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EXISTENCE AND APPROXIMATE
CONTROLLABILITY OF HILFER
FRACTIONAL EVOLUTION EQUATIONS IN
BANACH SPACES*

Haide Gou'' and Yongxiang Li!

Abstract This paper is concerned with the existence of mild solutions as
well as approximate controllability for Hilfer fractional evolution equations in
Banach spaces. Firstly, we give an appropriate definition of mild solutions for
this type of fractional equations. The definition of mild solutions for studied
problem was given based on a cosine family generated by the operator A and
probability density function. Secondly, we discuss the existence results of the
mild solutions for our concerned problem under the case sine family is compact.
Moreover, we establish the approximate controllability when the corresponding
linear system is approximately controllable. At last, as an application, two
examples are presented to illustrate the abstract results.

Keywords Hilfer fractional evolution equations, mild solution, approximate
controllability, cosine family.
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1. Introduction

From the view point of physics, we can consider some more special problems on
fractional evolutions which are abstracted from fractional differential equations,
fractional differential equations have been applied to various fields successfully, for
example, physics, engineering, chemistry, aerodynamics, electrodynamics of com-
plex medium, polymer rheology, and they have been emerging as an important
area of investigation in the last few decades; see [1,4,8,9,11]. Some recent papers
investigated the problem of the existence of mild solution for abstract differential
equations with fractional derivative [12,13,20,28,30,35,49,60-62,66]. Since the mild
solution definition in integer order abstract differential equations obtained by varia-
tion of constant formulas can not be generalized directly to fractional order abstract
differential equations, Zhou and Jiao [65] gave a suit concept on mild solutions by
applying laplace transform and probability density functions for evolution equation
with Caputo fractional derivative. By using sectorial operator, Shu et al. [50] gave a
definition of mild solution for fractional differential equation with order 1 < o < 2
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and investigated the existence of mild solution.

On the other hand, Hilfer [29, 30] proposed a generalized Riemann-Liouville
fractional derivative, for short, Hilfer fractional derivative, which includes Riemann-
Liouville fractional derivative and Caputo fractional derivative. Hilfer fractional
derivative ngrﬁ,a € (n—1,n),8 € (0,1). For 8 = 0, DS‘;O corresponds to the
Riemman-Liouville fractional derivative. For § =1, Dg‘jrl corresponds to the Caputo
fractional derivative. Hilfer fractional derivative is performed in the theoretical
simulation of dielectric relaxation in glass forming materials. For more properties
and applications of Hilfer fractional derivative, see [29,30]. In [20], Furati et al.
considered an initial value problem for a class of nonlinear fractional differential
equations involving Hilfer fractional derivative. Very recently, Gu and Trujillo [25]
were concerned to focus on the investigation of the existence of mild solutions of
the evolution of fractional equation in the sense of Hilfer fractional derivative, using
noncompactness measure in Banach space FE.

The concept of controllability, when it was first introduced by Kalman et al. [3§]
has become an active area of investigation due to its great applications in the field of
physics. In recent years, controllability is one of the fundamental concepts in math-
ematical control theory and widely used in many fields of science and technology.
Controllability of linear and nonlinear systems represented by ordinary differential
equations in finite-dimensional space has been extensively studied. Some authors
have extended the concept to infinite-dimensional systems in Banach spaces, we refer
the reader to see the references [5,14-17,21-23,39,40,51,53,55,56,60,62,63,67,68].

Controllability theory for abstract semilinear control systems in infinite-dimensi-
onal space, with or without the usual impulse effects, has been developed to some
extent, see [39,40,45,51-53,55,56,67,68] and the references therein. As we know, it is
difficult to realise the exact controllability for abstract semilinear control systems in
infinite-dimensional space since the controllability operator is asked to be surjective.
Therefore, it is necessary to study the weaker concept of controllability, namely ap-
proximate controllability. There are various works on approximate controllability
of systems standing for differential equations, integro-differential equations, differ-
ential inclusions, neutral functional differential equations, and impulsive differential
equations of integer order in Banach spaces.

We note that most of the current research focuses on the order of the frac-

tional differential equations in infinite dimensional spaces is frequently considered

(=2)*

between 0 and 1, since the probability density function Me(z) = Y-, T )
is defined only when « € (0,1). There are only few papers that deal with the frac-
tional differential equations of order 1 < o < 2. The existence of mild solutions
for fractional differential and integro-differential equations of order a € (1,2) has
attracted much attention in recent years. Li et al. [41] considered two fractional
evolution problems with Riemann-Liouville derivative by using the concept of re-
solvent family. Shu [50] studied the existence and uniqueness of mild solutions for
nonlocal fractional differential equations based on the concept of sectorial operator.
Moreover, the approximate controllability for a class of Hilfer fractional differential
equations of order 1 < a < 2 and type 0 < 8 < 1 is considered by Lv and Yang
in [40].

Motivated by the above mentioned arguments and some discussion, in this pa-
per, we discuss the existence and approximate controllability for Hilfer nonlinear
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fractional evolution equations of the form

Dyl ult) = Au(t) + f(t,u(t)) + By(t), te(0,b], ae(1,2), L)
(90-8)2-a) *w)(0) = w0, (9a-p)(2-a) * 1) (0) = u1,

where Dg"f is the Hilfer fractional derivative which will be given in next sec-
tion, 0 < 8 < 1,1 < o < 2, the state u(-) takes values in a Banach space F.
J =10,0] (b >0),J = (0,b], the operator A generates a strongly continuous, ex-
ponentially bounded cosine family on E, the control function y(t) takes values in
L?(J,U) of admissible control functions for a Babach spaces U, B is a bounded
linear operator from U into E; f : J x E — FE is given functions satisfying some
assumptions and ug € D(A),u; € E.

