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PROPERTIES AND UNIQUE POSITIVE
SOLUTION FOR FRACTIONAL BOUNDARY
VALUE PROBLEM WITH TWO PARAMETERS
ON THE HALF-LINE*

Wenxia Wang' and Xilan Liu®T

Abstract Based on the theory of cone and operators, this paper concerned
with the existence of unique positive solution for a class of nonlinear fractional
boundary value problem with two parameters (one is called an eigenvalue pa-
rameter and another is a disturbance parameter) on the half-line. More impor-
tant, the solutions dependence on two parameters was discussed, which shows
that different parameters have different effects on the properties of positive so-
lutions, and the results reflect an interesting fact different from our inference.
Some examples are given to illustrate the main results.
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1. Introduction

Fractional boundary value problems (FBVP for short) on infinite intervals have
important applications in some fields of mathematics and physics such as the prob-
lems of radially symmetric solutions of nonlinear elliptic equations, velocity of the
unsteady flow of a gas, electrostatic measurement of solid-propellant rockets, and
so forth [1]. For this reason, in recent years, many researchers studied fractional
boundary value problems on infinite intervals, see [2,4,6,8-10,14,15,17,19-22, 26]
and references therein, and many of these works focused on fractional boundary
value problems on infinite intervals with parameters, for example, authors of [12]
investigated the following fractional boundary value problem on infinite interval
with a disturbance parameter A in the boundary conditions

Dg,x(t) 4 a(t) f(t,z(t)) = 0,t € (0,00),
+oo
2(0) = D ta(o0) = 0, Dy 2(0) = ; 9(&) Dy (&) + A,
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where 2 < a < 3, and obtained the existence and multiplicity results of positive
solutions for (1.1) by the method of upper and lower solutions, fixed point index
theory, and the Schauder fixed point theorem.

In addition, Zhai et. al [25] considered the fractional boundary value problems
on half line with a parameter as follows

Dg.a(t) + palt) f(t,2(8)) = 0,1 € (0,00),
m=2 1.2
£(0) = 2/(0) = 0, Dga(o0) = '3 Bra&), (12

where 2 < a < 3, a : [0,+00) — [0,400) and f : [0,400) x [0, +00) — [0,00) are
continuous. When the nonlinearity f(t,z) is increasing and ¢— concave in x, the
authors obtained some sufficient conditions of the existence of unique positive solu-
tion for (1.2) and properties depend on the parameter u. In order to distinguish the
disturbance parameter, which involved in boundary value condition of a boundary
value problem, we call the parameter p an eigenvalue parameter which is involved
in equation of the problem.

By discussions of (1.1) and (1.2), an interesting question was raised: for a frac-
tional boundary value problem with both an eigenvalue parameter and a disturbance
parameter, whether the solution still has the similar properties of dependence on
these two parameters as those of the problem with an eigenvalue parameter, if the
nonlinearity conditions keep the same. To our knowledge, there is no any answer
to this question, which inspire us to study the following FBVP on infinite intervals
with two parameters

D a(t) + u(f(t x(t) + a(t)g(x(t))) = 0, t € (0,00),
2(0) =0, 2/(0) =0, (1.3)
Dyt a(00) = B [ x(s)ds + A,

where D§, is the Riemann-Liouville fractional derivative of order a, 2 < a < 3,
B,m > 0and T'(ae + 1) > Bn®; pu, A > 0 are so called a eigenvalue parameter and
disturbance parameter respectively; RT = [0,00), ¢ : RT — R* and f0+oo q(s)ds >
0; f: RT x R™ — R™ is measurable in ¢ for every x € R™, and continuous in z for
a.e.t € RT, in addition f is y-concave(or convex) in z; g : RT — R™ is continuous
and subhomogeneous (or hyperhomogeneous).

In this paper, we discuss the existence of a unique positive solution for the
problem (1.3), more important, we consider the dependence properties on these two
parameters of the positive solution by means of the operator theory and analytical
technique. On the other hand, it is clear that the problem

{Dgax(t) + uf (t,z(t)) = 0,t € [0,00),

2(0) = 2/(0) = 0, D ta(o0) = B [ a(s)ds. (14)

is the special case of (1.3) with A = 0 and g(x) = 0 for z € R*, however, under the

same condition on f(¢,x) of (1.3), we can not obtain directly the corollary for (1.4)
from the result of (1.3), which is also interesting and encourage us to do this work.

