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1. Introduction

Let C' be a nonempty closed convex subset of a real Hilbert H with inner product
(+,+), induced norm | - || and A : H — H be an operator. The classical Variational
Inequality Problem (shortly, VIP) is to find = € C such that

(Az,y—x) >0V yeC. (1.1)

The notion of VIP was introduced by Stampacchia [36] and Fichera [13, 14] for
modeling problems arising from mechanics and for solving Signorini problem. It is
well-known that many problems in economics, mathematical sciences, mathemat-
ical physics can be formulated as VIP (see for instance, [17,21,22] and references
therein). The set of solution of VIP (1.1) is denoted by .

Due to the fruitful applications of VIPs, many researchers have developed different
iterative algorithm to approximate the solution of (1.1). For example, the author
in [19] introduced the following iterative process:

Tnt1 = Po(I — M\yA)z,. (1.2)

It has been established that if A is strongly monotone and Lipschitz continuous,
then the iterative scheme (1.2) converges strongly under some suitable conditions.
In addition, if A is inverse strongly monotone, the iterative scheme (1.2) converges
weakly under some suitable conditions. When the condition on A is relaxed (say,
e.g., to monotone), the method (1.2) fails to converge (even weakly) to a solution
of the VIP. An attempt to overcome this setback was made by Korpelevich [23].
He introduced the following extragradient type algorithm and established a weak
convergence of their iterative method when A is monotone and Lipschitz continuous
in the finite-dimensional Euclidean space as follows:

xr1 € C,
Yn = Po(zy — AAzy,), (1.3)
Tp+1 = Po(z, — MNy,) V neN.

Under some suitable conditions, he established that the sequence {x,} generated
iteratively by (1.3) converges to an element in the solution set 2. Since then, many
authors have studied the VIP in Hilbert spaces using different approach, (see [1,
16, 20, 34] and the references therein). However, in all of these approaches, the
convergence of their methods were obtained under the monotonicity and Lipschitz
continuity assumptions of the underlying operator A. It is sometimes challenging or
even impossible to calculate the Lipschitz constant of the given monotone operator,
thus, making their methods very difficult in applications. Finding an iterative
algorithm which uses a single projection operator with limited number of evaluation
of the cost function for solving the VIP has become a fruitful effort in the last decade.
It is worth noting that several researchers have attempt to generalized the concept
of VIP in the literature. In the light of this fact, Verma [44] introduced a System of
Nonlinear Variational Inequalities Problems (SNVIP) and in 2008, Ceng et. al. [7]
generalized the concept of SNVIP introduced by Verma by introducing a new system
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of variational inequalities problem (SNVIP) as follows: Find (z,y) € C x C such
that
{<nA2(y)+x—y,z—:c>>o vzeC, 1.9

(YAL(z)+y—z,2—y) >0 Vzel,

where Ay, As : C — H are two mappings and 7,7y are two constants. It is easy to
see that if A; = Ay, then (1.4) becomes, find (x,y) € C' x C such that
mA(y)+z—y,z—x) >0 VzeC, L5)
(YA1(z) +y—z,2—y) >0 Vz€eC, :

which is the SNVIP introduced by Verma in [44]. More so, if x = y, then (1.4)
reduces to (1.1). In the light of generalizing the notion of SNVIP introduced by
Verma [44] and Ceng et al. [7], in 2017, Sahu et. al. [31] introduced a new system of
variational inequalities problem involving two nonempty closed and convex subsets
C and D of a real Hilbert space H as follows: Find (z,y) € C x D such that

1.6
(YA () +y—m2—y) >0 V2zeC, (1.6)

{(nAg(y)+x—y7z—x> >0 VzeD,
where A; : C — H, Ay : D — H are 01,0 inversely strongly monotone operators,
respectively and n,7 > 0 are constants. In [32], Sahu introduced the notion of
alternating point technique and established that the SNVIP (1.6) is equivalent to
the following alternating points formulation. Find (x,y) € C x D such that

=Pp(I —MA
Y D 141)x, (1.7)
Tr = Pc(l — /\2A2)y.

The SNVIP is denoted by SNVI({A41,C},{Az, D}) and the set of solution of (1.6)
is denoted by I

The concept of Split Feasibility Problem (SFP) was introduced by Censor and
Elfving [10] in the framework of finite-dimensional Hilbert spaces. The SFP is
finding

x € C such that Bz € D, (1.8)

where C' and D are nonempty, closed and convex subsets of real Hilbert spaces H;
and Hs respectively, and B : H; — H, is a bounded linear operator. The SFP
finds real life applications in image recovery, signal processing, control theory, data
compression, computer tomography and so on (see [6,8], and references therein).
Therefore, it constitutes for a lot of work being done by researchers in various
abstract spaces (see [38,45]). In 2009, Censor and Segal [9] further extend the
notion of SFP by introducing the concept of Split Common Fixed Point Problem
(SCFP), which is finding

x € F(T) such that Bz € F(S), (1.9)

where F(T), F(S) denote the set of fixed points of T and S respectively, T : C' —
C, S : D — D are two nonlinear operators and B : H; — Hs is a bounded
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linear operator. Motivated by the results of Takahashi et al. [39], Censor et al. [11]
and Tian and Jiang [41] introduced and studied the following Generalized Split
Feasibility Problem (GSFP) over the solution set of VIP, which is to find

x € C such that (A(x), y—z)>0 Vye C and Bx € F(9), (1.10)

where C' is a nonempty, closed and convex subset of Hy, B : H; — Hy is a bounded
linear operator, A : C' — H; is a single-valued operator and S : Hy — Hs is
a nonexpansive mapping. Tian and Jiang [40] proposed the following iterative
algorithm for finding solutions of the GSFP (1.10): Let 2y € C, define the sequence

{zn}, {yn} and {t,} by

yn = Po(xn — 7o B*(I — S)Bay,),
Tpt+1 = PC(yn - AnA(tn))a
1

for each n € N, where {r,,} C [a,b] for some a,b € (0, ||B||2> and {\,} C [e,d]

1
for some ¢,d € (O7 L) ,S : Hy — Hs is a nonexpansive mapping, A : C — H;

is a monotone and L-Lipschitz continuous. They proved that the sequence {x,}
generated by Algorithm (1.11) converges weakly to the solution of the following
problem: Find x € C such that

(Az,y —x) >0 Vy e Cand such that Bz € F(5).

Since strong convergence is more desirable than weak convergence. Tian and Jiang
in [41] extends Algorithm (1.11) and obtained a strong convergent result. They
defined the iterative algorithm as follows: Let 21 € C, define the sequence {x,},

{yn}’ {wn} and {tn} by
Yn = Po(x, — 7, B*(I — S)Bz,,),
t, = PC(yn - AnA(yn))v

Wp = PC(yn - AnA(tn))y
Tnt1 = aph(x,) + (1 — an)wy,

(1.12)

where h : H — H is a contraction, {a,} C (0,1) and S, B, A are the same as defined
in Algorithm (1.11).

Remark 1.1. In Algorithm (1.11) and Algorithm (1.12) the underlying operator
A is not inversely strongly monotone but monotone and L-Lipschitz continuous.
However, researchers tends to reduce the number of metric projection in an iterative
algorithm due to its negative effect on the convergence rate of the iterative scheme.
Thus, we are back to the question of whether there is an iterative method designed
to solve the VIP (1.1) or GSFP (1.10), where the underlying operator is monotone
and with a minimum number of metric projections.

