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POSITIVE SOLUTIONS FOR A FRACTIONAL
MAGNETIC SCHRODINGER EQUATIONS
WITH SINGULAR NONLINEARITY AND

STEEP POTENTIAL*

Longsheng Bao!, Binxiang Dai" and Siyi Zhang?

Abstract The paper deals with the following magnetic Schrodinger equation
with singular nonlinearity and steep potential

(=A)5u + Va(@)u = puf (2)u™ + g(@)ur~", in RY,
u > 0, in RY,

where (—A)% is the fractional magnetic Laplacian operator with 0 < s <
lLand 0 < vy < 1,2 < p < 2 (2§ = 205 for N>2s)7 the potential

N—2
Va(z) = AV (2) — V™ (z) with V¥ = max{+V,0}, A, > 0 are parameters,
fe Lzﬂr:i—l(RN) is a positive weight, while g € L°(R") is a sign-changing
function. By applying the Nehari manifold and fibering map, we obtain the
existence of at least two positive solutions, where some new estimates will be
established. Recent some results from the literature are extended.

Keywords Fractional magnetic operators, singular nonlinearity, steep po-
tential, Nehari manifold.
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1. Introduction and main results

In this work, we study the multiplicity of solutions to the following fractional mag-
netic Schrédinger equation

(=A)5u+ Va(z)u = pf(r)u= + g(z)uP~t in RV, 1)

u >0, in RY,

where (—A)% is the fractional magnetic Laplacian operator with s € (0,1) and
A:RYN — RY is a C%® magnetic potential of exponent a € (0, 1], the parameters
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AMp>0,0<y<1,2<p<2rt (2; =2 for N> 23), the potential Vi (z) =
AVH(z) — V~(z) with VE = max{£V,0}. We first assume that V(z) satisfy the

following conditions:
(V1) V¥ is a continuous function on RY and V'~ € LN/2(RV).

(V2) there exists x > 0 such that the set {V* < k} = {z € RN : V¥ (2) < s} is
nonempty and has finite measure.

(V3) Q=int{x € RY : V*(x) = 0} is nonempty and has a smooth boundary with

Q=int{zx e RN : V*(z) = 0}.
V4) there exists a constant pp > 1 such that

i(w—y) A(ZEY

u(x)—e I 2
()\) inf f]RN [u(z) [z—y|NF2s W)l dxdy+fRN AVHulde
= m
. we H (BN )\ [0} Jon V-ud

Z Ho,

for all A > 0, where H%(R”,C) is the Hilbert space related to magnetic field A (see
Section 2).

This type of assumptions was first introduced by Bartsch and Wang [9] in the
study of the nonlinear Schrédinger equations, imply that AV T represents a potential
well whose depth is controlled by A\. The potential V) with V satisfies (V1) — (V3)
is called as the steep well potential. For more details about steep well potential, we
refer to [17,24,27].

The operator (—A)% is the fractional magnetic Laplacian and it is defined for
u € C°(RYN,C) by

ulz) — eEDACT ()
|z — y|N+2s

(=A)5u(r) =2 lim

dy, (1.2)
r—0t RN\ B, ()

where B,.(z) = {y € RY : |x —y| < r} with 7 > 0. This nonlocal operator has been
defined in [14] as a fractional extension (for an arbitrary s € (0,1)) of the magnetic
pseudo-relativistic operator, or Weyl pseudo-differential operator defined with mid-
point prescription, introduced in [19] by Ichinose and Tamura. As stated in [28],
when s — 1, the operator (—A)% reduces to the well-known magnetic Laplacian
—(V — iA)?, which has been widely investigated by many authors; see [4,5,8,20]
for more details.

More in general, nonlocal and fractional operators have received a considerable
attention from many mathematicians and physical phenomena, such as finance,
phase transition phenomena, minimal surfaces, as they are the infinitesimal gener-
ators of Lévy stable diffusion processes, see [6,12,13] and the references therein.
For more work on nonlocal fractional operators and their applications, interested
readers are referred to [10,23] and references therein.

