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INTERESTING DETERMINANTS AND
INVERSES OF SKEW LOEPLITZ AND
FOEPLITZ MATRICES*

Qingyan Meng', Xiaoyu Jiang®' and Zhaolin Jiang®f

Abstract In this paper, we show that there is an intimate relationship be-
tween Toeplitz matrix, tridiagonal Toeplitz matrix, the Fibonacci number, the
Lucas number, and the Golden Ratio. We introduce skew Loeplitz and skew
Foeplitz matrices and derive their determinants and inverses by construction.
Specifically, the determiant of n x n skew Loeplitz matrix can be expressed by
the (n+ 1)st Fibonacci number. The inverse of skew Loeplitz matrix is sparse
and can be expressed by the nth and (n + 1)st Fibonacci numbers. Similarly,
the determinant of n x n skew Foeplitz matrix also can be expressed by the
(n+ 1)st Lucas number. The inverse of skew Foeplitz matrix can be expressed
by only seven elements with each element being the explicit expression of the
Lucas or Fibonacci numbers. We also calculate the determinants and inverses
of skew Lankel and skew Fankel matrices.
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Foeplitz matrix, skew Loeplitz matrix.
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1. Introduction

As is well-known, Toeplitz matrix families have important applications in various
disciplines including fractional differential equation [6, 13, 14,17, 20, 21], integral
equations [19].

The main research objects of this paper are the explicit determinants and in-
verses of two special matrices, which are called skew Loeplitz and Foeplitz matrix,
respectively, and defined as follows.

A skew Loeplitz matrix is a Toeplitz matrix of the form

Trn-1=ig)nxn (1.1)
where

Lj*“’la 1 S 1 SJ S n,
_Lf(ifj+1)7 1< j <i< n,

tij =

TThe corresponding author.

Email: jxy19890422@sina.com(X. Y. Jiang); jzh1208@sina.com(Z. L. Jiang)
1School of Mathematics and Statistics, Linyi University, Linyi, 276000, China
2School of Information Science and Technology, Linyi University, Linyi, 276000,

China
*The authors were supported by Natural Science Foundation of Shandong

Province (Nos. ZR2020MA051, ZR2020QA035) and the PhD Research Foun-

dation of Linyi University (No.LYDX2018BS052).


http://www.jaac-online.com
http://dx.doi.org/10.11948/20210070

2948 Q. Meng, X. Jiang & Z. Jiang

and L1, L4o,..., L4, are Lucas numbers.
A skew Foeplitz matrix is a Toeplitz matrix of the form

Trn—-1=(fij)nxn (1.2)
where
. Fjit1, 1<i<j<n,
/L7 - . .
’ I (i—jy1), 1<j<is<n,
and I, Fyo, ..., F4, are Fibonacci numbers.

Recently, many scholars showed the explicit determinants and inverses of the
special matrices involving famous numbers. More specifically, Shen et al. [15] pro-
posed circulant matrices involving Fibonacci and Lucas numbers and compute their
explicit determinants and inverses. Moreover, Jiang et al. [9] considered circulant
type matrices with the k-Fibonacci & k-Lucas numbers and presented the explicit
determinants and inverses by construction. Zheng and Shon [24] proposed the
invertibility criterion of the generalized Lucas skew circulant type matrices and
provided their determinants and inverses. Besides, Bozkurt and Tam [2] provided
determinants and inverses of circulant matrices with Jacobsthal and Jacobsthal-
Lucas numbers. Following year, they [8] evaluated the determinants and inverses
for Tribonacci skew circulant type matrices. Shen et al. [16] considered generalized
Tribonacci circulant type matrices, including the circulant and left circulant. Deter-
minants and inverses of Ppoeplitz and Ppankel matrices have been obtained in [22].
Explicit expression of determinants and inverse matrices for Foeplitz and Loeplitz
matrices were represented in [11]. Determinant and inverse of a Gaussion Fibonacci
skew-Hermitian Toeplitz matrix was studied by Jiang and Sun in [10]. Determinant
and inverse of skew Peoeplitz matrix was considered by Han and Jiang in [7]. Deter-
minants and inverses of symmetric Poeplitz and Qoeplitz matrix were investigated
in [3]. Determinants and inverses of skew symmetric generalized Loeplitz matri-
ces and Foeplitz matrices were proposed in [4] and [5], respectively. Akbulak and
Bozkurt [1] gave upper and lower bounds for the spectral norms of the Fibonacci
and Lucas Toeplitz matrix.

