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Abstract In this paper, we extend F-metric spaces to more general spaces,
named generalized F-metric spaces and establish some fixed point theorems via
comparison function, F-contraction, Geraghty contraction and JS-contraction
in the setting of generalized F-metric spaces. Our results generalize many
present theorems.
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1. Introduction

In recent years, the notions of metric spaces have been extended in many directions
[10,12,23-26] for example controlled metric spaces [14] and doulbe controlled metric
spaces [1]. Recently Jleli and Samet [10] introduced a new generalization of metric
space named F-metric space, and soon many scholars considered the F-metric space
[8,13,15,17,20]. Inspired by [10], we extend it to a more general space.

Let F be the set of functions f : (0, +00) — R satisfying the following conditions:

(F1) f is non-decreasing, i. e. 0 < s <t = f(s) < f(t);
(F2) for every sequence {t,} C (0,+00), we have

lim ¢, =0« lim f(t,) = —occ.

n—oo n—oo

For example, f1(t) = Int, fa(t) = =&, fi, f2 € F.

Definition 1.1 ( [10]). Let X be a nonempty set and D : X x X — [0,400) be a
given mapping. If there exist a constant « > 0 and a function f € F such that, for
all x,y € X, the following conditions hold:
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(D1) D(z,y) =0iff z = y;
(D2> D(.’E,y) :D(y,l‘);

(D3) for every N € {2,3,4,---} and for every (z;)Y, C X with (z1,2x) = (z,9),
we have

N-1
D(.’,E,y) >0= f(D(‘T7y)) < f <Z D(xi’xi-‘rl)) + a,

i=1

then D is said to be an F-metric on X, and the pair (X, D) is said to be an F-metric
space.

We introduce the following definition which generalizes the F-metric space.

Definition 1.2. Let X be a nonempty set and D : X x X — [0,+0c0) be a given
mapping. If there exist a constant @ > 0 and a function f € F such that, for all
x,y,z € X, the following conditions hold:

(D1) D(z,y) =0iff 2 = y;

(D2) D(z,y) = D(y,x);

(D3) D(z,y) > 0= f(D(z,y)) < f(D(z,2) + D(z,y)) + o,

then D is said to be a generalized F-metric on X, and the pair (X, D) is said to be
a generalized F-metric space.

Every F-metric on X is a generalized F-metric on X, because from (Ds3) we get
D(z,y) > 0= f(D(z,y)) < f(D(x,2) + D(z,y)) + o

Then D satisfies (Dj).

Every metric is a generalized F-metric, because that d(z,y) < d(z, z) + d(z,y)
yields to In(d(z,y)) < In(d(z, z) + d(z,y)) + 0 for d(x,y) > 0. Then d satisfies (D3)
with f(¢t) =Int and a = 0.

To show the range of generalized F-metric spaces are really larger than F-metric
spaces, we recall the definitions of s-relaxed, metric space and b-metric space as
follows.

Definition 1.3 ( [6]). Let X be a nonempty set and D : X x X — [0,4+00) be a
given mapping satisfying (D1),(D2), and

(S) there exists s > 1 such that for every (z,y) € X x X, Ne{2,3,4,---}, and for
N—1
every (z;)N,CX with (z1,2y)=(2,y), we have D(x,y) <s (Z D(x;, $i+1)> .

i=1

Then D is said to be an s-relaxed, metric on X, and the pair (X, D) is said to be
an s-relaxed, metric space.

Every s-relaxed,, metric space is an F-metric space with f =Inz and o =1Ins.

Definition 1.4 ( [4]). Let X be a nonempty set and D : X x X — [0,4+0) be a
given mapping satisfying (D;), (D2), and

(G) there exists s > 1 such that for every (z,y,2) € X x X x X, we have D(z,y) <
s(D(x,2) + D(z,y))-
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Then D is said to be a b-metric on X, and the pair (X, D) is said to be a b-metric
space.

Every b-metric is a generalized F-metric with f(¢) =Int and o =1Ins.
Every s-relaxed,-metric on X is a b-metric on X, because from (S) we get

D(z,y)) < D(z,2) + D(2,y),

which shows that D satisfies (G).

The following examples show that there are b-metric spaces that are not s-
relaxed, metric spaces. So there are generalized F-metric spaces ( for example,
some b—metric spaces ) that are not F-metric spaces (for example, some s-relaxed,,
metric spaces ).

