initial value (wg, To) over the time interval
[0,7]. Then there exists a subsequence (ugl ) N ))' of the sequence (ul, TN)y

n n

which converges uniformly in C(0, T;R3) x C(O T:;R3) to a function (uS*,T) in

C(0, T; i R3) x C(0, T; ;R3) which is the corresponding solution of the n-dimensional
Galerkin’s approximations for the NSHE if N satisfies

1/2
N > max {(An)l/leiﬂ; (AnIC4 +2 (A}l’% +c ||Tb|\§11/2(r))) }

where Ky and K5 are defined below.

Proof. Weset |f|y., = ”f”Loc(o,T;]L"‘(Q)) and |g| . = |9|L°°(0,T;L2(Q)) . The Galerkin’s
approximations of the GMNSHE with the parameter IV are given by

D) (1) vl (1) + Bl (1), (1)) = F0)
d

%T?ZN( t) + o T3 (8) + Fyv (|| (u, T + T)[lv) B () (£), T, (1)

=g(t) — %Tb — aiTy(t) = Fn(l[(wy), T3 + To) ) By (wy (1), Ty (1)),

u(z,0) = uo(x), T*(x,0) = To(z) — Tp(x,0).

(2.54)

We deduce from (2.5) and (2.53) that
2 2 _c
Y () oA (5 < P
2

d -
dth()

+ (43 + 225w (0)[3) 1T

(2.55)

d .. N 2
SATWP + et 13V (o)

Hence, the energy inequalities of the ODE (2.54) read
2 2 c? 2
’ug(t)h{ < |UO|H + T},Z |f|Hooa
* 2 12, 2¢24 12 4c2
TN < |5 + 22T )P, + 6 HTb & 250

+ (46 + 22, / ||Tb(t)|| d,
0

where K4 = |u0|i1+ % |f\iloo . In addition, from (2.54), (2.55) and (1.1), we have

d
GO <A+ B )+ P
H
< AUl g + | B(ul, ul) |H + 1 f oo
< v lul s + eol|ul 1172 AW 14 + 1 F o

< l/)\»,LICl/z + cb/\2/4lC4 + [ Fltoo -

(2.57)



Globally modified Navier Stokes equations. . . 2445

On the other hand, also from (2.54), (2.55) and (1.1),

d * N
4T 0)
i} d -
<a [T O] + Fx (I, T+ T)llv) [ Bl (6, T3 1) + | 2T
+ ATy ()] + Fx ([l T +Ty)llv) [ B (uy (8), Ty (1))] + g (2)]

<o [N 0] + |B (Y (0, TN @) + | T3] + o | ATy 0

+ B 0, T + o(0)

d - _ _
<ol AT O |Au |y 1731 5]+ AT 0]+ | Aw g 1T+l

<O} [TE¥ 0]+ aha [ul g )2 T2+ 48] + | ATy(0)

+ cpdn | | |1 Tol| + 19()| oo

+ « |A1Tb(t)| + Cb)\n’CZl HTbH + |g(t)|oo ’
(2.58)

d -
<aALKs + csdn (ALY 245 + ’dth

c2 5 2 (T = 2 c2 T ||
where K5:|Tg|2+%T|g|io+%f0T | £ ()| dt+(4ci_~_4)\; °IC4) foT HTb(t)Hth.
Using these estimates (providing the uniformly boundaries in both N and n
of (u¥, TN)y and (Lul), LTN), it follows from the Ascoli theorem that there

nodn dtUn > dgin
exists a subsequence (uff i N ); of (ul, T:N)n which converges uniformly to a
function (u®, T;*>°) in C(0, T; R3) x C(0,T; R3). Setting T° = T + Ty, (us®, T)

is the corresponding solution of the n—dimensional Galerkin ODE for NSHE. This
follows from the uniqueness of solutions of the Galerkin ODE for a given initial
value and the fact that

. N ) N
1>Fy (Huf)’”v) = min (1, ||UN||V> > min (1, 7()\ )1/2IC1/2> , (2.59)
n n 4
1>F TN+ T, = mi N
2 (e L ) ) =i\ L ey 7w Sy
. N
> min | 1, 7z |
()\nIC4+2 ()\}LIC5+ci |\Tb||§11/2(r))>
(2.60)
S0,
Fy(luyllv) =1 and Fx(||(uy, TN +Tp)[lv) = 1
for

1/2
v 2 max { ) 210 (ke +2 (Vs + & 1Tl )}
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3. Time discretization of problem (1.2)

In this section our goals are as follows; formulate the time discrete scheme and
analyse it. By analysing, we mean: existence, uniqueness and stability.

