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APPROXIMATE CONTROLLABILITY OF
SOBOLEV TYPE FRACTIONAL EVOLUTION
EQUATIONS OF ORDER « € (1,2) VIA
RESOLVENT OPERATORS*

He Yang

Abstract In this paper, the existence and approximate controllability of mild
solutions for a € (1, 2)-order fractional evolution equations of Sobolev type are
investigated in abstract spaces. Firstly, we introduce a new concept of mild
solution of the concerned problem. Then by using fixed point theorems and
the theory of resolvent operator, some existence results are obtained. At last,
the approximate controllability of the a € (1,2)-order fractional evolution
equation is proved without assuming the approximate controllability of cor-
responding linear problem. An example is presented in the last section to
illustrate the obtained abstract results.
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1. Introduction

Let H be a Hilbert space endowed with the norm || - ||. In the present work, we
investigate the approximate controllability of Sobolev type fractional control system
with nonlocal conditions of the form

DY (Ex)(t) = Ax(t) + f(t,z(t)) + Bu(t), te.J:=][0,0],
Ez(0) =29 — g(x), (E2)'(0)=yo — h(x),

(1.1)

where 1 < o < 2, A: D(A) C H — H is a densely defined and closed linear
operator in H and F : D(E) C H — H is a closed linear operator, the control u is
given in L?(J,U), U is a Hilbert space, B is a bounded linear operator from U to
H, f,g and h are appropriate functions to be specified later.

In recent years, fractional differential equations have been regarded as one of
the most powerful tools in modeling many phenomena in various fields, such as
chemistry, biology, physics, control theory, etc. See [1] for more details.
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Controllability of fractional systems is becoming more active both in control
theory and mathematics. A large number of researches focused on the controlla-
bility of « € (0,1)-order fractional evolution equations, see the papers [5,6,12,14].
However, the researches on the fractional evolution equations of order 1 < a < 2
are seldom. In 2013, Li et al. [9] proved the exact controllability of « € (1, 2]-order
Caputo fractional differential system

CDex(t) = Ax(t) + f(t,z(t)) + Bu(t), te€J,

2(0) + g(x) = zo, 2'(0) = yo,

(1.2)

where A is the infinitesimal generator of a strongly continuous a-order cosine family
{Ca(t)}+>0 in a Banach space X. By utilizing Sadovskii’s fixed point theorem and
vector-valued operator theory, the authors in [9] proved the exact controllability of
control system (1.2). In 2017, Lian et al. [11] studied the existence and approximate
controllability of fractional evolution equation of order a € (1,2)

CDex(t) = Ax(t) + f(t,z(t)) + Bu(t), te€J, 13

2(0) +g(x) = zo, 2'(0) + h(x) = yo,

where A generates a strongly continuous a-order cosine family {C,(t)}s>0 in a
Hilbert space X. By using Schauder’s fixed point theorem and approximate tech-
nique, They showed the existence and approximate controllability of fractional con-
trol system (1.3).

Sobolev type differential equations are applied to model many physical phe-
nomena, hence they have received great attention in recent years. The fundamental
theory of Sobolev type fractional differential equations of order v € (0, 1) has been
established. Benchaabane et al. [2] established a set of sufficient conditions for the
existence and uniqueness of mild solutions to a class of nonlinear fractional Sobolev
type stochastic differential equations in Hilbert spaces. Li et al. [10] studied the
existence of mild solutions for fractional integro-differential equations of Sobolev
type with nonlocal condition in a separable Banach space. In 2013, Feckan et al. [7]
concerned with the exact controllability of o € (0,1)-order fractional functional
evolution equation of Sobolev type in Banach space X

CDe(Ex)(t) + Az(t) = f(t, ) + Bu(t), teJ,
z(t) =9(t), te|-70],

(1.4)

where ¥ € C([-7,0], D(E)), A and E satisfy the following assumptions:

(Al) A and E are linear operators, and A is closed.

(A2) D(E) C D(A) and FE is bijective.

(A3) Linear operator E~! is compact.

In this case, the linear operator —AE~! is bounded and generates a uniformly

continuous semigroup {7'(¢)}i>0, T (t) := e~AE"" By using Schauder’s fixed point
theorem, they proved the exact controllability of fractional functional evolution
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equation (1.4). In 2017, Chang et al. [3] treated the approximate controllability of
a € (1,2)-order fractional differential system of Sobolev type in Banach space X

CD¢(Ex)(t) = Ax(t) + f(t,x(t)) + Bu(t), te€J,
(Ex)(0) = Exg, (Ex)'(0) = Eypo,

(1.5)

where the pair (A4, F) generates an («, 8)-resolvent family {C’f 5(t)}i>o for suitable
constants a, § > 0 (which is first introduced by Ponce in [13]). Later, Chang et al. [4]
extended the fractional differential system (1.5) to the stochastic case. By setting
up minimizing sequences twice, they established the optimal state-control pair of
the limited Lagrange optimal systems governed by the a € (1,2)-order fractional
stochastic differential equation. Very recently, In our work [16], we investigated the
nonlocal controllability of fractional control system (1.1) when g and h are Lipschitz
continuous. However, to the best of our knowledge that there is no work reported
on the approximately controllable of Sobolev type fractional evolution system (1.1)
of order a € (1, 2).

