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THE NUMBER OF RATIONAL SOLUTIONS OF
ABEL EQUATIONS*

Xinjie Qian"', Yang Shen? and Jiazhong Yang?

Abstract In this paper, we study rational solutions of the Abel differential
equations dy/dx = fm(x)y* + gn(2)y?, where fm(x) and g, (z) are real poly-
nomials of degree m and n respectively. The main result of the paper is as
follows: We give a systematic upper bound on the number of the nontrivial ra-
tional solutions of such equations in all these cases. Then we prove that these
upper bounds can be reached in most cases. Finally, we present some exam-
ples of Abel equations having exactly ¢ nontrivial rational solutions, where
1<e<5.
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1. Introduction

The Abel differential equations

dy

% = fm(x)yQ + gn(x)y3a (1~1)

where f,,(z) and g, (z) are real polynomials of degree m and n respectively, with
the following explicit expressions

fm(x) = iaixia gn(m) = ibixi7 mbn 7é 0 (12)
=0 =0

can be found in many models of real phenomena (see [1,10]) and have been studied
intensively. Much attention has been paid to, say, the center problem (see for
instance [3,4]), the number of limit cycles (see [5,8]), the polynomial solutions,
polynomial limit cycles, and nontrivial rational limit cycles (see [9,11]).

The study of some particular solutions (as polynomial or rational solutions) of
the differential equations can be seen as an important way to understand the whole
set of solutions of the system. Concerning some well-known systems, Rainville [13]
in 1936 proved the existence of one or two polynomial solutions for the Riccati
differential equation 3’ = by(z) + b1 (z)y +y?, with by(x) and by (z) are polynomials.
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Behloul and Cheng [2] presented some methods to compute polynomial solutions of
the differential equation

a(x)y’ = bo(x) + bi(2)y + ba(2)y” + -+ + b (x)y", (1.3)

where a(x) and b;(z), with 0 < ¢ < n are real polynomials.

As to the polynomial solutions of equation (1.3), here is a very brief survey.
When a(xz) = 1, and b, (z) # 0, the authors in [9] proved that (1.3) has at most
n polynomials solutions. When n = 2, the authors in [7] give an estimate of the
number of polynomial solutions in terms of the degrees of all coefficient polynomials
involved. In [6] the authors treated the equation (1.3) in some other special cases.
Llibre and Valls [12,14] gave in detail the maximum number of polynomial solutions
in the case n = 3, bs(z) # 0 and bo(z) = ba(z) = 0.

Notice that when n = 3, a(z) = 1 and bo(z) = bi(z) = 0, equation (1.3) turns
out to be the classical Abel equation of the form (1.1). For the Abel equation (1.1),
by using ideas from [9], one can easily see that this equation can have at most two
polynomial solutions, and we can found a concrete example 3y’ = y?(y — 1) with two
(trivial) polymial solutions y = 0 and y = 1.

As we know beyond the polynomial solutions, the study of rational solutions is
also of great importance. But to the best of our knowledge, the number of rational
solutions of equation (1.1) have not been considered so far. By a rational solution
of (1.1), we mean a solution of the form y = P(z)/Q(x), where P(z) and Q(x)
are polynomials of their variable. Here we shall only consider nontrivial rational
solutions, i.e. the case Q(x) = const is not within our interest, since in this case,
P(z)/Q(x) is nothing but a polynomial.

The importance of study of (1.1) also relies on the intrinsic relation between
(1.1) and the Liénard system. In fact, by performing the change z = 1/y, equation
(1.1) can be transformed into a Liénard system,

T =z, z= _fm(x)z - gn(m)v (14)

and a nontrivial rational solution is transformed into a rational invariant curve.
Hence, the number of nontrivial rational solutions of the equation (1.1) and the
number of the rational invariant curves of Liénard systems (1.4) coincide. While
considering the number of invariant curves is an useful way to study the integrability
of the planar polynomial differential system.

In this paper, we consider the maximum number of nontrivial rational solutions
of (1.1) in all cases. For convenience of stating our results, in terms of (1.1), we call
such an Abel equation of type (m,n). Notice that y = ¢(x) is a nontrivial rational
solution of the equation (1.1) if and only if ¢(z) = 1/R(x) and

R(z)R () + R(2) fm (2) = —gn(2), (1.5)

where R(x) is a polynomial. Therefore a crucial point to consider the maximum
number of nontrivial rational solutions of the equation (1.1) will depend on the
analysis of the number of polynomial solutions of equation (1.5).

By comparing the degrees of the polynomials of two sides of equation (1.5), we
immediately know that if n < m or n > 2m + 2 with n even, then (1.1) of type
(m, n) has no nontrivial rational solutions. For the remaining cases, our results are
as follows.
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Theorem 1.1. Ifm+1<n<2m, orn>2m+3 andn is odd, then (1.1) of type
(m,n) has at most 2 nontrivial rational solutions, and this bound is sharp.

Theorem 1.2. If n = 2m + 1 with m > 1, then the equations (1.1) of type (m,n)
have at most m + 3 nontrivial rational solutions, and this bound is sharp in the
cases m =1 and m = 2.

At that point, we wonder whether m+3 is the sharp upper bound on the number
of nontrivial rational solutions of equations (1.1) of type (m,2m + 1) with m > 3.
In fact, the answer is no in the case m = 3, and we shall give another method for
finding the maximum number of rational solutions in this case. Our result is stated
in the next theorem.

Theorem 1.3. The equations (1.1) of type (3,7) have at most 5 nontrivial rational
solutions, and this bound is sharp.