In absence of the magnetic field, i.e. A = 0, the operator (—A)% reduces to
the celebrated fractional Laplacian (—A)®. There are also some interesting results
are obtained by using some different approaches under various hypotheses on the
potential and the nonlinearity. For instance, Zhang et al. [35] investigated the peri-
odic and asymptotically periodic fractional Schrédinger equation, and they obtained
the existence of solutions by variational methods, similar problems have also been
considered in [16,18]. Cui and Sun [11] studied the existence and multiplicity re-
sults under the assumptions that the potential V is indefinite. In [21], the authors
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established the multiplicity of sign-changing solutions for fractional Schrodinger
equations involving critical or supercritical exponent. Moreover, there is a wide lit-
erature concerning the study of the existence of solutions for fractional Schrédinger
equation with critical growth, see for example [7,26,30,34] for the recent advances
in this direction.

On the other hand, in last decade, great attention have been paid on the study
of the classical magnetic nonlinear Schrodinger equations, see for instance [1, 2,
15,22, 31]. More precisely, Xiang et al. [29] considered the following fractional
Schrédinger-Kirchhoff problem

M([u)2 o) (=A)3u+V(z)u = f(z,[u))u, n RY, (1.3)

where s € (0,1), N > 2s, M : R{ — R{ is a Kirchhoff function, V : RY — R* is a
scalar potential, the nonlinearity f satisfies the subcritical growth. Using variational
methods, the authors obtained several existence results for problem (1.3). Not long
after, Zhang et al. [33] studied singularly perturbed fractional Schrodinger equations
involving critical frequency and critical growth in the presence of a magnetic field.

Subsequently, Yang et al. [32] studied the following degenerate magnetic frac-
tional problem involving critical Sobolev-Hardy nonlinearities

|u 23 (O‘)72u

M ([u]2 A)(=A)%u + V(@)u = Mf(z, |ul)u + , in RY, (1.4)

x|

where s € (0,1), N > 2s, 2*(a) = 25\,]\[_72‘:) is the fractional Hardy-Sobolev critical

exponent with a € [0,2s), A is a positive parameter and M : Rar — Rg is a
Kirchhoff function. Under some conditions on V and by using the new version of
symmetric mountain pass theorem of Kajikiya, the authors proved that the problem
(1.4) admits infinitely many solutions for the suitable value of A.

Most recently, Mao and Xia [25] investigated the following fractional nonlinear
Schrodinger equation

(=A)au+ Va(z)u = f(@)|ul""* + g(@)[ul’~", in RY, (1.5)

where 0 < s <1, N > 2s,1 < ¢ <2 < p < 2% with 2% = 2N /(N — 2s), the potential
Va(z) = A\WVH(z) — V~(z) with V* = max{£V,0}, A > 0 is a parameter. When X
is sufficiently large, combining variational approach with the Nehari manifold, they
obtained the existence and multiplicity of non-trivial solutions for problem (1.5).

Motivated by the mentioned works, our goal in this paper is to establish the
existence and multiplicity of solutions for problem (1.1) with steep well potential
and singular nonlinearity. To the best of our knowledge, no similar results are
obtained on such questions in current literature.

In this context, the presence of the nonlocal operator (1.2) makes our analysis
more complicated and intriguing, and new techniques are needed to overcome the
difficulties that appear.

Consider the functions f(z) and g(z), we make the following hypotheses:

(F) fe LT (R™) is a positive continuous function.

(G) g € L®(RY) is a sign-changing function such that 9" || Lo ®ny > 0, where

g™ = max{g(z),0}.
Our main result is described as follows.
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Theorem 1.1. Let 0 < v < 1 and 2 < p < 2. Assume f, g and V satisfy
the assumptions (F'), (G) and (V1) — (V4), then there exists A* > 0 and p* > 0
such that for all (A, u) € [\*,+00) x (0, u*), problem (1.1) has at least two positive
solutions.

Turing to layout of the article, in Section 2, we recall some basic notations and
preliminary results which are crucial in proving our main results. The last Section
is devoted to prove Theorem 1.1. Also throughout this paper, we shall denote by
C and C; (i=0,1,2,---) for various positive constants.