In this paper, with the definition of fractional resolvent family (see Definition
2.1) generated by the pair (A, E)(which is first introduced by Ponce in [13]), we
remove the assumptions (A2), (A3) of [7] on operators A and E, and present the
concept of mild solution of (1.1) by using Laplace Transform. Secondly, we investi-
gate the existence of mild solutions of the fractional control system (1.1) when the
nonlocal function g is Lipschitz continuous, or completely continuous, or continuous.
At last, some approximate controllability results are proved without assuming the
approximate controllability of corresponding linear system. It is worth to empha-
size that throughout this paper we do not assume any compactness on the nonlocal
function h. An example is given in the last section to illustrate the application of
the abstract results.

2. Preliminaries

Let H be a Hilbert space with the inner product (-,-) and the norm || - ||. Then the
H-valued continuous functions set C'(J, H) is a Banach space with the norm ||z||¢ =
sup ||z(t)||. Let LP(J, H)(1 < p < +00) be the H-valued p-order Bochner integrable
teJ

functions set, which is a Banach space with the norm || f||L» = (fob Hf(t)||pdt)%. We
denote by B(X,Y’) the Banach space of all bounded linear operators from X to Y,
B(X) := B(X, X) for short.

For o > 0, let n := [a] denote the smallest integer greater than or equal to a. If
u € C"(J, H) and the integral fg (t — s)" >ty (s)ds exists in the Bochner sense,
then we adopt the definition of Caputo fractional derivative as the following;:

1 t
CDeu(t) = m/@ (t—s)" "™ (s)ds, t>0,a€(n—1,n).
For more details of the fractional calculus, we refer to [1].
From (1.23) of [1], Laplace Transform of Caputo fractional derivatives is given
by

n—1
CDgu(N) = X*a(N) = Y uP (o)1 k (2.1)
k=0
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where a > 0 and n = [a].

Define a set ®g(A) by ®g(A) .= {A e C| (AE—A): D(A)ND(E) — H is
invertible and (AE — A)~! € B(H,D(A) N D(E))}.

Let R(AE, A) := (AE — A)~!. Then R(\“E, A) := (\*E — A)~!. A strongly
continuous family {T'(t)}+>0 C B(H) is said to be exponentially bounded if there
are constants N > 1 and w > 0 such that

IT(®)] < Nevt,  t>0.

Definition 2.1. Let A and E be two closed linear operators in H, whose domains
are D(A) and D(F) satisfying D(A) N D(E) # {0}. For a, 8 > 0, if there exist a
constant w > 0 and a strongly continuous function Cf, 51 [0,00) = B(H) such that
CF 5(t) is exponentially bounded, {A* : ReX > w} C ®g(A), and for all z € H,

N PRNE, Az = /O e MCE s(t)xdt,  Re > w, (2.2)
then we call {CF 5(t)}:>0 the (o, B)-resolvent family generated by the pair (4, E).
For 1 < 8 <2and a > 0, it follows from [4,13] that
CE (t) = 1 /t(t —5)P72CE (s)ds, t>0 (2.3)
f I'B-1) Jo el ' '
Definition 2.2. The (o, 8)-resolvent family {Coliﬂ (t)}¢>0 is said to be compact, if
C’(fﬁ(t) is a compact operator for ¢ > 0.

Now, we derive the appropriate definition of mild solutions of (1.1). Let {CF ()} 0
be the (a,1)-resolvent family generated by the pair (4, E). Then {CF,(t)}:;>0 is
exponentially bounded. Define

SEL(t) = /Ot Cli(s)ds, t>0 (2.4)
and .
PE (1) = ﬁ/o (t— 5)*2CE (s)ds, >0, (2.5)
Then by (2.2), we have
NTIRNE, A)x = /0OO ef)‘tC'f,l(t)mdt, Rel >w, z € H. (2.6)

In view of (2.3), (2.4) and (2.6), we get
N T2RINE, A)x = / e_)‘tsgl(t)xdt, Rel >w, z € H. (2.7)
0

From (2.5), we have
apE 1 * —2E
/o e Py (t)xdt _F(a—l)/o e /0 (t—s)*"2C5 1 (s)rdsdt

_; > > Aty Na—2E
_I‘(a—l)/o /S e (t —5)*T7Cy 1 (s)xdtds
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1 o0 o0
= [ CE(s / e M0+9)9o22d0ds
Na—1) Jy an (%) 0
1 o0
:F/ e‘ASC’f)l(s)acds.
0
Combining this fact with (2.6), we obtain that
R(\YE, A)x = / e_’\tPlf1 (t)zdt, Rel>w, x€ H. (2.8)
0

Applying Laplace Transform to (1.1), it follows from (2.1) that

—

OD(Ex)(A\) = A*EZ(\) — \* 1 Exz(0) — A*2(Ex)'(0)
= AZ(\) + F(\) + Ba(\).
By virtue of (2.6)-(2.8), we deduce that
ZN) =AIRO\YE, A)Ex(0)+\* 2 R(\“E, A)(Ex)'(0)
+ R(A\“E, A)[F(\)+Bu()\)]
_ / T NP (1) Ea(0)dt + / T MNP (1)(EaY (0)dt
0 0
+ /0 h e MPE (1) [F(N) + Ba(\)]dt

:/Oo e MCE, (t)Ex(0)dt + /OO e MSE () (Bx) (0)dt
0 0

s [TerE @[T e st atnasar s [T e RE @B

0 0 0

7/00 e MCE (DE (O)dt+/oo e MSE () (Bx) (0)dt
0
/ / *)“)PE s)f(s,a:(s))d@ds—F/OO e NPT (t)Bu(\)dt
0
:/ —AtCE L Ez(0 )dt+/ooo e—)‘tsgl(t)(Ea:)’(O)dt

/ / PE (t —s)f(s,z(s))dsdt
/ / (¢ — 5)Bu(s)dsdt.