We remark that with only one possible exception, n = 2m + 1 and m > 4, all
these upper bounds given above are sharp, and our result can also be used to study
rational limit cycles.

The next two theorems give the existence of equations (1.1) of type (m,2m +1)
with exactly ¢ nontrivial rational solutions and equations (1.1) of type (4,9) with
exactly 5 nontrivial rational solutions, where 1 <7 <4 and m > 1.

Theorem 1.4. For any integer m > 1, there exist equations (1.1) of type (m,2m+1)
having exactly i nontrivial rational solutions, where 1 < i < 4.

Theorem 1.5. There are equations (1.1) of type (4,9) having exactly 5 rational
tnvariant curves.

The rest of this paper is organized as follows. We prove Theorem 1.1 and
Theorem 1.2 in section 2 while leave the proof of Theorem 1.3 to section 3. Finally,
in section 4 we prove Theorem 1.4 and Theorem 1.5.

2. Proof of Theorem 1.1 and 1.2

The proof of Theorem 1.1 consists of two parts, the upper bound of the number of
nontrivial rational solutions and the explicit examples having 2 nontrivial rational
solutions.

Proposition 2.1. If m+1 < n < 2m, then the equations (1.1) of type (m,n) have
at most 2 nontrivial rational solutions.

Proof. Ify = 1/R(x) is a nontrivial rational solution of equations (1.1), then from
(1.5), we immediately know that the degree of R(x) can only be n —m or m + 1.
If the degree of R(x) is m — m, then we can assume

R(z) = chma™ ™ + -+ 12 + ¢y, (2.1)

where ¢,_p, # 0. By substituting R(x), fm(x) and g,(z) into (1.5) and comparing
the coeflicients of the polynomials of two sides, we can deduce that the values of
Crn—msCn—m—1,""" ,Co are uniquely determined. It follows that if the degree of R(x)
is n — m then (1.1) has at most one nontrivial rational solution y = 1/R(z).
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If the degree of R(x) is m + 1, then we assume

Am m Am— m n—m
R(a:):fm_‘_l;v Jr1—71:17 — =+ dp_mT + -+ diz+do, (2.2)

where dp_,, # 0. By substituting the equations (2.2) and (1.2) into (1.5) and
comparing the coefficients of the polynomials of two sides,we can deduce that the
values dp—m, dn—m—1,- - ,do are uniquely determined.

Thus this type of equations (1.1) have at most one nontrivial rational solution
y = 1/R(x), with the degree of R(x) is m 4+ 1. This completes the proof of the
Proposition. O

Proposition 2.2. If n > 2m + 3 and n is odd, then the equation (1.1) of type
(m,n) has at most 2 nontrivial rational solutions.

Proof. We assume n = 2k + 1, where k > m+1 € N. If y = 1/R(x) is a
nontrivial rational solution of equations (1.1), then the degree of R(z) can only be
k + 1. Denote

R(z) = ekﬂxl’”‘l + -+ e1x + e, (2.3)

where exy; # 0. By substituting the equations (2.3) and (1.2) into (1.5) and
comparing the coefficients of the highest degree terms of the equation, we obtain
the following equation,

—bap i1 = (k+ 1)efq.

Thus epy1 can have at most two different values.

Once we have determined the value of exy1, we can uniquely determine the
values of e; by comparing the coefficients of the polynomials of the equation (1.5),
where 0 < ¢ < k. Thus the equations (1.1) of type (m,n) have at most 2 nontrivial
rational solutions for n > 2m + 3 with n is odd. The proof of the Proposition is
complete. O

Below we present two explicit examples of equation (1.1) of type (m,n) having
exactly 2 nontrivial rational solutions. One is for the case m + 1 < n < 2m and
the other for the case n > 2m + 3 with n is odd. Since the proof of Proposition
2.3 and Proposition 2.4 involves only tedious computation, therefore we omit the
details here.

Proposition 2.3. If m + 1 < n < 2m, then the Abel differential equation

dy m+1

m n—m—1\, 2 n 2n—2m—1y\,,3
= _ — 2.4
e (™ + )y +(n+1w +(n+1)2x )y (2.4)
has 2 nontrivial rational solutions
1 1 1
y= "t = (n+1)(m+1) .
Zn—m (n+ Dam*+l + (m+ 1)zn—m

Proposition 2.4. If n > 2m + 3 and n is odd, then the Abel differential equation

d 1
ﬁ = —(2m+n+3)z™my? — (n i 2" — 2(1 + n)z?™ )3, (2.5)
has 2 nontrivial rational solutions
1 -1
y=—m ——— and y= il

5 4 2pmtl r5 — 9pmtl
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Proof of Theorem 1.1. Proposition 2.1 and Proposition 2.2 provide the first part
of the theorem, which correspond to the upper bound of the statement. Proposition
2.3 and Proposition 2.4 give concrete Abel differential equations having exactly 2
nontrivial rational solutions. These facts prove the second part of the theorem.

Now we shall prove the Theorem 1.2. We also organize the proof of the theorem
in two parts, the uniform upper bound m + 3 for n = 2m + 1 and m > 1, and some
examples having exactly 4 and 5 nontrivial rational solutions for m = 1 and m = 2,
respectively.

Proposition 2.5. If n = 2m-+1 and m > 1, then the equations (1.1) of type (m, n)
have at most m + 3 nontrivial rational solutions.