3.1. Numerical scheme

We propose in this paragraph the time semi-discretization of problem (1.2) based
on a backward Euler’s scheme. As in [10], we divide the interval [0,7] in to M

intervals of equal length. Let k = % the time step. We associate with k£ and the
functions f, g and 7T} the elements

e[ g =g [ gwan T = [ T
( ( (

m—1)k m—1)k m—1)k

with m = 1,2,...M. Most of time, we will use (u,T’) instead of (u(t),T(t)).

For any data (f,g,Ty) € C(0,T; H-1(Q)) x C(0,T; H*(Q)) x C(0,T; H/2(T")),
(uo, To) € V x HY(). We consider the following scheme: for all m = 1,2, ..., M,
a.e. t € (0,7) find (u™,T™) € V x H*(2) such that

u’ =wuy, T° =Ty on Q,

T" =Ty on T,

m __ ,,m—1 3.1
e AU+ By (" u) = £ 3.1)

Tm _ Tmfl
k

—+ OéAle + BLN(’U,m,Tm) = gm

Following the analysis in the continuous case, it is suitable to lift the boundary data
T;". For this purpose, according to the analysis done before, we set T;" = RT}"
where

||TI;nHL2(O)f;H1(Q))SCAHTI)m”Hl/Q(F) and HTbm||L2(0’rf;L4(Q))SGHTIZRHLz(O_’f;Hl/z(F))-
(3.2)
We set T*™ = T™ — T;", we seek for (u™,T*™) € V x H(2) such that

u® =ug, T*0 =Ty — T on Q,
™ =T, w" =0, T*" =0 onT,
u™ + kv Au™ + kBN(um7um> — um—l + k?fm,
T 4 ka T 4 K (|| (™, T + ) |lv) By (u™, T7)

—T" LT kg™ — ke Ay T — RE ([ T+ T ) By T,
(3.3)
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or equivalently for all (v, S) € V x H}(Q),

u® =ug, T*° =Ty — T on Q,
T =T, w™ =0, T*" =0 onT),
(u™,v) + kag(u™, v) + kby (u™, u™, v) = (W™ v) + k (™, v)q . (3.4)
(T, S)+kaay (T, S)+kFn(|| (™, T +Ty")||lv)b1 (™, T, S)
=T 8) + (T 8) + k(9™ S)q — kaar (T}, 5)
— kEn(|(u™, T + T,") )by (u™, T, S).

3.2. Existence of solutions

Our goal in this paragraph is to construct the weak solutions to (3.4) by using;
Galerkin’s scheme, Brouwer’s fixe point, a priori estimates and compactness results.

Theorem 3.1. Assume that the data (f,g,Ty) belongs to C(0, T;H () x C(0, T}
H=1(Q) x C(0,T; HY2(T")), that the initial temperature on the boundary TP belongs
to HY2(T') and (ug, Ty) € V x HY(Q), then problem (3.3) has at least one solution
(u™, T*™) € D(A) x D(Ay).

Proof. Following [10], the existence of a solution y,,, = (u™,T*™) of problem (3.3)
is proved by the Galerkin’s method in several steps as follows.
Step 1: Existence of approximate solutions.

Let p > 1 be an integer, knowing (u!,T*1), ..., (u™~ 1, T*™"1), we define an
approximate solution of problem (3.3) by

p p
m o __ My . *m __ m . m m
up - 2:191‘;;1)1’ Tp Z hipwu gip7hip € Ra
i=

i=1
ug = (uo)|<v17'”v’ulﬂ>7 T;0 = (TO - Tl?) |<w17'--1w11>’

T =T (w,,. u,' =0, ;™ =0 onl,

..,'wp>a P

urt + kvAu)t + kB (u)', ut) = w4+ kf7
"+ koiAlT;m + kFN(H(u;’i7 " 4+ 1) |lv) B (ug), Tgm) .