2. Preliminaries and functional setting

To prove our main results, we need to do some preparatory work. Let L2(R™, C)
be the Lebesgue space of complex-valued functions with summable square endowed
with the real scalar product

(U, v) ;2 = §R(/1RN uvdzx),

for all u,v € L2(RY,C), and A : RN — R be a continuous function. We consider
the magnetic Gagliardo semi-norm defined by

. z+y
2 |u(z) — ' Ay (y))?
[u]s,A T //RN |1‘ _ y|N+2s dxdy’

endowed with the norm [|ulls .4 := ([u]2 4 + [[ul|2.)"/2. We take the space H of
measurable functions u : RY — C such that |luls a4 < oo, then (H, (-,-)s.4) is a real
Hilbert space. We define H(RY, C) as the closure of C>*(RY,C) in H, H5(R"Y,C)
is a real Hilbert space. Moreover, the space H ;Z(RN ,C) is continuously embedded
in L"(RY,C) for every r € [2,2%] and compactly embedded in L"(K,C) for every
r € [1,2%) and any compact K C R¥; see [14].

Next, we establish the variational framework to deal with the problem (1.1).
Define the work space X = {u € H{(RYN,C) : [px AVTu?da < oo} with the inner
product

x

(u(x) — @V ATy (y)) (v(@) — @0 AT y(y))
<ua”>)\ F= %//RN |z _y|N+23 dxdy

+AR VT uvdx
RN

and the corresponding norm denoted by

1/2
aulln = (u,u)y.

For simplicity, we let [u3 = [u]Z 4 + [px VAudz, by condition (V4),

~1
lullX = 3y = MOMO [ullX,  for all A>o0. (2.1)

Hence, |lullx,v and |Jul|x are equivalent in X. As shown in [14,25], there exists a
constant M 4 > 0 such that

Hu||L2§(RN) < M;}L‘[u]&A. (22)
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Let A* the constant given by

2% —2

M2 2
A= DAY gy T
K

Then, by the conditions (V1) and (V2), and the Hélder and Sobolev inequalities
again, we have

L
[ JulPde < [ < Rl MKl (23)

for p € [2,2%) and A > A*. And also, combining this with (F), one has

11—y

1—y » Pdy) o
[l e < e (e

a—-yC P)
— —1 1—
<A o KV <m0 MO 77 (24)

Lpt+y—1
The energy functional corresponding to problem (1.1) given by

1 1 _ W _ 1
o = |ul? - = 2y — 17 77/ Pdz. (2.
) =l =3 [ votde— o [ o= [ glarde. (25)

It is clearly that @, , is a C! functional. Since the energy functional ®, , is not
bounded below on X, it is useful to consider the functional on the Nehari manifold

N =A{u € Xy \ {0} : (@3, (u), u) = 0}.

We analyze N ,, in terms of the stationary points of fibering maps ¢,, : (0,00) = R
given by

Gu(t) = Oy pu(tu), for t>0.
Then for each u € N ,,, we have
Sy = thuldy — et [ Al Tde et [ glupda,
RN RN
$u(t) = |lull3 v + Wf”’l/ flul'™dz — (p — 1)15”72/ glulPdz.
' RN RN
It is easy to see that
/ 42 2 1—~ 1—v p p
t0,0) = uly — 7 [l oo [ glupaa,
RN RN
and so, for u € X, \ {0} and t > 0, ¢/,(t) = 0 if and only if tu € N ,, that
is, positive critical points of ¢, correspond to points on the Nehari manifold. In

particular, ¢/ (1) = 0 if and only if u € N ,. Thus, it is nature to divide N} , into
three parts as

N ={ueNay: ¢u(1) >0},
Ny, ={ue Ny, : ¢n(l) =0},
Ny, ={u €Ny ¢(1) <0}
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The existence of solutions to the problem (1.1) can be studied by considering the
existence of minimizers to functional @, , on manifold N ,,. Furthermore, for each
u € Ny, we know that

S = [y +y [l = =) [ glulrdo
RN RN
=l =@+ =1) [ glulde (26)

=(2-p)

(p+v-— 1)/RN f\u|1—’vdx.

Lemma 2.1. The energy functional @y, is coercive and bounded below on N .

Proof. Let u € Ny, then we have

lul2y - p / fluf=da — / glulPdi 0.
RN RN

Therefore, by (2.1), (2.4) and (2.5), we obtain

p—2 p+7 -
B () = Pl - o IR

2p
Zgﬂiﬁﬂﬂqumﬁ
2ppo
plp+y—-1) + Gy s 2N
— ey Ml e KV <l Ml

Since 0 < 7y < 1, we conclude that ® , is coercive and bounded below on Ny ,,. O
Before the proof of the following lemma, we define
. (1o = D(p — )M, ]

H= CEICHETD)
polp 71— DI g V< iy

1+y
p—2

(o = 1)(1 +7)MZ 4

2¥ —p
po(p+v = Dllgtllc {VF < s} =

Then we have the following result.

