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1. Introduction

Let = z(t) be a real function and z[/(t) denote its i-th iterate, i.e., zl!(t) =
x(zl=1(t)),20(t) = t. Tterative functional differential equations as an impor-
tant class of functional differential equations with state-dependent delays, mod-
eled extensively in many fields such as classical electrodynamics, commodity price
fluctuations, populations. Many papers concerned with the first order equations
( [1-6,8,12,15-18]), there are only few results about second order iterative func-
tional differential equations. Petahov [11] gave the existence and uniqueness of
solutions with a boundary value condition for the second order equation

Latter, Si and his collaborators in [13,14] further discussed the analytic solutions
of equation

2 (t) = ™ (¢)

and

2 (t) = f(i ¢zl (t)) + G(1).
i=0
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In 2018, using Schauder fixed point theorem, Kaufmann [10] considered the boundary-
value problem of

(1) = f(t, 2(t), 2(2(2)))-

In this paper, using the method in [7] which studied the bounded solutions, we
consider the existence of maximal and minimal nondecreasing bounded solutions of

ax” (t) + B’ (t) = g(t, (), 2P (1), ..., 2" (1)), VteR. (1.1)

For convenience, we use C(R,R) to denote the set of all real valued continuous func-
tions from R into R, endowed with the usual metric d(f,g) = > o _; Q’m%
for || f — gllm = max,e(—m,m) | f(t) — g(t)], so the topology on C(R,R) is the uniform
convergence on each compact intervals of R. We also consider the set BC(R,R) of all
bounded and continuous functions from R to R with the norm || f|| = sup,cp | f(%)],

so the topology on BC'(R,R) is the uniform convergence on R. For M, L > 0, define
Bo(M. L) = { € CRB)|[o(t)] < M. [o(ts) — o(t1)] < Llta — ],
for all t,t,,ts € R}.

By the Arzeld-Ascoli theorem, the subset Ba (M, L) is compact in C(R, R).
In order to study (1.1) by using the method of lower and upper solutions, we
recall a definition as in [9].

Definition 1.1. ¢y € C?(R,R) is called a lower solution of (1.1) if it satisfies the
following condition

ap(t) + Beh(t) < glt, o (1), (1), -, o (1), VE € R,

and ¥y € C?(R,R) is called an upper solution of (1.1) if it satisfies the following
condition

ot (t) + BU5 (1) = (.40 (0,057 (1), .. 05" (1), Ve € R.
We wish to find a nondecreasing x € BC (R, R) satisfying ¢q(t) < x(t) < ¥o(t)

and (1.1) on R, where ¢y and 9y are defined as in Definition 1.1. Our method
is based on a monotone iteration approach. This paper is organized as follows.
In Section 2, we establish the existence of maximal and minimal nondecreasing
bounded solutions for (1.1). In Section 3, we give some examples to illustrate our

result.

2. Existence of maximal and minimal nondecreas-
ing bounded solutions

In this section, the existence of maximal and minimal nondecreasing bounded so-
lutions of equation (1.1) is proved. We will assume that the following conditions
hold

(H1)
G= sup lg(t, 1,22, ,x,)| < 00.
teR, ¢i<z;<Pi, i=1,2,,n
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(H2) There is a constant v = % > 0 such that

g(tlv‘rlvm%”' ,xn) _9(t27y17y27"' ,yn) < _’Y(‘Tl _yl)
for all ¢1,ts, z;,y; € R such that
t1<ty, @i<wi<yi <P, i=12-- 0

We begin with the following lemma.

Lemma 2.1. Suppose that ¢ € BC(R,R), h € BC(R"*1 R) and «, 3,7 > 0 (or
a,B,7 < 0) are given. Then x € BC(R,R) is a solution of equation

az' () + Ba' (t) +~a(t) = h(t, o(t), o (1), ..., o (2)), (2.1)
if and only if

1 t _ u ~
z(t) = — / o (=D / h(s, (), @ (s), ..., ol (s))en = Vdsdu.  (2.2)

e
« o0
where E—«—B:B,BB:Q% with mg,ﬁ,'y >0 or a,g,ﬁpy <0,Vt e R.