=T+ T+ kg™ = ko T — RE ()| (u, Ty + T3 |[v) By (g, T3),
(3.5)

where (v;)1<i<p C D(A) and (w;)1<i<p C D(A1) are respectively the eigen-vectors

of the operators A and A;; Y|w is the restriction of Y on the space W. Let Z, =

(v1, ...y Up) X (w1, ..., wp) the space generated by the indicated vectors. To prove the

existence of (u’,T;™) defined via (3.5), we consider the operator ¢ : Z, — Z,

given as follows; for all U = (u,T), V = (v,S5) € Z,,

(p(U), V}ZP’Z; =(u,v) + (T, 5) + kvao(u,v) + kaa (T, S) + kbn (u, u, v)
— (T 8) — (L1 8) + kEn (I (w, T + T3") [ v)bi (u, T, S)
— (W™ v) —k(f"v)g — k(g™ S)g + kaay (T, S)

+ kFN(H(“’?T_" Tbm)HV)bl(u7Tbm7S)
(3.6)
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we apply a consequence of Brouwer’s fixed point theorem, see ( [35], Lemma 41,

page 23). So, our task is to show that ¢ is continuous and (¢(U),U), , is positive
“p

outside a sphere.

Continuity of . Let (U), = (un,T,;)n C D(A) x D(A1) a sequence such that
(up,T¥) = (u,T*) = U, it is enough to prove that p(U,) — ¢(U). Note that there
is no need to specify wether it is weak or strong convergence since Z, is a finite
dimensional space. Let V = (v,5) € V x H}(Q),
<90(Un)’v>zp,z; =(n, )+ (T, S)+kvao(un, v)+kaai (T, S)+kby (U, Up, v)
+ kFN(”(uTu T;: + Tbm)HV)bl(una T:;7 S) - (uM715 ’U)
- (Tm_lvs) - (Tl:n_las) —k <fmav> -k <gm7 S>Q
+ kaar (1", S) + kEN (|| (wn, Ty + T3 |v) b1 (wn, Ty, S). (3.7)
Taking the limit of (3.7) when n — 400 and arguing as in the continuous case

(see step 2 of the proof theorem 2.1), we can show that ¢(U,) — ©(U) and the
continuity of ¢ follows.

Coercivity of . Let U = (u,T), then
(p(U), U}ZP,Z; =(u,u) + (T,T) + kvag(u,u) + kaay (T,T) + kby(u, u, u)

+REN([|(w, T+ T3")[[v)bi (u, T, T) — (w™Fu) — (T4, T)
— (TN T) = k(f"u)g — k (g™, T + kaa, (T, T)
+kEN([(w, T + Ty") [[v)b1 (w, ", T)

= ulzy + 717 + kv ||| + ka | T)* = (@™} u) = (T4, T)
- (Tl:nilvT) —k <fm7u>52 -k <gm7T>Q + kaal(TgnaT)
+ kEN([(w, T + T v)br (w, T;", T)

> min kv, ka} (July + 1T1) = um =y llully = |77 17
T HITN = k1™ v iy = F g™y 1Tl
= ka || T HIT + & [Fx (Il (w, T+ T, [[v)bs (w, T, T)|

> min kv, ka} (July + 7)) = [u "y llelly = |77 17
—ea [T T = R ™ e lelly = R llg™ Iy 1T

kecp 2 2
1T e (el + 1707

We choose € such that ekcp || T3 || < min {kv, ka}; then

— kaea [Ty |- [T +

(P(U),U) 5,7, > min (ko ka} (Ifully + ITI7) = = laally = (|77 )
— e [T 1T = KLy sl = g™y 1T
— kaea T I 1T

which with the inequality a < (a? + b?)/? for all a,b € R,a > 0 gives

] 1/2
(@(U),U) 5, 7, = min {kv, ka} (lulld, + IT17) = (Il +1717)
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Al ly = 1T = ea | T g = k1™ e = Flg™ )y
— kaea |7l |
1/2 1/2
> (il + 117) " {min o (e + r17)
1/2
= (lall + 0710%) ™ L=y + 17+ e 17371}

m m m 2 2 1/2
{17y + R lg™ I + ks 1T} (Jlls + 1T1P)
So, (¢(U),U) 5 7 is nonnegative on the sphere of V' x H(Q) with radius

2
>
~min {kv, ka}

+ kg™ + kaea 175" }-

Then we deduce the existence of (u,',T,?) € Z,, solution of (3.5).

Step 2: Some a priori estimates.

At this step, we recall that k£ and m are kept fixed, and we want to obtain a
priori estimates on (u;",7;") independently of p and then pass to the limit on (3.5)
as p goes to the infinity.