2. Preliminaries and Lemmas

In this section, we shall introduce some definitions and lemmas.
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A function f : R x R™ — R™ is said to be ¢-concave (or ¢-convex ) in z, if
for any r € (0, 1) there exists ¢(r) € (r,1) such that

1
o(r)

flt,rx) > p(r)f(t,x) (or flt,re) < flt,x) ), te RM,z € R". (2.1)

A function g : Rt — RT is called subhomogeneous (or hyperhomogeneous), if
g(rz) > rg(x) (or g(rz) <rlg(z) ), re(0,1),z € RT. (2.2)
Remark 2.1. It is clear that (2.1) is equivalent to

1
p(s™1)

and (2.2) is equivalent to

f(t,sx) < f(t,x) (or f(t,sx) > p(s N f(t,x)),s>1,tc R",z € R";

g(sz) < sg(z) (or g(sz) > s 'g(x)), s> 1,2 € RT.

In addition, if f is ¢-concave ( or y-convex) in z, then f is subhomogeneous( or
hyperhomogeneous) in z, but not vice versa.

Remark 2.2. The nonlinearity function f(¢,z) + ¢(¢)g(x) in this paper may not

have any ¢- concave property, even if f is some a ¢g-concave in z and g is sub-

homogeneous. For example, f(t,z) = e~ tz2,g(z) = x and ¢(t) = e, it is clear

that f is pg-concave where po(r) = r%, and g is the subhomogeneous, but for any
¢ :(0,1) = (0,1) with ¢(r) € (r,1),

ft,rz) + q(t)g(ra) £ o(r)(f(t,2) +q(t)g(z)), r € (0,1),t € R",x € R,

in addition, the function f(¢,x) 4 ¢(t)g(x) may not be monotonic, even if f and g
are monotonic. That is to say, the properties of nonlinearity function for (1.3) are
different from the one of [25].

Basic notations and related results on Riemann-Liouville fractional integral and
fractional derivative can be found in [11,16,18].
For y € L[0,400), consider the linear fractional boundary value problem

D0+w(t) +y(t) = 0<t<+o0,
2(0) = 0, 2'(0) = (2.3)

Dy z(0) Bfonx )Yds + A,

where 2 < a < 3, 8,7 >0and A > 0.
Similarly, by Lemma 3.1 in [15], we can easily obtain the following results.

Lemma 2.1. Suppose that y € L[0,+00), then FBVP(2.3) has a unique solution

—+o0
z(t) = G(t,s)y(s)ds + Ast*™t t € RT,
0

where
«

T(a+1) — pn>’
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and
G(t,s) = Gi(t,s) + kBt Ga(n,s), t,s € RT,

Gr(t.s) 1 ol —(t—s)7l 0<s<t< +oo,
1\, 8) = =~
P(a) g1 <t <s< 4oo,

Colt. ) 1 t*—(t—39)* 0<s<t<+oo,
2(t,8) = =——%
F(a+1) ta’ O§t§8<+00.

Lemma 2.2. The functions G(t,s),G1(t,s) and Ga(t,s) defined by Lemma 2.1
satisfy the following properties:

(i) G(t,s) is continuous on RT x RY;

(i) 0 < Gi(t,s) < ﬁt“‘l, 0 < Galt,s) < ﬁt“ for t,s € RT, moreover,
0<G(ts) <rKt* ! fort,se RT.

Following definitions and known results can be found from [5,7,23,24].

Let E be a real Banach space which is partially ordered by a cone P C E, that
s,z <yiff y—x € P. If <y and = # y, then we mean x < y or y > z. By 0
we denote the zero element of E. A cone P is said to be normal if there exists a
positive number N such that § < z <y implies ||z|| < N||y||. For v,v € E,u < v,
denote [u,v] = {x € E|lu <z <wv}. Given e > 0 (i.e., e € Pand e # 6 ), set

P. = {z € E | there exist l;(z),l2(z) > 0 such that l;(z)e <z < la(x)e}. (2.4)

Let D C E. An operator T : D — E is said to be increasing (decreasing) if
z,y € Do <y=Tr <Ty(Tx > Ty). An element z* € D is called a fixed point
of T if Tx* = x*; An operator T': D x D — FE is said to be mixed monotone, if
Ziyy; € D(i =1,2), 21 < y1,29 > yo = T(x1,22) < T(y1,y2). An element * € D
is called a fixed point of T' if T'(z*, z*) = z*.

Lemma 2.3 (Theorem 2.1, [23]). Let P be a normal cone in E, and T : P, — P,
satisfy one of the following conditions:

(L1) T is an increasing operator, and for any r € (0, 1), there exists a(r) € (0,1)
such that T(rx) > r*"Tx for x € P, and r € (0,1);

(L2) T is a decreasing operator, and for any r € (0,1), there exists a(r) € (0,1)
such that T(rxz) < r=*"Tx for x € P, and r € (0,1).
Then T has a unique fized point x* in P,. Moreover, for any initial value ug € P,
and a sequence up, = Tup,_1(n=1,2,--), one has nEIJIrloo | — x*|| = 0.