The Fibonacci numbers {F),} and Lucas numbers {L,,} are respectively defined
by the following recurrence relations [18]:

Fo,=F, 1+ F, 2, Fo=0,F1=1n2>2;
Ly=Ly1+Lyo, Lo=2L1=1n2>2

The rule can be used to extend the sequence backwards. Hence
F_,= (_1)n+1Fna L_,= (_1)nLn~

The following identities are easy to verify

. - i aFk+1 + asz — an+1(Fk+n+1 + aFk+n) -1+ \/3
(Z);Fk’—‘ria = 1—a_a2 ,CL% 9 ) (13)
n
.. i aFy_1+a?Fy —a" "N (Fy_p_1 +aFj_y) 1++5
(“);Fk_ia = p— ,a # 5 (1.4)
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L. - i aLk+1 =+ asz — a”+1(Lk+n+1 + aLk+n) -1+ \/5
(ZZZ) ;Lk—‘ria = 1—a_a2 , @ 7é 9 ) (15)
n
) ;  aLg_1+a’Ly —a" ™ (Ly—p_1 +aLlg_y) 1++5
(w);Lk_ia = P Lot 5, (L6)

where a is a complex number and k is an integer.

This paper is organized as follows. In Section 2, the determinant and inverse
of skew Loeplitz matrix are provided. Section 3 is devoted to calculating the de-
terminant and inverse of skew Foeplitz matrix. In Section 4, the determinants and
inverses of skew Lankel and skew Fankel matrices are given. Finally, we present an
algorithm at Section 5.

2. Determinant and inverse of skew Loeplitz matrix

In this section, we compute the determinant and the inverse of the matrix T , 1
in the following Theorem 2.1 and 2.2 below, respectively.

Theorem 2.1. Let Ty, _1 be the n x n skew Loeplitz matriz given in (1.1). Then
we have

det Tp -1 =5"""Foy1, (2.1)

where F,11 is the (n + 1)st Fibonacci number.

Proof. Obviously, det Tz 1,1 =1 and det Tz, o _; = 10 both satisfy the equation
(2.1). In the case n > 2, let A, = (aij)nxn and By, = (bij)nxn, Where

1, 7=n4+1—-1 1<17<n,

aij=4 —Lint2-i<j<n+3-14 3<i<n, (2.2)
0, else,
and
1, j=i=1,
bij=1{ 1, j=n+2-1i,2<i<n, (2.3)
0, else.

Apparently, A,, and B,, are invertible, and
det A, det B,, = (—1)""%. (2.4)

Multiplying Tr, »,—1 by A, from the left yields

AnTL,n,—l = _L—(n—l)i_L—(n—Q) _L—(n—3) . _L72 Ll ‘LQ ,
o s r

nxn

where I,, is the “reverse unit matrix”, having ones along the secondary diagonal
and zeros elsewhere.
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And multiplying the above matrix by B,, from the right, we obtain

AT g 1By = | i )=
G H
~Lon Lii=Ly~Los~L s ~L_nz) ~L_ao)
—L_(n-1) in Ly —L_5—L_3 ~L_(n_3) —L_(n_2)
0 0, 5 0 0
0 0: 0
| (2.5)
i 0

nxn

Taking the determinant for both sides of (2.5) and by the identity —3L_p,+L_¢,—1) =
5F,+1, we have

det(A,Tr, 1B,) =det Edet H = (—1)" " '5"'F, 4. (2.6)
Using the formula det A,, det B,, = (—1)"~! and (2.6), we obtain det Ty , 1 as
(2.1). O

Remark 2.1. Theorem 2.1 gives the relationship between the skew Loeplitz matrix
and the Fibonacci number. From the perspective of number theory, the (n 4 1)st
Fibonacci number can be represented by the determinant of the n x n skew Loeplitz
matrix.