Proof. First of all, it is easy to check that if y = 1/R(z) is a nontrivial rational
solution of equations (1.1), then the degree of R(z) can only be m + 1. Set

R(2) = 1™ 4+ z + ug, (2.6)

where 4,41 # 0. By substituting (2.6) and (1.2) into (1.5) and then comparing the
coefficients of the equation, we obtain the following relations:

(am + (m + 1)um+1)um+1 = _b2m+1u
(am + (2m + ]-)Um+l)um + Am—1Um+1 = *mea
(@m 4 (M A+ 1+ J)um1)uy + Ry(ujr1, Ujre, s Umt1) = —bmyy,
p— . B
(ag + u1)ug = —bo,
where Rj(ujy1,%j42,  ,Um+1) is a polynomial, and 0 < j < m. From the first

equation of the above system, we know that there are at most 2 solutions of this
equation, denoted by, u;,,, and u;, ;.

We can see that if a,, +iu, ; # 0 and a,, +iu,, | # 0 withm+2 <i < 2m+1,
then once w41 is determined, the value of u; with 0 < j < m is also uniquely
determined. Hence this equation can have at most 2 nontrivial rational solutions.

If there exist u,,, such that a, + iu;, ., =0, i.e, uy, | = —ay,/i, then by an
elementary way, we know w1 = —(i —m — 1)a,/(im + i). We claim that there
does not exist a natural number k£ € [m + 2,2m + 1] such that a,, + ku;, ; = 0.
By contradiction, we assume that there exist a natural number k € [m + 2,2m + 1]
such that a,, + kuj,, ., = 0, then

i-m—1 1 k-m-1 1

im 4+ kT km+k i
7

Since i € [m + 2,2m + 1] and k € [m + 2,2m + 1], we obtain that
1

i—m-—1 m k—m-—1 m 1
- — < - - < -, < < -
im+i T im+1 km + k km+ k k
Hence
1 1 1<1
k i K’

a contradiction. Hence the system can have at most one nontrivial rational solution
y = 1/R(x), with the leading coefficient of R(x) is u],, ;.
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On the other hand, if the leading coefficient of the term R(z) of the nontrivial
rational solution y = 1/R(x) is u/, |, then w;_,,_; is an independent variable, and
Wwe may express ug, - ,Uj_m—o in terms of u;_,,_1. Substituting g, , Uj—m—2
into the remaining equations, we may then obtain equations of higher degree in
Uj—m—1-

In order to make the equations admit more solutions, we must assume a,,, +(2m+
1)uy, ., = 0. In this case, the value of u,_ ; is determined, and u,y, is an independent
variable. Note that we can express u,,_x in terms of u,, from the k4+2—th equation,
where 1 < k < m, namely, ty,_p = m;’“fuﬁjl + -+ Cm—k, kUm + Cr—k k+1, Where
Cm—k,0 > 0. Furthermore, substitutingtuo, -+, Um—1 into the m + 3 — th equation,
we obtain an equation of m + 2 degree since the coefficients of the highest term of
this equation is d,, /u;', 1, with d,, > 0. Thus there are at most m + 2 solutions of
the equations, namely, the equations (1.1) have at most m + 2 nontrivial rational
solutions in this case.

Basing on the above discussion, we know that the equations (1.1) have at most
m + 3 nontrivial rational solutions. The Proposition follows. O

In what follows we construct some explicit examples of the equations (1.1) of type
(1,3) and (2, 5) which have exactly 4 and 5 nontrivial rational solutions, respectively.
Since all the computation of Proposition 2.6 and 2.7 is straightforward, therefore
we omit the tedious details.

Proposition 2.6. We consider the Abel differential equation (1.1) of type (1,3)
dy

= —3zy? + (z° — )y (2.7)
This system has the following 4 nontrivial rational solutions,
1 2 1 1
V= YT e v YT e Yo ey
Proposition 2.7. We consider the Abel differential equation (1.1) of type (2,5)
% = —(52? — 152 + 9)y* + (22° — 152* + 402° — 4522 + 182)y>. (2.8)
This system has the following 5 nontrivial rational solutions,
1 1
v= 23— a2 4 92— Y’ Y= B _ha2 162
1 1 1
b ey v v s g o AN ke P o

Proof of Theorem 1.2. Proposition 2.5 provides the first part of the theorem,
which correspond to the upper bound of the statement when n = 2m+1 and m > 1.
Proposition 2.6 and Proposition 2.7 give concrete Abel differential equations of type
(1,3) and (2,5) having exactly 4 and 5 nontrivial rational solutions respectively.
These facts prove the second part of the theorem.

3. Proof of Theorem 1.3

In this section, we present a new method for finding the sharp upper bound on the
number of nontrivial rational solutions of Abel equations (1.1). Before giving the
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method, we need the following two useful lemmas. Firstly, Lemma 3.1 provides a
necessary condition for the existence of at least two nontrivial rational solutions of
the equations (1.1).

Lemma 3.1. Assume in equation (1.1)

92m+1($) = Z(ZE - 041)(56 - 042) o ( 042m+1)7
wherel € N and [] <1< m. Lety = 1/Pi(z) andy = 1/Py(x) be two nontrivial
rational solutions of equation (1.1). Set Py (z) = G(x )Pl, Py(x) = G(x) P2, where
G(x) = 8ed(PL(2), Py(a)) = (2 — ) - (z — a1,

Pl=(z—ai1) (&= ami1), Po=(2—mia) (2 — Qomyo—s),

with 1 <1 <1 and gcd(E(x),E(z)) =1. Then if i =1, we set Go(x) = 1. For
2<i <l let Go(z) = (x—omi3—i) - (T —Qams1). Finally the following equations
hold:

where C' is an constant, 1 < 43 < ipg < - < 45 <4, ky 20,1 < v <5 and
ki+-+k=1—1i

Proof. Notice that y = 1/P;(z) and y = 1/P(x) are two nontrivial rational
solutions of the equation (1.1), we know that