The symbol * represents a convolution and g¢,(-) is Riemann-Liouville kernel
given by

ga(t) = He
0, t<o,

where I'(a) is the Gamma function. Note that go(t) = 0, because I'(0)~ = 0.
These functions satisfy the semigroup property go * g3 = ga+3-

Our aim is to study the existence and approximate controllability for the problem
(1.1). To the best of our knowledge, it is the first investigation of Hilfer fractional
evolutions of order 1 < a < 2 and type 0 < 8 < 1 by using the operator cosine
family {C(t)}+>0 and probability density function, we introduce a suitable concept
of mild solution for system (1.1). Existence and approximate controllability for the
problem (1.1) is obtained by means of Schauder’s fixed point theorem. At last, as
an application, we give two examples to illustrate the obtained results.

The motives and highlights in this paper are as follows:

1. For the Eq. (1.1), it generalizes the classical fractional derivatives of Riemann-
Liouville and Caputo, respectively. In addition to the integer case, by choosing
a = 1. Obviously, our results can be applied to the evolution equations with
Riemann-Liouville fractional derivative and Caputo fractional derivative.

2. When order 1 < o < 2, many scholars use the method of solution operator to
give the proper definition of mild solution. Especially, in this paper, we use cosine
family to combine probability density function and the Laplace transform to give
the proper definition of mild solution.

This paper is organized as follows. The second part of the paper demonstrates
the space of the weighted functions and their respective norm, as well as the concepts
of Hilfer fractional derivative, notations, and definitions. The third part states
an existence result of Hilfer fractional evolution equations in the Banach space by
means of Schauder’s fixed-point theorem. The fourth part establish the approximate
controllability. And the last section is provided two examples to illustrate the
applications of the obtained results. Concluding part close this article.

2. Preliminaries

In this section, we briefly recall some basic known results which will be used in
the sequel. Throughout this work, we set J = [0,b], where b > 0 is a constant.
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Let E be a Banach space with the norm || - |. We denote by L£(E) the Banach
space of all bounded linear operators from E to E, and denote by C(J, E) the
Banach space of all continuous FE-valued functions on interval J with the norms

[ullc = supse s [u(@)]-
On the other hand, the weighted space of functions u on J is defined by
Cgoa(J,E) = {u e C(J,E), tlin% t(1=A2=) (1) exists and inﬁne}7
—

where 0 < < 1,1 < a < 2, with the norm

(2_a)u(t)H.

Hu”Cﬁ,Q—a = Sup
teJ’

Evidently, the space Cg2_q(J, E) is a Banach space. We also note that

(i) when 8 =1, then Cgo_o(J,F) = C(J,E) and || - |lcs .o = I - |-

(i) Let u(t) = t@=D0=my(t) for t € J',u € Cpa_n(J,E) if and only if v €
C(Jv E) and ||u||c/3,2—a = ||7)||

Let B,.(J) ={v e C(J,E)| ||v|]| <r} and B¥(J') = {u € Cg2—u(J, E)]
lullcy oo < 7}, then B, and By are two bounded closed and convex subsets of
C(J,E) and Cg2—n(J, E), respectively.

For completeness we recall the following definitions from fractional calculus.

Definition 2.1. The Riemann-Liouville fractional integral of order @ > 0 for a
function f : [0,00) — F is defined as

I8, () = (9o * )(8) = 1) / (t— )2 f(s)ds, t >0,

N
provided the right side is point-wise defined on (0,00), where I'(:) is the gamma

function.

In the following, we introduce the generalized Mittag-Leffler function EZV()
and the Wright-type function M¢(-), for more details, see [35].

Zk'l" /lk'i‘V a ,LL,V,’I’L,ZG(C, Re(#) >Oa

where (n); is the Pochhammer symbol defined by (n)g = 1 and (n);y = n(n +
1)---(n+k—1) for k€ N, and

N (—2)*
Me(z) = 2 F(T— £k + 1)’ £€€(0,1), z€C.

Lemma 2.1 ( [42]). For any t > 0, the Wright-type function has the following
properties

r+o)

M, > S, =
50/9 00 = <5

—1<d6< .
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Definition 2.2 (see [29,30]). The Hilfer fractional derivative of order 0 < g <'1
and 0 < a < 1 is defined as

(0% —Q d «@
DEf (1) = I3 ™ 2 15T £ (0),

Remark 2.1 ( [29,58]). For @ € (n—1,n], 8 € [0, 1], the Laplace transform formula

CIDGLFD)(s) = s LI 0)(5) — Y 741 0=0) tggg%u“ P
k=0

is valid.

We briefly review the definition and some useful properties of the theory of
cosine family. For some detail, see [57].

Definition 2.3 ( [57]). A one parameter family (C(t)):cr of bounded linear oper-
ators mapping the Banach space E into itself is called a strongly cosine family if
and only if

(i) C(s+ ) +C(s—1t)=2C(s)C(t) forall s,t € R,
(if) €(0) =
(iii) C(t)z is continuous in ¢t on R for each fixed point z € E.

(
(S(t))ter is the sine function associated with the strongly continuous cosine
family (C(t))ter which is defined by:

tu = /Ot C(s)ds, uweFE, tecR. (2.1)

D(A) be the domain of the operator A which is defined by:
D(A) = {u € E: C(t)u is twice continuously differential in ¢}.
D(A) is the Banach space endowed with the graph norm || - |4 = ||u|| + ||Aul]
for all u € D(A).
Proposition 2.1. Let (C(t))ier be a strongly continuous cosine family in E. The
following are true:
(i) S(t)u is continuous in t on R for each fized point u € E.
(ii) if u € E, then S(t)u € D(A) and LC(t)u = AS(t)u;
(iii) if u € D(A), then S(t)u € D(A) and AS(t)u = S(t)Au;
(iv) S(s+1t)+S(s—1t)=25(s)C(t) for all s,t € R;
(v) there exist constants M > 1 and w > 0 such that |C(t)|| < Me*!*l for all
t,s € R; .
1S(t) = S(s)|| < M‘/ e“llds|
5

Proposition 2.2. Let (C(t))er be a strongly continuous cosine family in E satis-
fying ||C(t)|| < Me“ltl t € R, and let A be the infinitesimal generator of C(t),t € R.
Then for u € E and {\?> € C: ReA > w} C p(A) and
AN — A)tu :/ e MC(tudt, (N1 —A)"'u :/ e MS(tudt, (2.2)
0 0

where p(A) is the resolvent set of A.
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In this sequel, we assume that the operator A generates a strongly continuous
cosine family {C(t) : t > 0} which is exponentially bounded (i.e., there exist M > 0
and w > 0, such that ||C(t)||z(g) < Me** for t > 0) on E.