Hence, the inverse of Laplace Transform yields

x(t)=Cf,l(t)[xo—g(x)HSf,l(t)[yo—h(x)H/o P (t=5)[f(s,2(s))+Bu(s)lds, teJ.

(2.9)
Based on the above discussion, we now give the definition of mild solution of

(1.1) below.

Definition 2.3. A function z € C(J, H) is called the mild solution of (1.1) if it

satisfies the integral equation (2.9).
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In the remaining of this work, we make the following assumption on the pair
(A E).

(Hag) The pair (A, E) generates an (a, 1)-resolvent family {CF; (t)}¢>0, which
is compact and norm continuous for all ¢ > 0. Put

M = sup HC’fl(t)H < 400.
teJ

Remark 2.1. By Proposition 16 of [13], let 1 < o < 2 and {C¥,(t)}4>0 be the
(a, 1)-resolvent family generated by the pair (A, E). If {C¥,(t)}+>0 is continuous in
the uniform operator topology for all ¢ > 0, then {C’(‘El(t)}tzo is a compact operator
for all > 0 if and only if (uE — A)~! is a compact operator for all y > wa.

Lemma 2.1 (Lemma 1, [16]). Let the assumption (Hag) hold. Then for anyt € J
and x € H, we have

ISE el < Mblzl,  [1PEy@all < 22y
a,l = ) a,l — F(Oé) .

The Lemmas 3.4 and 3.5 of [6] imply the following result.
Lemma 2.2. Let the assumption (Hag) hold. Then

(i) lim [|CT,(t+€) - CT1()CT (M) =0, V> 0;
£—0+ : ’ ’
(it) lm [[CT,(t) = CZ1(CT,(E =& =0, VEt>0.
gm0+ @ ’ ’
Lemma 2.3. Let the assumption (Hag) hold. Then S, (t) and PF\(t) are compact

operators for t > 0.

Proof. By using Lemma 2.2 and a similar approach employed in the proof of
Lemma 2.10 of [11], we can derive the conclusion of this lemma. So we omit the
detail here. O

Lemma 2.4 (Lemma 2, [16]). Let the assumption (Hag) hold. The operators
SE(t) and PE|(t) are equi-continuous fort € J.

Next, we introduce the definition of approximate controllability which is used
in this paper.

Definition 2.4. The control system (1.1) is said to be approximately controllable
on J if there exists a control u € L?(J,U) such that R,(f) = H, where Ry(f) =
{x(b;u) : x is the mild solution of (1.1) on J for some u € L*(J,U)}.

Consider the fractional linear control system corresponding to (1.1) of the form

CD¢(Ex)(t) = Az(t) + Bu(t), teJ, (2.10)

Ex(0) = zo, (Ex)'(0) = vo,

where 1 < a < 2 and zg,y0 € H.
For the sake of simplicity, we denote

b
wh / PE,(b— $)BB*(PE,)*(b— s)ds,
0
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R(6,5) := (81 +¥5)
where B* and (PZ,)*(t) are the adjoint operators of B and P, (t), respectively.
For the controllability of linear system (2.10), we give the following lemma.

Lemma 2.5 (Theorem 2.3, [12]). The following statements are equivalent:

(i) The linear control system (2.10) is approzimately controllable;
(i) The operator WY is positive, i.e. (x*,VEx*) > 0 for all nonzero x* € H*;
(iii) For any x € H, ||0R(, ¥8)x|| — 0 as § — 0% in the strong topology.
Remark 2.2. From (7ii) of Lemma 2.5, without loss of generality, we suppose that
|R(5,¥4)|| < 5 for all § > 0.
Let us define a bounded linear operator Gy, : L?(J, H) — H by

b
Gpo = / PP (b—s)o(s)ds, o€ L*(J H).
0

We suppose the following:
(Hp) For every o € L?(J, H), there is a function £ € K(B) such that

Gyo = G,

where K (B) means the range of B and K (B) is its closure.
(Hc) For each © € H, one has

Cli(t)x € D(A), SE (t)x € D(A), t>0.
By the definition of P, (t), we have

d(Py,(t))? dP7,(t)
— 2 p=2PF () —2 = t>0.
a o) =g >
Lemma 2.6. Let the assumptions (Hg) and (Hg) hold. Then the linear control
system (2.10) is approximately controllable on J.

Proof. The idea comes from [8,15]. Since the approximate controllability of sys-
tem (2.10) is equivalent to Ry,(0) = H, it is sufficient to prove D(A) C Rp(0) due to
D(A) = H,i.e., for any e > 0 and p € D(A), there is a control function u € L?(J,U)
such that

llp— Cf,l(b)% - Solil(b)yo — GyBu| < e.