Pi(x)P](z) + Pi(2) fm(2) = —g2m+1(2), (3-2)
where 1 < ¢ < 2. Thus we can express fp,,(z) in terms of P;(z) and P(z), namely,

Py (z) Pi(x) = Py(x) P5(x)

Fm() = Py(z) — Py (z)

G(a)(Py (@) Pi(x) = Py (2)Pa())
Py(z) — Pi(x)

> o . = G(2)Py() (1 () - Py (x))
—(Pi(x) + Py (2))G () — G(x) Py (x .
(Pi(e) + Pae))C(o) ~ G () + 28 e

= —(Pi(x) + B(2))G' () +

Then since fi,(z) is a polynomial, we deduce that a root of Pg( ) — P (z) must
be a root of G(z)Py(x). Moreover, note that (Pi(z),Py(x)) = 1, so a root of
Py(x) — Py (2) must be a root of G(x), in other words, we can obtain the following
equation,

Pi—Py=Clz—a;)" - (z— a;))",

where 1 <4y <ip <---<ij; <4, ky 20 with 1 <o < g,
On the other hand, from (3.2), we obtain that

P{(x) + fun(x) = —IP3(2)Ga(x), Pj(x) + fm(z) = —1P1(2)Ga(w).
It follows that

P{(z) — P3(x) = IGs()(Pi(x) — P3(x)).
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Consequently,

— ]

1\ L) — L2(x v

v=1

By comparing the leading coefficient of the equation (3.3), we obtain that k; +-- -+
kj =1 —1. Thus the proof of the lemma ends. O

Then we give a necessary condition for the existence of at least three nontrivial
rational solutions y = 1/P;(x) of equations (1.1), with P;(0) =0 and 1 <4 < 3.

Lemma 3.2. Assume an equation (1.1) with at least three nontrivial rational solu-
tions y = 1/P;(x), with P;(0) =0 and 1 <1i < 3. Set

o m+1 m n
Pi(z) = u1my1% +urmx™ + U, 2

with 1 < nqy < m, and u1,n, # 0. Then the term pi(z) of all the other nontrivial
rational solutions y = 1/Py(x) with P,(0) =0 can be express as

1
Pi(2) = wpm12™ T+ wpgm@™ 4 g, 3

where k > 2 and up,, # 0. Furthermore, uyn, with k > 2 can take only two
possible values:

(i) all the values are the same;
(i1) there exists a natural number ki such that ug, n, 7# 15, and Uk n, = Uiy, O
Uk, = Uky nys With k k1 > 2 and k # k.
Proof. We assume without loss of generality that y = 1/P;(x), with

_ m—+1 m n;
Pi(®) = Ui my1T T U mT + U, T

n; > 1, u;n, # 0and 1 < i < 3 are three given nontrivial rational solutions of an
equation (1.1) of type (m,2m + 1). Hence

Gom+1(x
Pi(a) + fin) = - 225200) (3.0
It follows that
(P, — 7)) P P, = 3.5
(B, =B, 0 = gom+1(2), (3.5)

where 1 < i1 <19 < 3.

Set the multiplicity of root 0 in the term go,,+1(x) is {. Then by comparing the
smallest degree of the non-zero term of the polynomials on each side of equation
(3.5), we get that [ = n;, +n;, — 1. Consequently,

I+1

ny = nNg = nNg = B)

Finally, for any nontrivial rational solution y = 1/Py(z), with

Py(x) = 2™ Ry (x) = uk7m+1xm+1 F+upmx™ 4 up ",
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ng > 1, ugn, # 0 and k > 4, repeating the above progress, we deduce that
ng = (I +1)/2 = ny. This complete the proof of the first part of the lemma.

Now we start to consider the coefficients of the term z™' of Py(z), with k > 1.
In fact, if the coefficients of the term z™* of Py(x), with k > 2 are equal to uq p,,
then the lemma follows. Hence we only need to consider the case that there exists
k1 € [2,400) such that ug, n, # U1,n,. In this case, from the equation (3.5), we
obtain that
Pll - P/:n

=B, = am+1()- (3.6)

By comparing the coefficients of the smallest degree term of the polynomials on
each side of equation (3.6), we get that

ni (ul,nl — Uk, ,711)

Ul,ny — Uky,ng

C ULy Uky,ng = M1UL Ny Uky ny = b2n1—1-

Hence the coefficients of the term 2™ of Py(z), with k& > 2 and k # k; must be
equal to U1, , OF Uk, n, -

Then we shall prove that all the coefficients of the term z™ of Py(x), with
k > 2 and k # k; are the same. By contradiction, we assume that there exist
ko > 2, k3 > 2 and ki, ko and k3 are mutually different natural numbers such
that gy n, 7 Ukyn,. Without loss of generality, we get that ug,», = uin, and
Uky my = Uky,n,- By substituting Py,, Pr,, P, and P; into the equation (3.5), and
comparing the coefficients of the smallest degree term of the polynomials on each
side of these equations, we obtain that

_ 2 _ _ 2 _
hlul,nlukg,nl - hluLnl - b2n1713 h2uk3,n1uk1,n1 - h’2uk517n1 - b2’n1717

where hy > nq, ho > n1, and hy and ho are the smallest degree of the non-zero term
of Pi(x) — Py, (z) and Py, (x) — Py, () respectively.