Example 1.1 (Proposition 2.1 in [10]). Let X = [0,1], andlet d : X x X — [0, +00)
be a mapping defined by d(z,y) = (x — y)?, (z,y) € X x X. It is well known that
d is a b-metric on X with coefficient K = 2. But d is not an s-relaxed, metric,
because

n—1n K

- ,n)):z—>0, as m — oo.

A0,1) > K((0, 2) +d(, 2) -+

From (F3) we get

f(d(O,%)+d(%,%)+~-~+d(n_l,%))+a=f(%)—f—oz—)—oo, as n — 00.

Thus, d on X is not an F-metric, but a generalized F-metric.
Example 1.2 (a case of Example 11 in [18]). Let X = {log, 2,log, 3,log,4, - },
(Qf(”) — n)Kf(n)flv

0, n=m;
g(n —m)ayg, 2F <m < n <2k
4 k=1
d(log, n,log, m) = { d(logy m,log, 2911+ >° d(i,i + 1) + d(logy 2%, log, n),
=1
29 <m o< 2T <2k <y < 2R
d(logy m,log, n), n < m.

It was proved in [18] that d is a b-metric on X, " d(log, i,1og,(i +1)) < co and

=2
ontl_q
dn,n+1) = 1. It implies > d(logyi,log,(i + 1)) — 0, as n — co. We get
i=2n
ontl_q
dn,n+1)=1>K Z d(logyi,logy (i + 1)) | — 0, as n — oo.
i=2n

Then, d is not an s-relaxed, metric. It is easy to get d on X is a generalized
F-metric, not an F-metric.

The following example shows that the generalized F-metric spaces are really
more extensive than b-metric spaces.
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Example 1.3. Let X =R, a>0,b>0, D: X x X — [0,+00) given by

aeblz=vD if g £y,
D(Ly){O ifx=y

Then, D(3n,0) = ae®*®, D(3n,n) = ae®"’, and D(0,n) = ae™. If D(3n,0) <
s(D(3n,n) 4+ D(n,0)), i. e. ae®™ < s(ae?™® + ae™), then €™ < s(1+ ). Itisa
contradiction if we take n — oco. Therefore, D is not a b-metric.

Next, we show that D is a generalized F-metric. Let f(t) = =*. For given
(z,y) € X x X with D(z,y) > 0, for every z € X we have

1 1 1 1

S 4D D(z,y)) — f(D o

a +f(D(@,2) + D(z,y)) = f(D(@.y)) a D(z,z)+ D(z,y) * aeb(z—yl)
1 1 1

a B a aeb(|f_y|) 2 0.

\%

Therefore, we have

F(D(, 1)) < F(D(z,2) + D) + -

Then D is a generalized F-metric on X with f(t) = 5! and o = 1.

In [3,10], a natural topology defined on F-metric spaces was discussed. However
we think that they actually discussed a natural topology on generalized F-metric
spaces. In [17], Som, Petrusel et al. proved the metrizability of F-metric spaces,
and actually proved the metrizability of generalized F-metric spaces.

Definition 1.5. Let (X, D) be a generalized F-metric space. For every zyp € X
and 7 > 0, the ball with centre z¢ and radius r is defined by
B(zg,r) ={y € X : D(z0,y) < r}.

Definition 1.6. Let (X, D) be a generalized F-metric space. A subset O of X is
said to be F-open if for every x € O, there is some r > 0 such that B(x,r) C O.
We say that a subset C of X is F-closed if X \ C is F-open. We denote the family
of all F-open subsets of X by 7.

Proposition 1.1. Let (X, D) be a generalized F-metric space. Then Tx is a topol-
ogy on X.

Definition 1.7. Let (X, D) be a generalized F-metric space.

1. A sequence {z,} is said to be F-Cauchy if, for any € > 0, there exists a
positive integer ng such that, for all m,n > ng, D(2n, m) < €

2. A sequence {x,} is said to be F-convergent to a point x € X if, for any € > 0,
there exists a positive integer ng such that, for all n > ng, D(z,x,) < €

3. A F-metric space is called F-complete if every F-Cauchy sequence is F-
convergent in X.
2. Fixed point results in generalized F-metric spaces