Theorem 2.2. Let Ty, _1 be the n x n skew Loeplitz matriz given in (1.1) for a
positive integer n > 2. Then

F, (71)n+1
il 1 0 0 e e 0 o
1 —1 =10 e e 0
0 1 -1 -1
Tiln,—1 = (27

0 - v o0 1 -1 -1
1 Fa
oy 0 B 1 1 )

where F; is the ith Fibonacci number, i =n, n + 1.
Proof. For n > 2, in order to obtain the inverse of 17, ,, _1, we write

TZ,ln,_1 = Bn(AnTLm,—an)_lAn, (2.8)
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where A,,, B,, are the same as Theorem 1.

According to the Theorem in [23, p.19], the equation (2.5), Ln—1Lyn—k—LnLn—k—1=
(-1)" %L, and 3L,,_t + Lp_1_1 = 5F,_;_1 where k is an integer, we have

(AnTL,mlen)_l

(=" Hl3 (k2 (SR (SR, (—1n2nt2R,
5Fp41 5Fp41 5Fp41 5Fp41 5Fp 41
Lp_1 Ln Ln_2 Lp_3 1
5Fp41 5Fp41 25F 41 25Fn 41 25F 41
0 0 % 0 0
1
0 0 0 1
0
0 0 0 0 :

nxn

According to formulas (2.2), (2.8), (2.9) and the relation between the Fibonacci
number and the Lucas number, we can obtain the inverse of Tr, ,, 1 as (2.7), which
completes the proof. O

Remark 2.2. Equation (2.7) can be appreciated in many different ways, and it
is easy to see that top-left and bottom-right corner entries of 5Tz’ln’71 get closer
and closer to the Golden Ratio. In fact, skew Loeplitz matrix, tridiagonal Toeplitz
matrix with perturbed corner entries, the Fibonacci number, the Lucas number,
and the Golden Ratio are all connected by Equation (2.7).

3. Determinant and inverse of skew Foeplitz matrix

In this section, we compute the determinant and the inverse of the matrix Tr, _1
in the following Theorem 3.1 and 3.2 below, respectively.

Theorem 3.1. Let Tp, 1 be the n x n skew Foeplitz matriz given in (1.2) and
n > 3. We have

2" 4+ (=)™ Lo

det TF,n,—l = 5

(3.1)

Proof. Obviously, det T3 1 = 3 satisfying the equation (3.1). We now com-
pute det Tg,, 1 for n > 3. Multiply Tr, 1 by A, and I, from left and right,
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respectively, we obtain

1 pin—1 fn—2 fln—3 ="+ M3 f2 [
L1 Mn—2 Nn—3 -+ M3 N2 1
0 —1 2 0 -+ --- .0
. 0 0 -1 EE :
AnTF,n,—lIn = . . . . . . y (32)
o 0 e :
2 0
0 0 0 T O B R/

nxn
where I, is the reverse unit matrix, A, is given by (2.2),
pi=(=1)"" R, i =1,2,.. . ,n— 1,
mi=(-1)""F_;i=12,....,n—2, n,_1 = F.
By using the Laplace expansion of the determinant of the matrix A, T qu,lin

along the first column and Lemma 2 in [12], we get

det(AnTF,n,—lin) =det D, 1 ( [771]?:_117 2, —1)—detD, 1( [:ui]?:_lla 2, —1)

n—1 n—2
=Y (= )27 = (1) T Fge 2 (3.3)
=1 =1

where Dy, 1 ( [p:]'=}, 2, — 1) and Dy, ( [w]}=', 2, —1) are in the following form