Lemma 2.2. Suppose that the functions f, g and V satisfy the conditions (F),
(@) and (V1) — (V4). Then the set NAOM is empty for (A, p) € [A\*,4+00) x (0, u*).

Proof. If NAOM = (), then for every u € N)‘\)W by (2.6), we have

A+ a2y — (p+7—1) / gludr =0
and

@—p)lulZy +pp+vy—1) / =0,
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It follows that, by (2.1), (2.3), (2.4) and the Holder inequality, we get

o — 1 pty—1 pty—1 e
Ho— Lz < X1 / glulp < ZEX o v+ < MOl
Ho RN L+

1+~
and
< p” / fluf=7da
soer ) bR
<HEEY =g e WV <} Ml
That is
=3
” (o = 1)(1 +y)ME 4
u”)\ > 2% p
po(p+7 = Dllgtlc {VF <} =
and
1
Hop(p + 7y A=z -s) S\ T
”uH)\ < ((/,L()(—l)())||fo’+“f 1|{V+ <Iﬁ:}| 5P M’SY’AI .
Hence, we obtain p > p* which is impossible. Thus N/(\),u =0. O

In the following result, we show that the decompositions of the Nehari manifold
are non-empty.

Lemma 2.3. Suppose (F), (G) and (V1)—(V4) hold. Then for (A, p) € [A*,+00) %
(0, 4*) and u € Xy \ {0}, we have the following results.

(i) if [pn glulPdz <0, then exists a unique 0 < tT < tmax such that tTu € ./\/;:M
and
@ . (tTu) = inf @y, (tu).
() = inf @5, (tu)

(ii) if [pn glulPdz > 0, then there just have two positive numbers t+ > 0 and
t= >0, with 0 < t7 < timax <t, such that ttu € N; tu € J\/';M and

o’

@N/L(t+u) = 0<tigtf 4 (bhu(tu)v <I>>\7,L(t7u) = ti?p (I)A,/t(t“)-

Proof. Fix u e X\ {0} with [, flu['"7dz > 0. Note that

P8 = tlull3.y — put™ / flul'~de — 2 / glul?de.
’ RN RN
Define
G(t) == 2P [ull2y — 7P / flul'~de,
RN

for all t > 0. Note that for ¢ > 0, tu € N, if and only if ¢ is a solution of the
equation

Gt) = / glulda.
RN
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A simple calculation yields that G(t) - —oco ast — 01, G(t) — 0 as t — co. While,

since
G(t) = @ =Pt Pl y + oy - DT [ fuf e,
RN

Then G(t) possesses a unique maximum point ¢y, > 0, which is given by

A p(p+y—1) fou flul*7dz\ 7T
e (» = 2)[ul3.v

Moreover, we have G(¢) is increasing on (0, tyax) and decreasing on (tmax,

00). Thus

G@mgz[(Mp+7‘”>wl_u(wp+v—w)Wﬂ](&Nﬂﬂjm?yﬂ

Pz P2 lullyy

sy L (pry =1\ [ fo flul'Tda -
:u”“llUllA,VP_ TR

2 p—2 ||UH,\V

1—vy—
T 1 v+1 pry—1\
p—2
- N a-eon =t
x (% )T (V<) M)
i) If [~ glulPdz <0, then there is a unique 0 < tT < tax such that
RN 9

G(tT) :/ glufPdz, and G'(tT) > 0.
RN

Thus, ttu € N, ,,, and we have

o) = @ =Dl + o7 =) [ flul s
= tPG ()
> 0.

Therefore, tTu € N;H. Since for 0 < t < typax, one has

d
Gttr) =tluldy — i [l e - [ glurds =0
RN RN

and
2

dt
for t = t*. Thus, @) ,(tTu) = glg D, (tu) holds.
(i0) If [on glu[Pdz >0, by (2.4), (2.7) and p € (0, u*), we deduce that

Ho \p ze
0< / glulPde < (22 VB gt (VF < s} M2
RN po — 1

() = @ =Pl + o+ = 167 [ flaf e >0,
R

(2.7)
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p—z
_ — 1+
_ )l —E2 ( P2 ) '

p+y—1\p+vy-1

2

2—D
140 1~ (lfw)£2§7p) 1\ !
(G U < )l 0

Lpty—1

< G(tmax)-

There are tT and ¢~ such that 0 < tT < tpax < t7,

Gt = [ alupds = G(t")
and
G'(t7) <0< G(th).