Lemma 2.4 (Theorem 2.1, [24]). Let P be a normal cone in E and e € P with
e#0,C:Px P — P be amized monotone operator. Suppose that

(L8) C(e,e) € P.;

(L4) for every r € (0,1), there exists o(r) € (r,1] such that

Clra, 1) 2 $(C(,y), 7,y € P,

Then C has a unique fized point x* in P.. Moreover, for any initial value xy,yo € P,
constructing successively the sequence

Tn = C(xn—17yn—1)7 Yn = C(yn—laxn—l)a n= 1727 M)
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one has ||z, —2*|| = 0 and ||y, — 2*|| = 0 as n — +oo.

Lemma 2.5 (Theorem 2.3, [24]). Suppose that operator C' satisfies the conditions

of Lemma 2.4. Let xx(A > 0) denote the unique solution of operator equation
1

T(x,x) = Az in P.. If o(r) > r2, then x is strictly decreasing in .
In this paper, we always set

()]

X =:Cq-1[0,+00) = {z € C[0,4+00)| sup —— < +oo},
te[0,400) 1 1
then X is a Banach space with the norm ||z|| = sup lft(i)_‘l . Denote
te[0,4+00)

P={zeX |zl >0,tel0,+0)},
then P is a normal cone in X, and the normal constant is 1, see [25]. Let
e(t) =71, t € [0, 400),

and define P, as (2.4).

In this paper, the following hypotheses will be used.

(H1) f(t,z) is increasing and ¢- concave in = € [0,+0c0), and f(t,1+t>"1) €
L0, +0).

(H2) f(t,z) is decreasing and - convex in x € [0, +00), and f(¢,0) € L*[0, +00).

(H3) g(x) is increasing and subhomogeneous on [0,4-00), and g(oo) :EEIEOOg(x) <
+00.
(H4) g(x) is decreasing and hyperhomogeneous on [0, +00).

If f satisfies one of (H1) and (H2), and g satisfies (H3) or (H4), then the solution
of FBVP(1.3) is equivalent to the solution of the following integral equation

+oo
2(t) = p / G(t, ) (f(s,2(5)) + als)ala(s) ) ds + Ast* !, w € X, (2.5)
0
Define the operator T{, ) by
Tt = pAx + B, T, © € P, (2.6)

where
—+oo

(Az)(t) = ; G(t,s)f(s,x(s))ds, x € P,

and
—+o00

(Beuyx)(t) = p G(t,8)q(s)g(x(s))ds + st 2 € P.
0
Then, T(,,»)(P) C P, which together with (2.5) implies that x is a positive solution

of FBVP(1.3) if and only if 2 is a non-zero solution of 7{,, »yz = = in P.
For convenience, we introduce the following binary operator

C(,u,)\) (LL', y) = IJ'A'T + B(;L,A)y7 T,y € Pv (27)
and
Clun (@ y) = Cun(y,2) = pdy + By e, ©,y € P. (2.8)

Then
Tt = Cuy(z,x) = C(*Hy/\)(x,x), r e P (2.9)
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Lemma 2.6 (Lemma 2.2, [13]). Let W be a bounded subset of X. If the following
conditions holds:

(i) {lft(i) r | @ € W} is equicontinuous on any compact interval of [0, +00);

(it) {1+ta v | @ € W} is equiconvergent at infinity.
Then W is relatively compact in X.

3. Existence and Uniqueness

In this section, we shall discuss the existence of unique positive solution for BVP(1.3).

Theorem 3.1. Assume that one of the following four assumptions is satisfied.

(i) (H1) and (H3) hold; (i) (H1) and (H4)hold;

(iii) (H2) and (H4) hold;  (iv) (H2) and (H3) hold.
Then FBVP(1.8) has a unique positive solution x(, xy for any p > 0 and X > 0.
Moreover, for any xg € P, set

+oo
ra®)=p [ Cls) (£ 2 (9) + als)alwa a(s) )ds + Mt (3)
0
n=12,---, we have
nl(t) — t
lim sup [ (1) x(#f\)( )
n—oo te[0,+00) 1+to—

=0. (3.2)

Proof. It is clear that Axt®~! is the unique positive solution of FBVP(1.3) for
pw=0and A > 0.

In the sequel, consider FBVP(1.3) for © > 0 and A > 0 under different conditions
(i),(ii),(iii) and (iv), respectively.