Lemma 2.1. Let (X, D) be a generalized F-metric space. If a sequence {x,} C X
has a limit in X, then the limit is unique.
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Proof. We assume z,y € X are both limits of {z,,} as n — oo. If D(x,y) # 0,
from the definition of generalized F-metric space, we get

f(D(z,y)) < f(D(x,2n) + D(zn,y)) + o
By virtue of (F»), we derive that 1i_>m f(D(x,y)) = —oo. This contradicts
n—oo
f(D(z,y)) < +oo. Hence we get D(z,y) =0, i.e. z =y. O

2.1. Fixed point results via comparison functions

Let ¢™(x) denote the n-th iteration of ¢ in the follows.
Let ®; be the family of functions ¢ : [0, +00) — [0, +00) satisfying:

1 s <t o(s) < B(0)
2. ioj @"(x) < oo, for all x > 0.
n=1

Let @5 be the family of functions ¢ : [0, +00) — [0, +00) satisfying:

L s <t o(s) < 6(0):
2*. lim ¢"(x) =0, for all x > 0.

n—oo

Remark 2.1. If Z ¢"(x) < oo, for all x > 0, then hm ¢"(x) = 0, for every

z > 0. Thus, &, C <I)2, i.e., the class of ®5 is larger than the class of ;. In what
follows, a function ¢ € ®5 is called a comparison function.

For example, ¢1(t) = kt,k € (0,1), ¢a(t) = %-H or(t) = k"t — 0, ¢5(t) =
1+nt — 0, as n — oo.
It is easy to check that the following lemma holds.

Lemma 2.2. If ¢ € @y, then the following are satisfied:
1. ¢(t) < t, for all t > 0;
2. 6(0) =

Lemma 2.3. Let (X, D) be a generalized F-metric space with (f,a) € F x [0, 4+00).
If there exists a functioin ¢ € o, such that a sequence {x,} satisfies

D(l‘nyajn—&-l) < d)(D(JUn_l,Jin)), (21)
then {x} is an F-Cauchy sequence.

Proof. From

D(%p, Tpt1) < S(D(Tp—1,20)) < 6" 1 (D(x0,71)),

we get lim D(z,,zn,+1) = 0. We want to show by induction in m that, for all
n—oo

me{1,2,3,--}
lim D(zn, Zntm) = 0. (2.2)

n—oo

It is obvious that (2.2) holds for m = 1. Assume that (2.2) is satisfied for some
m € {1,2,3,---}. Since

D(xn’ xn+m+1> >0= f(D(.Z‘n, Tpimi1)) < f(D(wm xn-&-m)"‘D(xn-ﬁ-ma xn+m+l))+0‘a
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and
D(zp, Tpntm) + D(@ntm, Trpm+1) — 0, as n — oo,

we have
F(D(xn, Tpim) + D(Tntm, Tntms1)) = —00, as n — oo.

From (F2) we get

hm f(D(.’L‘n,ZL‘n+m+1)) = —0Q,
n—oo

ie.,
lim D(In,In+m+1) =0.

n—oo

Hence, (2.2) holds for all m > 1. Thus, the sequence {z,} is an F-Cauchy sequence.
O

Theorem 2.1. Let (X, D) be an F-complete generalized F-metric space with (f, ) €
F x [0,400). Let T : X — X be a mapping. If there exists a function ¢ € @y such
that

D(T, Ty) < $(D(x. 1)), (2.3)

for all x,y € X, then T has a unique fized point in X.

Proof. Let 2y € X be an arbitrary element. Let {x,} be the sequence defined
by z, = T"xg,n = 1,2,---. If there exists some N € {0,1,2,---} such that
TNzo = TNtz then T has a fixed point TV xy. Next we assume that for every
n€{0,1,2,---}, T"xg # T zg. From (2.3), we obtain

D(znaxn+l) = D(Txn—lvTxn) S ¢(D(Zn—17$n))7

which implies that {z,} is an F-Cauchy sequence. Since the generalized F-metric
space is F-complete then there exists an € X such that lim D(z,,z) =0. From
n— oo

D(T,, T) < $(D(@n, 7)) < D(wn,z) = 0, as n— o,

we see that Tz is also a limit of sequence {z,}. From the uniqueness of limit of
sequence in generalized F-metric space, we have Tax = x. If T has another fixed
point ¥y, then

D(Tz, Ty) < ¢(D(x,y)) < D(x,y),

which is a contradiction. O

Corollary 2.1. Let (X,D) be an F-complete generalized F-metric space with
(f,a) € F x[0,400). Let T : X — X be a mapping. If there exists k € [0,1)
such that for all z,y € X,

D(Tx,Ty) < kD(z,y),
then T has a unique fixed point in X .