Again, as in the case (i), we have tTu € N;'M, t7u € Ny, and @y ,(t7u) >
Dy, (tu) > @y ,(tTu) for each t € [t1,¢7] and @y ,(tTu) = . tlgf D, (tu),
<

Stmax
Oy u(t7u) = sup Py ,(tu). Therefore, conclusion (ii) holds. O
t>tmax

We remark that from Lemma 2.2 and Lemma 2.3, one has Ny , = Ny, UN;,
for all (A, p) € [A*,+00) x (0, u*). Since N;:u and N):H are non-empty, thus, by
Lemma 2.3, we may define

+ . . — . .
= ueljr\l/f+ Py p(u) and ¢ = uelj\lfi; Dy (u).
A p A,

Then we have the following result.

Lemma 2.4. Suppose that the functions f, g and V satisfy the conditions (F),
(@) and (V1) — (V4). Then, for (A, p) € [N\*,4+00) x (0, u*), there exists a positive
constant C' such that Cj\iu <0<C<cy,.

Proof. (i) Let u € Ny, C Ny ,, then we have

A+ luldy - p+y—1) / glupdz >0
It follows that
1 0 _ 1
@A,u(u) = §Hu||§\,v - ﬁ /RN f|u|1 Tdx — 5/RN g|u|pdx

1+~ p+vy—1
= sl + S [ gl

2(1—7) p(1—7)
P21+, 00

Therefore, cf\ u <0
(ii) Let u € Ny, then we have

A+ ulZy — (p+y—1) / gz <0,



Fractional magnetic Schrodinger equation 2639

According to (2.1) and (2.3), we get

po— 1 pty—1
[ull} < llull3y < —=——— [ gluf’dz
Ho 147 RN
p+’7/— 1 Q:IP _
S Ty Mg el (VT < R} MGl

Therefore, we can show that

_ MP
||UH>\ > (UO 1)<1 +7) s,A — CO-

— 25—
o(p+~v—1) gt e {VT < &} %

Then, we know

(p—2)(no — 1)
2ppio
e 1E D))

p(l—7)
- - 2)(#0 - 1) 1
> o (p—C’ +
0 2ppio 0
u(p -1 +,-Y) n n (1*7)’22:*17) 1
S it S A 1% % M
p(1=7) I, s HVT < R} s A

(I)A,u(u) >

ullX

1—-v)(2%5 —

vt : > z M’Y—l 1—~
(V7 <r} = oA llully

|
Lp—1+v

= C.

Since (A, p) € [X*, +00) x (0, u*), we can verify that C' > 0. Hence ® ,(u) > C >0
for all u € Ny ,, and the proof is completed. O

Lemma 2.5. Suppose that the functions f, g and 'V satisfy the conditions (F), (G)
and (V1)—(V4). Then Ny , is a closed subset in X for (A, p) € [\, +00)x (0, u*).

Proof. In order to prove N, uisa closed subset in X}, let us consider a sequence
{un} C Ny, such that u,, — w in X). It is obvious that (@) ,(u),u) = 0. By the
proof of Lemma 2.4, we have

Jullx = lim [Juy[lx = Co > 0.
n—oo
Thus, u € Ny ,. By the definition of N/\_,u’ it holds
A+l =+ =1 [ glunlrde <o
This, together with (2.3), lead to
A+l =+ =1) [ gl <o,

which implies that u € Ny, UNY .. By Lemma 2.2, we know Ny , = ). Therefore,
uGNA_’N. Then N):“ is a closed subset in X . O
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+ — Lo +
Lemma 2.6. Suppose u € /\//\7/J and v € NA,“ are minimizers of ®y , on NA,H and

N)\_H, respectively. Then for every nonegative w € Xy, we have
(1) there exists eg > 0 such that @y ,(u+ew) > @y ,(u) for all 0 < e < gq.