Proof. By direct calculation, we can see that (2.2) is a solution of (2.1).
Suppose = € BC(R,R) is a solution of (2.1), then it is easy to find Eq (2.1) can
be written in the form of

" By B / By B, By By
Hesa Ea(Hew Er'(Hea Lr(tea
" (t)e Jrax()e Jra:c()e Jra:c()e
1 " B
h(t, (1), oP(E), ..., oI (t))ex",

(%

or

By By

(:c/(t)ea )'+ g(ac(t)ea ) - éh(t,g@(t),gam(t),...,go["](t))egt. (2.3)

Integrating (2.3) from —oo to ¢t and using a3 > 0 we obtain

~ - ~ + B
PO+ Saet = = [ hs.ple)pPs) g ),
ie.,
1/t _
o' (t) + gz(t) == [m (s, p(s), o2 (s), ol (5))6§(s OFR (2.4)

ie.,
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Integrating it from —oo to ¢ and using the fact o3 > 0 we get
LY ey [ 2] ) (5))e 2 (=)
w(t)=~ [ et h(s,9(5), 93 (5), ..., ") (5))e % =) dsd.
@ J —00
This completes the proof. O

Remark 2.1. If 32 = 4a, taking 8 = 8 = g = /a7 in (2.2), then z € BC(R,R)
is a solution of equation (2.1) can be written by

1 t u - ﬂ87
o= [ [ o) ) A s, (25)

Theorem 2.1. Assume that (H1), (H2) hold, o, 8 > 0 and g(t,z1,22, - ,2,) is
a continuous function on R, Suppose that (1.1) has a lower solution ¢o(t) and
an upper solution 1o (t) with vg,ve € BC(R,R) and

polt) < wolt), VEER, (2:6)
©wo(t) and o(t) are nondeacresing on R.

Moreover, setting

@; = inf gp([)i](t), 1/31 = supw([)i](t), 1=1,2,--- ,n.
teR teR

Then (1.1) has a minimal nondecreasing bounded solution ¢.(t) and a maximal
nondecreasing bounded solution 1. (t). Moreover,

Furthermore, set
o = Apgp—1, Y= APr_1 (2.7)

for k € N. Then {¢r}72, and {y}72, are monotonically convergent to @, and i,
in C(R,R), respectively, and any nondecreasing bounded solution x(t) of (1.1) in

[©0, 0] belongs to [, s

Proof. For p € BC(R,R), we consider an auxiliary equation

az’ (t) + Ba' (t) +ya(t) = hit, (), o (1), ..., oI (1)), (2.8)

where
h(t7x17x27 cee 7£En) = g(taxth? cee ,iCn) +’Y$1

andy = %. From remark 2.1 and (H1), we know that (2.8) has exactly one solution

zy(t) = é/_ /_u (s, o(s), o (s),..., cp[”](s))e%(s_t)dsdu (2.9)

in BC(R,R).
Following (2.9), we consider a map A : BC(R,R) — BC(R,R) defined as follows:

A0 =% [ [ hople) o), P o) (210)



Nondecreasing bounded solutions of a second order differential equation 2605

We take

D(M,L)={x € Bc(M,L) : po < x <1, z(t) is nondeacresing on R}

with
8 2
L=o-M+ E(G'i‘VmaX{H(PML [¥oll}), (2.11)
G + ymax{|lgo|, [[¥ B
M = s {41} Usol ol - 22
vy dav
Note ¢g, 9 € D(M, L). First, we show that
A:D(M,L)— D(M,L). (2.12)
Indeed, if ¢ € D(M, L), then ¢o(t) < p(t) < 1o(t) for all t € R, so
el < max{lpoll, o}
Since g, 1o and ¢ are nondecreasing, we have
P <op(t) <o) <yt <, teR, =12 ,n. (2.13)

Then (H1) implies

|B(s,0(5), 0P (5), - ()] < Ng (s, 0(8), 2 (s), -, ™ (8)] + 7l (9))]
< G+ ymax{]eol|, [[¢oll}-

Thus
@) < |2 [ [ Ho0) #2060 ) Ot
_ Grymax{lgolllolly _ . _ B
- 0% - 4o
Hence ||Apl|| < M. Next, recalling
(Ag) (1) = - (Ap)t / (s, p(s), 2(s), .., ol (5))e P s, (2.14)
we derive
/ B L 2 ] (=)
(AP O < 3 lARO1+ 1| [ ool (o) s)e R s
B
S M+ ﬂ(GJr [yImax{[[¢oll, ll2oll})
L