On the other hand, the inertial extrapolation method has proven to be an ef-
fective way for accelerating the rate of convergence of iterative algorithms. The
technique was introduced in 1964 and is based on a discrete version of a second
order dissipative dynamical system [26,29]. The inertial type algorithms use its two
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previous iterates to obtain its next iterate [2,24]. For details on the inertia extrap-
olation, see [1,3-5] and the references therein. In 2018, Dong et al. [12] proposed
an inertial type iterative algorithm for approximating the solution of (1.1). The
method is of the form:

To,x1 € H,
Wy = Tp + en(xn - xnfl)a
Yn = Po(w, — NMw,), (1.13)

d(Wn,Yn) = Wn — Yn — MAw, — Auy,),

Tny1 = W — Cnnd(wna yn)v

where ¢ € (0,2),A € (0, 1) and
S(Wn,Yn) 3
oy = 4 Ay if d(wn, yn) # 0, (1.14)
0, if d(me yn) =0,

where ¢(wy,, yn) = (Wy, — Yn, d(wy, yn)). They established that the sequence {x,,}
converges weakly to an element of Q.

In 2020, Sahu et al. [33] introduced an inertial type iterative algorithm for ap-
proximating the solution of a class of variational inequality problems for monotone
operators and system of nonlinear variational inequalities problems for two inverse
strongly monotone operators. The propose algorithm is of the form:

o, L1 € C,

Up = Tp + Op(Ty, — Tp—1),

vp = Po(I — ugA2)Pp(I — py Ay)uy,

zn = Po(v, — Avy),

Yn = (L = Ap)vn + Anzn,

where A, =[™» and m,, is the smallest nonnegative integer m such that
(Av, — A1 = 1™)vy + 1M 2), 00 — 20) < pillvn — 20 |2,

Tnt1 = (L = B)tn + BuPo(vy — Yndn) ¥V n €N,

(1.15)

where p1 € (0,21) and pg € (0,2n2), dp = vn — 2 + 3= A(yn) and v, = p(1 —
) H”fﬁ;ﬁ;‘“ if d,, # 0 and 7, = 0 if d,, = 0. They established that the sequence {z,}
converges weakly to an element of the solution set of (1.1) and (1.6).

Remark 1.2. In Algorithm (1.13), the underlying operator A is monotone and
L-Lipschitz continuous, since strong convergence is more desirable than weak con-
vergence. It is therefore natural to ask if Algorithm (1.13) can be further modified
to get a strong convergence and with weaker operator.

Remark 1.3. In Algorithm (1.15), the underlying operator A for VIP is not in-
versely strongly monotone nor monotone and L-Lipschitz continuous. Thus, this
algorithm provides an affirmative answer to the question of developing an itera-
tive algorithm that can approximate a VIP in which the underlying operator is
monotone. However, the number of metric projection in the iterative algorithm will
slow down the rate of convergence. Thus, we are back to the question of whether
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there is an iterative method designed to solve the VIP (1.1) in which the underlying
operator is monotone and SNVIP (1.6), with minimum metric projection.

Remark 1.4. Having highlight the setbacks in the above algorithms, one of the
purpose of this paper is to address the setbacks in the above algorithms by intro-
ducing an iterative algorithm together with an inertial extrapolation method based
on altering point technique. The following are our contributions in the paper.

1. Observe that Algorithm 3 can be viewed as a single projection method for
solving the classical VIP (1.1) and a fixed point problem of composition of
two mappings in one space Hj in which the underlying operator A is just
monotone. In addition, a double projection alternating points formulation
method under a bounded linear operator B for solving SNVIP (1.6) in an-
other space Hs with no extra projection. A notable advantage of this method
(Algorithm 3) for solving VIP is that the strongly inversely monotonicity and
Lipschitz continuity of the operator A usually used in other papers to guar-
antee convergence, is removed and no extra projection required under this
setting (see for example, [27,33] and the references therein).

I(Gp—1)Bvn|?

2. The choice of StepSiZe Op — €, m

— 6) used in Algorithm 3

does not require the knowledge of the operator norms || B||. It is known that
Algorithms with parameters depending on operator norm are not easy in
practice to execute (see, [40,41] and the references therein).

o0
3. In addition, in establishing our results, the condition Y 6, |z, —z,_1]]* <

as used by authors who use inertial type algorithm (seg [25] and the references
therein) to solve some optimization problems is not used in this work.

The rest of this paper is organized as follows: In Section 2, we recall some useful
definitions and results needed to establish the main result in this paper. In Section 3,
we present our proposed method and highlight some of its advantages over existing
methods in this area of study. In Section 4, we establish strong convergence result
of our method. In Section 5, we present some examples and numerical experiments
of the proposed method in comparison with Algorithm 1.13 and Algorithm 1.15 to
show the efficiency and applicability of our method in the framework of infinite and
finite dimensional Hilbert spaces. In Section 6, we make some concluding remarks.
The result in this paper generalizes, unifies and extends other corresponding results
in the literature.

2. Preliminaries

In this section, we begin by recalling some known and useful results which are
needed in the sequel.

Let H be a real Hilbert space. The set of fixed point of T will be denoted by
F(T), that is F(T) = {z € H : Tz = x}. We denote strong and weak convergence
by “—=” and “—", respectively. For any x,y € H and « € [0,1], it is well-known
that

(z,y) = %(lell2+ lyl1* = llz = y[1*)- (2.1)
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lz+yll* < llzl* + 2{y, @ + ).
laz + (1 = a)yl® = allz[|* + (1 = a)|lylI* - a(l — a)]lz - y]*. (2.3)

Let H be a real Hilbert space and C' a nonempty, closed and convex subset of H.
For any u € H, there exists a unique point Pou € C' such that

lu—Poll < llu—yl vyeC.

Pc is called the metric projection of H onto C. It is well-known that P is a
nonexpansive mapping and that Po satisfies

<£L’ - y,ch - PCy> > ||ch - PCy||27
for all x,y € H. Furthermore, Pcx is characterized by the properties Pox € C,
(x — Pox,Pox —y) >0

for all y € C' and
lz = ylI* > ||z — Pez|® + |ly — Pozlf?

forall z € H and y € C.

Lemma 2.1 ( [33]). Let C be a nonempty closed convex subset in Hilbert space H.
The vector u is the projection of the vector x onto C if and only if

(u—z,y—y) VyecdC. (2.4)
Definition 2.1. Let T': H — H be an operator. Then the operator T is called
(a) L-Lipschitz continuous if
|7 — Ty| < Lijz — ]l

where L > 0 and x,y € H. If L = 1, Then T is called nonexpansive. Also, if
y € F(T) and L =1, Then T is called quasi-nonexpansive.

(b) monotone if
(Te —Ty,x —y) >0, Vo,yec H.

(¢) firmly nonexpansive if

| Tz —Ty||? < (Tx —Ty,z—y), Ya,ycH,

or equivalently
1Tz = Ty|* < llo —y* = |(I = D)z — (I = Tyl*, Va.yeH,

(d) k-inverse strongly monotone (k-ism) if there exists k£ > 0, such that

(Tz —Ty,z —y) > k||Tx — Ty|*, Vz,yeH.
(e) a-strongly quasi-nonexpansive mapping with a > 0 if

Tz — 2||> < ||z — 2||* — aljz — Tz|]?, ¥ 2z € F(T),z € H. (2.5)
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It is well-known that for any nonexpansive mapping 7T, the set of fixed point is
closed and convex. Also, T satisfies the following inequality

((x — Tx) — (y— Ty), Ty — Ta) < 1|

<3 (Tz —z) — (Ty —y)||*, Va,y € H (2.6)

Thus, for all x € H and z* € F(T), we have that
1
(x = Tx,x* —Tx) < §||Tx—x||2, Va,yeH. (2.7)

Lemma 2.2 ( [33]). Let Dy and Dy be nonempty closed and convex subset of H.
Ay : D1 — H and As : Dy — H be nonlinear operator. Let v and vo be positive
constants and Gp : D1 — D1 be an operator defined by

Gpr = PD1 (I — I/QAQ)PD2 (I — 1/1141):177 Ve Ds. (28)
Let (z,y) € D1 x Dy. Then

(z,y) is a solution of SNVIP (1.6) < (z,y) € Alt(Pp,(I —vaA3)Pp,(I —1141))

& Gpr =uw. (2.9)
Lemma 2.3 ( [33]). Let Dy and Dy be nonempty closed and convex subset of H.
Ay : Dy — Hs and As : Dy — Hy are o1 and g2 inversely strongly monotone

operator with v1 € (0,201) and v2 € (0,202), then, the operator Gp defined by (2.8)
1S a nonexpansive operator.