(#4) te — 1 as e — 0T, where for each € > 0, t. is the unique positive real number
satisfying te (v + ew) € N/\_,u'

Proof. (i) Let w > 0 and for each £ > 0, set

o(e) = lutewly + v [ flut el e (p=1) [ Jut o
RN RN

Then by using continuity of o and ¢(0) = ¢!/(1) > 0, there exists 9 > 0 such that
o(e) > 0 for all 0 < & < gy. Since for each € > 0, there exists s > 0 such that
s.(u+ew) € Ny, for each € € [0, 2¢], we have

A,u?
(I)k,u(u + 5W) > (I)A,u(sw (u + ew)) 2 q))vu(u)-
(i) For each v € Ny, we define H : (0, 00) x R3 — R by
H(t, o, l3) = It — plot™7 — I3tP ™,

for (t,11,12,13) € (0,00) x R3. Since v € N, ., We obtain

o (1w

e [ Al e, [ glopds) = 00(1) <0
RN RN
and for each € > 0,
H(te, [Jo+ |2y, / flo+ ew|Vdz, / glv + ewlPdz) = 0.
’ RN RN

Moreover,

H(, ol / [l e, / glolPdz) = ¢/,(1) = 0.

RN RN

Applying the implicit function theorem, there exists an open neighbourhood A C
(0,00) and B C R? containing 1 and

(ol [ Ao, [ gloran

respectively such that for all H(¢,y) = 0 has a unique solution ¢t = h(y) with
h: B — A being a smooth function. Consequently, we get

(o + ewll2 v / flo+ ew|dz, / glv + ewlPdz) € B
’ RN RN
and

h(||v+ew|\§,v,/ f|v+gw‘1—7da¢7/ ol + ewlPdz) = 1.
RN RN
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Since
Hite, o+ zwll?.y, / flo + ew[Vde, / glv + ewlPdz) = 0.
’ RN RN

Thus, by continuity of g, we get t. — 1 as ¢ — 0F. O
Lemma 2.7. Suppose u € N;r# and v € Ny, are minimizers of @, on J\/';r# and

N,

w respectively. Then for each nonnegative w € X, we have

(u,wiry — p fu Ywdx — / guPtwdz > 0,
RN RN

(v,w)r v — u/ fv Y wdz — / gvP " twdz > 0.
RN RN

Proof. Let w € X, be nonnegative function, then by Lemma 2.6, for each ¢ €
(0,&0), we have

Oy p(u+ew) — @y ,(uw)

0<
g
1 U (u+ew)t=7 —ul=
= gellu+euly = ol - 2 [ 1 : o
1 P _ P
L / glute)yr—u (2.8)
P JrN £

It can be easily verified that, as € — 0T

1
e lu+ewlXy = llwlXy) = (wwr .

By (G) and the Lebesgue dominate convergence theorem, one has

1 P _ P
lim 7/ gwdfc:/ guP ™ wdz.
e—0t P JrN 9 RN

Due to 0 < v < 1 and f is a positive continuous function, we have
F((w+ 2)1 =7 = ul =) > 0.
It follows from (2.8) that

11—y _ ,1—x
liming [ ) 7w

e—=0t JpN

dr < oco.

Then, by (2.8) and Fatou’s lemma, we can deduce that

dx

1—y _ ,,1—x
I fu T Twdx < B limint f (u+ew) Y
RN 1—7v e=0t Jp~ €

< (w,why — / g wde.
RN

Consequently, for each nonnegative w € Xy, we have

(u,wirv — ,u/ fuYwdx — / guP " rwdz > 0.
RN RN
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Next, we will show that these properties are also held for v € N~ u For each € > 0,

there exists t. > 0 such that t.(v + ew) € ./\/;\_H. By Lemma 2.6, for sufficiently
small € > 0, one has

Dy, (te(v+ew)) > By ,(v) > By, (tov),
which implies ®y ,(t-(v + ew)) — @y ,(v) > 0. Thus, we have

utl= / (v+ew)t=7 — Ul_’Vd
x
1 — 7 JrN 3

2 124 (v +ew)?P — P
< ErewZy -0z, - & / glorel =,
1 p RN E

Since as € — 0T, t. — 1, using similar argument as in the previous case, we obtain

(v, Wi v — p fo 7 wdr — / gvP " Lwdx > 0.
RN RN

3. Proof of Theorem 1.1

Since @y ,(u) = Py ,(Jul), we can assume that u > 0 for all u € X. Now, we prove
the following propositions.