Consequently, we arrive at
Ay € Bo(M, L). (2.15)

Next, we show
@o(t) < (Apo)(t), Vt € R. (2.16)
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Let m(t) = p1(t) — @o(t), where 1 = Apg. Then

6 1 ! n B (s—
p1(t) = *ﬁ%ﬁl(t) + a/ h(vao(S)vsD([)Z](s), .. .,cp% I(s))eza (=0 gs

and noting ¢ (t) is a lower solution for (1.1), we have

(1) = (1)~ (1) =~ (1) — o) = —om(). (217
Then m(t) > 0 for any ¢ € R. Suppose to contrary that there exists tg € R such
that m(tp) < 0, then from (2.17), m/(t9) > —%m(to) > 0. Thus m(t) < m(ty) <0
for any t < to near to. Then we have m(t) < 0 for any ¢ € (—o0, o). In fact, if there
exists —oo < a < tg such that m(t) < 0,V¢ € (a,to] and m(a) > 0. Then m(a) =0
and from (2.17),

m'(t) > —%m(t) >0, Vt € [a, to],

and thus m(t) > m(a) = 0 for all ¢ € [a, o], which is a contradiction. So a = —co
and m/(t) > —%m(to) > 0 for any t € (—o0,tp). This implies

m(t) = m(ty) — /tto m/(s)ds < m(to) + %m(to)(to —t) - —c0

as t — —oo. But ||m| < |leoll + ||to]l < oo, which is again a contradiction. Thus
m(t) >0, ie., Apg > pg. So (2.16) is shown. Similarly, we can prove Ay < 1.
Next, (H2) and (2.13) give

h(t, eo(t), 05 (t), - ... 08 (1)) < h(t, (1), o2 (1), ..., 0" (2))
< Bt o), Y (8), - . 5 (1)),

and thus

po(t) < (Awo)(t) < (Ap)(t) < (Ao)(t) < o(t), teER. (2.18)
Furthermore, since all pl(t), i = 1,2,--- ,n are nondecreasing and using (H2), we
derive

(Ag)(t) = © / / " (s, 0(s), (s, ., ol () e R 0D dsdu

<1 / / w), o2 (w), .., o ()P —Ddsdu
- By
—ﬁ/ w), o (w), .., o™ (u))e B (=D,
which by (2.14) implies
, B L 2 ] oYy (1)
(Ap) () = - (AG) ) + = [ b5, pls), 6 (s), ., o (5))e s s

o ())e 3 ) du

%
|
\
\(_‘_
=
<
5
\Gr—‘
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L n B (s—
+a/ h(s,(s), o2 (s), ..., ol (s))era s~ ds

—00

= 0. (2.19)

Summarizing, (2.15), (2.18) and (2.19) implies (2.12).

Moreover, arguments leading to (2.18) show that A is nondecreasing. So se-
quences {¢px}32, C Bo(M, L) and {4}, C Be(M, L) monotonically and point-
wisely converge to functions ¢, and v, on R, respectively. But we already know
that Bo(M,L) C C(R,R) is compact. So there are subsequences {x,}52, and
{Wr, }52, converging to ¢, and ¢, in C(R,R). But this implies that {¢}7°, and
{Wr}52, converge to ¢, and ¥, in C(R,R). Clearly ¢. <1, by (2.6).

Next, we show that A € C(Bc(M,L),C(R,R)). Let ¢; — ¢, as j — oo for
¢; € Ba(M, L), j € Ng =NU{0} uniformly on any compact interval [—-m, m],m €
N of R. Set

hi(s) = h(s, 0;(s), 07 (s), .., 05" (s)), j € No.

Then h; — h, = h(s,(p*(s),cpg?]( ),...,(pL ]( )) uniformly on [—m,m]. Next we
have

n L (s—(—m L (s+m
A5, 05(5). 2 (5), s @ ()T = < e, s € (—00, —m).