Lemma 2.4 ( [18]). Let C be a closed and convex subset of a Hilbert space H and
T : C — C be nonexpansive mapping with F(T) # 0. If {x,} is a sequence in C
weakly converging to p and if {(I —T)xz,} converges strongly to q, then (I —=T)p = p.
In particular, if ¢ = 0, then p € F(T).

Lemma 2.5 ( [37]). Let C' be a nonempty, closed and conver subset of H. Let
A:C — H be a continuous, monotone mapping and w € C. Then

weQ if and only if (Azx,z—w) >0, VzeC. (2.10)

Lemma 2.6 ( [28]). Let H be a real Hilbert space. Then for all x,y,z € H and
a,B,v € [0,1] with o+ 4y =1, we have

llow+ By +7211* = all][* + BlIyl* +112]1* — aBllz —yl|* — aryllz — 2* = Brlly — 2>

Lemma 2.7 ( [30]). Let {a,} be a sequence of positive real numbers, {a,} be a
sequence of real number in (0,1) such that Y.~ a, = co and {d,} be a sequence
of real numbers. Suppose that

apt1 < (1 - an)avL + andn7n > 1.
If limsupy,_, o dn, <0 for all subsequences {an,} of {an} satisfying the condition
liminf{an,,+1 — an,} >0,
k—o0

then, lim a, = 0.
n—oo



2770 A. Mebawondu, L. Jolaoso, H. Abass, O. Oyewole & K. Aremu

3. Proposed Algorithm

In this section, we present our proposed method. We begin with the following as-
sumptions under which our strong convergence is obtained.

Assumption A. Suppose the following hold:

1. The set C is nonempty closed and convex subset of H; and the sets Dy, Ds
are nonempty closed and convex subsets of Ho.

2. A: Hy — H; is a monotone operator.

3. A1 : Dy — Hs and Ay : Dy — Hs are o1 and po inversely strongly monotone
operators with v € (0,201) and v» € (0,202) and Gp : Dy — D; is an
operator defined by

Gpr = PDl(I_ V2A2)PD2(I — V]_Al).’l? Y x € D.

4. Ty : Hy — H; is an a-strongly quasi-nonexpansive mapping and 715 : H; — Hy
is a firmly nonexpansive mapping.

5. B : Hy — Hj is a bounded linear operator and the solution set Sol = {z* €
QN F(T; oTy) : Bx* € I'} is nonempty, where 2 is the solution set for VIP
(1.1) and I' is the solution set for SNVIP (1.6).

We present the following algorithm.
Algorithm 3
Initialization: Given A\g > 0 and 7, Bn, an, 1 € (0,1), for all n € N, such that

e < Bn < ay, with n, + 8, + a, = 1. Let xg,x1,u € Hy be arbitrary.

Tterative step:
Step 1: Given the iterates z,—1 and z, for all n € N, choose 6,, such that 0 <
0, < 0,, where

én - {mln{07 m}7 lf Ln # xnflv (31)

0, otherwise,

where 6 > 0 and {e, } is a positive sequence such that €, = o(ay).
Step 2. Set
Wy, = Ty + Op(Ty, — Tp—1).

Then, compute
tun = Po(w, — \pAwy,) and v, = wy, — Thbp, (3.2)

where by, := w,, — u, — A (Aw, — Auy,),

(Wp,—Up ,brn) .
Ty = ez fon 7é_0 (3.3)
0, otherwise.
and
: A , P‘”wn*un” , fA A ,
Ang1 = mln{ " TAw, —Auy, || 1 AWn 7& tn (3.4)
ns otherwise.
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Step 3. Compute
Yn = Up, + 0, B*(Gp — I)Buy,

—_I)B 2 . . .
where o, := | ¢, % —6), if Gp Bv,, # Bv,, otherwise, o,, = € (¢ being

a small non-negative real number).
Step 4. Compute

Tpt1 = Qpt + Ppx, + nn(Tl © TZ)yn~ (3‘5)

Stopping criterion: If w, = u, = v, = y, = x,, then stop, otherwise, set
n:=n+ 1 and go back to Step 1.

Remark 3.1. Note that in Algorithm 3, it is easy to compute step 1 since the
value of ||z, — x,—1]| is a prior knowledge before choosing 6,,. More so, it is easy
to see that the sequence {\,} generated by (3.4) is non-increasing and bounded
below by min {)\0, %} . Hence, the limit lim,, ., A, exists which we denote by A,
ie., lim, ,oo Ay = A > 0. In addition, if u, = w, or b, = 0 in Algorithm 3, then,
u, € Q. Indeed, using the expression of b, and (3.4), we have that

[bnll = l[wn — un — A (Awy, — Auy)|
= [lwy, — wp + An(Aun, — Aw,,) ||
< wy = || + An || Awy, — Auy,|

Anft

n

Also, we have that

bl = llwn — un — A (Awy — Auy) ||
2 [lwn = unll = Anl|Awn — Aun||

Anpt
= (1= 37 )lhwn = unll (3.7)
n+1
Using (3.6) and (3.7), we obtain
(1= = llwn = un| < [Jbu]l < (1 + =) [wn —un|| ¥ neN. (3.8)
)\n+1 )\nJrl

Note that lim,, (1 — )j\”—fl) =1—p > 0. Thus, there exists an integer N € N such
that for n > N,

(1= plfwn = un || < |{bnll < (1 + p)|lwn —un| ¥n = N.

Hence w,, = u, if and only if b, = 0. Thus, if w, = u, or b, = 0 for all n > N,
then w,, = u,, and so
Up = Po(un, — A\pAuy,)

that is u,, € Q.
Also, if y, = v, = w,, then, GpBw, = Bw, and consequently w, € I'. If
Yn = Unp = Wy, it is easy to see that

Wy, = wy, — oy, B*(Gp — IBw,, = 0,B*(Gp — I)Bw, =0= B*(Gp — I)Bw, = 0.
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That is
GpBw, = Bw, + 7, (3.9)

where 0 = B*Z. Suppose that p € T', using (3.9) and the nonexpansivity of Gp, we
have that
|Bwy, — Bp||* = ||Bw, — Bp||* + 2(w, — p, B*T)

= || Bw, - Bp|* + 2{Bw, — Bp,z)

= |Bw, +7 — Bp|* — ||7|?

= |GpBw, — GpBp|* - ||z||?

< || Bw, — Bp|* - |7]?, (3.10)
which implies that ||Z]|> = 0 and so, we have Z = 0. It follows from (3.9) that
G pBw, = Bw, and consequently w, € I.
Remark 3.2. Tt is easy to see from (3.1) that nl;rrgo %Hxn —Tp_1] =0.