For any given p € D(A), we see that there is a function o € L?(J, H) such that
Gyo = p— CF (b)xo — SE (b)yo, for example,

1 dPE (b —t)

H=[—— PE (p—t)+2t—! —CE (D)xo—SE, (b)yol, te .
0() [bpaE:l(b_t) a,l( )+ ][p Ca,l( )1’0 Sa,l( )y0]7 EJ

dt

In view of (Hp), for this o € L?(.J, H), there is a function ¢ € K(B) such that

GbO' = Gbg.
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Since ¢ € K(B), for any € > 0, there is a control function u € L?(J,U) such that

'«
e~ Bufl < 1@
Mbo—2

Consequently, for any € > 0 and p € D(A), there is a control function u € L?(J,U)
satisfying

lp— Cf:l(b)xo - Sf,l(b)yo — GyBul|
:HGbO' — GbBU”
=[G — Gy Bul|

This completes the proof. O
To end of this section, we present a fixed point theorem, on which the proofs of
main results are based.

Lemma 2.7 (Sadovskii’s Fixed Point Theorem). Let Q be a condensing operator
on Banach space X, i.e. Q is continuous and takes bounded sets into bounded sets,
and ¥(Q(D)) < v(D) for every bounded set D of X with v(D) > 0. If Q(S) C S
for a convex closed and bounded subset S of X, then Q has at least one fixed point
in S (where v(-) denotes the Kuratowski measure of non-compactness).

3. Existence of mild solutions

3.1. The case g is Lipschitz continuous

In order to prove the existence of mild solutions of (1.1), we first make the following
assumptions:

(Hy) f:J x H— H satisfies the Carathéodory condition, i.e., for each x € H,
the function f(-,x) : J — H is strongly measurable; for each ¢ € J, the function
f(t,-) : H— H is continuous.

(Hz) For every r > 0, there is a function ¢, € L!(J,RT) satisfying rlggo
o1 < +oo such that

llerllpr
m =

HSI\IIE Ift2)l| <pr(t), ted

(Hs) g: C(J,H) — H and there exists a constant L, > 0 such that

lg(z) — gl < Lgllz — yllc

for all x,y € C(J, H).
(Hy) h: C(J,H) — H is continuous and there exists a nondecreasing function
1 : RT — RT satisfying lim @ = 03 < +00 such that
T—00

()] < ¢(llzllc)
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for all x € C(J, H).

(Hs) B:U — H is a linear bounded operator, and put Mp := || B]|.

For each r > 0, set B, = {x € C(J,H) : ||z(t)| < r,t € J}. Then B, is
clearly a closed, bounded, convex subset of C(J, H). For every § > 0, 2, € H and
z € C(J, H), we define the control u, in the following way:

u(t) = B*(P2y)" (b — t)R(5, ¥g)p(w), (3.1)

where

b
p(a) =z, — CF1(0)[zo — g(2)] — S51(b)[yo — h(w)] — /0 PYy(b— s)f(s,2(s))ds.

Then z(-) = z(;ux(-)) € C(J,H) defined by (2.9) is the mild solution of (1.1)
corresponding to the control u,.

Lemma 3.1. Let the assumptions (Hag) and (Hy) — (Hs) hold. Then for each
r € B,, we have
MMpb*—t|| R(3, B0l
[[ue ()] < °

< g el (32)

where

Mbozfl

Ip(z)] < Ibell+M(||a:o||+Lgr+\|g(0)||)+Mb(||yo||+w(r))+m

lorllLe. (3-3)
Proof. By applying the assumptions (Hag) and (Hz) — (Hs) and using Lemma
2.1, we can show the inequalities (3.2) and (3.3) directly. So, we omit the detail
here. O
Based on our assumptions, we define two operators Q1, Q2 : C(J,H) — C(J, H)

by
(@Qz)(t) = CZ1(t)[wo — g(x)], te ] (3.4)

and

(Qa)(t) = Sf,l(t)[yo—h(m)H/O Py (t=5)[f(s,2(s)) + Bua(s)lds, t € J. (3.5)

Next, we will utilize Lemma 2.7 to show the existence of fixed points of the operator
Q:=0Q1+Q2:C(J,H)— C(J,H) in B,.. To do this, we first prove some lemmas.

Lemma 3.2. Let the assumptions (Hag) and (Ha) — (Hy) hold. Then there exists
a constant r > 0 such that Q(B,) C B, provided that

M2 MO~ | R(6, W) Mbt
! ML M —_
(T'())? J(MLg + Mbo +

Proof. If this is not true, then for each r > 0, there exists T € B, such that
I(QT)(t)|| > r for all t € J. By means of (Hag) and (H2) — (H;) and Lemmas 2.1
and 3.1, we have

r <|(QT)()]l
<M ([lzoll + Lgr + [[g(0)I) + Mb([[yoll +1(r))

1+ o) <1.  (3.6)
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MUt s MEMBVCTIRG UYL
M2MEb* | R(5, W) | M2MED* | R(5, W5) |

X [M(||lzoll + Lgr + [lg(0)]])

+ Mol + 6(r) + - ller o]

Dividing in both sides by r and taking the lower limit as r — oo, we get

M2MZ2=Y|R(S, ¥ Mbpo—1
: ML, + Mb ——01).
Ty MMt gy )
Thus, in view of (3.6), there is a constant r > 0 such that Q(B,) C B;. O

Lemma 3.3. Let the assumptions (Hag) and (Hy)—(Hs) hold. Then Qs : B, — B,
18 a continuous operator.