—m u 4 2

we can apply the Lebesgue dominated convergence theorem to obtain Ap;(—m) —
Ap.(—m). From (2.4),

Since

20 «

(x;(t) — 2 (1) + ﬂ( () — i (t) = l/ (hj(s) — h*(s))e%(sft)ds. (2.20)

Integrating the both sides of (2.20) from —m to ¢, we have

(z;(t) — / 2;(s) — z.(s))ds

— (a;(~m) — . / / ho(s))e s = ds,

4m 6 [t
|z (t) = (t)] < |$j(—m)—x*(—m)|+7||hj—h*||m+%/_m |7 (s) 2. (s)|ds,

and

for any ¢t € [-m, m]. Then Gronwall’s inequality implies
8 4m
I = ullm < e (| (=m) = o (=m)| + =y = Rl ),
which means

B 4dm
|Ap; — Apullm < e= (\A%(—m) — Ap.(—m)| + ?th‘ - h*”m)'
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Hence Ap;(t) — Awp.(t) uniformly on ¢t € [-m,m]. Since m € N is arbitrarily,
we get Ap; = Ap, in C(R,R), ie.,, A: Bo(M,L) — C(R,R) is continuous. This
proves the continuity of A.

Using

Ox & Qrp1 = AP = Ay, Yy < Ppq1 = Ay — Ay,

we obtain
Finally, if 2(¢) is a nondecreasing bounded solution of (1.1) in [pg, to], then

@kﬁmﬁwk,

SO
Vs < < Py

This completes the proof. O

3. Examples

In this section, two examples are given to illustrate that the assumptions of Theo-
rem 2.1 do not self-contradict.

Example 3.1. Consider the following equation:

2"(1) + 62 (1) = ( 7)x(t) + (2 + arctan(t)) (z(2(t)))? + 1 + tanh(t), (3.1)

T+t
where a = 1,8 = 6, g(t, 21, 72) = (ﬁ\tl — 7>x1 + (2 + arctan(t))a3 + 1 + tanh(t).
Taking v = % =9, we get

h’(t3 x17x2) = g(tvxlvxZ) + YT
_t
14|

+ 2)3:1 + (2 + arctan(t))x3 + 1 + tanh(t).

In order to simplify the calculation, let us choose ¢y = 0,19 = 1. Then
0o (1) + 695(t) = 0 < 1+ tanh(t)

_ (%‘t' _ 7) 0o(t) + (2 + arctan(t)) (wo(@o(£)))? + 1 + tanh(t),

and

t
o (t) + 604 (t) =0 > T 7+ 2+ arctan(t) + 1 + tanh(t)

(3 Jf T 7)o () + (2 + arctan(t))(Yo(to(t)))? + 1 + tanh(2),

where

T + arctan(t) 4 tanh(¢) < 2 4 g = 3.5707964, t e R.
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A simple calculation yields

0
lg(t,z1,22)| < 81 + (2 + 5)333 + 2.
Noting B N
@0251:O7¢0:¢1:17
SO -
G=12+ —.
* 2

We see h(t,z1,22) is nondecreasing in its arguments ¢ € R and z1,z2 € [0,1].
Therefore, (H1) and (H2) are satisfied. By Theorem 2.1, Eq. (3.1) has a has
a minimal solution ¢,(t) and a maximal solution ¥.(t) in BC(R,R) which are
nondecreasing and 0 < @, (t) < ¥.(t) < 1. Moreover, they are given by iteration
schemas (2.7).

Example 3.2. Consider

t
1+ |¢]

2 (t) + A/ (t) = ( 7>x(t) + (2 + arctan())(z(2(£)))? + 1 + tanh(t), (3.2)

where A\ > 0 is a parameter. Then as in Example 3.1, a = 1 B =\ g(t,x1,22) =
(ﬁlt\ - 7):101 + (2 + arctan(t))x3 + 1 + tanh(t). Taking v = 2~ ® and

h(taxhx?) = g(t,l’l,l‘z) + YT

t
(1 _m +y— 7)x1 + (2 + arctan(t))z3 4 1 + tanh(t).

As in Example 3.1, we have an lower solution ¢g(t) = 0 and an upper solution
Yo(t) =1, and (H1) holds,

Fo=31=0, o =11 = 1.

If v > 7, i.e., A > 2v/7, we have h(t, 1, x2) is nondecreasing for ¢t € R and 1, 29 €

[0,1], (H2) holds Then Theorem 2.1 implies that Eq. (3.2) has a minimal solution
0« (t) nd a maximal solution ¥, (t) in BC(R,R) which are nondecreasing and 0 <

P« (t) < . (t) < 1. Moreover, they are given by iteration schemas (2.7). Clearly,
6 in

ﬂ Example 3.1 satisfies the condition 6 > 2+/7.
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