Proposition 3.1. Suppose that 0 <y < 1,2 < p < 2%, and the conditions (F), (G)

and (V1) — (V4) are satisfied. Then, for (A, u) € [A*, +00) x (0, u*), the functional
@y, has a minimizer ugy in NIM such that ®y ,,(ug) = Cxo i

Proof. We apply the Ekeland’s variational principle (see [3] for the details) to
consider a minimizing sequence {u,} C N, ;r ., satisfying

(4) Ci_,u < Oy p(un) < CIM +

(i) (I)A,M(U) > (I)A,u(un) - %”un —ul.

Moreover, by Lemma 2.1, we can deduce that {u,} is a bounded sequence in Xj.
Therefore, there exists a subsequence of {u,} (we still denotes {u,}) such that

Up — Ug, in Xy,
up = ug, i LIRY), g€ [2,2)),

with wg > 0. Since 0 <y < 1, f € LT (RY) is a positive continuous function,
by Vitali’s convergence theorem, one can prove that

lim/ f|un|177dz:/ flug|* "V da.
n—oo RN RN

We divide the proof into two steps.

Step 1. u, — ug in X, and ug ENIM.
First, we show that ug # 0. Using the weak lower semi-continnity norm, we
have

Oy (o) < liminf @y, (u,) = cf , <0.
n— oo ’



Fractional magnetic Schrodinger equation 2643

If up = 0, then @, ,(up) = 0, which is a contradiction.
Next, we prove that u,, — ug strongly in X as n — co. Suppose the contrary,
by (2.1), we get

[[uoll3 v < liminf ||Un||§v
’ n—oo

Combining this with {u,} C V. ;r ,.» one has

ol —se [ Sl da = [ gluolds
RN RN
< lim inf {unﬁv —u/ f|un|1_7dm—/ gunpdx} —0. (3.)
n—oo ’ RN RN

Now, we show that for ug, there exists 0 < ¢ # 1 such that ttug € NIM.

If [on glu|Pdz <0, then by Lemma 2.3 (i), there exists t* > 0 such that tTug €
Ny, and @) | (tTug) = 0. By (3.1), we known that ®) ,(ug) # 0. Hence, t* # 1.

If [on glulPdz > 0, by Lemma 2.3 (ii), then there exists 0 < ¢ # 1 such that
t"'uo S ./\/‘;r”u

Since t*ug is a minimizer of ®) ,, in X,. Then,

+ o _ o+
Oy, (tTup) < P p(ug) = 711320 P pu(un) = cx s
which contradicts cju = ianr @, . (u). Therefore, we obtain u,, — ug in X).
’ uGNAM

Finally, we claim that ug € N, ;‘ - On the contrary, assume that ug € Ny,
(WY, =0 for (X, 1) € [X*, +00) x (0, u*)). It follows from (2.6) and ug € Ny, that

/ gluolPdz > 0.
RN

Then, by Lemma 2.3 (ii), there exist unique ¢+ > 0, ¢~ > 0, with ¢~ > ¢T > 0, such
that tTug € J\/';#, t~ug € J\/’;# and

Py (tTug) = 0<tigtf D ultuo), P pu(tTuo) = Sup P pu(tuo).

Since ug € N):H, it suffices to prove that

d d?
gtb)w(uo) =0, ﬁ@A)M(UQ) < 0.
This indicates that t~ = 1. Also, since
d d?
+., ) — +
%éA,/L(t UO) = 0, ﬁ@)\hu‘(t U()) > 0.

Then, there exists ¢ € (T, 1] such that
C;u < (I)A7u(t+uo) <Oy u(tug) < Py puug) = Cj,;u

this is a contradiction. So ugy € ./\/')\"'#.
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Step 2. ug is a solution of system (1.1).
In what follows, we show that the solution ug is a weak solution of problem
(1.1). Let v € X and € > 0. Put

Y= (up+ev)t, and p=ug+ev<D0.