1<(1+

Proof. Let {z,}n>1 C B, with z,, = 2 as n — oo in B,. The continuity of f,g
and h yield

Jtzn(t)) — f(t,x(t), teJ,
9(wn) = g(x)

and

as n — 0o. Moreover, by Lebesgue’s dominated convergence theorem, we have
p(an) — p(z)

and
Ug, (1) = ug(t), teJ

as n — 0o. By Lebesgue’s dominated convergence theorem again, we get

(Qazn)(t) = (Q2)(t), te€J
as n — oo. Therefore, Q5 : B, — B, is a continuous operator. O

Lemma 3.4. Let the assumptions (Hag) and (Hg) — (Hs) hold. Then Q2(B,) is
equi-continuous in C(J, H).

Proof. For 0 <ty <ty <band z € B,, we have

1(Q2)(t2) — (Qa)(t1)|
<[155 1 (t2) = S& 1 (E) | (lyoll + IA()]1)

+ ” /O ! (PozE,l(tQ - S) - P(fl(tl — S)) (f(57x(3)) + Bul(S))dSH

1 [ PE (b — 8)(f(s,2(5)) + Bua(s))ds|

t1

<[5 1 (t2) = Saa () (lyoll + % (r))
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+ [ UPE (2 = 5) = P2yt = )1 (s,0(5)) + Bus(5)]ds
0

Mbe—1 b2 1
r(8)ds + Mp||lug|p2(t2 —t1)2).
+ 20y L o+ Malluslia s - 1))

The facts of the equi-continuity of S¥,(¢) and PZ,(t) on J imply

[(@22)(t2) — (Q22)(t1)]| = 0
as toy —t; — 01. Hence we conclude the equi-continuity of Q2(B,) in C(J,H). O

Lemma 3.5. Let the assumptions (Hag) and (Hs) — (Hs) hold. Then the set
Qt) == {(Q22)(t) : x € B} is relatively compact on J.

Proof. Set
Qq(t) := {Sﬁl(t)[yo—i—h(x)]:xeBr}, telJ

and

{/ Pt —s)] (,x(s)—l—Bux(S))]ds:xEBr}, ted

Then Q(t) = Q1 (t) +Q2(¢) for each ¢t € J. In order to prove the relative compactness
of Q(t) for t € J, we show that the sets Q1 (¢) and Q2(¢) are relatively compact for
t € J, respectively. For every x € B,, since |lyo + h(z)| < |lyoll + ¥(r), by the
compactness of SE,(t) for ¢ > 0, we easily see that the set €(t) is relatively
compact for ¢ € J. It remains to prove that the set 5(¢) is relatively compact on
J. For t = 0, the set 25(0) is obviously relatively compact. For 0 < ¢ < b, let
0 < e < t. Define

{/ 1 (t—1s) [f(s,x(s)—i—Buw(s))]ds:wEBT}.
Owing to the compactness of PZ|(t) for every ¢ > 0(see the Lemma 2.3), the set

Q. :={PE(t — s)[f(s,2(s) + Buy(s))] : « € B,,s € (0,t — )}

is relatively compact for € € (0,t). Then conv(Q.) is a compact set and Q5(t) C
(t — e)conv(Q.). Thus, the set Q5(¢) is relatively compact in H for every e € (0,t).
Moreover, we have

H/ 1(t = 8)[f(s,x(s)+Bu(s))]ds / (t—s)[f(s,x(s)—I—Buw(s))]dsH

Mba 1
“T@
—0

[/ or(s)ds + Mpe? ||ug|| 2]
t—e

as ¢ — 0T, which implies the relative compactness of the set Qa(t) for ¢t > 0.
Therefore, the set Q(t) is relatively compact in H for ¢t € J. O

Theorem 3.1. Suppose that the assumptions (Hag) and (H1) — (Hs) are satisfied.
In addition the condition (3.6) holds. Then the fractional control system (1.1) admits
one mild solution on J.
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Proof. For every a € (1,2) and x, € H, we define the operator Q : C(J,H) —
C(J,H) by Q = Q1+Q2, where Q1 and Q2 are given in (3.4) and (3.5), respectively.
It is clear that the mild solution of control system (1.1) is equivalent to the fixed
point of @ on J. By Lemma 3.2, Q(B,) C B, for some r > 0. For each z,y € B,,
the assumptions (Hag) and (Hs) lead to

@iz — Quyllc =sup [(@12)(t) — (Quy) @)l

=sup |CF, (1)g(=) — g(y)]]

teJ
<M Lgllz = yllc-

The inequality (3.6) yields ML, < 1. So, Q1 : B, — B, is a contractive operator.
By means of Lemmas 3.3, 3.4 and 3.5, Q2 : B, — B, is a completely continuous
operator according to Ascoli-Arzela theorem. Thus, in view of properties of the
measure of non-compactness, we conclude that v(Q1(By)) < MLyv(B,) < v(By)
and 5(Q2(B,)) = 0. Therefore, v(Q(B,)) = ¥(Q1(B,))+7(Q2(B,)) < 7(B,), which
means that @ : B, — B, is a condensing operator. By Lemma 2.7, the operator @
has at least one fixed point on J, which is the mild solution of (1.1). O

If the functions f and A satisfy the following growth conditions:

(H3)" There exist two functions a1,as € L'(J,R*) such that

flt,z) <a1(t)r+a2(t), Vteld, xe€H.