Lemma 2.2. Let ug € D(A),u; € E and f € L'([0,00), E), if u is a solution of
the problem

Dy Pu(t) = Au(t) + f(t), te0,00), ae(l,2), (2.3)

(90-p)2—a) ¥ u)(0) =uo,  (g(1-p)(2—a) * u)'(0) = u1,
then u satisfies the following equation
u(t) =g2g—1482—a) (t)to + (g2g—148(2—a) * ATy)(t)uo
b G # T+ [ Tyt 950, 1€ 0,00),

where ¢ = § and

T, () = 191 / 40M, (0)S(£99)d6.

0
Proof. For any w > 0, it is easy to know that {A\* € C: ReA > wa } C p(A). Let
Re)X > w. Applying the Laplace transform

a0 = /0 T e Nt T = / TN (bt

0

to (2.3), we have

ATGN) = AP (g0 g0 0y #u)(0) — AP (g1 gy a0y + w)'(0)

=AT(\) + f(N).
Then, we have
U(A) = A= N T— A) Mg+ AP AT — A) Ly + (A T—A) L (V). (2.4)

Using (2.2), we have

a(N) =\(1-%)-B(2-0a) / G_A%SC@)UOCZS
0

~

+>\—ﬁ(2—a)/ e"\%SS(s)ulds+/ g Fds (2.5)
0 0

provided that the integral in (2.5) exists, where I is the identity operator defined
on E.

Let
K

@ (0) = Rt

M (077),

whose Laplace transform is given by

/ e Mo (0)dh =e ", ke (0,1). (2.6)
0
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Then, by s = ¢9 and (2.6), we have
/ e M8 (s urds = / qt? e AT S (40 dt
0

0
= / / e~ 191 (0) S (t9)uy ddt

_q/ / —Attq : (9)S<g)u1dtd9
:/ :q/ooo %wq(e)s<£)uld9}dt

_ /O e[ / tQ*lquq(o)S(tqa)uldo}dt

-0

_ / N, (0 |t
; _

and
/ () FNds
= / gt e " 5(10) /0 e f(s)ds ) dt
/ / e~ g1, () 1) ( /0 ) e f(s)ds ) ot
[ s ) [ o
- q/0°° (/000 /OteM&_;)q_lwq((?)S((t ;qs)q>f(s)dsdt))dé)

:/OOO N [q/ot /Ooo(t—s)q—qu(e)S((t—s)qe)f(s)dads}dt

_ /OOO e [/Ot T,(t — s)f(s)ds] dt.

In addition, we have

e q
)\1_‘1/ e NC(s)ugds
0
=\l / e MO (tYugdt = N2\ / e MO (tuodt
0 0
:/ e*”ggq_l(t)dt{C(t)e*”tuo =0 +/ e MTAS (t)uodt
0 0
:/ ef)‘tggq_l(t)uodt—F/ e”‘tggq_1(t)dt/ e M AS (Hugdt
0 0 0
:/ e_)‘tggq_l(t)uodt—l—/ e_)‘tggq_l(t)dt/ e MAT, (t)udt
0 0 0
:/ e_)‘tggq,l(t)uodt—i—/ e M [(ggq,l *ATq)(t)uo]dt.
0 0

(2.8)
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Thus, it follows from (2.5), (2.7)-(2.9), for t € [0, 00), we get
A\ = xfﬂH)[ / e M goq_1 (t)uodt + / e**f((ng,l *ATq)(t)uo)dt}
0 0

4 \Be-a) /Ooo oM [Tq(t)ul}dt n /OOO Y [/Ot T,(t - S)f(s)ds} dt.
(2.10)

Since the Laplace inverse transform of A=#(=2) ig

(BE—a)—1
E—l ()\-5(2—&)) _ INCICEN 0< 6 < 17
5(t)7 ﬁ = Oa

where §(t) is the Delta function, we use C(0) = I and C'(t)ug = AS(t)uo and we
invert the last Laplace transform to obtain

u(t) =(£ (A=) w27 /0 e Mg (Dugdt
+ /OOO e ((g2q-1 + AT, (t)uo ) dt])
+ (et (A s /0 T en [Tty |at] )
s [/OOO e [/Ot Tyt — )/ (s, u(s))ds] at) )

=02q-1+8(2—a) (H)U0 + (92— 14 8(2—a) * ATy)(t)uo
t
+(gﬂ(2,a)*Tq)(t)u1+/ T, (t — ) f(s)ds. (2.11)
0

This completes the proof. O
Base on the above Lemma 2.2, we give the following definition of mild solution
of the problem (1.1).

Definition 2.4. A function u € Cg2_,(J, E) is called a mild solution of the prob-
lem (1.1), if for ug € D(A),us € E and each y € L?(J,U), which satisfies

u(t) =g2g—1+48(2—a) (t)to + (g2q—148(2—a) * ATy)(t)uo

 (Gpamy * Ty) (s + / T,(t - 3)By(s)ds

+ /t T,(t—s)f(s,u(s))ds, telJ. (2.12)
0

Next, we will show that some properties of the operator T;(t) from the charac-
teristics of cosine family.