Hence

2 2 2,2 2 2
hlhzul,nlukl,nl = nlul,nlukl,’nl = b2n1717

a contradiction with the fact hy > n; and hy > nq. Thus all the coefficients of the
term 2™ of Py(x), with k > 2 and k # k; have the same value which is equal to
U1, ny, OF Uk, ., This completes the proof of the lemma. O

Now We shall use the above two lemmas to give the sharp upper bound on the
number of nontrivial rational solutions of equations (1.1) of type (3,7).

Proposition 3.1. The equations (1.1) of type (3,7) have at most 5 nontrivial
rational solutions.

Proof. If y=1/R(z), with R(z) = uqaz® 4+ - + uyz + up is a nontrivial rational
solution of the equations (1.1) of type (3,7), then by the proof of Proposition 2.5,
we deduce that uy can have at most two values, v, and u}. Moreover, the equation
(1.1) of type (3, 7) have at least four nontrivial rational solutions only if as+7u} = 0
or ag + Tuj = 0.

We only have to consider the case a3 = —Tu}. In fact, if a3 = —7u), then
u} = —3;a3 and there are at most 6 nontrivial rational solutions, y = 1/P;(z), with
1 <i < 6, and the leading coefficient of P;(x), with 1 < ¢ < 5 are u}, while the

leading coefficient of Ps(z) is uj.
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To simplify the calculation, we assume that as = —7, by = 0 and a3 = 0, then
7

uy =1, v} =3, and by = 3. Let g7(x) = 3 [ (z — a;). We shall now give a proof of
i=1

Proposition 3.1 by contradiction. Suppose otherwise, namely there exist a system
(1.1) of type (3,7) having five nontrivial rational solutions y = 1/P;(x), with the
leading coefficient of P;(z) is 1, and 1 < i < 5.

4

Set Pi(x) = [](x — ay) (it is abbreviated as Py(x) = {1234} ). Notice that
i=1
changing ap — @, () we can change Pyi(z),---, Pj(z) into Ri(x),--- , Rj(x), with
1<k <T7andj>2 Wesay that this two cases are equivalent, where ¢ € S7, and
S7 is the symmetric group on seven letters. In the following discussion, we only list
a representative of each equivalent class. We shall now give all the possible cases of
P;(z), where 1 <i < 5.

We first use the Pigeonhole principle to give the form of P;(z), where 1 <4 < 3.
Since there are five nontrivial rational solutions, we have 20 objectives. Moreover,
there are seven boxes a1, -, a7. By putting objectives into boxes, we obtain that
there is a box with at least three objectives, namely P;(z), Py(x) and P3(z) must
have a comma factor (x — a). Then use the Pigeonhole principle again, we deduce
without loss of generality that P;(z) and Py(z) have a comma factor (z — «as).

For the sake of simplicity, we set Gy, ;,(x) is a greatest common divisor of two
polynomials P;, () and P;,(x), with 1 <14y < iy <4, and denote by A the collection
of G12(z), G13(z) and Go 3(x), namely, A = {G1,2(z), G13(x), G2 3(x)}. We will
distinguish three cases depending on the degree of Gy 2(x), G1 3(x) and Ga 3(z).

(I) [Case of at least two elements of A of the degree 3]: We can assume without
loss of generality that the degree of G 2(x) and G 3(z) is 3. Hence we can choose
Py(z) = {1235} as a representative. Then we know that P3(z) € B, where B =
{1236}, {1245}, {1246} }. By Lemma 3.2, we obtain that the coefficients of the non-
zero term of the smallest degree of P;(x) have at most two values, where 1 <37 < 3.
Hence Ps(z) = {1246}.

When Ps(z) = {1246}, by Lemma 3.2, we deduce that azayas = asagas. Then
by submitting P;(x) and Py(z) , P2(x) and Ps(x) into the Lemma 3.1 respectively,
we obtain the equations,

200 + 2a3 = 3a + 3a7, asas = 3agar, 200 = a7, u0E = a3Qs.

Hence ag = a7 =0, ag = %ag, and ay = %a5. Thus the nontrivial rational solution
y = 1/Ps(x) exists. Now we start to study the existence of the nontrivial rational
solution y = 1/P,(z) in this case. Firstly, by Lemma 3.2, we deduce that the
constant term of Py(x) is not zero.

It follows that P,(z) = {3456}. By submitting Pj(x) and P,(z) into Lemma
3.1, we obtain that a3 = ag = 0, a contradiction. Hence the nontrivial rational
solution y = 1/P4(x) doesn’t exist in this case. Thus there are at most three
nontrivial rational solutions y = 1/P;(z), with the leading coefficient of P;(x) is 1,
and 1 <17 <3.

(IT) [Case of one element of A of the degree 3]: We can assume without loss of
generality that the degree of G 2(x) is 3. Hence we can choose Py(x) = {1235} as
a representative. By submitting Pj(z) and Pz(x) into Lemma 3.1, we obtain the
equations

200 + 2a3 = 3ag + 3ay, asaz = 3agar. (37)
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We shall now consider the equivalent class of P3(x). In fact, we deduce that Ps(x) €
By, where By = {{1267}, {1456}, {1467} }. Finally, the proof is done with a case by
case study on the form of Ps(z).

(I1-i) if P3(x) = {1267},then by submitting P;(z) and Ps(x) into Lemma 3.1,
we obtain the equations

2000 — 35 = B1, Pi(os + ar — g — ) = agar — asau, (3.8)

where 1 = 0 or 51 = as.

We observe that if as = 0, then a5 = 0. By Lemma 3.2, we know that oy =
as = 0, a contradiction. Thus ag # 0. Similarly to the above proof, we get that
ag # 0. Then by solving the equations (3.7) and (3.8), we deduce that the nontrivial
rational solution y = 1/P3(x) exists.