(i) If (H1) and (H3) hold, T, ) : P — P is an increasing operator, and

“+o0
Mt < (Tuaya) () =g | Glt)(f5,2(9) + als)go(5)) ) s+ At

< /{(u /0+°O((1 Fllzl)f(s, 1+ 5271 +g(oo)q(s)>ds + A)tafl,x e P,

which implies that
T(,u,k)(P) C P.. (33)
In order to discuss the properties of operator T\, x), we first prove that the
operator B, \) satisfies
By (rx) > ¢(u, A\, r) Bz, € (0,1),z € P, (3.4)
where
Ap(r) + rpg(oo fo
A+ ug(o0) fo™°
Indeed, by (3.5) we have r < ¢(p, A, ) < go(r) <1, and

P, A1) =

(60070 = r)atoe) [ atsis = (0r) = 6 A )2 < (1= 00 ) )



Properties and unique solution for FBVP 2497

Note that

+00 +oo
/ G(t,s)q(s)g(z(s))ds < ﬁt”‘_lg(oo)/ q(s)ds, x € P,
0 0

then

+oo

(oA r) =) | Gt )als)o(e(s))ds (1 6(n, A1) Ast* ", x € P

0

Therefore,

“+oo
By (rx)(t) Zru/o G(t,5)q(s)g(x(s))ds + Akt ™1

+oo
> (1, A,) (1 G(t,5)q(s)g(w(s))ds + Art*"
0

:(]5(/1,)\,7“)(3(”))\)33)@), te R+,J3 S

which means that (3.4) holds.
Set a(p, A\, 1) = W, then a(p, A\,r) € (0,1). By (3.4) and (H1),
T (re) = pA(rz) + B, a (re) > o(r)pAz + ¢(p, A, 7) B, x) @
> 9, A1) 1Az + By )

_ Ta(‘u’)\’r)T(u,A)x’ r€(0,1),z € P..

The application of Lemma 2.3 can show that T{, ) has a unique fixed point z(, x)
in P, furthermore for any zg € P, setting z, = T(,, xyTn—1,mn = 1,2,---, then

lim ||z, — 2, 5|l = 0. By (3.3), the fixed point z(,, ) is a unique positive solution
n— oo

of FBVP(1.3), and (3.1) and (3.2) are satisfied.

(ii) Consider the operator C(, x) defined by (2.7). If (H1) and (H4) hold, then
Ciuny o P x P — P is a mixed monotone operator. In addition, for any z,y € P
we have

—+oo

M ()0 = [ Gl (£ (s, 0() + al)gl(s) s+ Mt

< m(u /O+Oo((1 + 2l f(s, 1+ s> ) + g(O)q(s))ds + A)t“—l,t € RT,

which means that
C(H,A)(P X P) C P.. (36)

For the operator By, ), by using (H4) and arguments similar to (3.4), we can

prove that

1
B <~ B 0,1),z € P., 3.7
(u,k)(r‘r) = ’l/J(,U/,)\,T) ()T T S ( y )71’ € Ie ( )

where .
19(0) Jo = gq(s)ds +

+ )
%9(0) 0 e q(S)dS + ﬁ

¢(#, A 7’) =

€ (0,1). (3.8)
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It is clear that
r< (A ) < @), 7€ (0,1). (3.9)

Thus, it follows from (H1),(3.7) and (3.9) that

1 1
C(u,)\) (7"1’, ;y) = /LA(T’.’E) + B(u,)\)(;y) > (,O(T)/J,A(L' + w(ﬂa )‘7 7A)B(p,,/\)y
> ¢(M7A»T)C(;L,A)($»y)a e (07 1)7 T,y € P,.

Therefore, Lemma 2.4 together with (3.6) tells us C(, ) has a unique fixed point
x(u,n) in P\{#} which is a unique positive solution of (1.3). Moreover, for any
o, Yo € P, set

Ipn = C(u,)\) (l'nflvynfl)v Yn = C(u,/\)(ynflaxnfl)a n=12---,

then

Jim [z, — 20 =0, lm [ly, — 2] = 0.

Taking o = yo, then z,, = y,,n =1,2,---, so (3.1) and (3.2) are satisfied.

(iii) When (H2) and (H4) hold, we still consider the operator T, ) defined by
(2.6). Obviously, T(, ) : P — P is decreasing, and T{,, »)(P) C P.. In addition, by
the proof of the above (ii) we know that B, x) satisfies (3.7). Taking a(u, \,r) =
@A) “then a(u, A, r) € (0,1), and

Inr

n 1
T, rx) = uA(re) + B re) < Ax + B, nr
(#J\)( ) = pA(rz) (#7)\)( ) o(r) D\, 1) (1,2)

1 _
< —— (T, = e 0,1 P..
> 1/)(“7)\77‘)( (u,)\)x) r (u,)\)xa re ( ) ),.’E €

Similarly to the proof of (i), the application of Lemma 2.3 finishes the proof of this
part.