Proof. Since, {¢,} is a positive sequence such that €, = o(a,,), which means that
lim £2 = 0. Clearly, we have that that 0, |z, — x,—1] < €, for all n € N, which

n—oo 41
together with lim f= =0, it follows that
n—oo 4n

6
lim —||z, — p_1] < lim —
n—00 Qi n—00 Qi

4. Convergence Analysis

In this section, we provide the convergence analysis of our Algorithm 3. We begin
by proving the following important lemmas.

Lemma 4.1. Let H be a real Hilbert space and C' be a nonempty closed and convex
subset of H. Let Ty : C' — C be a-strongly quasi-nonexpansive mapping and Ty :
C — C be firmly nonexpansive mapping. Then F(Ty o Ty) = F(T1) N F(T3).

Proof. We need to establish that F(Ty0T3) C F(Ty)NF(Tz) and F(Ty)NF(T3) C
F(Ty0T5). It is easy to see that F/(T1) N F(Tz) C F(T1 0T3). We now establish that
F(Ty0Ty) CF(T1)NF(Ty). Let y € F(Ty o T3) and « € F(T1) N F(T,), we have

ly — 2|* = |Ty(Toy) — Tha|?
< || Tay — 2| — a||Toy — Ty (Toy)|?
< || Toy — =||. (4.1)

Also, using (4.1), we have
1 Toy — ||* = (Toy — .y — @)
1 1 1
— T _ 2 = _ 2 _ - T _ 2
Ty 2l + Sy — 2 — 2 Ty ol

1 1 1
< Iy -l + STy — 2l = STy — g, (42)
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which implies that ||Toy —y||? = 0 = ||Tay — y|| = 0 = Thy = y. Using this fact, we
have that

Yy = (Tl o Tg)y = Tl(TQy) = le =y c F(Tl) n F(Tg) (43)

Hence, F(Ty 0o Ty) C F(T1) N F(T»), and so F(Ty o Tz) = F(T1) N F(Tz). O

Lemma 4.2. Let H be a real Hilbert space and C' be a nonempty closed and convex
subset of H. Let Ty : C — C' be a-strongly quasi-nonexpansive mapping and Ty :
C — C be firmly nonexpansive mapping. Then, T o Ty is a quasi-nonexrpansive
mapping.
Proof. Let z € C and y € F(Ty o T»), using Lemma 4.1, we have that y €
F(Ty) N F(T5), which implies that y = Ty and y = Tyy. Now, observe that
[(T1 0 To)x — y||* = [Ty (Tox) — Try|?

< | Toa = yl? - a|| oz — Ty (Toa) |2

< || Tz — Toy?

< e —yl* = itz - y) — (Tox — Toy)|?

=z —ylI* — [l — Tox|?

< Jlz —yl*.

O

Lemma 4.3. Let {z,} be a sequence generated by Algorithm 3. Then under the
Assumptions (3), we have that {x,} is bounded.

Proof. Let p € Sol and since lim Z—”Hxn — Zp—1]| = 0, there exists N7 > 0 such
n—oo 4n

that %Hl% — Zp—1]| < Ny. Then from Algorithm 3, we have

[|wn _pH2 = [|@n + O (@ — Tp—1) —p||2
= ||z, —p||2 + 200 (Tn — Py Tn — Tp—1) + 9721||l'n - xn—IHQ
<z — p”2 + 20, [|zn — plll|zn — zn-1]l + ei‘lxn - CCnfl||2
= [z *p”Z + Onllzn — zn—1l|[2lzn — pll + Onllzn — Tn-1l]

O
= |20 =Pl + Onllzn — Tna |20 — pll + an—=|zn = 2n—1]]

< @ = plI* + Onllzn — Tn—1ll 2]l @0 — pll + 0 N1]

< ”xn _p”2 + eanEn - xn—lnNQ, (4.4)

where Ny := 2|z, — p|| + an V1.

Since u,, = Po(w, — A\ Aw,) and p € , then by Lemma 2.1, we have
(U, — P, Uy, — Wy + A Awy,) < 0.

Using the monotonicity of A and the fact that p € Sol, we obtain

<Un - D bn> = <un — P, Wn — Up — >\7LAwn> + >\n<un - D, Aun>
Z )\n<un - D, Aun>
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= Aty — p, Au,, — Ap) + A (uy, — p, Ap) > 0.

Thus, we have

<wn - D bn> = <wn — Un, bn> + <un - D bn>
> (Wy, — Up, bp). (4.5)

Hence from (4.5) and the condition on 7, (3.3), we have

lvn = plI* = llwn — 7ubn — p?
= [lwn _pH2 + 7—7%”[)71”2 — 27 (wy, — P, by)
< llwn = plI® + 721001 = 27 (wn — un, bi)
< llwn = plI® + 72 116a 1 — 272 [bn |
= [lwn = pl* = lImba?

< [lwn —pll*. (4.6)
Furthermore, using Algorithm 3, (2.7) and condition on o,,, we have that

lyn = 2lI* = llvn + 0 B*(Gp — I)Bu, — pl|?
= [[vn = plI* + 07||B*(Gp — I) Bonl|* + 200w (v, — p, B*(Gp — I) Buy)
= |lva = pl|* + 0 ||B*(Gp — I)Bua|* + 20, (Bv, — Bp, (Gp — I) Buy)
— lvn — pI> + 2| B* (G — I)Bu, |
+ 20,(Bv, — GpBv, + GpBuv,, — Bp,(Gp — I) Bv,)
= ||lvn — pl|?+62||B*(Gp — I)Bv,||*+20,(GpBv, — Bp, G p Bv,, — Buv,)
— 20,|(Gp — 1) Buy |
< Jvn = plI? + 02| B* (Gp — I)Bua||? + 0,l|Gp Bva — Byl
—20,[(Gp — I) Buy|?
= |Jon = plI*> = oulllGpBvn — Bp||* — || B*(Gp — I) Bua||’]
< flon — pI1%. (4.7)

Lastly, using Algorithm 3, Lemma 4.2, we have

a1 = plI* = llanu + Buzy + na(Ti 0 To)ys — plf?
< anllu = pl* + Ballzn = plI* + 0| (T © To)yn — plI?
< anllu = pl* + Ballzn = plI* + allys — pl®
< anllu = pl* + Bullzn — plI* + nallvn — pl®
< anllu = pl* + Ballzn — plI* + mallwn — pl|?
< apllu - p||2 + (1 —an—n)zn _pH2
+ N (llzs _pH2 + Opllzy — xp—1[|N2)
< anllu = pl* + (1 = an)llzn = pl* + Onllzn — 2] N2
< max{|[z, = pl% [lu = pl*} + Onllzn — zp—1[ N2

< max{max{||z, —p||*, [lu—p|*} +On-1llwn—1—2n—2l| N2, [lu — p||*}
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+ oonn - xn—l||N2

en—l

= max{|lzn — p|*, u —p|*} + an1 ——llzn_1 — zn_2[|N

On,
+ana7||xn 7In—1||N2a (48)

n

Qp—1

using the fact that lim Z—“Hxn —,—1]| = 0, there exists N7 > 0 such that z—"Hajn —
n—oo n n
Zpn—1] < Ny, (4.8) becomes

ln1 = plI* < max{||z, — pl*, lu —p*} + N
< max{||zo — p[?, u = pl*} + Na,

where Ny = N3Ny + NoNyp, thus {z,} generated by Algorithm 3 is bounded. O
We now present our strong convergence result as follows.

Theorem 4.1. Let {x,} be the sequence generated by Algorithm 3. Suppose
the control parameters satisfy lim «, = 0, 220:1 an, = 00,0 < liminf, .o 8, <
n—oo

limsup,, o Bn < 1, and 0 < liminf, o 1, < limsup,,_, . 7n < 1, iminf,, o0 Ay, >
0. Then, {x,} converges strongly to p € Psyu.