In—19n-2 Gn-3 " 92 01
—1 2 0 .- 0
0o -1 2
Dy1([giis) 2, —1) =
-1 20
0 -+ .o 0 —12

n—1lxn—1

From the equation (1.4), (3.3) and F,, + Fp,42 = Ly41, we get

- 2" + (1)L,
det(A,Tr, 11,) = + ; 1 (3.4)
According to (3.4) and det A,, = det I, = (—1)n(n271>, we obtain det Tr,,, 1 as
(3.1). O

Remark 3.1. Theorem 3.1 gives the relationship between the skew Foeplitz matrix
and the Lucas number. From the perspective of number theory, the (n+ 1)st Lucas
number can be represented by the determinant of the n x n skew Foeplitz matrix.
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Theorem 3.2. Let Tr,, 1 be the n X n invertible skew Foeplitz matriz given in
(1.2) and n > 5. Then T;’lnyfl is of the form

D3 p2 2" Ppy oo 2%py 2p1 py
D4 Ds D2 P
2p4 Dé ps - o . 2%py
= 2y 2pe . . e , (3.5)
ps P2 2"73py
2" 3py 2" pg oo 2ps ps Ps D2
pr 2" %py oo 2%py 2py ps ps
nxn
where
1
=T 3.6
b1 detTF,n7_1 ( )
22 4 (—1)"L,
pr= o ) s (3.7)
272 — (—1)"16Ly41
2n+1_~_(_1)nLn72
= - 3.8
p3 20 P1, ( )
pa=(=1)""piFu, (3.9)
2n+1+ -1 n+17L
ps = I (=1) I ol (3.10)
2n L (—1)" 4L,
pe = (=1)"p1Lny1, (3.11)
(=1)" (1 4 2Ln41)
= ) 3.12
b7 5det Trp,—1—3- 2n—2 ( )
on -1 n+1Ln
det TF,n,71 = +( ) +1. (313)

5

Proof. To obtain the inverse of T, _1, we split the inverse T;’ln’fl as the fol-
lowing form

Ty =1(ATr, 1) A, (3.14)

The matrix AnTF7n7_1in in (3.2) is partitioned as follows
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Fy—F 9 —F 3—F 4 - —F (0 —F (1) —I_,
REEA *F 2 Fs oy —Fope) —Foon
0 —1:! 2 0 0
0 0 | -1
= } (3.15)
0
! 2 0
0 0 | 0 0 -1 2
. nxmn
By Lemma 1 in [11], we have
Y = (@) (n—2)x (n—2) (3.16)
where
Tijr1, 1< <i<n—2,
$¢j =
0, else,
in which

1,2

:?,Z: 5 ,...,n—2.

Ly

Using the equation (1.4) and F,_x—1 + F—g+1 = L,k where k is an integer,
we have

_ B ZW —2ZU
(M-~ NY Q)™ = , (3.17)

—2

where

2+ (—3)" %L, 6 — (—3)" Lo 5

u = 5 , W= 5 ,224_(_%)71*211“4»1.

From (3.15), Theorem in [23, p.19], (3.16), (3.17), (7-10) and the relation be-
tween the Fibonacci number and Lucas number, we obtain

(AnTrn11) 7" = i) » (3.18)
where
y 6 — _%)n72Ln71
1,1 — — 9
4= ()" 2L
2+ (-4H)2L,
Y1,2 -

g = CVTRE + (23)" P + ()" P Bl Ly
5J 4 — (_%)nian+1 ’ s %y s 10y
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5
Y21 = — e )
4= (D" Lo
)
Y2,2 = e )
4= (D)L
(DL = (—=3)" T L] a4
y27j_ 1n72L ) J =93 ...,N,
4—(=3)" Loy
5 3.4
Yil = —5; o o 5 1=9,4,...,n,
2 +(_1) 1(%) L7L+1
5 34
Yi2 = o; o o s 1=9,4,...,n,
20+ (1) ()" Ly
2k 4 (—1)d2k—it1p,, . .
22k7j+1+(j§)n7)1(%)7L72k4{j71Ln+17 k > 7 k7j = 3743 cee, Ny
Yk,j =

EVI[Ly=(=3)" " L]

2k+(,1)n—1(%)n—k[/n+l 9

According to formulas (2.2), (3.14), (3.18) and the relation between the Fi-

bonacci number and Lucas number, we can obtain the inverse of Tp, _1 as (3.5).