Lemma 2.3. Assume that the operator A generates a strongly continuous cosine
family {C(t) : t > 0} which is exponentially bounded on E, for any fizedt > 0,w > 0,
the operator Ty(t) is a linear operators, and for any u € E,

1Ty (t)ull < M9~ EZ ), (wi) ul.
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Proof. Since S(t) is linear operator for ¢ > 0, then T,(t) is also linear operator.
For any u € F,w > 0 and fixed t > 0, by Lemma 2.1, we have

1T, (t)ul) < 19! / 40 M, (6)|S(t760)u]|d6

< t‘H/ g0 M, (60 H/ s)uds||d6
0
= Mufft2e / 462 M, (6)e“""? df
0
P B . (wt?)kgk
- M 2q—1_— 2M \=rJ 7
e s | a0 03 S
e’} tq)k o)
- M tzq—li (w / 02+ Vi, (0)do
_ o~ (wt))F T(1+2+k)
=M t2q 1 9 w
llt™ 55 kz 1+q(2+k))
= (wt)E T(2+ k)
= M||ult2a!
ul Z T(gk + 20
o M t2q 1 )
el Z Fah 70
= Mt~ 1E3,2q(wtq)||u||~
This completes the proof. O

Lemma 2.4. Assume that the operator A generates a strongly continuous cosine
family {C(¢) : t > 0} which is exponentially bounded on E, for any fizedt > 0,w > 0,
we have the following estimate

1(920-1+8(2-a) * AT (t)u]] < M EL 5 (wt)||ull, u € D(A),
1(982-a) * To)(tul| < MPE=+2r= YE? (3(2—a)top) (@t |[ull, u € E.

Proof. For any u € F,w > 0 and fixed ¢ > 0, by Lemma 2.1 and Definition 2.1,
and in view of Theorem 3 in [48], we have

1952y * Ty) (t)ul
t [’}
< / Gp(aa(t — )57 / 40 M, (6)]|S(590)ul|dds
0 0
t 0o s70
< [ gealt=9st [ aor,0)| [ Copuds]avas]ul
0 0 0
t [e'e)
<M / Gp(a (t — )52 / 46> M, (0)e*" dfds||u]
0 0

¢ 1 > > (o.;sq)l‘“Q]’C
:M/ 9a(a—a)(t — s szq*l—/ q0> M, (0 ————dfds||u
[ sata-aolt =57 iy [ a0 M(0) 3 S dvasll

t o0 q)k: )
- M ()l L s / 02+8 M. (0)dfds||u
| et = )5t > ), M o)wastd
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Z wsqk 1+2+k)

d
T(1+q(2+k)) sllul

7M/ 9p(2-a)(t = 5)5" ' &
k

wsqk (2+k)
‘M/ 92 (6= )5 12 @k + 20

(ws? (2)

Y / Gt — S)SQq’lEi,gq(wsq)dSIIuH

= MtPEm ORI oy vap(@t)full

For any w > 0 and fixed ¢ > 0, by Proposition 2.1 (iii) and by Lemma 2.1, and
in view of Theorem 3 in [48], we have

—~

92q-1+p8(2—a) * ATy )(@)ul|

t [e'e]
-ttt = )57 [ aOM,(6)|S(570) Audpds
0

IN

t

IN

S— S—

00 s10
o-repa-a(t =517 [ a0, @) [ C(s)uds|assul.
0 0
t [e'e)
<M / G2g-14p(2—a(t — 5)20°1 / 402 M, (0" dods |u] 4
0 0

t 1 e} e (wsq)kek
= 182—a)(t — 2Q*1—/ 0>My(0) Y ~———~—dbd
L e )3 S dodslul

B M/t 92q-146(2—a) (t — s)s2t L i et /OO 6** M, (6)dfds||ul| 4
0 Q)= k' J

’ — (ws?)? T(1+2+k)
- M — )2 S (ws d
/ 92q71+ﬂ(2*a)(t S)S F(2) —~ K F(]. +q(2+k)) SHUHA
Ok (24 k)
— M _ 2q 1 ws ) d
/ 92q—14+8(2— oc)(t S ’; . F(Q)F(qk+2q) SHu”A

(ws? (2)k
_M/ G014 5(—a (t — 8)571° 12 gzl

.y / G2 1452 (£ — )52V E2 5 (wsT)ds|lul 4

= Mtﬁ(Q*a)+4P*2E§ﬁ(2_a)+4p_1(wtq)HuHA.

O

Lemma 2.5. Assume that the operator A generates a strongly continuous cosine
family {C(t) : t > 0} which is exponentially bounded on E, for any fizedt > 0,w > 0,
and for any u € E and for any ta,t1 > 0, we have

||Tq(t2)u — Tq(tl)u|| — 0, as to — t1.
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Proof. For any u € F and 0 < ¢; < ta < b, in view of Proposition 2.1 (v) and
Lemma 2.7, we have

[Ty (t2)u = Ty (t1)ull

<| / 4o My (6) [t S(136) — 14 S(t10)]udd|

§/0 q9Mq(9)d9[t§_1H5(t§9)—S(t‘f9)||+IIt%_l—t‘{_lHS(t‘f@) il

-1 1- 1—q\,3q—2
<5 (8 — tDME 5, (wtg)l|ull + (b7 — 6™ )" " MEG o (wt)ull.

Thus, we have
HTq(tQ)u — Tq(tl)uH — 0, asty—t;.

This completes the proof. O

Lemma 2.6 ( [31], Proposition 2.1). Let X,Y be Banach spaces, let S : [0,00) —
L(X,Y) be stongly continuous, and let a € L} [0,00) be a scalar function, both a

loc

and S of finite exponential type. Then for every w > wo(S),wo(a) one has

w+iN o
lim —/ eM(axS)(N)d\ =a xS
w—1iN

in L(X,Y), uniformly in t from compact subsets of [0, 00).

Lemma 2.7. Assume that the operator A generates a strongly continuous cosine
family {C(t) : t > 0} which is exponentially bounded on E, for any firedt > 0,w > 0,
then S(t) is compact on L(E).

Proof. Let ¢ > 0 be fixed, it follows that g; € L}, [0, o0) and therefore, by Lemma
2.10 we obtain

w; N /_\ t
lim —— / Mg 7 CY NN = (g1 + C)(t) = /0 C(s)ds = S(t)

N—=o00 27T'L w—iN

in L(E), by Lemma 2.6, and we conclude that S(t) is compact for all ¢t > 0. O

Lemma 2.8. Assume that S(t) is compact on L(E) for everyt > 0. Then T,(t) is
compact on L(E) for every t > 0.