(iv) When (H2) and (H3) hold, we consider the operator C(, ,)(z,y) = pAy +
B, n@ defined as (2.8). It is evident that C7, ) : P x P — P is a mixed monotone
operator, and Cf, (P x P) C Pe.

By the above proof (i), B, ) satisfies (3.4) where ¢ is given by (H2), and

. 1 1
Clun (re, ~y) = pA(-y) + By (re) 2 o(r)pdy + ¢(u, A, 1) By
> d)(u,)\m)CE"#’A)(x,y), r€(0,1),z,y € P..

Using similar arguments as the proof of (ii) and Lemma 2.4, the proof is finished.
O

Remark 3.1. If A =0, then Theorem 3.1 may not be true. Indeed, when p = A =
0, it is easy to check that FBVP(1.3) has a unique zero solution, but no positive
solution; when A = 0 and g > 0, we can not guarantee the existence of unique
positive solution of FBVP(1.3) under the conditions of Theorem 3.1, but we can
give some sufficient conditions of existence of unique positive solution for FBVP(1.3)
with A = 0 and g = 0 (see Theorem 5.1). We use the following Table 1 to show this
concisely.
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Table 1. The effect of parameters on the existence of unique positive solution

Parameters Condition of g Condition of f | Unique solution
A>0 | u>0 (H3) or (H4) (H1) or (H2) Yes
) uw>0| g#0; (H3) or (H4) (H1) or (H2) Uncertain
Existence | A =0
w>0 g=0 (H1) or (H2) Yes
A=0| pu=0 Arbitrary Arbitrary No

4. Dependence of solution on parameters

For any given g > 0 and A > 0, by Theorem 3.1, FBVP(1.3) has a unique positive
solution under some conditions. Based on this fact, we regard the unique positive
solution as a function of parameter pair of (1, A) denoted by x(, ), and discuss the
monotonic and continuous properties of x(, \) with respect to (u, ).

Set

wo(t) = re(t) = wt* ™, te RT.
Theorem 4.1. Under the condition (i) of Theorem 3.1, the following results hold.

(a) for any fized p > 0, x(, 5 is increasing and continuous with respect to X for
A>0 d li = :
>0, an /\Elgo ”x(,u,)\)” +00;

(b) for any fired X > 0, x(, ) is increasing and continuous with respect to

for uw >0, and Mli>r(r)1+|\x(u,” — Awol| = 0, in addition, METOO |zl = +oo if
fl GQ na f(57 1)d8 > 0;‘

(c) for p=vX, v >0, >0,z is increasing and continuous with respect to
A for A >0, AETOO |2 (w0 || = +oo and Alg(r]l+ lz(u )l = 0.

Proof. (a) For any fixed > 0, it is easy to see that T\, yyz is increasing with
respect to A and = for A > 0 and x € P. Next to show z(, ) is increasing with
respect to A for A > 0. Let A1, A2 € (0, +00) with A; < Ay and

Ug = )\1’[00, Uy = T(m)\l)un_l, n = 1, 2, e, (41)
then ug < Aawo < x(,,5,)- Moreover, we have

T(#»/\l)uo = uo, T(%M)x(#-,h) < T(HJQ)‘I(#JQ) = L(p,A2)>
which, together with (4.1), leads to
UOSUIS"'Sung"'éx(u,)\g)an:1727"" (42)

Note that z(, x,) is the unique positive fixed point of T{, x,), then it follows from
Theorem 3.1 and (4.2) that ||u,—2(, x,)| — 0asn — +ooand x(, \,) € [to, T(u,r.)],
which means that z(, x,) < (., x,), that is, z(, x) is increasing with respect to A for
A > 0.

Next to prove that x(, y) is continuous with respect to A for A > 0, we take
Ao € (0,400) and any sequence {\,} satisfying

D<A < << A, <---< X and 11111/\—)\0.

n—-+o0o
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Set
D ={zg)lTwarn = Tpan@ua),n =12}
then D C P, and

T(un) S Tpag) S ST S S ) (4.3)

The normality of the cone P implies that D is a bounded subset. In addition, by
(H1),(H3) and Lemma 2.2, {lﬁ% | © € D} is equicontinuous on any compact
interval of [0,4o00), and equiconvergent at infinity. Hence, it follows from Lemma
2.6 that D is a relatively compact. This, together with (4.3), implies that there

exists o* € [T(u,,)s T(u,n0)] C Pe such that ngrfoo () — || = 0. Note that

+oo

P ® = [ O (5,200 () + a(5)ge0,) () s + At

by the Lebesgue dominated convergence theorem, we have

+oo
() =p G(t, s) (f(s, x*(8)) + q(s)g(a” (s)))ds + KAt
0
which means that z* is a fixed point of T{, »,) in Pe. The uniqueness of the fixed
point of T, .y implies 2* = x(,, \,), 50 HIm |[z(,2) = Z(uxy)|l = 0. Similar argu-
A=Ag
ment can show  lim lZ(un) = T(uro)ll = 0. Therefore, x(, ) is continuous with
A—=Ag

respect to A for A > 0.
In addition, noticing that x(, \)(t) = (T(H’A)x(u,”)(t) > Mst® L for t € RT, we
have ||z, || > Ax which implies that )\lirf |z () |l = +o0.
— o0