O

Remark 3.2. We note that T}}nﬁl is a symmetric matrix with respect to sec-

ondary diagonal, i.e., a sub-symmetric matrix. In this situation, we only need to
work out 7 entries and it is easy to compute the inverse of Tpg, _1 by (3.5).

k<jkij=34,.. . n

4. Determinants and inverses of skew Lankel and
skew Fankel matrices

In this section, based on the relation between skew Loeplitz and skew Lankel ma-
trices, we calculate the determinant and inverse of skew Lankel matrix. Also, we
get the corresponding results of skew Fankel matrix.

Now, we show the definitions of the matrices Hy , _; and Hp, _; given as
follows.

A skew Lankel matrix is a Hankel matrix of the form

Hyn 1= (hig),, (4.1)

where
b — Ly iji2, 2<i+j<n+1,
” —L_(iyj-n), n+1<i+j<2n,
and Ly, L4o,..., L4+, are Lucas numbers.
A skew Fankel matrix is a Hankel matrix of the form

Hpn,—1=(9i5)xn (4.2)

where

_ Fn—i—j+272§i+j§n+]—a
Jisg —F iy, n1<itj<2m,
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and I, Fyo, ..., Fq, are Fibonacci numbers.
It is easy to check that

HL,n,—l = TL,n,—l]:nv
HF,n,—l = TF,n,—IIna
where I,, is the reverse unit matrix.

Theorem 4.1. Let Hy, , 1 be the n x n invertible skew Lankel matriz given in
(4.1). Then we have

n(n—1)
2

detHy ,, 1 = (—1) 5" F . (4.5)

Proof. From (4.3), it follows that det Hy, ,, _1 = det Tr, ,, 1 det 1,,. Then we can
n(n—1)

obtain this result by using Theorem 2.1 and det1, = (—=1)"= . O

Theorem 4.2. Let Hy , 1 be the n x n invertible skew Lankel matriz given in
(4.1) for a positive integer n > 2. Then Hz,ln,q is of the form

Hpho =LTo (4.6)
where Tz,lnﬁ_l is the same as Theorem 2.2.

Proof. We can obtain this conclusion by using (4.3) and Theorem 2.2. O

Theorem 4.3. Let Hp,, _1 be the n x n skew Fankel matriz given in (4.2) and
n > 3. We have

nlntl) [(=2)" = Ln41]

det HF,n,—l :(—1) 5 (47)
Proof. It follows from (4.4) that det Hp,, _1 = det Tp,, 1 det I,,. Then we ob-
tain the desired result by using Theorem 3.1 and det I, = (-1) e O

Theorem 4.4. Let Hp, _1 be the n x n invertible skew Fankel matriz given in (4).
Then HE,ln,A 1s of the form

Hp 1 =TTy 1, (48)
where T;,lm_l is the same as in Theorem 3.2.

Proof. We can obtain this conclusion by using (4.4) and Theorem 3.2. O

5. An algorithm for the inverses of the matrices
TF,n7—1 and HF,n,—l

In this section, we demonstrate an algorithm for finding the inverses of T, —; and
Hrp, 1.

An algorithm for finding T;,ln,—l and H}_«“,ln,_1 is as follows:

Algorithm: By Theorem 3.2 and Theorem 4.4, we proceed with

Step 1: Compute p; (i =1, 2, ..., 7) via the formulas (3.6), (3.7), (3.8), (3.9),
(3.10), (3.11) and (3.12), respectively;

Step 2: By the formula (3.5), we obtain T;’ln’fl;

Step 3: By the formula (4.8), we obtain H;71n7_1.
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