Proof. The proof process is similar to the proof of Lemma 3.5 in paper [32], here
we omit it. O

Definition 2.5. Let u(t; f,y) be a mild solution of the system (1.1) associated with
nonlinear term f and control y € L2(.J,U) at the time ¢. Then

Ky(f) = {u, f.y) :y € L(JU)} C B,

the nonempty subset K,(f) in E consisting of all terminal states of (1.1) is called
the reachable set at the time a of the system (1.1).

Definition 2.6. The system (1.1) is said to be approximately controllable on the
interval J if Kp(f) is dense in E, means Kp(f) = E. That is, for any ¢ > 0 and
every desired final state u, € E, there exists a control y € L?(J,U) such that u
satisfies ||u(b) — up| < e.
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In order to state the problem, we introduce the following two operators defined
on Banach space E by

b
Iy = / Ty(b— s)BB*T; (b — s)ds, (2.13)
0

is the controllability Grammian and
R(u,Tg) = (ul +T¢)7Y, >0, (2.14)

where B*, Ty (t) denote the adjoint operators of B, T, (t) respectively.

In the following, it will be showed that the system (1.1) is approximately control-
lable if for all ¢ > 0 and u;, € E, there exists a continuous function u € Co_o(J, E)
such that

u(t) =gog—1+482—a) ()0 + (g2g—1+482—a) * ATy) (t)uo + (98(2—a) * Tg) (t)ur

t ¢
+ / Tyt —s)f(s,u(s))ds + / Ty(t — s)By(s)ds,
0 0
where the function y,, is the control function defined by

yu(t) = B Ty(b — ) R(p, Tg)p(u(-)),
p(u(-)) =up = g2g-148(2—a) (b)tto = (92g—1+48(2—a) * ATy)(b)uo

b
— (G(2ay * Ty) (bt — / Ty(b— ) f (s, u(s))ds.

3. Existence of mild solutions

In this section, by means of the measure of noncopmactness and Ascoli-Arzela
Theorem, we will state some sufficient conditions on the existence of mild solution.
First of all, we introduce the following assumptions:

(H1) The cosine family C(t) is continuous in the uniform operator topology for
every t > 0, and {C(t) : t > 0} is exponentially bounded, i.e., there exist
M >0 and w > 0, such that ||C(t)||zg) < Me** for t > 0.

(H2) For each t € J’, the function f(¢,-) : F — E is continuous and for each u € F,
the function f(-,u) : J' — E is strongly measure. Moreover, there exists a
function m € L*(J’,R*) such that

Igym e C(J',RY), Jm. t=PE= g m(t) = 0

and
If(t,w)|| <m(t) forall we E and almost all ¢t € J.

(H3) There exists a function 1 € L'(J’,RT) such that ||By(t)|| < ¥(¢) for all
y€ L*(J,U) and t € J'.

For any u € Cga_o(J, E), we can define operator P as follows

(Pu)(t) =g2q—148(2—a) ()10 + (929—1482—a) * ATy) (t)uo + (gp2—a) * Ty) (t)us
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t t
+ / T,(t — s)By(s)ds + / T, (t = 8)f(s,u(s))ds. (3.1)
0 0
It is easy to see that
im $t(1-A ) — "o
Jm t (Pu)(®) I(2q—1+B(2-a)

For any v € C(J, E), set u(t) = t#=DC=)y(t),¢t € J'. Then, u € Cp9_o(J, E).
Define the operator & as follows

(1-8)(2-0) (Py, or
o (Pu)(t), for € (0,0], 52)

rETiseay  for t=0.

It is verity that there exists a fixed point u satisfying operator equation u = Pu.
Further, from the definition above, u is a mild solution of the problem (1.1) in
Cpa—o(J, E) if and only if v satisfies the operator equation v = v in C(J, E),
where u(t) = tP=DC=y(t) for t € J'.

Theorem 3.1. Assume that the operator A generates a strongly continuous cosine
family {C(t) : t > 0}. If the assumptions (H1)-(H3) are satisfied, then the problem
(1.1) exists at least one mild solution in BX(J').

Proof. We consider the operator & : C(J,E) — C(J,E) defined by (3.2). By
direct calculation, we know that the operator & is well defined. From Definition
2.6, it is easy to verify that the mild solution of problem (1.1) is equivalent to the
fixed point the operator & defined by (3.2).

Step 1. We show that the operator & maps B,.(J) into B,.(J). For any v €
B, (J), let u(t) = tP=DC=)y(t) for t € J'. Then u € B(J'). For t € J, in view of
Lemma 2.7, 2.8, we get that

I(Zv)@)]
=[|t =IO (Pu)(B)]| < 1P ET N a0 1 p0-a) (Duol
+ DT (g3 14 po-a) ¥ ATy) (Buoll + 1D E D (ggo_ay + Ty) (s |

t t
+H / A== (4 _ ) f(s,u(s))dsH—i—H / {A-DET, (1 — ) By(s)ds
0 0
<MY E? 505 ayraq1 (@t uolla + MEE] 55 o) o (wtD)]|us |

+MEPCO 2 (1) /Ot [m(s) +4(s)]ds

q
+ MH P B2y () (Il o ey + 1l amny) <7 (3:3)

SMYE} 500y ag-1 (@) uolla + MOE] 550 2q(wb)|ua e

Thus, ||ZPv|c < r, for any v € B, (J).

Step 2. We will prove that { v : v € B,.(J)} is equicontinuous. For v € B,.(J),
let u(t) = tB-DE=y(t), ¢t € (0,b], then u € BX(J'). For t; =0, 0 < ty < b, by
(3.1), (3.2) and the assumption (H2), we get that

[(Z)(t2) = (Z0)(0)]
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ZHtgl_B)(z_a)(PU)(t) t(l B)(2—a) H

:Ht(Qliﬂ)(zia)(g2q71+ﬁ(27a) % AT,) (ta)ug + 15~ 5)(2704)(%(27&) * Ty)(t2)us

ta
D [ )[By(s) + (s u(s)s |
0
<MtaEq B(2—a)+4q— 1(wi3 )HU’OHA+Mt2E2,B(27Q)+2q(wtg)Hu1||

to
BTV, () [ m(s) + 0s)lds 50 as t2 0
0

Let € >0and 0 < e < t; <ty < b be given, in view of the definitions of operators
& and P, we have