Proof. Let ¢(t) = kt in Theorem 2.1. O

Corollary 2.2 ( [10]). Let (X, D) be an F-complete F-metric space with (f,a) €
F x [0,4+00). Let T : X — X be a mapping. If there exists k € [0,1) such that for
all x,y € X,

D(Tz,Ty) < kD(z,y),

then T has a unique fixed point in X .
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Proof. F-metric space is a generalized F-metric space, thus the conditions of
Theorem 2.1 are satisfied. O

Corollary 2.3 ( [2]). Let (X, D) be a complete b-metric space. Let T : X — X be
a mapping. If there exists k € [0,1) such that for all x,y € X,

D(Tx,Ty) < kD(z,y),
then T has a unique fixed point in X .

Proof. Because b-metric space is a generalized F-metric space, the conditions of
Theorem 2.1 are satisfied. O

Corollary 2.4 (Banach type contraction). Let (X, D) be a complete metric space.
Let T : X — X be a mapping. If there exists k € [0,1) such that for all x,y € X,

D(Tx,Ty) < kD(z,y),
then T has a unique fixed point in X.

Proof. Metric space is a generalized F-metric space, then the conditions of The-
orem 2.1 are satisfied. O

Corollary 2.5. Let (X,D) be a F-complete F-metric space with (f,a) € F X
[0,400). Let T : X — X be a mapping. If there exists ¢ € ®y such that for all
z,y € X,

D(Tz,Ty) < ¢(D(z,y)),

then T has a unique fized point in X.

Proof. Because ®; C ®5 and F-metric space is a generalized F-metric space, the
conditions of Theorem 2.1 are satisfied. O

2.2. Fixed point results using F-contractions

In this section we use the theorems of semimetric to get some fixed point theorems
on F-metric spaces. Now, we need to recall the concept of semimetric space.

Definition 2.1. Let X be a nonempty set and d : X x X — [0,400) be a given
mapping. Suppose that for all z,y € X, (D7) and (D) are satisfied. Then d is said
to be a semimetric on X, and the pair (X, d) is said to be a semimetric space.

Definition 2.2. Let (X, d) be a semimetric space.
1. A sequence {z,} is said to be Cauchy if nh_}n;o sup{d(zm,zn) : m >n} = 0;
2. A sequence {z,} is said to converge to a point x € X if nh_{rgo d(x,x,) = 0;
3. X is said to be complete if every Cauchy sequence converges in X.

Lemma 2.4. Let (X, D) be a generalized F-metric space. Then the following holds:
(D4) For any € > 0, there exists 6 > 0 such that D(x,z) < § and D(z,y) < §
imply D(x,y) < e.

Proof. Let ¢ > 0. By (F2), for f(e) — «, there exists § > 0 such that 0 <t < ¢
implies f(t) < f(¢) — a. By (D3), D(z,2) < § and D(z,y) < § imply

f(D(z,y)) <f(D(z,2) + D(z,y)) + a < f(e),
From (F7), we get D(z,y) <e. O
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Lemma 2.5 ( [19]). Let (X,d) be a complete semimetric space. Assume (Dy) is
satisfied. Let T : X — X be a mapping. Assume that there exists a function
F:(0,00) = R and a real number 7 € (0,00) satisfying (F2) and

T+ F(d(T2,Ty)) < F(d(z,y)).
Then T has a unique fized point z. Moreover, {T"x} converges to z for all x € X.

Theorem 2.2. Let (X,d) be an F-complete generalized F-metric space. Let T :
X — X be a mapping. Assume that there exists a function F : (0,00) = R and a
real number T € (0,00) satisfying (F2) and

T+ F(d(Tz, Ty)) < F(d(z,y)).
Then T has a unique fized point z. Moreover, {T™x} converges to z for all x € X.

Proof. Firstly generalized F-metric spaces are semimetric spaces. Secondly from
Lemma 2.4 (Dy4) holds. By Lemma 2.5 we obtain the desired result. O

2.3. Fixed Point Results Using Geraghty Contractions

The Geraghty contraction was originated from Geraghty [7], and was advanced in
many aspects [11,21,22]. Now we apply it to generalized F-metric spaces.
Let I" be the family of functions  : [0, +00) — (—0o0, 0] such that:

limsup~y(t,) =0= lim ¢, = 0.
n—00

n—oo
For example v, (7) = —x, y2(z) = —23, 71,72 € .