Proof. Let p € I'. From (2.2), we have

241 = plI” = llanu + Bun + nu(T1 0 To)yn — p|?

= llen(u —p) + Bulzn — p) + 0 (T3 0 To)yn — p)|1?

< Bu(@n = p) + 0 ((T1 0 To)yn — P)|I* + 200 (u = p, 241 = p)

< Ballzn =2 +n2 (11 0 Ta)yn —plI* +2Bn1nllzn =l [ (T1 © T2)ys —pl|
+ 20, (U — P, Tyt — D)

< Ballzn = ol + 03 lyn — 0l + 2Bumnllzn — plllyn — ol
+ 20, (U — P, Tpt1 — D)

< Bullzn = plI* + 02 llyn = pII* + Bunallzn — pII* + llyn — pII°]
+ 200 (U — p,Tpy1 — P)

= BB ma)llwn =l 10 (ma+Ba) [yn — Pl +200 (u—p, 20t1 — p)

= Bu(l—an)llzn = pl*+m(1—an) [y —pl* +200 (u—p, 2p41-p)

< Bn(1 = an)lzn _p||2+nn(1_o‘n)|‘vn_p”2+2an<u — P Tpt1—D)

< Ba(l—an)lzy *p||2+77n(1*an)”wn - p||2+20zn<ufp, Tpi1—D)

< Bl = an)llzn = plI* + 10 (1 = an)lllen = pI* + Onllzn — zn1]| Ne]
+ 20, (U — P, Tpt1 — D)

< (1= an)?[len = pll* + an(l — an)fnl|lzn — zn1[|No]
+ 20 (U — p,Tpy1 — P)

< (1= ap)llzn = plI? + anlballzn = 201 N2 + 2(u = p, 201 — p)]

=1 —an)llzn _pH2 + an[On||zn — 2n—1|[N2 + 2(u = p, ny1 — p)]

= (1= an)llzn = pl* + @ndn, (4.9)

where 8, := Op||zn — Tp_1||N2 + 2(u — p,p41 — p). According to Lemma 2.7, to
conclude our proof, it is sufficient to establish that limsup,_, 65, < 0 for every
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subsequence {||zn, — p||} of {||zn — p||} satisfying the condition:
tim it {12, 1~ pll ~ . I} 0. (4.10)

To establish that limsup,_,. d,, < 0, we suppose that for every subsequence
{llzn, — p||} of {||zn, — p||} such that (4.10) holds. Then,

liminf{||zn,+1 — pl|* = ||Zn, — pII*}
k—o0

=lminf{(|zn,+1 = pl = 20, = PIDIZ0p+1 = pll + llzn, = pl)} 2 0. (4.11)
Now, using Algorithm 3 and Lemma 4.2, we have

|nt1 = plI?
= |l + Bun + 1 (T1 0 To)yn — pI?
= llan(u—=p) + Bulwn = p) + 02 (T2 0 To)yn — p)II?
< anllu = pl* + Ballzn — plI* + 0all(Ty 0 T2)yn — plI* = Bunall(T1 0 To)yn — 2l
< Ballzn = oI+ mallyn — pI? = Bana (11 0 Ta)yn — zal|® + anflu — pl|®
< Ballwn = plI* +nallvn = plI* = Banta (T 0 Ta)yn — @all* + anlu — pl|?
< Ballzn = pl* + nallwn = pI? = Banall(T1 0 To)yn — @nl® + anllu — p?
< Mn[llzn —p||2 + Ol — Tp—1[|Na2] + Bnl|2y —p||2 = Bl |(T1 0 T2)yn — $n||2
+ alu — p?
= (0 + Ba)llzn = pII® + nabnllzn — Tn—1]| N2 + anllu — p|®
= Bunn|[(Th 0 T2)yn — xn”Q
< [lzn *sz + anbn||2n — Tp-1]| N2 + anllu — p”2 = Butin||(T1 0 T2)yn — anQ

(4.12)
Thus from (4.11), we obtain
lim SUP[ﬂnkﬁnk H(Tl © TQ)ynk = Ty, ”2]
k—o0
< limsup[|[zn, —plI* = |zn,+1 — p|?
k—o00
+ ankank ”xnk - xnk—1”N2 + ||u - p||2]
< — liminf{[|z, =l = [zn1 = pl?] <0, (4.13)
which gives
lim ||(T1 o T2)yn, — Tn, || = 0. (4.14)
k—o0

Also, using Algorithm 3 and Lemma 4.2, we have

201 — pl?
= |lont + Bnn + 10 (Ty 0 T2)yn — pl|®
= [lan (u = p) + B (@n — p) + 0 ((T1 © Ta)yn — p)|1?
< apllu—p|* + Bullwn — plI* + 1l (Ty 0 T2)yn — plI®



Inertial iterative algorithms for common solution 2777

< anllu = pl* + Bullzn — plI* + mallys — pl®

< aplu —p||2 + BnllTn —p||2 + Nnl[vn —p||2 + 072L||B*(GD - I)B'UHHZ
—oull(Gp — I)Bu,|?

< agllu—pl® + Bullzn = plI* +nallwn — plI* = B (Gp — I)Bu,|*

< Mn[llzn —p||2 + Onllzn — 2p-1[|N2] + Bnll2n _pH2 + anlu —p||2
— é||B*(Gp — I)Buy,|?

< (M +Ba) |20 —=pI* +000nll2n — 201 | N2+ai [lu—pl|* —€*|| B*(Gp — I) Bun||?

< lm = BII? + @nbolln — 1[Nz + 02 [lu — p| — [ B*(Gp — I)Bug?

this implies from (4.11)

limsup[e*|| B*(Gp — I)Buy, |’] < lillglsup[l\wnk = l* = znr1 — ol
—00

k—o0
+ ankank ||‘T"k - xnk—1||N2 + ||u - p||2]
< —liminf[|lz,, —pl* = |#n,+1 = p[*] 0,
k—o0
(4.15)

which gives
lim ||B*(Gp — I)Buy,, || =0. (4.16)
k—oo

Also, using Algorithm 3 and Lemma 4.2, we have

||xn+1 —p||2

= llanu + Buwn + 10 (Th 0 To)yn — p|?

= [l (u = p) + Bn(®n — p) + 1 ((T1 0 T2)yn — p)|1?

< apllu = pl* + Ballzn = plI? + 9al|(T1 © To)yn — pl|®

< apllu = pl* + Bullen — I + mallyn — pl?

< apllu = pl* + Bullzn = | + mallon = pl|* + 02| B*(Gp — I)Buy||?
— oull(Gp — I)Buy|?