(2ot~ (Fo()]
|8 Put2) — P Puy(1)|

Sthl ) G 148(2—a) (t2) 0 — tglfﬁ)(%a)gzq—lw(z—a)(tl)uoH

+ tél_ﬁ)@_a)(gzq—lwe—a) * AT, ) (t2)uo

— 7 gy 1oy * AT, ()|

[T (g0 ay # Ty)(t2)ur — 187D g0y Tq)(tl)ulH

* / DT (4, _ ) By(s) + f(s.uls))lds

0

-/ P 1 — By + s, )|

< (tgl—m(z—a) _ t(ll—ﬁ)@—a))

t1
X/
0

to
+téliﬂ)(27a)/ ||92q71+ﬁ(27a)(t2_5)ATq( )u0||d5+< (1 P (1%)(27&))
ty

X/
0

to
x / 201 42 (t2 — )T ()| ds
t1

<92q—1+ﬁ(2—a)(t2 —5) = 92g—14B(2—a)(t1 — S))ATq(S)UoHdS

(9520 (t2 = 5) = 32—y (11 = 9) ) Ty () | s + ¢51~ P

70 [T 1 = 9) = Tyt = 9By(e) + (s, ()
+ (7P D) / T = ) By(s) + (s, u(s))lds
D [Tt —8) = Ty (01 = )] [Bu(s) + (s, u(s)lds

g / Tyt — )By(s) + S5, uls)]ds
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< (tgl‘ﬂ)@‘“) _ tgl—ﬂ)@—a))

t1
X/
0

2
4O / 192g—148(2—a) (t2 — $)ATy(s)ug||ds
ty

<g2q—1+ﬂ(2—a)(t2 —5) = g2g—14B(2—a)(t1 — 8))ATq(8)U0Hd8

t1
N (tgl—ﬁ)(Q—a)7t(11—5)(2—0()>/0 H (gﬁ(z_a)(tz — 8)— G2 (t1 — 5))Tq(s)u1’ ds
to
FEIC [Py ot = T, (s)ualds
t1
t1—e€
FETOC sup Tyt s) = Tyftr =) [ m(s) + vl
s€[0,t1—€] 0
t1—e€
+ MBI Ly, (wt]) (15777 — {7 /O [m(s) +1(s)]ds
1-B(2—a) 2
— —«
+ MO ER () / m(s) + (s))ds
1
1= (2=a) T (ty — ) — T, (t; — " d 3.4
+ty sup || Ty(t2 — 5) — Ty(tr — )| [m(s) +1(s))ds (3.4)
SE[t1—e,tq] t1—e

Hence, in view of Lemma 2.5, the inequality (3.4) tends to zero as to —t; — 0
and € — 0. Therefore, we have

|(@v)t2) - (@v)t)]| — 0

independently of v € B,.(J) as ta — t1, which means that {ZPv : v € B,.(J)} is
equicontinuous.

Step 3. Now we show that & is continuous in B,(J). To show this, for any
Un,¥ € Bpyn=1,2,..., with lim,,_, v, = v, we get

lim v, (t) = v(t), and lim tP=YC=y ) = tB-DC=Dyt), fort e J'.

n—00 n—oo

Thus, by (H2), we get that

lim f(t, un(t)) = lim (A, 4O7DC Ny, () = f(1,407DEDu(s)) = f(tult)).

n—roo

On the one hand, by the assumption (H2), we get for each ¢t € J',
(t —8)2T7 Y| f(s,un) — f(s,u)|| < 2(t — 5)*7 m(s), a.e. in [0,1).

On the other hand, the function s — 2(t — s)279~tm(s) is integrable for s € [0,t)
and t € J'. By Lebesgue dominated convergence theorem, we have

t
/ (t— )20 (5, un(s)) — F(s,u(s))[ds — 0, as n - oo.
0
For t € J,u,,u € B,, we have

[(Zvn)(t) = (Z0) D
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— ([0 (P, ) (1) - 0 (Pu o)

< / HA=DR=OT (1 — )[| f(5,un(5)) — £(s,u(s)) | ds

0
t
< MU=V ES (wif) / (t = )29 f(s,un(s)) — f(s,u(s))|lds
— 0, asn — oo,

which implies that £v,, — v pointwise on J as n — oco. From Step 2, one has
that Pv,, — v uniformly on J as n — oo and so &2 is a continuous operator.

Step 4. We will prove that H(t) = {(Zv)(t),v € B,(J)} is relatively compact
in E for any t € J. Obviously, H(0) is relatively compact in E. Let t € (0,b] be
fixed. For any € € (0,t), we define an operator &, on B,.(J) by

Uo

I'2¢g—1+p

t
+t(1—6)(2—a)/ 92—y (t — $)Ty(s)urds
0

t
(Z)(t) = ) + t(1=AE-) /0 92q—1+B(2—a) (t — 8) AT, (s)uods

t—e
T 11-P) -0 / Ty(t — 5 — O[By(s) + (s, 80~V (s))]ds.
0
Thus, in view of Lemma 2.7 and 2.8, we get that the set
[Tyt =5 = OBy(s) + F(s5,5°Cu(s))], vwe B()}

is relatively compact for each € € (0,¢ — s). Thus, for v € B,(J), we obtain the set
H(t) .= {(Pv)(t), v € By(J)} is relatively compact in E. On the other hand, for
any v € B,(J), we have

[(Ze0)(t) = (Zv) ()]

¢
St(l_ﬁm_a)/ T,(t — s)By(s)ds
t—e

t
+t(1—5)(2—a)/ T, (t — 5)f (s, 8@~ DE Dy (5))ds
t—e
t
SMt1+ﬁ(2—a)E§,2q(wtq)/t_ [By(s) + f(s, s DE=y(s))]ds
t

MO (ott) [ [By(s) + 1G5, ul)lds
i t
<M P g )| [ mis)ds [ us)ds]

t—e t—e
—0, €e—0.