(b) For any fixed A > 0, since T{, )z is increasing in p and x for p > 0 and
x € P. Similarly to the proof of above (a) we can show that z(, ) is increasing and
continuous with respect to p for g > 0.

Note that x(, x) < x(1,) for any p € (0, 1), then for any u € (0,1),

“+o0
0 () = huo(t) < st [ (s, () + al5)g(00) ) s
+oo
<t [T (A o DA 1+ 577 + a(s)g(oc))ds, ¢ € BT,

which implies that uli%l+ |z () — Adwol] = 0.

Now, we take g > 1. Because of z(,,\) € P, there exists a number [ € (0,1)
such that
T (t) = (o (t) = le(t) =1t* t € RT > po.

Moreover, it follows from (H1) and (H3) that

+oo
L) () =TT (t) > uﬂﬂt‘klfo Ga(n, s) f(s, 15> )ds

+o00
> Bkt ! Ga(n,s)f(s,1)ds, t € R, > po,
1



Properties and unique solution for FBVP 2501

which together with f Ga(n,s)f(s,1)ds > 0 leads to lir+n 12wl = +oo.
p—>~+o0

(c) For p = vA, v > 0,\ > 0, the unique positive solution z(, ) is denoted by
). Noticing that

+oo

n) =V [ Gt (f(s22() + a(9)9(@a(s))ds + wo(h)),

0

the conclusion (c) can be present similarly. The proof is complete. O
Similarly to the above proofs we can obtain the following result.

Theorem 4.2. Under the condition (ii) in Theorem 3.1, we have the following
results:
(a) for any fived p >0, lim ||z, )| = +oo;
A—+o0 ’

(b) for any fized \ > 0, Mlir&r lZ(ux) — Awol| = 0, in addition, ;LEIEOO gl =

+oo if fl Ga(n, 8)f(s,1)ds > 0;
g > 1 = 1 =
(c) for p=vA, v>0,A>0, )\El}rloo |z (0|l = +oo and Alg& 12wl = 0.

Theorem 4.3. Under the condition (iii) of Theorem 3.1, we have the following
results:
(a’) fOT any ﬁI@d M 2 O; lim H:E(u, A)H = +00;
A——4o00 ?

(b) for any fived X > 0, x(, ) is increasing and continuous with respect to p
for p >0, and Ml—i%l-s-”x(“”\) — Awgl|| = 0, in addition, #Erfoo |zl = +oo if

Jo G2(1,9)f(s,1)ds > 0;
(c) for p=v\, v>0,XA>0, T(u,n) 08 increasing and continuous in A for X > 0,
Jim |2 ()|l = +o0 and i [0l = 0.

Proof. By (H2) and (H4), T{,, ) is increasing with respect to  and A for >0
and A > 0, and decreasing with respect to = for € P. The conclusion (a) is easy
to be proved. Next we prove (b). Any given A > 0, in order to show that z(, ) is
increasing with respect to p for u > 0, we let p, s € [0,400), p1 < po. If g =0,
then z(,, ) = Mwo < T(y,,n). Thus, we only need to prove x(,, ) < T(u,,n) for
u1 > 0. Noting that m(,, ), T(us,n) € Pe, there exists € > 0 such that ex(,, ») <
T(py,N)- Oet
ro = sup{r >0 | 72, 2 < Tt

then 0 <7y < 400 and 7oz, z) < T(u,y,n)- We assert that 7o > 1. Suppose, to the
contrary, that 0 < rg < 1. By (3.7) we have

1
L(pz,\) = T(llzaA)x(Mm)\) < T(Mm)\)(rox(m,)\)) < w( T(#zyA)x(M«\)’

H2, )‘7 7AO)
which, together with

+oo
(T 00 0) () < 22 1 / G(t, ) (£(5. 20,0 (5)) + a(5)g((, ) (5)) ) s

1

M2 H2
= = (Tl N2 ) () = =2y ) (1), t € RT,
%1 H1
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implies that
MW(M’ )‘7 TO)
2

Since 0 < W < 1, it follows from (H2) and (H4) that

T A) = T(pg,n)-

M1¢(M27 )‘7 TO)
K2
+oo

A,
=m | G(w)(f(& Wfﬂ(uz,n(s))