Now we study the existence of nontrivial rational solution y = 1/P,(z). Firstly
we give a list of all the possible cases of Py(z). Actually, if the degree of Gy 4(z)
is 2, then Py(z) can have at most five representatives, namely Py(z) € D;, where
D, = {1367}, {1467},{1456},{3456},{3467}}. If the degree of G 4(z) is 1, then
Py(x) = {4567}.

Secondly, by Lemma 3.2, we obtain that the case Py(z) = {1367} and the case
Py(x) = {1467} never happens. For the other cases, by submitting P;(z) and
Py(x) into Lemma 3.1, we obtain the necessary equations for «;, where 1 <i < 7.
Combing with equations (3.7) and (3.8), we obtain a system of equations for the
coefficients a;, with 1 < ¢ < 7. We reduce the study of the existence of Py(z) to
the study of the existence of the solutions of the above system of equations.

In fact, if Py(x) = {1456}, by submitting P;(x) and P,(z) into Lemma 3.1, we
obtain the equations

20&4 — 3a7 = ﬂg, 52(045 —+ g — Qg — ag) = (5(g — (xp(x3, (39)
where B2 = 0 or 2 = . From the equations (3.7), (3.8) and (3.9), we get that
9 12 3 18

Qg = 507, O3 = 707, Oy = Sa7, Q5 = 3az, ag = 5o
Hence this case happens.

Finally since the proof of the remaining cases are similar, we shall only discuss
the case Py(z) = {3456} in detail. If Py;(z) = {3456}, by submitting P;(z) and
Py(z) into Lemma 3.1, we obtain the equations

203 + 20y — 3ay = P3, Ps(as + ag — az) = asag, (3.10)

where 83 = a3, or 83 = ay. From the equations (3.7), (3.8) and (3.10), we get that
ag = 0 or ag = 0, a contradiction. Thus this case never happens. Similarly to the
above proof, we obtain that the remaining cases also never happen.

In conclusion, we know that Ps(x) can only be {1456}. Hence there are at most
four nontrivial rational solutions y = 1/P;(x), with the leading coefficient of P;(x)
isl,and 1 <7< 4.

Since the structure and techniques of the discussion of these cases Ps3(x) =
{1456}, or P3(x) = {1467} are almost the same as proof of the case P3(x) = {1267},

we only give a list of all equivalent classes of Py(x), and point out the existing cases
in the following proof.
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(II-ii) Ps(z) = {1456}. If the degree of Gy 4(z) is 2, then Ps(z) can have at
most five representatives, namely Py(z) € Dy = {{1457}, {1467}, {2456}, {2457},
{2467}}. If the degree of Gy 4(z) is 1, then Py(z) = {4567}. Examining all these
cases, we obtain that Py(x) can only be {2467}. Hence there are at most four
nontrivial rational solutions y = 1/P;(x), with the leading coefficient of P;(x) is 1,
and 1 <17 <4.

(II-iii) Ps(x) = {1467}. If the degree of Gy 4(x) is 2, then Py(x) = {2467}. If
the degree of G 4(z) is 1, then Py(z) can have at most there representatives, namely
Py(x) € D3 = {{1567}, {2567}, {4567} }. Examining all these cases, we obtain that
these four cases never happen. Hence there are at most three nontrivial rational
solutions y = 1/P;(z), with the leading coefficient of P;(x) is 1, and 1 < ¢ < 3.

(III) [Case of none of A of the degree 3]: Firstly, the degree of G 2(z) can only be
2, i.e, Py(x) = {1256}. By submitting P;(x) and Ps(x) into Lemma 3.1, we obtain
the equations

2ap — 3ar = fBs, 55(045 + o — a3 — 044) = Q506 — (30, (3-11)

where 5 = 0, or 55 = a. Then we deduce that Ps(x) can have only one represen-
tative, namely Ps(x) = {1357}.

When Ps(x) = {1357}. By submitting P;(z) and Ps(z) into Lemma 3.1, we
obtain the equations

2003 — 3o = 667 ﬂ@(ag) + oy — g — 044) = Q507 — QiaQy, (312)

where 8 = 0, or g = ag. Similarly to the proof of case (II-i), we obtain that
ag # 0. Solving the equations (3.11) and (3.12), we know that the nontrivial
rational solution y = 1/Ps(x) exists. Then the proof is done with a case by case
study on the existence of the nontrivial rational solution y = 1/Py(z). Firstly, we
know that the degree of G 4(z) can only be 2. Hence Py(x) can have at most three
representatives, namely Py(x) € Dy = {{1467}, {2367}, {2467}} .

Similarly to the proof of case (II-i), we obtain that the case Py(x) = {1467}
never happens. For cases Py(r) = {2367} and Py(z) = {2467}, by submitting
Py (z) and Py(z) into Lemma 3.1, we obtain the equations,

2a 4+ 2ai3 — 3as = Py, ,87(046 + oy — 044) = agQr, (313)

and
200 + 24 — a5 = P, Pelas + ar — az) = agar, (3.14)

where 87 = ag, or 7 = as, and g = awg, or fg = az. Solving the system of the
equations (3.11), (3.12) and (3.13), we obtain three solutions. Hence the nontrivial
rational solution y = 1/Ps(z) with Py(z) = {2367} exists. On the other hand,
solving the system of equations (3.11), (3.12) and (3.14), we obtain another three
solutions. Hence the nontrivial rational solution y = 1/Py(z) with Py(x) = {2467}
exists. But these two curves cannot exist at the same time, because Vo € Sy,
changing ax — ag ) with 1 <k <7 we cannot change the solutions of the system
of equations (3.11), (3.12) and (3.13) into the solution of (3.14). Hence there are at
most four nontrivial rational solutions y = 1/P;(x), with the leading coefficient of
Pi(z)is 1,and 1 < i < 4.
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Therefore we have shown that in all these cases the systems (1.1) of type (3,7)
have at most 4 nontrivial rational solutions y = 1/P;(x), with the leading coeffi-
cient of P;(x) is 1, and 1 < ¢ < 4, a contradiction. Furthermore, by the proof of
Proposition 2.5, we know that there are at most one nontrivial rational solution
y = 1/Q(z), with the leading coefficient of Q(z) is 3/4. Hence the the Proposition
follows. O

The next result gives the equations (1.1) of type (3,7) with exactly 5 nontrivial
rational solutions. Since an easy computation can proof Proposition 3.2, we omit
the proof here.