Taking the inner product of (3.5)4 with 2u," and Young’s inequality, we have

{17+ ea |7 + 1Ll

k 2
i 2 L [ P WA A PP C XY

Similarly, taking the inner product of (3.5)5 with 27,7, we have
— X 192 2 12 4kc3 9
T "+ T =T+ ke |T |7 < [T+ =2 g™ 1 59)

2.2
+akod? |1 + 25k,

with Kg = |ul'~ 1|H kcl IF™(% - Now, we take the inner product of (3.5), with
Augt and of (3.5)5 with .AlT*m One obtains

m 2 m m m m— m
v [ Aug | < R (F7 Aug ), = Fiv ([ {|y )by wy, Aug?) — (ug —ug ™", Aug?),

a ’Angm|2 Sk <gm,«41T;m>Q _ (T*m _ Tm—l, A1T*m) _ (Tm717A1T*m)

—kJOé(.Alfbm,.AlT*m) kFN H u —I—T*m HV bl u Tgn,AlT;m)
— kFN (|| (uy, Ty + T,™)||, )01 (uy ,T;m,AlT;m).
(3.10)
This leads to
m 3kciN* 2 e
o [ | < ake? L7 R+ = (a3 + o g = up
4 nr4
al AT P <8k |lg™)12, + S 2| - T %CQN Ko + 8aked | ATy |

4
e |A1Tz?%1’ :
(3.11)
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Since k and m are kept fixed, we conclude from (3.11) that { ()", ™) }p is bounded
in D(A) x D(A;). As in the continuous case, we can extract a subsequence of

{(up?, T;™)} still noted {(ug',T;™)} such that

weakly in L2(0,T; D(A) x D(Ay)),

L 3.12
strongly in L2(0,T;V x H()). ( )

(uy", T,™) = (w™, T°™) {
Arguing as in the continuous case, we can prove that (u™,T*™) is the solution of
problem (3.3). O

3.3. Stability of the Numerical scheme

The objectives here are twofold. First, we follow [29] by computing some a priori
estimates on (u™,T™), solution of problem (3.1). We would like these estimates
to be uniform with respect to m and k. In fact, discretization in time of evolution
equations can lead to unstable or conditionally stable schemes. Hence the impor-
tance of having uniform estimates with respect to approximation parameter. Next,
we use the a priori estimates to deduce the unique solvability of (3.1).

We first claim that

Lemma 3.1.

i < ol [ 101 (313)
M 1 1 (T
m| 2 2 2
EY Juml < [|uo|H+ oy OIS dt] - (3.14)
m=1
M 2 1 T
S fum — wm < ol ;/ IF I de. (3.15)
m=1 0
M um — um—l 2
The quantity k > 3 is bounded independently of m and k.
m=1 14
Similarly,
mi2 2 1 T 2
7" < [Tol” + — ; lg()IIZy dt. (3.16)
M 1 1 T
EY I < S |l [ s, dt] . (3.17)
— @ a Jo
l 2 1 T
S et P < ml 5 [, (315)
m=1
M m o __ Tm—l 2
The quantity k > k: 1s bounded independently of m and k.
m=1 4

Proof. Taking the inner product of (3.1)3 with 2u™ and using Young’s inequality,
we have

—1)2 -12 F
e P e PR A ey g
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Summing this inequality over m, we obtain

m

m
g+ > ul —ui Tt +ka ][y < luoliy + = Z [F&S
=1

=1

v (319

We now would like to estimate the right hand side of (3.19).

) 1 ik 2
/Si f /dt
v [, 0l
1 ik , 2 7 ik 1/21?
— I3, dt / dt
e | ([, 1500 .

- FOI3, dt.
F o 1F )y

171

[\

IN

Hence

T
fZ||f|V/<Z / £ O i< [ 1FOR a0

Then (3.13), (3.14) and (3.15) follow. In addition, taking the norm in V' of (3.1)3,

we obtain
H u™m — um—l

k

<" v + v [l Au™ |y + [[By (u™, w™)]ly
v/

<" v + (N +voc) [[u™ ]y -

This leads to

2

m2 m2
A YA R

H um™ — um—l

v/’

where we have used the inequality (a+b)? < 2P~ 1(aP+bP), a > 0; b > 0;1 < p < oo,
( [1], Lemma 2.24). So, we conclude that