33(M27>\)))ds + kAot

(0 0) (1) = Ty 2T (0,0 () < Tia ) ( Z(up,0)) ()

)g(ﬂlw(:u’% )" TO)
K2

Lo +oo
= W/ G(t,5) (£ (5,200 (5))
+ Q(s)g(fﬂ(uz,A)(s)))ds 4 At
1
< Dl Aro) Lz 0 uz) ()

1
= S0m ) T (@), £ € BT

So, by the definition of ¢ and (3.9) we have ro < ¥(u2, A, 79) < 1o, which is a
contradiction. Hence ro > 1. Moreover, z(,, x) < T(u,,)-

In addition, arguing similarly to Theorem 4.1, other results in the conclusion
(b) can be proved.

The proof of the conclusion (c) can be finished by the similar way as the above
conclusion (b). This completes the proof. O

+q(s

Theorem 4.4. Under the condition (iv) of Theorem 3.1, the following results hold.

(a) for any fized pu > 0, )\lirf |z (0| = +o0;

—+o00

(b) for any fized A > O,Ml_i>r61+ |2(u,n) — Awol| = 0, in addition, METOO 2zl =

+oo if fol Ga(n,s)f(s,1)ds > 0;
= > - 1 = 1 = ;

(c) forp=vA,v>0,A>0, (c-1) )\EI-&T-IOO |zl = +oo and /\lg&_ 2l = 0;
(c-2) (,,5) is increasing and continuous with respect to A for A > 0 if v = 0 or
0 < vg(o0) f0+00 q(s)ds < 1 and o(r) > r= forr € (0,1).
Proof. We only prove the conclusion (c-2), other conclusions can be proved sim-
ilarly to Theorem 4.1.

For p = vA, v > 0, > 0, we consider two cases. If v = 0 then p = 0, thus
T (t) = Art®~1 and (c-2) is obvious. If v > 0, we consider the operator C(*M)

defined as (2.8), and have
C(*u’)\) (z,y) = VAAy + B e = AvAy + B yx) =: CX(z,y), =,y € P.

It is clear that C§ : P x P — P, is a mixed monotone operator. In addition, we
claim that the operator B, ) satisfies the following property

By (rz) > r‘SB(V,l)x, r € (0,1),z € P,, (4.4)
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where

vg(co) [ q(s)ds

1+ wg(oo) [y qls)ds

Indeed, it is clear that 0 < § < % By straightforward calculations, for any r € (0,1)
we have

1— § 1— ) § +oo
r > lim — o2 > ug(oo)/ q(s)ds.
0

Hence,
70 (]/g(OO) /0+Oo q(s)ds + 1) < rvg(oo) /0+OO q(s)ds + 1,

which implies that
+oo

By, (ra)(t) zrv | G(t,s)q(s)g(x(s))ds + kt*™!

(o | Gt ats)glale)ds + o)

:r‘s(B(l,yl)m)(t), re(0,1),z € P.,t € R,

This show that B, 1) satisfies (4.4). Moreover, let

o(r) = rnin{go(r),r‘s}7 r € (0,1),

then
1
Cx(rz, ;y) > A(V@(T)Ay + r‘SB(Ml)x) >p(r)Cx(z,y), z,y € P.,r € (0,1).

Note that 0 < § < § and ¢(r) > 72, then (r) > r2 for r € (0,1). Applying Lemma
2.5 we obtain that z(, x) is increasing with respect to A for A > 0. Moreover, the
continuity of x(, x)y with respect to A can be proved similarly to Theorem 4.1. This
ends the proof. O

Remark 4.1. In order to clearly show the dependence properties of solution on
parameters in different cases, we give a conclusion in following Table 2. In this
table, “inc.” means “increasing ”, and “cont.” means “continuous”.

Table 2. Continuous dependence of the solution on two parameters

Parameters Dependence (H1),(H3) | (H1),(H4) | (H2),(H4) | (H2),(H3)
Fixed p inc. and cont. in A yes uncertain | uncertain | uncertain
Fixed A inc. and cont. in pu yes uncertain yes uncertain
w=rvA inc. and cont. in A yes uncertain yes yes

Other cases cont. in (A, p) uncertain | uncertain | uncertain | uncertain
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5. The boundary condition without disturbance pa-
rameter

For the problem (1.4), although we can not derive the corollary from Theorem 3.1,
we can obtain the different result. In section, we shall consider FBVP(1.4). To be
clear, we present it again

{Dgax(t) + uf (t,z(t)) = 0,t € [0, 00),
2(0) = 2/(0) =0, DJ'w(c0) =B [, (s)ds

It is clear that = is a positive solution of FBVP(1.4) if and only if x is a fixed
point of the operator pA in P\{0}.