Proposition 3.2. We consider the equation (1.1) of type (3,7)

¥

— " ——2x 3
de

+ 2+ + —a)y’,

7.7 1 7
7 3 - 2_7 _ - 2 3 7 o 6_
T gr gyt (et gat — St onat grat onath o

3 3 3

this equation has the following 5 nontrivial rational solutions,

1 1
Y= s o 1,2 YT g Ty e 1o
3 9 3 9 9 9
1 1 1
Y= y Y= y Y= .
4 3_1,.2 1 4_ 7,2 _ 2 3.4 1.3 1389 1. 1
5+ R R z R R 1Tt + 3T Tk 3T~ 36

Proof of Theorem 1.3. The proof of the theorem follows from collecting the
above two propositions.

4. Proof of Theorem 1.4 and 1.5

The strategy of the proof of Theorem 1.4 and 1.5 are rather straightforward. Namely,
we construct equations (1.1) of type (m,2m + 1) having exactly ¢ nontrivial ratio-
nal solutions, and the equation (1.1) of type (4,9) with exactly 5 nontrivial rational
solutions, where m > 1 and 1 <7 < 4.

Proposition 4.1. For m > 1, consider the eqaution (1.1) of type (m,2m + 1)

d
W om+ 2™y + (m o+ P,
X

and the equation

dy 2 3 2m+1, 3
7:2 m s m4 .
VT Y

Then these two equations have exactly 1 and 2 nontrivial rational solutions, respec-
tively.

Proof. For the first equation, if y = 1/P(x) is a nontrivial rational solution of
this equation, then we have

P(z)(P'(2) + fm(7)) = —g2m1 ().

Since gamy1(z) = (m + 1)z?™*! and a root of P(x) must be a root of gami1(x),
we get that
P(z) = apz™ ",
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Substituting P(z) into the above equation, we have a; = 1. Hence this equation
have exactly one nontrivial rational solution.

Similar to the above discussion, we can deduce that the nontrivial rational so-
lution y = 1/Q(x) of the second equation must be of the form Q(x) = byz™*!.

Substituting Q(x) into the above equation, we get that

b ! b 5

=—— or by =——F—7—.

YT 2m+ 1) YT 2(m+ 1)

Hence this equation have exactly two nontrivial rational solutions. O

Proposition 4.2. If m = 1, then the following equation (1.1) of type (1, 3),

d
% = —(3z — T)y* + (2 — T2® + 62)y°,

have exactly 3 nontrivial rational solutions. For m > 2, consider the equation (1.1)
of type (m,2m + 1),
dy

== —(em+ " -

dm(2m — 1) 3m(2m — 1)
m—1 m—1

™) - ) - )~ 1y

m—1 mm—2) 2

Y

2m—3
m —
e (@ m—1

Then these equations have exactly 3 nontrivial rational solutions,

_ 1 _ 1 _ 1
TTR@ T R@ T Py
with
Py(z) = 2™ Yz — m)(w -3),
Po(e) = 2" Mo~ ) - 1),
Po(e) =2 M- ) T

Proof. Firstly, for 1 < m < 3, an easy computation can proof the Proposition, so
we omit the proof here. When m > 4, with a tedious computation we know that
y=1/Pi(x), y =1/Ps(z), and y = 1/P3(x) are three nontrivial rational solutions
of the Abel equation. Now we shall prove that there are no other nontrivial rational
solutions of the Abel equation.

By contradiction, we assume y = 1/Py(z) is another nontrivial rational solution,
then the leading coefficient of Ps(z) can only be 1 and m/(m + 1). If the leading
coefficient of Py(x) is 1, by Lemma 3.2, we obtain that Ps(x) can have at most there
representatives, namely Py(z) € Fy, where

By ={o" o - ——2)@—1), 2" o - %)(w —3), 2™ Mz — 1)(z - 3)}.

With a tedious computation we get that

Py(2)(Py(x) + fm(2)) # —gom+1(2)
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when Py(z) € Ey. Thus this case never happens.
Now we obtain that the leading coefficient of Py(x) can only be m/(m +1). Set

m
P4(.’E) = mxm+l + ’LLm{Em + -+ Uugp.

It follows from the equation

Py(x)(Py(2) + fn () = —gam41(2)

that wu, = —aamEm=l)_

m (2m+1)(m—-1) "
92m+1(2), and the multiplicity of root 0 in the polynomial Py(z) is m — 1, we know
that u,, € F5, where

Moreover, since a root of Py(x) must be a root of

By —{— 4m? ~ @2m-1m  (dm-=3)m  (4m—1)m
(m—=1(m+1)" (m-1)(m+1) (m—-1)(m+1) (m—-1)(m+1)’
(6m — 3)m dm
 (m—1)(m+ 1)’_m+1}'
Since for 1 < m € N, —% ¢ Es, we deduce that the nontrivial rational
solution y = % with the leading coefficient of Py(x) is m/(m + 1) doesn’t exist.