2 M - .M )
<2k Zle v +2C7k Zl ™|y
AV m= m=

T C’
2 [ s = [|uo|H / f(>|||21dt]
(T 20"
=21+ G] [ 1RO e+ 2 ol

Similarly, we take the inner product of (3.1)4 with 27" and use Young’s inequality
to obtain

m __ umfl

k

T2 [T 1 = T T < g

Summing this inequality over m we have

m ) . m . k o .
EATE SI AR A IRV Bl [0 B (R w1 1 GCEYY
=1 1=1 =1
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As before, the right hand side of (3.21) gives

2 1 ik 2
o< g | [, N1

1 ik 12 7 ik 1/2]2
s ( [ ol dt) ( / dt)
(i-D)k (i-1)k

o

(i-1)k

IN

IN
[N~}

Hence

k m 9 M ik 5 T 5
<D 1 T WD Dl (Ol Gy ey A O TP CE
o ;H I, ; o vt < | )
Then (3.16), (3.17) and (3.18) follow. In addition, taking the norm in H () of
(3.1), we obtain

Tm — Tm—l
=

< g™y + @l AT Iy, + 1By (™ T™)]ly,
v

<|lg™ll -y + (eoN + ac) [T™]].

From which we have

Tm_Tm—l 2 2 2
— <292, + 20" [T
Vl/
Then
M ||Tm — m—1 2 M 9 M 9
kX l——— | =2k X llg™IZ, +2Ck X IT™]y
m=1 k % m=1 m=1

27
o

9 1 T 2
o2 + / lgI2, dt
@ Jo

T l
/ 2C
=21+ &] [ ool at+ 2

T
<9 / lg(®)]1? , dt +
0

This ends the proof of Lemma 3.1. O

We need additional preparations to state the stability result. We recall from [29]
the following definition.

Definition 3.1. An infinite set of functions E is called LP(0,T; X) stable if and
only if E is a bounded subset of LP(0,T; X).

Let us introduce the approximate functions
uy : [0,7] — V
t — ug(t)=umpourt € [(m—1)k,mk], m=1,..,N,

and
Tk : [O,f] — ‘/1

t — Tp(t)=T™ pourt € [(m—1)k,mk], m=1,...,N.
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Then we have the following stability result.

Theorem 3.2. The functions wi and T, are respectively L (0, T; H)N L0, T; V)
and L>(0,T; Hy) N L2(0,T; V) stable.

Proof. Due to Lemma3.1, we have

LT 1/2
2 2
up_ oy < <|uo|H 5 [ wron, dt) ,

te[0,T]

T 2 1 2 1 T 2
lue@®)lvdt < = |lwolg + = | [[FOlydt],
0 v vV Jo

| 1/2
sup [T| < <TO|2 + a/ ()%, dt) g
0

te[0,7)

T o, 1[5 1T )
1T (2) || dtéa |To| +o g1~ dt| .
0 0

Then, the theorem is proved. ([

Theorem 3.3. Under the assumptions in theorem 3.1, and assuming that the dis-
cretization parameter k is such that

< min{ gy sy ) (3:23)

then is valid the problem (8.8) has only one solution (u™,T*™) € D(A) x D(A1).

Proof. It will be enough to prove that problem (3.1) has exactly one solution
(u™, T™) € D(A) x D(A;y). Let (ul*,TT") and (u’,T5") two weak solutions of
(3.1), we set u™ = u* —uf and T™ =T7" — T3", then «™ and T™ satisfy
u™ —um ! + kv Au™ = —kBy (ul, ul') + kBy (ul', ul'),
T — T 4 ka Ay T™ = —kby y(u], TT™) + kby n (ul, T3Y), (3.24)
(w™(0),7™(0)) = (0,0).
Or for all (v, S) € H{(Q) x H}(Q),

(um™ — w1 v) + kv(Au™, v) = —kby (U, ul", v) + kby (uf', ull', v),
< Tm — Tmfl, S> + ka(Ale, S) = —kbLN(u?,T{”, S) + kbLN(ug”,TQm, S),

(u(0), 7(0)) = (0,0).
(3.25)
Taking v = u™ in (3.25); and S = T™ in (3.25)q, we have

w5 HEv [[u™ |3 < —kby (wf, wf, w™) +kby (uf', wl, w™) + ™ gy [
T P+ ka | T™|* < kb (i, TP, T™) + by v (wf, T3, T™)+ [T [T
(u™(0),7™(0)) = (0,0).