By the proofs of Theorem 3.1, Theorem 4.1 and Theorem 4.3, we can obtain the
following result.

Theorem 5.1. Assume that one of the following assumptions conditions is satisfied.
(F1) (H1) holds and fl Ga(n,s)f(s,1)ds > 0;

(F2) (H2) holds and fo Ga(n,s)f(s,1)ds > 0.
Then (1.4) has a unique positive solution x,, in P, for any p > 0. Furthermore, for
any xo € Py, constructing successively the sequence

+oo
Ty (t) = M/O G(t,s)f(s,xn-1(s))ds, n=1,2,--,

then
i s 17 =)

=0.
N0 40 ooy 1 HTOTE

In addition, such a positive solution x,, is increasing and continuous in u for > 0,

15& lzul| =0, and hm |z,.|| = +oo.

6. Examples

Consider the fractional boundary value problem on half line

3
e t2 1+f% Vx(t) ! et ar
DO+$( ) + M( §1+t§)4+p ) 1(Jiz_z(t)(t))) = 07 te [07 OO),
6.1
2(0) =0, @'(0) =0, (6.1)
22
D0+x( 00) = 51 Jo @(s)ds + A,
where 0 < |p| < 2 and a,b >0,a# b. That is, in FBVP(1.3), a = 8,8 = ;k.n=

_f2 (1+t3+f)

22, q(t) = 7", f(t,x) = W

and g(z) = 12, Then

/228
951

80,2
~ 3.9959 < 4.0124 ~ 2—71"(7

B® = 5)=T(a+1), r~1616162

amdf0 s)ds =1>0.
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It is easy to check that g(co) = ¢, and g : R* — R™ is not only continuous but
also increasing for a > b, and decreasing for a < b. In addition, for any r € (0, 1),

r(i +ax) 1+ arx 1
—r > d = " < Z
1+brx — rg(z), and g(rz) 7“(% +bx) T r

g(re) = g(z).

So, (H3) holds for a > b and (H4) holds for a < b.
It is clear that f(¢, ) is continuous. Two cases are considered on p.
Case 1 p € (0,2). In this case, f(t,z) is increasing in x, moreover,

%(1+ts +V1+13)"

(1+1¢5)"7

3 _ 3
Ft 1+t = < we P (1443) 7 < oret?,

which implies that f(t,1+¢3) € L'[0,4+00).
In addition,

oo
w\m

—t2
f(tﬂ“w): (1(+ g):pﬂ) > 72 f(t,z), ©>0,re(01),
and
(2 4¢3 .3
f(t’l)_(1+(t+)4+22 B

Thus, (H1) is satisfied and f Ga(n,8)f(s,1)ds >0
Case 2 p € (—2,0). In this case, f(t,x) is decreasing in z, and

3
t2

wleo

—4

FH0) = (1+¢3) " <,
which implies that f(t,0) € L[0, +00).
In addition,
1 1
fltore) = —— < i) >0, re (0.1,
el () s T
and .
1) = e (2425)

Hence, (H2) is satisfied and fol Ga(n,s)f(s,1)ds > 0.
Theorem 3.1 shows that FBVP(6.1) has a unique positive solution x(, ) for any
p>0and A > 0, and for any =y € P, set

3
oo =52 (1485 4+ \/201(5)” e (1 + amn_1(s)) 5
T, (t) = G(t,s —|— ne ds+Akt3
n() H 0 ( )( (1+ )4+p 1+b$n,1( ) )
forn=1,2,---, we have

n(t) — 4
i s ) =0 ()

=0.
N0 ¢€[0,400) 14ta-t
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Next to discuss the dependence of such a solution z(, ) on parameters y and A
in four cases.

Case 1. If p € (0,2) and a > b, then all conditions of Theorem 4.1 are satisfied.
Hence, the positive solution x(, x) satisfies all conclusions in Theorem 4.1.

Case 2. If p € (0,2) and a < b, then all conditions of Theorem 4.2 are satisfied,
so we can obtain all conclusions in Theorem 4.2 for the positive solution z(, )

Case 3. If p € (—=2,0) and a < b, then all conditions of Theorem 4.3 are satisfied,
So, all conclusions in Theorem 4.3 hold for the positive solution z(, )

Case 4. If p € (—2,0) and @ > b, then (H2) and (H3) are satisfied and
fol Ga(n, s)f(s,1)ds > 0. So, we can obtain conclusions (a),(b) and (c-1) in Theorem
4.4 for the positive solution (, ). In addition, we can conclude by the conclusion
(c-2) in Theorem 4.4 that the positive solution x(, xy is continuous and increasing
in)\for0§1/<§,,uzu)\,)\>0and —-1<p<O.
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