< apllu = pl* + Bullzn — plI* + nullwn = p||* + 02| B (Gp — I)Buy|?
—onll(Gp — I)anH2

<|lzn = plI? + anbnllzn — n1|[N2 + anllu — pl|* + 02| B*(Gp — 1) Buy|?
— 0,||(Gp — I)Buy,||? (4.17)

this implies from (4.11)

limsup[o, [|(Gp — I)Bv,, ||?]

k—o0

< limsup[||z,, —pl* = |1 — I
k—oc0

+ ankenk ||xnk - mnrl||N2 + Qn, ||’LL - p||2 + UZHB*(GD - I)ank HQ]
< —timinf{zn, I ~ 01—l <0 (118)
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which gives
lim ||(Gp — I)Bu,, || = 0. (4.19)
k—o0

Furthermore, using (4.16), we have that

lim [lyn, — v, || = lim [|B*(Gp — I)Bug, | =0. (4.20)

k—o0

Also, using Algorithm 3, (3.2) and Lemma 4.2, we have

21 = plI* = llanu + Bun + 0 (T1 0 To)yn — p|?
= llan(u = p) + Bulzn —p) + mu((Ty 0 To)yn — p)?
< anllu = pl* + Ballzn — plI* + 9all(Ty 0 To)ys — p|®
< anllu— sz + Bullzn — p||2 + MY -pl
< anllu = pl* + Bullzn — pl* + mallvn — pl®
< apllu — pH2 + Bullzn — p||2 + M [lwy, — p||2 - 77n||7'nan2
< lzn — p||2 + anbnllzn — zp-1l| N2 + apllu _pH2 — Nnl|wn — UnHQ'

(4.21)

This implies from (4.11)

limsup[nn,, [wn,, — v, 1] < limsup(f|zn, —pl* = 2,1 — pll?
k—o0 k—o0

+ ankenk ||xnk - xnk—1||N2 + Qi ||7_L - p||2]
< —liminf[an, —pll” = en,e1 —pl? <0, (4.22)
k—o0
which gives
lim ||wy, — vn, || =0. (4.23)
k—o0
Now, observe that

(Wny, = Uny s bpy) = (Wny — Unys Wny — Uny — Any (Awn, — Aug, )
= Hwnk — Uny, ”2 - <wnk - unk’)\nk (Aw"k - Aunk»

> Hwnk = Uny, ”2 - >\nk ||wnk = Uny, H”Awnk - Aunk ”

> Hwnk - unk”2 -

PAn
= (1 - 2 :1 )Hwnk = Uny, ”2 (424)
Nk

which implies that

1
(1= 5m)

Anp+1

”wnk - unk||2 < <wnk - unk7bnk>

= WnnkllbnkIIQ

Anp+1
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1
= Tnknnk”bm””wm = Un;, = Ay (Awp, — Aug, )|
(1 - >\"k+1
1
1_ nnkank”[Hwnk unk” +>‘nk||Aunk _Awnk”]
( "k+1)
(1 ”’)‘nk )
< wk+1 b
ST Mg [0 [[[[wWny, = |
(1 - o)
(1+ ‘”"k )
'n.k+1
1_ Hw’ﬂk — Uny || ||wnk — Uny, H (425)
(=52
Using (4.23), we have that
klingo l|wn, — tn,|| = 0. (4.26)

It is easy to see that, as k — oo, we have

||wnk - 'TnkH = ankank - fnrlH Bnk : nk ||xnk fnrlH — 0. (427)
n

In addition, we have that

ltn, — Zn, |l < Jtin, — wn, || + |wn, — Zn, || = 0 as k — oc. (4.28)
lon, — np || < ||on, — Wny || + [|Wn,, — Zn, || = 0 as k — oo. (4.29)
NYne = Zng || < |ny, — Togll + 00| B (Gp — Dug, || = 0 as k — cc. (4.30)
1(Th 0 T2)Yny, — Yni || < (T2 0 T2)Yny — Ty || + 1Ty — Yni || = 0 as k — oo. (4.31)

From the Algorithm 3 and (4.14), observe that

Hxnk+1 —(Tho TQ)yTLk | = lanutBprn+na(T1 o TZ)ynk —(Tyo TZ)ynk |
< Ay, Hu - (Tl © T2)ynk H + Bnk Hxnk - (Tl © T2)ynk H
+ 1 [(T1 0 T2)yny, — (T1 0 T2)yn, || = 0 as k—o0. (4.32)

Using (4.32) and (4.14), it is easy to see that

HirnkJrl - xnk” < ||xnk+1 - (Tl ° T2)ynkH + ”(Tl o T2)ynk - xnk” —0ask _(> OO)
4.33

Since {x,, } is bounded, there exists a subsequence {xnk } of {xy, } such that {xnk }
converges weakly to z* € Hy. By (4.14), (4.28), (4. 29) (4.30) and (4.31), we have
that the subsequences {wnkj} of {wn,}, {unkj} of {un,}, {vnkj} of {vn,}, and
{ynkj} of {yn,}, all converge weakly to z* respectively. Hence, with (4.14) and
by the demiclosedness of (771 o Tp) (Lemma 2.4) and Lemma 4.1, we have that
x* € F(T1 o Ty) = F(Th) N F(T). Furthermore, we show that z* € €. Since
Un, = Po(wn, — An, Awy,, ), then

(Wny — Ay AWp, — Up,, U — Uy, ) <0 Yu € C.
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Thus

<wnk = Ung, U — unk> < )\nk <Awnwu - u’ﬂk>

Any, (AWn, , Wiy — Uy ) + Any (AWn, , u — wy, ) Yu € C.
(4.34)

Fix u € C and let & — oo in the last inequality, since ||wp, — un, || — 0 and
liminfy_, o Ap, > 0, we have

0 < liminf(Awy,, ,u—wy,), Yue C. (4.35)

k—o0

Since A is monotone, then
(Au,u — wy,, ) > (Awp,,u —wy,) Yu e C.
Taking liminf of both sides, we get

liminf(Au, v — wy, ) > liminf(Aw,, ,u — w,,) >0, YueC.
k—o0 k—o0

More so, since wy, — z*, then it follows from (4.35) that

(Au,u — ) = lim (Au,u — wy, ) = liminf(Au,u — wy,, ) > 0.
k—oo k—o0

Therefore using Lemma 2.5, we get z* € Q.
Next, we show that Bx* € I'. Observe that
I(G - DB |?
= (GBz* — Bx*,GBx* — Bx™)
= (GBx* — Bz*,GBxz* — GBv,, + GBv,, — Bw,, + Bv,, — Bx")
= (GBx" — Bz*, Bu,, — Bx") + (GBx* — Bz*, GBv,, — Buy,,)
+ (GBz* — Bz*,GBp — GBuy,,) (4.36)
< (GBz* — Bz*, Bv,, — Bx") 4+ (GBx* — Bz",GBuv,, — Buy,).

Since B is a bounded linear operator, we have that lim ||Bv,, — Bz*|| = 0. Hence
n— oo

using (4.19), we have that ||(G — I)Bz*|| = 0, as such, we obtain that Bx* € I.

Since {x,, } is bounded, it follows that there exists a subsequence {xnkj} of {xn,}

that converges weakly to z* such that

limsup(u — p, z,, —p) = lim (u —p,x,, —p) = (u—p,z* —p). (4.37)
Jj—o0 J

k—o0

Hence, since p = Pru, we have obtain from (4.37) that

limsup(u — p, x,, —p) = (u—p,z* — p) <0, (4.38)

k—o0

which implies that

lim sup(u — p, p,+1 — p) < 0. (4.39)
k—o0
Using using our assumption and (4.38), we have that limsupy,_, ., 0p,, 1= ﬂng—" |z —
Zn-1||N2 + 2(u — p,zp+1 — p) < 0. Thus, the last part of Lemma 2.7 is achieved.
Hence, we have that lim ||, —p|| = 0. Thus, {z,} converges strongly to p € Ps,u.
n—oo
O
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Remark 4.1. We emphasize here, some of the advantages of our Algorithm 3.

1. Our method provide a solution to the setbacks noted in Algorithm 1.13 and

Algorithm 1.15. In addition, our method is more applicable and converges
faster than the methods of [31,33,40].

The implementation of previous algorithms in this direction require at least
a prior estimate of the norm of the bounded linear operator B which is very
difficult in practice. Moreover, the stepsize defined by this process is often
too small and detriorates the convergence of the method. In Algorithm 3, the
stepsize is determined self-adaptively and does not require the prior estimate
of the norm of the bounded linear operator.