)

(3.26)
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Reasoning as deriving (2.32)-(2.35), we infer from (3.26) that

2 2 3k(Necy)? 2 2 2 _112
w3+ w3 < EEO jum 3+ R w3+ L L

mi2 m2 all..mn2 o 3k(Ncy)?* 1rrm 2 o m2 mi2 m—112
77 + ko | 777 <Be [l |, + 2Tl 2y ba 24 1 pm 24 L |1
(u™(0),T(0)) = (0,0).
(3.27)
Then,

[um iy + oy a3 < B 4 fum 13
N4
77 + ko [T < ko [fum[[5, + 2l m 2y =t (3.28)
(u™(0),7(0)) = (0,0).
At this stage, we continue the proof by induction on the space’s dimension m. First,
we mention that for m = 0, we just have ug and Tj.
Now, let m = 1. Using it in (3.28) and taking into account the fact that u® =
T° = 0, one obtains

[ (1= ) g [l |5, < 0,

(3.29)
ik (1 - W) + kat|| 7" < ka[fu'3, -

Then, u} = ul and T} = T3 since (3.23) holds.

On the other hand, we suppose that the solution of problem (3.1) is unique for
p=1,2,3,...,m and we want to prove that it remains unique for p = m + 1.

We recall that (w™*, T™T1) verifies

A e e e
[T 4o [T < o S (P2 (330)

(u™*1(0),7+1(0)) = (0,0).
By the induction hypothesis u™ = T™ = 0, we then infer from (3.30) that

a1 (1= B Ly fum | <0,

‘T7n+1’2 (1 _ M) + ko HTm+1H2 < ka Hum—i_lui/ :

Using again (3.23), we obtain u/""* = wJ' ™! and 77" ' = T3"!: this end the proof
of Theorem 3.3. g

Remark 3.1. The condition (3.23) for uniqueness is restrictive, but we are all
aware that for nonlinear problems, uniqueness in general is not guaranteed without
restrictions. On the other hand even for Navier Stokes, there is a restriction on
the discretization parameter in order to ensure uniqueness (see [29]). Hence having
(3.23) is not surprising.
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Appendix

Theorem 3.4. The application

F:VxHNQ) — V x H Q)
(w, 2) — (F1(w, z), Fa(w, 2))
is locally lipschitz-continuous with
Fi(w,2) = f —vAw — By(w,w) ,

Bl w Tb)

d — _
Fy(w,2) = g = 2Ty — a ATy — F( ([(w,z+Tp)|,)

— Fyn(|[(w, 2+ Tp) || ) Bi(w, z) — aAy 2.

)

Proof. It is enough to show that Fj is locally lipschitz-continuous in V x H}(Q).
Let (wy,21), (wa,22) € V x HE(Q), we set w = w1 — wa, 2z = (21 — 22), we look
for a positive constants Cs such that

[F2(wy, 21) = Fa(wa, 22) || gr-1(q) < C2 [|[(w, 2) ]y -
We have
Fy(wi,21) — Fa(ws, 22) = — Fn (|| (w1, 21 + Ty) ||, ) Ba(
—I—FN(H('w 22+Tb)||v) (
- FN(H(w 21+ Tb)||V)Bl(w,Tb)
+ Fn (]| (w2, 2+ Ty)[|,) Bu(
—aAdiz1 + oA ze. (3.31)

Iy

Using (3.31) and arguing like proving the uniqueness result, we obtain

|(=Fn(||(w1, 21 + )| ) Bi (w1, 21) + Fn (|| (w2, 22 + Tp)
<Ny [lwlly |zl + New [[(w, 2) |y [12] 5
|(=Fn(||(w1, 21 + Ty) || ) B1(w, Ts) + Fn (|| (w2, 22 + Tp) ||, ) Bi (w2, Ty), 2) |

<Nep [|wlly [lz]| + Neo [[(w, 2)[l [|2];

l)B1 (w2, 22), 2)]

and |(—aA1 21 + ady 22, 2)| < a|z]|* . Then,
[(Fa(wy, 21) — Fa(ws, 22)), 2)| < (4Ney + a) [[(w, 2) Iy || 2]l ;
consequently
[F2 (w1, 21) = Fa(we, 22) |l g1 () < (4Nep + a) [[(w, 2) [y
and we take Cy = 4Ne¢p, + a. O
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