Set Oy = {x € RN 1 yy+ev >0} and Q_ = {z € RY : ug +ev < 0}, then by
lemma 2.7, we can obtain that

0 < (ug,V)rv — i fuo™ 7 (ug + ev)dx — / guo? (ug + ev)dx
Q4 Q4
ol [ fuot e = [ gugpds
RN RN

+e <<U07U>>\,V - H/ fuo Tvdz */ guoplvdHC)
RN RN

— ((uo, OV — u/ fuo " (uo + ev)dx — / guoP " (ug + sv)dx> )
Q_ Q_

Then using the fact ug € V. ;‘ " and f(z) is a positive continuous function, we have

0<e ((Uo,v%\,v - ,u/ Juo™ Tvdx —/ guoplvdﬂﬁ)
RN RN

_eilz—y)-A(T) —eilz—yYA(TEY)
o/ [wot)—e Pugw))(v@) e M)
Q_ | —y|NH2s

+/ guo?* (ug + ev)de. (3.2)
Since the measure of the domain of integration Q_ = {z € RY : yy +cv < 0} tends
to 0 as € — 0T, it follows that

_ eile—y) A(TF) — eilz—y)A(TY)
[ [t Plug(y)(0(z) — e ) o ey o,
~ ‘.’ﬂ _ y|N+2s

Moreover, by (G) and (2.3), when ¢ — 0", we have

— 0.

/ guo? (ug + ev)dx

<lal~ [ |uO|pdx+sgoo\ [ ol
Q Q_

Dividing by € and letting e — 0 in (3.2), we obtain

(uo, V), v — u/ fup Tvdx — / guo? tudx > 0.
RN RN

Since v was arbitrary, this holds for —v also. Hence, for all v € X, one has

(uo, V), v — u/ fup  Tvdx — / gueP " tvdr = 0.
RN RN

Then ug is a positive solution of problem (1.1).
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Proposition 3.2. Suppose that0 < v < 1,2 < p < 2%, and the conditions (F), (G)
and (V1) — (V4) are satisfied. Then, for ()\,u) [Xﬂ—l—oo) x (0, u*), the functional
Oy, has a minimizer vg in N;,u such that ®» ,(vo) = Crp -

Proof. On account of ®, , is also coercive on N, o We apply the Ekeland’s vari-

ational principle to the minimization problem ¢y , = inf @, ,(u), there exists a

(NS i

minimizing sequence {v, } C Ny 4 of @5, with the following properties

(i) crp < Paulon) <cy, + 1+

(”) (I)/\,M(U) > (I)/\,u(vn) - %an .

Moreover, {v,} is bounded in X, up to a subsequence if necessary, there exists
vg € X such that

Unp — Vo, in X>\,
Up — Vg, In Lq(RN), q €12,2%),

with vg > 0. Then, we have

lim flop|tVdx = /N flvo|*™7dz and lim Ng|vn|pdx = /Ng|v0|pdz.
R R R

n—oo JpN n— o0

We will show that vy # 0. If vg = 0, then v,, converges to 0 strongly in X, which
contradicts Lemma 2.4. Next, we prove that v, — vg in X. If v,, -» vg in X then

ool = n [ fluof7de = [ gloopda
RN RN
< liminf {nmiv —M/ f|vn|1—'vdx—/ g|vn|pdx] —0. (33)
n— o0 ’ RN RN

Since {v,} C Ny ,, we deduce from (2.6) that

niy +1) / fluo[=dz + (2 - p) / glvolPdz < 0.
RN RN

Consequently, we have [,y glvo[’dz > 0. Then by Lemma 2.4 (i), there exists a
t~ > 0 such that @} (t7vg) = 0and ¢t~ vy € Ny ,. Note that @}  (vo) # 0 by (3.3).
Thus, t~ # 1. Since t~v,, — t"vg and t"v, - t~ vy in X. Hence,

Dy (7 vo) < lirginf Dy (t7vn).

Observe that the function ®, ,(tv,) attains its maximum at ¢ = 1. Thus, we have

Dy, (t7vo) < linrr_1>ioréf Oy u(t7v,) < nlgr;o Dy () = c;\“’#.
which is absurd. Therefore, we obtain that v, — vg in Xj.

Since N 18 closed by Lemma 2.5, it follows that vy € N

By Lemma 2.6 and 2.7, similar to Proposition 3.1, we get that vy is also a
positive solution of problem (1.1). O

Proof of Theorem 1.1. Combining Proposition 3.1 and Proposition 3.2, for
(A, ) € [A*, +00) x (0, u*) we know that problem (1.1) admits at least two positive
solutions ug € Ny ~,, and vg € Ny ., in X Since Ny P ﬂ/\/; = (), the two solutions
are distinct. This finishes the proof O
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