(Hy)" h: C(J,H) — H is continuous and there exist two constants ci,ca > 0
such that
()| < erllzllc + 2, Vo € C(J, H)

then (Hy) and (Hy) are satisfied by choosing ¢,(t) = a1(t)r + a2(t),t € J and
¥(0) = 10 + 2,0 € RY with o1 = ||a1||z1 and o3 = ¢y, respectively.

Particularly, if the functions f and h are uniformly bounded, that is, the follow-
ing conditions hold:

(H3)" There exists a constant N1 > 0 such that

lf(t,z)|| < Ny, Vteld, z€H.

(Hy)" h: C(J,H) — H is continuous and there exists a constant Ny > 0 such
that
|h(z)|| < N3, Vaxe H

then by Theorem 3.1, we obtain the following existence result.
Corollary 3.1. Let the assumptions (Hag), (H1), (Hz)"”, (Hs), (Hy)" and (Hs) hold.
Then the fractional control system (1.1) possesses a mild solution on J provided that
M>MBEb** || R(5, W
B IRG D
(I'(a))?

ML,(1+

3.2. The case g is completely continuous

Sometimes, the Lipschitz condition is not easy to verify in application. So if we
replace the condition (H3) by
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(H3)* g : C(J,H) — H is completely continuous and there exist constants
dy,ds > 0 such that

lg(@)|l < dillzllc +d2,  Vz e C(J, H)

then we can obtain the following existence theorem.

Theorem 3.2. Let the assumptions (Hag), (H1), (H2), (Hs)*, (Hy) and (Hs) hold.
Then the fractional control system (1.1) has at least one mild solution on J provided
that
M2MZb*~ 1| R(5, ¥§ Mbe—t
(1+ B (F(a)”)2( O)||)(Md1+Mb02+w01)<1.
Proof. By the assumption (H3)*, Q1 : C(J,H) — C(J, H) is clearly continuous,
where Q1 is given in (3.4). By the strong continuity of {CZ (t)}¢>0, Q1(By) is equi-
continuous in C(J, H). So we only prove the relative compactness of Q1(B,)(t) on
J. Indeed, since g : C(J,H) — H is completely continuous, it follows that g(B,)
is relatively compact. Hence, the exponential boundedness of CF,(t) for t > 0
yields that Q1(B,)(¢) is a relatively compact set on J. Thus, @ : B, — B, is
completely continuous. By Lemmas 3.3, 3.4 and 3.5, J> : B, — B, is completely
continuous. Therefore, Q@ = Q1 + Q2 : B, — B, is completely continuous. By
applying Schauder’s fixed point theorem, we conclude the existence of fixed point
of @ in B,, which is the mild solution of fractional control system (1.1). O
By Corollary 3.1, we can obtain the following corollary.

Corollary 3.2. Let the assumptions (Hag), (H1),(Hz)"”,(Hy)"” and (Hs) hold. In
addition, the function g satisfies the condition

(H3)*™ g : C(J,H) — H is compactly continuous and there exists a constant
N3 > 0 such that

lg(z)|| < N3, VaeH.

Then the fractional control system (1.1) has at least one mild solution on J.

3.3. The case g is continuous

In this section, we assume that the nonlocal function g satisfies the condition
(H3)*™* g : C(J,X) — X is continuous and there exists a constant N4 > 0 such
that
lg(x)|| < Ny,  Vz € C(J,X).

Moreover, there exists a constant ¢ € (0,b) such that g(x) = g(y) for any z,y €
C(J,X) with z(s) = y(s) for s € [, b].

In order to prove the existence of mild solutions of control system (1.1), for
n > 1, we first consider the following approximate problem

CD¢(Ex)(t) = Ax(t) + f(t,2(t)) + Bug(t), te€J,
Ex(0) =z — CE,(+)g(x), (Bx)'(0) =yo — h(x),

(3.7)

where u, is defined by (3.1) and

b
p(a) = 1= CE (0o~ O (g )] (0) o~ h(a)] - / PE, (b—s) (s, 2(s))ds.

(3.8)
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Lemma 3.6. Let the assumptions (Hag), (H1), (Hz), (Hs)™*, (Hy) and (Hs) hold.
Then the fractional approzimate problem (3.7) possesses at least one mild solution
on J provided that

M2MZL>*~Y|R(6,¥Y)| Mbe—t
1 f — 0 (Mb L. .
(1+ T(a))? )(Mbo + T(a) o1) < (3.9)
Proof. For n > 1, we define an operator ®,, : C(J,X) — C(J,X) by
1

(@n)(t) =Co1 (t)[ao — Cf,l(g)g(x)] + S84 1(t)yo — h(2)]

+ / PY(t = s)[f(s,2(s)) + Buy(s)lds, te€.J.
0

By Definition 2.3, the mild solution of fractional approximate problem (3.7) is equiv-
alent to the fixed point of ®,,. We will apply Schauder’s fixed point theorem to show
that the operator ®,, has at least one fixed point in C'(J, X). For this purpose, we
divide the proof into three steps.