Definition 2.3. Let (X, D) be a generalized F-metric space with (f,a) € F x
[0,400). Let T : X — X be a mapping. If for all z,y, 2z € X there exists a function
~ € I satisfying

D(Tz,Ty) > 0= f(D(Tz,Ty)) <v(D(z,y)) + f(D(z,y)) —a,  (24)
then the mapping T is called an F-Geraghty contraction.

Theorem 2.3. Let (X, D) be an F-complete generalized F-metric space with (f, ) €
F x [0,+00). The mapping T : X — X is an F-Geraghty contraction and f is in-
creasing and continuous. Then T has a unique fixed point p, and for all x € X, the
sequence {T™x} converges to p.

Proof. Let g € X be an arbitrary element. Let {x,} be the sequence defined
by x, = Tz, n € {0,1,2,---}. If there exists some N € {0,1,2,---} such
that TVNxzo = TN*1zy then T has a fixed point. Next we assume for every n €
{0,1,2,...}, T"wg # T2y, From (2.4) we get

FD(@nt1,Tni2)) <Y(D(Tn, Tny1)) + F(D(Tn, Tntr)) — a
Sf(D@manrl))-

From the increasing property of f, we have D(z,,zp+1) < D(2p—1,2,). There
exists a r > 0 such that lim D(x,,xny1) = r. If r > 0 from (2.5) and the continuity
n—oo

(2.5)

of f we get
f(r) < limsupy(D(2n, Tny1)) + f(r) —

n—roo
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From 0 < a < limsupy(D(zp, Znt1)) < 0, we get lim D(x,, 2p41) = 0, which is a
n— oo n— o0
contradiction. So r = 0.

Next, we prove that the sequence {x,} is an F-Cauthy sequence. Suppose the
contrary, i.e., there exists € > 0 for which we can find two subsequences {z,, } and
{Z,, } such that m; is the smallest index for which

i <mn; <m; and D(zp,, Tm,) > €.

This means that
D(zpn,, Tm,—1) < €.

On the one hand, from the increasing property of f we get
f(e) < f(D(xnz"/'Emz)) < f(D(xnivxni+1) + D(xni+17xmi)) +a,

then

FHfe) —a) < limsup D(zy, 41, T, )-

From the increasing property of f, we get

f(E) -« Sf(hmsupD(zm-‘rla xm7))
:limsup f(D(xn1+1axmz)) (26)

On the other hand,

f(D(xni+17xmi)) (D(xni7xmi*1)) + f(D(xnmxmifl)) -

(D(zn,;, Tm,—1)) + f(e) — a.

Combining (2.6) and (2.7) we get

<
=7 (2.7)
<y

0 < limsupy(D(Tn,;, Tm;—1))s

—00

which implies lim sup y(D(zp,, Tm,~1)) = 0, i.e. lim D(z,,,Zm,;—1) = 0. From
i—00 i—00

f(D(xnzvxml)) < f(D(:Eninmi*l) + D(xmi*hxmi)) +a,

we get lim D(zp,,Tm,;) = 0, a contradiction. So {T"x} is an F-Cauthy sequence.
71— 00
From the F-complete of the generalized F-metric space, there exists an € X such
that lim D(z,,z) =0.
n— o0
From
f(D(Tan, Tx)) < y(D(2n, 2)) + f(D(2n, 7)) — o,

we get f(D(Txn,Tx)) = —o0, i.e. D(Tx,,Tx) — 0asn — oo. Tz is also a limit
of sequence {x,}. From the uniqueness of limit of sequence in generalized F-metric
space, we have Tx = x.

If T has another fixed point y € X, and D(x,y) > 0, then

f(D(Tz,Ty)) <~v(D(z,y)) + f(D(z,y)) — a,
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which implies @ < v(D(z,y)). If & > 0, a contradiction. If & = 0, from the
proposition of v we have D(z,y) = 0, x = y, a contradiction. O
Let B be the family of functions 3 : [0, +00) — [0,1) such that:

limsup B(t,) =1 = lim ¢, =0.
n—oo

n—oo
- >0 éa T > 07
For example, 61 (z) = {0 T el = { et B, Ba(a) € B,
, =0. , xz = 0.