Another notable advantage of Algorithm 3 for solving the VIP is that the the
conditions of strongly inversely monotonicity or Lipschitz continuity of the
operator A usually used in other papers to guarantee convergence is removed
and no extra projection required under this setting (see for example, [27,33]
and the references therein). Note that for Algorithm 3, we only assumed that
A is a monotone operator on Hi.

. The sequence generated by the proposed method converges strongly to a so-

lution set of the aforementioned problems in real Hilbert spaces. In addition,
the strong convergence analysis of our proposed method does not rely on the
usual "Two Cases Approach” widely used in many papers to guarantee strong
convergence (see for example, [15,42,43]).

5. Numerical Examples

In this section, we present some numerical experiments to illustrate the performance
of the algorithm.

Example 5.1. Let H; = Hy = R3 endowed with norm || - | : R* — R defined
1

3 3
by ||z| = (Z |xz|2) and inner product (-,-) : R? x R® — R defined by (z,y) =
i=1

3
S apy; for all o = (21,22, 73) € R3 and y = (y1,92,y3) € R3. Let C = [-10,10] x

i=1

[—10,10] x [10, 10), D1 = [~5,5] x [=5, 5] x [=5, 5] and Dy = [~10, 10] x [—10, 10] x
[—10,10]. Let A : R? — R? be defined by

Ar = (2x1, 219, 2x3) for z € R?

and let A; : D; — R3 and A, : Dy — R3 be defined by

and

x1—2 23:2—4 .133—2
Az = V. D
1T ( 3 ) 5 ) 4 ) T E 1
332—2 .1‘3—3
3 7 5

Aszx = <.’1?1 — 2, ) z € Do.

It is easy to see that A is monotone and A, A are l-inverse strongly monotone
with 11,5 € (0,2) respectively. More so, let B : R® — R3 be defined by Bx = 3x
for all z € R3. Then B is a bounded linear operator. Let T7,T» : R? — R3
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be defined by Tiz = %;5 and Tox = 3. It is easy to see that 77 is 1-strongly
quasi-nonexpansive mapping and 75 is firmly nonexpansive. Choose p = 0.38,0 =
0.Lan = ;57,60 = Ginye B = spataye e = 1 — an — B, u = (10,-10,10)". Tt
is easy to verify that all hypothesis of Theorem 4.1 are satisfied. Moreover, Sol =
{0}. We use different choices of xg, 21 and test the convergence of our algorithm
with ||z,41 — @n|| < 107% as stopping criterion. First, we study the behaviour of
the sequence generated by Algorithm 3 by choosing p = 0.23,0 = 0.5, \g = 0.1,
en = 7= (s =0.1,04,0.8,0.99), ap, = €2, 1 = 5225, Bn = 1 — an, — B,. We used
the following initial points: Case I zy = (=5,—5,-5),z1 = (2,2,2)’, Case IL:
xo = (10,10,10)", 21 = (4,4,4)". The numerical result are shown in Table 1 and
Figure 1. We also compare the performance of Algorithm 3 with Algorithm (1.15)
of Sahu and Singh [31]. For (1.15), we use 1 = 0.38, 2 = 0.24,p = 1.78,u =
3n

0.04,1 =0.28,ap, = HOESIE Brn = ﬁ and 0, = m More so, the following input

values were used for the computation:
Case I: o = (3,-3,4)", 1 = (5,-5,5)";
case II: xg = (7,9,—10), 1 = (2,5,8)";
Case III: zo = (1,10,5), 1 = (—4,4,8)";
Case IV: 29 = (-3,3,9), ;1 = (6,—1,4)".

The computational results are shown in Table 2 and Figure 2.

Table 1. Computation result for Example 5.1.

s=01 s=04 s=08 s=0.99

Case I No of Iter. 11 10 12 12
CPU time (sec) 0.0037  0.0030  0.0046 0.0039
Case II No of Tter. 11 10 11 12

CPU time (sec) 0.0033 0.0032  0.0039 0.0038

—~s=0.1 —~s=0.1
10° 100F
:E ::
x x
" "
+ +
3 £
X X
10° 105}
0 2 4 6 8 10 12 0 2 4 6 8 10 12
Iteration number (n) Iteration number (n)

Figure 1. Example 5.1: Performance of Algorithm 3 for different values of s; Left: Case I, Right: Case
1I.

Next, we give an example in infinite dimensional spaces to support the strong con-
vergence of Theorem 4.1.
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Table 2.

||><n+l ° ><n”

”Xn+l ° ><n”

10°

10°

10°

Comparison of the performance of Algorithm 3 with Algorithm (1.15) for Example 5.1.
Algorithm 3 Algorithm (1.15)
Case 1 No of Iter. 12 31
CPU time (sec) 0.0029 0.0065
Case 2 No of Iter. 12 29
CPU time (sec) 0.0040 0.0076
Case 3 No of Iter. 11 31
CPU time (sec) 0.0030 0.0073
Case 4 No of Iter. 11 23
CPU time (sec) 0.0016 0.0043
—~-Sahu & Singh (2020) —~—Sahu & Singh (2020)
10°
- 10°
5 10 15 20 25 30 35 0 5 10 15 20 25 30
Iteration number (n) Iteration number (n)
—~—Sahu & Singh (2020) —Sahu & Singh (2020)
100 L
- 10°F
5 10 15 20 25 30 35 0 5 10 15 20 25

Iteration number (n)

Iteration number (n)

Figure 2. Example 5.1, Top Left: Case 1; Top Right: Case 2; Bottom Left: case 3; Bottom Right: Case

4.
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Example 5.2. Let H; = Hy = {5 be the linear space whose elements consists of
all 2-summable sequence of scalars (z1,29,...,2;,...), i.e,

ly = i:(xl,xg,...,xj,...) and Z\xj|2<oo
=1

with inner product (-,-) : 2 x £2 — R defined by (z,7) = Z]Oil 2;y; and norm

|

l|lz]|2 = (Zj’;l |xj|2) * where 7 = {z;} € 3 and § = {y,} € l2. Let C be defined

by C = {z € ¢y : {a,z) = b} where a = (1,3,1,0,...,0,...) and b = 2 and
D;:={x €ly: {c,x) > d;} where c =(2,-1,1,0,,0,...) and d; = —2i for i = 1, 2.

Then, we have
B b—{(a,) B
Po(r) =max{0, ———=— ra+7,
lall3

and

_ d17<c7j> _

Let A : ¢y — {5 be given by Az = (21, 2:102,.. ,2¢j,...) and Ay : D1 — {5 and
Ay : Dy — U5 are given by A1T = (Fl B4 ,) and AsT = (%,”"5—2,...,%),
respectively. Then A; and A, are 1-inverse strongly monotone with v, s € (0,2).
Let B : {5 — {5 be defined by Bz = 2:f then B is a bounded linear operator. We
choose u = 0.5,0 = 0.025,¢, = (n+1)b(5 = 0.1,0.4,0.6,0.8,0.99), a0, = €2.,0,, =
%ﬂyﬂn = #’fﬂ,nn =1-—a,—fBn,u=(1,1,1,...,1,...). One can easily verified
that the hypothesis of Theorem 4.1 are satisfied. The numerical result for the
performmance of Algorithm 3 for the values of s are shown in Table 3 and Figure
3. We also compare the performance of Algorithm 3 with (1.15). We choose p=
1.99, 1y = 0.58, o = 0.24, 1 = 1,¢ = 0.58,1 = 0.55, v, = \/% and 6,, = n—H We
test the algorithms using the following initial points and |z,+1 — 2,| < 107% as
stopping criterion:

Case 1: Take 7o = (1,2,3,...), 1 = (3.2158, ~5.8091,0,...).
Case 2: Take 29 = (1,0.5,0.25,...), x; = (2.7601, —3.6457,0,...).
Case 3: Take 29 = (2,2,2,...), x; = (1.8501, —2.7557,0,...).
Case 4: Take xo = (1,3,1,...), =z = (1.4501,—-2.3457,0,...).