Step I, there is a constant r > 0 such that ®,(B,) C B, is continuous, where
B, ={x € C(J,X) : ||Jz(t)|| < r,t € J}. If this is not true, for Vr > 0, there exists
Z € B, such that ||(®,Z)(¢)|| > r for all ¢ € J. By means of the assumptions listed
above and (3.8), we have

a—1

Mb
Ip@)| < Nzl + M([lzol| + MNa) + Mb(|lyoll + () + WH%‘”U

and
M2MEV~ | R(5, W)
(T())?
M>MEb>* | R(5, ¥3) ||
(I'(@))?
a—1

+ Mol -+ () + o]

r < (@3 (0] < Lz

+(1+ ) [M(||lzol| + MNy)

Dividing r in both sides of the above inequality and taking lower limit as r — oo,
we obtain that

MEMEB RGO MY
(@) J(Mbs + o)

This contradicts to (3.9). Hence, there is a constant r > 0 such that ®,,(B,) C B,.
Similar to the proof of Lemma 3.3, we can easily show that ®, : B, — B, is
continuous.

Step 1I, the set An() = {CF,(-)[zo — CF,($)g(x)] : @ € B,} is relatively
compact in C(J, X). For any 0 < t; < to <b and x € B,., Since

1< (14

1A (t2) = An(t2)ll = [[CZ1(t2) = CZ1(81)] [0 — 05,1(%)9(96)] =0

as ty —t; — 0 due to the strong continuity of CF,(¢) for ¢ > 0, it follows that the
set Ay, (+) is equi-continuous in C'(J, X). On the other hand, owing to the uniform
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boundedness of g and compactness of CZ 1(2), the set A,(0) is relatively compact.

For 0 < t < b, Since CZ,(t) is compact for ¢ > 0 and [lzo — CE,(1)g(2)| <
llzol| + M Ny for all x € B,, we obtain that the set A, (t) is relatively compact for
0 <t <b. Therefore, the set A, (+) is relatively compact in C(J, X') by Ascoli-Arzela
theroem.

Step III, the operator ®,, : B, — B, is completely continuous. Since the set
An(+) is relatively compact in C(J, X), Combining this fact with the conclusions
of Lemmas 3.4 and 3.5, we deduce that &, : B, — B, is relatively compact in
C(J,X). Thus, ®,, : B, — B, is completely continuous. Consequently, the operator
®,, admits a fixed point in B, for n > 1 by using Schauder’s fixed point theorem,
and it is the mild solution of fractional approximate problem (3.7). O

Let

S(u) :=A{x, € C(J,X) : &y = Ppxn,n > 1}.

Then S(u) is called the solution set of fractional approximate problem (3.7). Define
xn(t), te€ o],

xn(@)r te [07 9]7

Tn(t) =

sokok

where g comes from the assumption (H3)***. Then g(z,) = g(z,) owing to (Hs)
According to Lemma 3.6 and Theorem 3.7 of [11], we can obtain the following
lemma.

Lemma 3.7. Let the assumptions (Hag), (H1), (Ha), (Hs)***, (H4) and (Hs) hold.
Then the solution set S(u) is relatively compact in C(J, X).

Theorem 3.3. Let the assumptions (Hag), (H1), (Hz), (Hs)***, (Hy) and (Hs) hold.
In addition, the inequality (3.9) is satisfied. Then the fractional control system (1.1)
has a mild solution on J.

Proof. By Lemma 3.7, since the solution set S(u) is relatively compact in C(J, X),
there is a subsequence {z, : n > 1} C S(u) converging to some z, in C(J,X). By
the definitions of S(u) and ®,,, we have

en(t) =CEy (o — CEa (2 )glra)] + 554l — hian)]

+ [ PE = (s mn(s) + B, (9ds, 1€
0
where
ua, () = B*(PE,)* (b — t)R(5, W)p(z)
and

plan) =z — CEa(B)lro — CEA(D)gln)] — SE2 (0)lyo — )]

—/0 PE(b— 5)f (5. 2a(s))ds.

Taking the limit as n — oo in both sides of above identities, by the continuity
of functions g, h and f and Lebesgue’s dominated convergence theorem, we obtain
that

24(t) =Cq1 (D)o — g(w.)] + 5571 (t)yo — h(@.)]
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/ w1(t = 8)[f(s,24(5)) + Bug, (s)lds, te€J,
where
Uy, (t) = B*(PF)"(b— t)R(5, U§)p(x.)

and

b
p(as) = 2 = Oy (b)wo — g(2.)] = 551 (b)yo — h(@.)] ~ / PYy(b=5)f(s,2.(s))ds.
0
Therefore, =, € C(J, X) is the mild solution of fractional control system (1.1). O
By Theorem 3.3, we can obtain the following corollary.