Corollary 2.6 ( [7]). If (X, D) is a complete metric space and a mapping T : X —
X satisfies
D(Ta,Ty) < B(D(w,y))D(w,y), for all v,y € X, (28)

where B € B, then T has a unique fized point p and for any r € X, the sequence
{T™zx} converges to p.

Proof. Because the metric space is a generalized F-metric space with f(z) =Inz
and a = 0. From (2.8) we get

DTz, Ty) > 0= In(D(Tx,Ty)) < In(B(D(x,y))) + In(D(x,y)).

Form li_>m In(B(z,)) = 0= lim Bz, =1= li_>m x, = 0, we obtain y(z) =
n oo n—00 n o0
InB(xz) € T'. So it can be concluded that

D(Tz,Ty) > 0= f(D(Tx,Ty)) <v(D(x,y)) + f(D(z,y)) - 0.

All the conditions of Theorem 2.3 are satisfied. O

Corollary 2.7 ( [5]). If (X, D) is a complete b-metric space with coefficient s > 1
and a mapping T : X — X satisfies

D(Tz,Ty) < MD(Q?,QJ), forall z,y € X, (2.9)

where B € B, then T has a unique fized point p and for any x € X, the sequence
{T"z} converges to p.

Proof. Because b-metric space is a generalized F-metric space with f(z) = Inz
and a = Ins. From (2.9) we get

D(Tz,Ty) > 0= In(D(Tz,Ty)) <In(8(D(z,y))) + In(D(z,y)) — In(s).

li_>m In(B(z,)) = 0= 1i_>m Blxy) =1= li_>m 2, = 0. So y(z) = Inp(z) € T.
All the conditions of Theorem 2.3 are satisfied. O

Example 2.1. Let X = [0,1] and D : X x X — [0,00] be defined by D(x,y) =
(x —1y)?, for all z,y € [0,1]. Tt is easy to check that (X, D) is a b-metric space with
parameter s = 2. So (X, D) is also a generalized F-metric space with f(z) = Inz
and a =1n2. Set Tz = % for all z € X, B(t) = 7= and y(t) = In(3(t)) = — In 16,
for all t > 0. We get

1 1 L
D(Tx,Ty) = @(w +y)(x—y)? < 3*2@ —y)? = 12*617(9%)7
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then .
In(D(Tz,Ty)) <1In T +In(D(z,y)) —In2.

It is easy to know the conditions of Theorem 2.3 are satisfied. Hence T has a fixed
point 0.

2.4. Fixed point results related to JS-contractions

The JS-contraction was originated from Jleli et al. [9], and was advanced [16]. Now
we use the same principle in generalized F-metric spaces.
Let © be the family of functions 6 : R — (1, 00) satisfying:

e increasing;

e lim 0(t,) =1« lim ¢, = —oc0.
n—00 n—oo

For example, 8(t) = 1 +¢f € ©.

Theorem 2.4. Let (X, D) be an F-complete generalized F-metric space with f € F,
a>0andletT: X — X be a given mapping. Suppose that f is increasing and
there exist 0 € © and k € (0,1) such that

0(f(D(Tz,Ty))) < 0(f(D(z.y)) — )]*, for allz,y € X. (2.10)

Then T has a unique fized point.

Proof. Let zyp € X be an arbitrary element. Let {z,} be a sequence defined
by z, = T"zg, n =€ {0,1,2,...}. If there exists some N € {0,1,2,...} such
that TNzo = TN*1zg, then T has a fixed point. Next we assume for every n €
{0,1,2,...}, T"xg # T ay.

Step 1. We will show that lim D(z,,z,+1) = 0. By (2.10) we get

n—roo

0(f(D(zn,Tn11)))

IN

O(f(D(wnr,x)) — )F
H(f(D(CUn—la mn)))k
0(f(D(wo,71))*"

With lim k" = 1, we have lim 0(f(D(xn,zp+1))) = 1, lim f(D(zp,Znt1)) =

INIA

n—oo n—oo n— oo
—00, i.e. lim D(zy,zny1) =0.
n— oo

Step 2. Next, we prove that the sequence {x,} is an F-Cauthy sequence. Sup-
pose the contrary, i.e., there exists € > 0 for which we can find two subsequences
{zn,} and {2, } such that m; is the smallest index for which

i <mn; <m; and D(zp,, Tm,) > €.

These mean that
D(xpn;s Tm,—1) < €.