The computation results can be seen in Figure 4 and Table 4.

Table 3. Computation result for Example 5.2.
s=01 s=04 s5=08 s=0.99

Case I No of Iter. 7 7 9 9
CPU time (sec) 0.0478 0.0441 0.0512 0.0556
Case 11 No of Iter. 7 8 10 10

CPU time (sec) 0.0204 0.0214 0.0228  0.0293




Inertial iterative algorithms for common solution 2785

—~-s=0.1

—~-s=0.1

ol

”Xml

2 4 6 8 2 4 6 8 10
Iteration number (n) Iteration number (n)

Figure 3. Example 5.2: Performance of Algorithm 3 for different values of s; Left: Case I, Right: Case
II.

Table 4. Comparison of the performance of Algorithm 3 with Algorithm (1.15) for Example 5.2.

Algorithm 3 Algorithm (1.15)

Case 1 No of Iter. 7 38

CPU time (sec) 0.0103 0.0157
Case 2 No of Iter. 7 37

CPU time (sec) 0.0046 0.0474
Case 3 No of Iter. 9 36

CPU time (sec) 0.0109 0.0140
Case 4 No of Iter. 7 8

CPU time (sec) 0.0051 0.0102

Example 5.3. Let H; = Hy = L2([0,1]) be equipped with the inner product

1

1
(z,5) = / 2(Oy(D)dt ¥ oy € Lo([0,1]) and [z] = / e (t)|2dt
Va,y, € La([0,1]).

Now, define the operators A, Ay, A, B : Lo([0,1]) — L2([0,1]) by

! selts et
Ax(t) = /0 (x(t) - (jjm) cos x(s)) ds + %, x € Lo([0,1)]),
Ayx(t) =22, x € Ly([0,1]),
Asx(t) = %x, x € Ly([0,1)),
Bz(t) = max{0,z(t)}, t<€][0,1].

Then A is Lipschitz continuous and monotone, and B is maximal monotone on

L([0,1]). Let S : La([0,1]) — L2([0, 1]) be defined by

Saz(t):/o w(s,z(t)dt ¥ € Lo((0,1]),
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——Algorithm 3 ——Algorithm 3
——Sahu & Singh (2020), ——Sahu & Singh (2020),

0 10 20 30 40 0 10 20 30 40
Iteration number (n) Iteration number (n)

——Algorithm 3 ——Algorithm 3
——Sahu & Singh (2020), ——Sahu & Singh (2020)

K -5l

0 10 20 30 40 0 10 20 30 40
Iteration number (n) Iteration number (n)

Figure 4. Example 5.2, Top Left: Case 1; Top Right: Case 2; Bottom Left: case 3; Bottom Right: Case
4.

where k is a continuous real-valued function defined on [0,1] x [0,1]. Then, S is a
bounded linear operator with adjoint

1
S*x(t) _/0 k(t, s)x(t)dt ¥ x € La(]0,1]).

Let T17T2 : LQ([O, 1]) — LQ([O7 ].]) be defined by
Tz(t) = /0 tz(s)ds, and Thrx(t)= g(t) t e 0,1].

Tt is easy to see that T} and T5 are nonexpansive mappings. Let C = {y € Lo([0,1]) :
(a,y) = a}, where a # 0 and a € R, then C' is a nonempty, closed and convex subset
of Ly([0,1]). Thus, we define the metric projection P as:

Po(z) =2z — W@.

First, we study the behaviour of the sequence generated by Algorithm 3 by choosing
w = 02360 = 05X =01, ¢, = ni (s = 0.1,0.4,0.8,0.99), o, = €2, m,, =
%,5,1 =1 — a, — By The initial points used for the computation are: Case I:

x1(t) = 3e', z0(t) = cos(2t); Case II: x1(t) = sin(2t), zo(t) = t3 + 1. The numerical
results are shown in Table 5 and Figure 5. Also, we compare the performance of
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Algorithm 3 with Algorithm (1.15). We take § = 0.36,\o = 0.1,,¢,, = \/%4-1’ p =
%ﬂ,nn = %,ﬂn =1—1n, — a,. We use ||2,11 — 2,|| < 107 as tolerance level
for the computation with different initial values which are given as follows:

Case 1: Take z1(t) = t2 + 2t + 45, z0(t) = €'’

Case 2: Take x1(t) =t +2, x(t) = 3¢’.

Case 3: Take z1(t) = cos(t) + 2t, xo(t) =2 + €t

Case 4: Take z1(t) =sin(t) + 2t +5, zo(t) =t + e’ + 45.

The numerical results for the comparison of Algorithm 3 with Algorithm (1.15) are
shown in Table 6 and Figure 6.

Table 5. Computation result for Example 5.3.

s=01 s=04 s=08 s=0.99

Case I No of Iter. 7 6 6 6
CPU time (sec) 3.5969  6.5984 6.800 7.0366
Case 11 No of Iter. 6 6 6 6

CPU time (sec) 5.6975  8.3069  8.2852 8.553

—s=0.1

[

1 2 3 4 5 6 7 1 2 3 4 5 6
Iteration number (n) Iteration number (n)

Figure 5. Example 5.3: Performance of Algorithm 3 for different values of s; Left: Case I, Right: Case
1I.

6. Conclusion

In this paper, we propose a new halpern type inertial extrapolation method for
for approximating split system of variational inequalities problems for two inverse
strongly monotone operators, variational inequality problem for monotone operator,
and the fixed point of two composed mappings and establish that the proposed
method converges strongly to a solution set of the aforementioned problems when
the underlying operator for the variational inequality problem is monotone which is
much more weaker assumptions than the inverse strongly monotonicity assumptions
and the monotonicity and Lipschitz continuity assumptions used in the literature.
In addition, we present some examples and numerical experiments to show the
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Table 6. Comparison of the performance of Algorithm 3 with Algorithm 1.15 for Example 5.3.

Algorithm 3 Algorithm (1.15)
Case 1 No of Iter. 6 16
CPU time (sec) 5.7342 7.4992
Case 2 No of Iter. 7 19
CPU time (sec) 4.1436 7.7330
Case 3 No of Iter. 7 15
CPU time (sec) 8.3193 11.6183
Case 4 No of Iter. 7 21
CPU time (sec) 1.7011 3.5331
10° : -
—=—Algorithm 3 ——Algorithm 3
:
10
v p107
10
10°
0 5 10 15 0 5 10 15 20
Iteration number (n) Iteration number (n)
100 —Sahu & Singh (2020) 100¢ —Sahu & Singh (2020)
= I 102
p107 v
- - 10
10
10
0 5 10 15 0 5 10 15 20 25
Iteration number (n) Iteration number (n)

Figure 6. Example 5.3, Top Left: Case 1; Top Right: Case 2; Bottom Left: case 3; Bottom Right: Case
4.

efficiency and applicability of our method in comparison with the iterative algorithm
introduced in the framework of infinite and finite dimensional Hilbert spaces.

List of Abbreviations. VIP: Variational Inequality Problem; SFP: Split Feasi-
bility Problem; GSFP: Generalized Split Feasibility Problem; SNVIP: System of
Nonlinear Variational Inequality.
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