Hence the Proposition follows. O
Proposition 4.3. If m = 2, then the following equation (1.1) of type (2,5),

dy 5 50 32, , 5 o0 , 140 5 160 , 64 | 4
29— (5?2 - 2 22 25 — 2= ik B =
R S R S T S R
have exactly 4 nontrivial rational solutions. For m > 3, consider the system (1.1)

of type (m,2m + 1),

6m2—5m+1 24m* —76m?>+82m?2 —37m+6
B

dy _ m m—1 m—
dx =~ (@m+ Dz m 4m?(m — 1) :
—8m*+36m3 —54m2+31m— , m— m—
8 +3161m2(m54_ 1)+31 6 M=3Y,2 | 25 (g ml)(fU*?le)
O e L L e n

Then these equations have exactly 4 nontrivial rational solutions,

B 1 B 1 B 1 B 1
T RE VTR YT R@ YT P

with
Pi(e) =" 3 = g = o - T,
P = e = P @ e~ )
om — 1 m—1 (2m — 1)(m — 2)

)z — )(z —

T 2(m—1) m 2m(m — 1) -
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Proof. Firstly, for 2 < m < 5, a tedious computation can proof the Proposition,
so we omit the proof here. When m > 6, with an easy computation we know
that y = 1/Py(z), y = 1/Py(x), y = 1/P5(z) and y = 1/Py(x) are four nontrivial
rational solutions of the Abel equation. Now we shall prove that there are no other
nontrivial rational solutions of the Abel equation.

By contradiction, we assume y = 1/P5(z) is another nontrivial rational solution,
then the leading coefficient of Ps(x) can only be 1 and m/(m + 1). If the leading
coefficient of Ps(z) is 1, by Lemma 3.2,we get that the multiplicity of root 0 in the
polynomial Ps(z) must be m — 2.

For convenience of stating our proof, we set

2m —1 m—1 2m -1
Yi=2———, Yo=2——, Ys=0-—
1 Y 2(m71)a 2 xz m 3 Y o
(2m —1)(m — 2) (2m — 1)(m — 2)
Yi—a—1, Ys=u— Yo = — .
amET L A Ed 2m2 6T 2m(m — 1)

Since the multiplicity of root 0 in the polynomial Ps(x) must be m — 2, we get that
Py(z) can have at most sixteen representatives. Namely, P5(x) € F;, where
Fi ={z" 1YYy, o TPYaYs, 2" TN YaYy, oY YsYs, 2" R Ya Y,
2" TINYaYs, a"TVAYsY, " TRYaYsYa, a"TPYaYsYs, o TRYaYaYs,
YL Y,Ys, 2" TR YaYe, T TYRYsYe, o YsYaYs, ™ PYsYsYs,
" 2Y, Y55}

Since y = 1/P;(x) and y = 1/Ps(x) are nontrivial rational solutions of this
equation, we obtain that

(B — F5)

w5 PiPs = gam+1(2), 4.1

(Pi — P5) + ( ) ( )

where 1 < ¢ < 4. If the degree of the common factor of the polynomials P; and Ps

is m, i.e,
Pi(x) = 2™ %Y, Y, Yy, Ps(x) = 2™ Y, YL, Y, (4.2)

where 1 < i1 < iy <6, and Y, # Y;. By substituting the equations (4.2) into (4.1),
we deduce that

(m = DY+l ¥y =i

6
Y;
=1
(4.3)

Basing on the equation (4.3), with a simple computation, we obtain that all these
sixteen cases never happen.

Now we obtain that the leading coefficient of P5(x) can only be m/(m +1). Set

m
Ps(z) = mlﬂl_ﬂ + U™ -+ .
It follows from the equation Ps(x)(Pi(z) 4+ fm(x)) = —gom+1(z) that
Bm—1)2m —1)
2m+ 1)m

m
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Moreover, since a root of Ps(x) must be a root of gom+1(x), and the multiplicity
of root 0 in the polynomial Ps(x) is m — 2, we know that u,, € Fy, where

m
B={ > *m(% + ugy +ujy)}
1<751<j2<j3<6
where
_2m—1 _m—l _2m—1 1
u1_2(m_1)7 Uz = m ) usz = 2m ) Ug = 1,
(2m —1)(m — 2) (2m —1)(m — 2)
Us = 5 , Ue = .
2m 2m(m — 1)

Since for 1 < m € N, —% ¢ Fy, we deduce that the nontrivial

rational solution y = 1/Ps(z) with the leading coefficient of Ps(x) is m/(m + 1)
doesn’t exist. Hence the Proposition follows. O

Proof of Theorem 1.4. The proof of the theorem follows from collecting the
above three propositions.

Proof of Theorem 1.5. Consider the equation (1.1) of type (4,9)

dy _

252 . 576 . 576 192 252 7368
(9t 222,38 200 o 900 192y 0 0 202 s (908 7
ge = W Tt et e S m )y 4 (e - et e
25536 o SOMS s 16128, 72192 . 36864, 8192
25 25 5 25 25 25 Y

this equation has the following 5 nontrivial rational solutions,

1
y= %xf’—?x‘*—i—g—sﬁ—%xz—i—%‘lx’
_ 1
y= x5f%x4+24x37%m2+%:c7
- 1
- 1
Y 2+ (=2 42D at 4+ (P — ) 28 4 (18 4 107) 22 &y
1
V= b+ (= — 2D ot + (L + 280) 23 + (- 122 - 18]) 22 4+ Bl
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