On the one hand, from the increasing property of f we get

fle) < f(D(@n,, Tm,)) < F(D(@n;, Tnyt1) + D(@n;41,Tm,)) + .
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So we get
fﬁl(f(e) - Oé) S hmsupD(xni—ﬂ—laxmi)?
1—00
then
f(E) - Sf(limSUpD(l‘nle, xmL))
T (2.11)
=limsup f(D(zn,+1, Tm,))-
i—00

On the other hand,

O(f(D(wn,+1,7m,))) <O(f(D(n;, Tm,—1)) — O‘)k

<6(F(6) - a)". (212

Combining (2.11) and (2.12) we get

0(f(e) —a) < O(f(e) — ).

It is in contradiction with & € (0,1). So the sequence {T"xz} is an F-Cauthy
sequence. From the completeness of generalized F-metric space, there exists a
point, assuming p € X is the limit of {z,}. From

0(f(D(Ty, Tp))) < 0(f(D(wn,p)) — ), (2.13)

we get Tp is also a limit of {z,}. From the uniqueness of the limit in generalized
F-metric space, we get T'p = p. O

Example 2.2. Let X = [0,4], D(z,y) = (z — y)?. The (X, D) is a b-metric with
coefficient s = 2. Let Tz = There exist f(t) = Int, 0(t) = 1+ ¢!, a = In2,
k= % such that

2$2 '
0(f(D(Tz,Ty))) < 0(f(D(x,y)) — )",

1 1 D
Dlay) <161+ 2D(ry) + 4Dy <14 200

1 D
=(1+ gD(@,y)* <1+ #

=14+ eln(D(Tr,Ty)) S (1 +eln(D(z,y))—ln2)%.

Thus, the conditions of Theorem 2.4 are satisfied, T" has a fixed point 0.

3. Application

In this section, we apply our results to solve the first order periodic boundary value
problem:

{xf(t) = f(t,z(t)), telo,T], (3.1)

z(0) = z(T).
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where f :[0,7] x R — R is a continuous function on [0,7]. Problem (3.1) can be
rewritten as

2(0) = 2(T).

It is equivalent to the integral equation

{x’(t) +Az(t) = f(t,2(t) + Az (t),

T
z(t) = / G(t,s)(f(s,z(s)) + Ax(s))ds,
0
where G is the Green’s function given as
AT Hs—1)
G(t7 S) = Ae(ti,;l ’
i/\Ti_la =~

It is easy to see that

T 1
/0 G(t, s)ds = %

Let C'(I) denote the set of continuous functions on I := [0, T]. We define an operator
T:C(I)— C(I) as

T
Tx(t) = / G(t,s)(f(s,2(s)) + Ax(s))ds. (3.2)
0
Theorem 3.1. If there exists A > 0 such that, for every x,y € C(I) and s € I,

|z(s) = y(s)?
L+ |a(s) —y(s)*’

£ (s,2(s)) + Ax(s) — f(s,y(s)) — Ay(s)| < A\/ (3-3)

then Problem (3.1) has a unique solution in C(I).

Proof. Let D(x,y) = rr[lg>jg]{|x(t) —y(t)]?}. Then (C(I),D) is an F-complete
telo,

generalized F-metric space.

D(Tw,Ty) = max {|Tx(t) — Ty(t)*}

T 2
< max (/ G(t,s>f(s,x<s>>+xx<s>—f<s,y<s>>—xy<s>|ds>
0
T EOETOEAPAY
5% </ G(t’s”\/ T+ la(s) - y<s>|2d‘9>

T 2 2
[a(s) — y(s)P
Hf%{(/ G“””“) ‘séf%&’%]{A\/ 1+|x<s>—y<s>|2} }

1 j2(s) — y(s)[?
)2,
reloot] {AQ «efo.1) { 1+ [2(s) — y(s)P?

max_|z(s) — y(s)|*

IN

IN

IN

s€[0,T7] D(z,y)
1+ max |2(s) —y(s)|? T 1+ D(x,y)
s€[0,T]

The conditions of Theorem 2.1 are satisfied with ¢(t) %H T has a fixed point in

C(I), i.e. Question (3.1) has a unique solution in C(I). O
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Conclusion

We introduce a generalized F-metric space and prove the existence of fixed point
theorems via comparison function, F-contraction, Geraghty contraction and JS-
contraction in generalized F-metric space. Our results improve and generalize some
results in metric space and b-metric space. Generalized F-metric spaces may be
further considered.
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