As a result, there are relatively compact sets arbitrarily close to the set H for
every t € J'. This implies that the set H is relatively compact in E for every J'.
Moreover, H is relatively compact at ¢t = 0. Hence H is relatively compact in F for
every J. We can deduce that { Zv,v € B, (J)} is relatively compact by Arzela-Ascoli
theorem and thus &2 is a completely continuous operator on C(J, E). Therefore,
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by Schauder fixed point theorem, we obtain that & has a fixed point v* € C(J, E).
Let w*(t) = t3=D(=)y*(¢), Then, u* is a mild solution of the problem (1.1). This
completes the proof Theorem 3.1. O

Remark 3.1. The assumption (H2) is replaced by the following assumption:
(H2’) there exists a constant py € (0, ) and m € Lﬁ(J, R™) such that
If(t,w)]| <m(t), forall ue E and almost ¢ € J.

Corollary 3.1. Assume that (H1), (H2’) and (H3) hold, then the problem (1.1)

has at least one mild solution in BE(J').

4. Approximate controllability

In this section, we establish the sufficient conditions for the controllability of system
(1.1).

Theorem 4.1. Assume that the operator A gemerates a strongly continuous cosine
family {C(t) : t > 0}. If the assumptions (H1), (H3), and the following assumptions
condition are satisfied:

(H4) For each t € J', the function f(t,-) : E — E is continuous and for each
u € E, the function f(-,u) : J' — E is strongly measure. Moreover, there
exists a function m € L?(J',R*") such that

« ! Tt 3 (1-B)(2—a) jo =
I§ym e C(J',RT), tg%1+t I§ m(t) =0

and
lf(t,w)]] <m(t) forall we E and almost allt € J.

(H5) pR(u,TE) — 0 as u— 01 in the strong operator topology.

Then the semilinear control system (1.1) is approximately controllable on J.

Proof. It is easily to know that the assumption (H2) = (H4). For p > 0, define
the operator P, on C(J, E) as follows,

(Puu)(t) =g2¢g—1482—a) ()0 + (g2g—148(2—a) * ATy)(t)uo

- (Gp(ay * Tg)(Bur + / Ty(t — 5)By,(s)ds
0
+/0 T, (t — )£ (s, u(s))ds, (4.1)

where

Yu(t) = B*Ty(b — ) R(u, T5)p(u(-)),
P(U()) =Up — 92q71+5(27o¢)(b)u0 - (g2q71+[3(27o¢) * ATq)(b)UO

b
— (G(aay * Ty)(bYus — / Ty(b— 5) (s, u(s))ds.
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Let v,,(t) = t4=A) 2=y (t) be the fixed point of &, in B, (J). By Theorem
3.1, any fixed point of &, = t(l_ﬂ)(Q_a)PH is a mild solution of the control system
(1.1) under the control

yu(t) = B Ty(b — ) R(u, T0)p(v()),

where

plo() =192y,

— t0 ) gy s ay (B)uo — tT T (go 1 soay * ATy) (B)uo

b
DD g,y D)0 ~ I [T ), uls))ds
0

and satisfies

Uu(b) :b(lfﬂ)(%a)u#(b) _ t(lfﬁ)(%a)ng_Hﬁ(Q_a)(b)uO
+ 00N gy 1 saa) * ATy) (B)uo

b
L HDC (g0 w Ty (Buy + B /O T,(t — 5) By, (s)ds
b
1 p1-A)e-0) / Ty (b — ) (5, u(5))ds
0

b
=p(1=AC=qy — p(v, (1) +/0 T,(b— s)BB*T; (b — s)R(p, T§)p(v,(-))ds

=b1= =Dy, — p(v, () + THR(1, T§)p (v, ()

=p ==y — (il + TH)R(p, TH)p(vu(-)) + THR (1, TH)p (v (-))
=b=AC= Ny — uR(p, TY)p(v,(-))

=vp — pR(p, Fg)p(vu('>)'

Now, from the assumption (H4), we have

/||fsuu |ds /m ds§<oo

which implies that the sequence {f(-,u,(-))|x > 0} is bounded in L?(J,U). Thus,
there exists a subsequence of { f(-,u,(-))|x > 0}, still denoted by { f(-,u,(-))|x > 0},
which weakly converges to some point F(-) € L?(J,U). Let
W =y — Gag-148(2—a) (D)0 — (92q—1482—a) * ATy)(b)uo
b
—(982—a) * Tq) (D)u1 — / Ty (b— s)F(s)ds.
0

Thus, we have

Hp(u#(.)) _ wH < H /Ob T, (b — )[f (s, uu(s)) — ]—'(s)]dsH. (4.2)

From the fact that Tj(¢) is compact operator for ¢ > 0. And similarly to the proof
of the compactness of the operator & in Theorem 3.1, one can easily verify that
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t) — /0 T,(t — s)g(s)ds

is compact for t € J. Therefore, we have

the mapping

/Oqu(b—s)[f(s,uu(s)) — F(s)]ds =0 as p—0t. (4.3)
Thus, from (4.2) and (4.3), we get
Hp(u“(-)) wa 50 as p— 0" (4.4)
And by (4.4) and the assumption (H5), we have

l0a(®) = v = (£ E=) (1, (b) — )|
< (|-G R (1, T )p(u, ()
< [|t0=9C Ry, T |
1P R, T | - || () = o
—0 as p—0F. (4.5)

This implies that
[up(b) —up)|| — 0 as pu— 07,

This concludes that the control system (1.1) is approximately controllable on J.
This completes the proof of Theorem 4.1. O

Remark 4.1. In Theorem 4.1, the assumption (H4) is replaced by the following
assumption:

(H6) The linear fractional evolution system is approximately controllable on (0, b].

Observe that linear fractional evolution control problem

Dg_;_ﬁu(t) = Au(t) + By(t), te€(0,b], (4.6)

(90-p)(2—a) *u)(0) = uo, (91-p)2—a) *u)'(0) = u1,

corresponding to (1.1) is approximately controllable on J' if and only if the operator
uR(p,T&) — 0 as p — 07 in the strong operator topology. For more details see
[52].

5. Applications
In this section, we present two examples, which illustrate the applicability of our

main results.
Let © C RY be a bounded domain with the sufficiently smooth boundary 9.
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Example 5.1. We consider the following Hilfer fractional wave equations:
a,B _ t2 sin(27t)
Dol ult, x) = A(z, D)u(t, z) + +15a0r + Ayt 2), x €, te(0,b],
u(t,z) =0, €9, te(0,b),

(9a-8)(2—a) *w)(0,2) = uo(z), Ot(g(1-p)2—a) * u)(0,7) = w1 (x), x €,
(5.1)
where Dgfis the Hilfer fractional derivative, 0 < <1, I1<a <2, f:JxQ—>H
is continuous. A(z, D) is the second order linear elliptic operator:

9
axi

N
A(xz,D)u(t,z) = Z

ij=1

(aij(x)auj) + iv: 0 -(bi(x)u) + c(z)u, = € Q,

and satisfies the uniformly elliptic condition:
N
2 N el
D ay(@)&g > viEP, ¢eRY, z e,
i,j=1

where the coefficient functions a;; = a;; € CY(Q),b;,c € C(Q),4,5 = 1,2,...,N
and v > 0 is a constant.

Let H = L?(Q) be a Hilbert space with the L?-norm || - ||2, we define
D(A) = H} Q) NH?*(Q), Au= A(z,D)u, u <€ D(A).

It is well known that the operator A generates a strongly continuous, exponen-
tially bounded cosine family on H, i.e., the assumption condition (H1) is satisfied.
Let

u(t)(z) = u(t,z), f(t,u())(x)= f(t,ult,z)) = m

We define the bounded linear operator B : U := E — E by By(t) = xy(t,z). Hence,
we can write the problem (5.1) into the abstract fractional evolution equations (1.1)
in the Hilbert space H.

To study this problem, we assume the following conditions:

(i) There exists a essential bounded function h,(t) such that for any ¢ € [0,b], x €
Q and u € L*(Q) satisfying ([, lu(z)?|dz)z < r for some r > 0

1

([ teutopPas)” <m0,

Theorem 5.1. If the assumptions (i) is satisfied, then the problem (5.1) has at
least one mild solution u € C(J x [0,7]) and it is approximately controllable on J.

Proof. By the assumptions (i) one can easily verify that conditions (H3)-(H5)
are satisfied with ¢ (t) = ky(t). Therefore, our conclusion follows Theorem 3.1 and
Theorem 4.1. This completes the proof of Theorem 5.1. O
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Example 5.2. We consider the following Hilfer fractional evolution equations:

DY u(t, x) = Lyu(t, x) + By(t,z) + f(t,ult, ), € 0,7, teJ,
u(t,0) =u(t,m) =0, z€l0,7], t€J,
!

(Ié}r_ﬂ)(g_a)u((),:r)) = up(z), (Ié}r_ﬂ)(Q_a)u(O,zD =wu(z), z €0,
(5.2)
where Dg‘f is the Hilfer fractional derivative, 0 < 8 < 1,1 < a < 2, K is a constants,
J =[0,b],y € L?(J, L*(0, 7; R)).
Let E = L%(0,7). If e, (2) = \/gsinnac, then {e, : n =1,2,...} is an orthonor-
mal base for E. The operator A : E — E is defined by

0%u
Au = i u'’(x),

where D(A) ={u e E: v” € E, u(0) = u(m) = 0}. Here, clearly, the operator A is
the infinitesimal generator of a strongly continuous, exponentially bounded cosine
family of operators on E. The operator A has infinite series representation:

Au = Z —n?(u,en)en, u € D(A).

n=1

Moreover, the operator A is the infinitesimal generator of a strongly continuous
cosine family C(¢),t € R on E which is given by

Ctyu= Z cosnt(u,en)en, u€E,

n=1
and the associated sine family S(t),t € R on E which is given by

oo
1
S(t)u = Z - sinnt(u,eny)e,, u€E.

n=1

Define an infinite dimensional space U by
U={y=>menl@)| D42 < oo}  L2((0,)).
n=2 n=2

Then norm in U is defined by |jy|| = />, —oy2.
Define a linear operator B : U — E by

(By)(x) = 2yze1(x) + Z ynen(x), for y= Z Ynen(x) € U.
n=2 n=2

By simple calculation, we can get |B|| < 2. Therefore B is a bounded linear
operator.
Let

u(t)(x) =u(t,z), ft,u(®))(z)=f(tultx), teJ, zel0,mn],

then we can transform the problem (5.2) into the abstract form of (1.1).
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Theorem 5.2. If the following assumption
(1) There exists a Lebesgue measure function h,(t) such that for anyt € [0,b],z €
[0,7] and u € L*(0,7) satisfying ||ul| < r for some r >0

1f(; ult, )| < he(D);

is satisfied, then the problem (5.2) has at least one mild solution u € C'(J x [0,7])
and it is approximate controllable on J.

Proof. Since the conditions (H1), (H3)-(H5) are satisfied. Therefore, our conclu-
sion follows Theorem 3.1 and Theorem 4.1. This completes the proof of Theorem
5.1. O

6. Conclusions

In this paper, we deal with a class of nonlinear fractional evolution equations in
Banach spaces by using Hilfer fractional derivative, which generalized the famous
Riemann-Liouville fractional derivative. The definition of mild solutions for stud-
ied problem was given based on a cosine family generated by the operator A and
probability density function. Combining the techniques of fractional calculus with
Schauder’s fixed-point theorem, we establish the existence of mild solutions as well
as approximate controllability for the desired problem. Lastly, we presented theo-
retical and practical applications to support the validity of the study.

The results obtained improve and extend some related conclusions on this topic.
When § = 1, the fractional equation (1.1) simplifies to the classical Caputo frac-
tional differential equations; When 8 = 0, the fractional equation (1.1) simplifies to
the classical Riemman-Liouville fractional differential equations. When 0 < 8 < 1,
0 < o < 1, we assume that A generate a strongly continuous semigroup {C(t)}>0
of bounded linear operator on F, the fractional equation (1.1) simplifies to evolution
equation with Hilfer fractional derivative which has been studied by Gu et al. [25].
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