Corollary 3.3. Let the assumptions (Hag), (H1), (Hz2)", (H3)***, (Hy)" and (Hs)
hold. Then the fractional control system (1.1) has a mild solution on J.

4. Approximate controllability

Now, we are in the position to state and prove our main results of approximate
controllability.

Theorem 4.1. Suppose that the assumptions (Hag), (Hp), (He), (Hy), (Hs)”,
(H3), (H4)" and (Hs) are satisfied. If the function g is uniformly bounded and

ML, < 1, then the fractional control system (1.1) is approxzimately controllable on
J.

Proof. For every § > 0 and z, € H, we choose the control us by
us(t) = B*(P(fl)*(b —t)R(5, U)p(xs),

where

b
plrs) = oy = C1 (b)wo — g(w5)] = 851 (0)[yo — hlws)] — /0 Py (b—5)f(s, 5(s))ds.

By Corollary 3.1, the fractional control system (1.1) has a mild solution correspond-
ing to us expressed by

ws(tius) ==ws(t) = Cf 1 (t)[wo — 9(x5)] + S5 1 (1) [yo — h(zs)]
/ 1t = 39)[f(s,25(s)) + Bus(s)]ds, teJ.

Owing to 6R(6, ¥h) = I — WER(S, UY), we have

x5(b;us) = xp — OR(S, ¥Y)p(x5). (4.1)
In view of (Hap) and Lemma 2.3, {CF,(t)}:>0 and {SF,(t)}:>0 are compact.
Then the sets {CF (b)[zo — g(zs)] : 6 > 0} and {SE,(b)[yo — h(x5)] : 6 > 0} are
relatively compact due to the uniform boundedness of g and h. Therefore, they

have subsequences, still denoted by themselves, tend to some z’ and 3’ in H as
d — 07, respectively. Moreover, the condition (Hz)" yields

b
/ £ (s, 25(s;us))||ds < Nib.
0
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Combining this fact with the reflexive property of L?(.J, H), there exists ¢ € L*(J, H)
such that a subsequence of {f(-,z5(-;us)) : 6 > 0}, still denoted by itself, weakly
converges to ¢(-) in L?(J, H) as § — 0. Then the compactness of {PZ,(t)}:>0
implies

b
/0 P(fl(b —9) [f(s,x(;(s; ug)) — (b(s)]ds —0

as d — 07. Denote by

b
pi=xp —z' —y' — / PY (b= s)¢(s)ds.
0

Then 1 € H and

Ip(x5) = pll =0 (4.2)

as § — 0. By virtue of (4.1), (4.2) and Lemmas 2.5 and 2.6, we get

s (b; us) — @yll =/ 6R(8, U5)p(as)|
<[I6R (S, w5)llllp(zs) — poll + [6R(8, ¥g)ul — 0

as 0 — 0T. Therefore, the fractional control system (1.1) is approximately control-
lable on J. O

By Corollaries 3.2 and 3.3, we can obtain the following approximate controlla-
bility theorems.

Theorem 4.2. Suppose that (Hag),(Hp),(Hc), (H1),(H2)", (Hs)**, (Hy)" and
(Hs) are satisfied. Then the fractional control system (1.1) is approzimately con-
trollable on J.

Proof. The proof is similar to the one of Theorem 4.1, we omit it here. O

Theorem 4.3. Suppose that (HAE)7 (I{B)7 (f[c)7 (Hl), (Hg)”, (Hg)***, (H4)H and
(Hs) are satisfied. Then the fractional control system (1.1) is approximately con-
trollable on J.

Proof. The proof is similar to the one of Theorem 4.1, we also omit the detail
here. O

Remark 4.1. In Theorem 4.3, if we choose F = I, where [ is the identity operator,
then it is a nature improvement of Theorem 3.8 of [11].

Remark 4.2. In [3,11,12], when the authors considered the approximate control-
lability of the nonlinear evolution equations, they always supposed the approximate
controllability of the corresponding linear system. But in our Theorems 4.1, 4.2
and 4.3, this assumption is removed by adding (Hg) and (Hc).
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5. Applications

Consider the fractional differential control system of Sobolev type in the following
O (t Dt 1
¢ pe (x(t,n) - 857; n)) = 8572’ n 4 BT )
t €10,1],n7 € [0, 7],
z(t,0) ==z(t,7) =0, ¢€][0,1],
2
(1 - o

2
(5= 5)els0.) = [ao(n) 1= sin(2 + 2°C )], e 0.1,

+ Tu(t,n),

(5.1)
)z](0,m) = [zo — g(2)](n), n € 0,7,

where a € (1,2), p > 0 is a constant.
Let H = U = L?[0,71]. We define
D(A) = D(E) = {z € H:x € W*?0,n],2(0) = z(r) = 0},

0%z 0?

Az o )x.

Noting that A has eigenvalues —n?,n € N with corresponding eigenvectors e, (s) =
\/% sin(ns), and {e, : n € N} is a complete orthonormal system in H, by Example
6.3 of [3], the pair (A, E) generates an (a, 1)-resolvent family {CZ, (t)}:>0 given by

C(f,l(t>x = Z Ea’n(t)<l‘,€n>€n, VZ‘ € H7
n=1

. S (—1)Fp2kok B . . )
where £, ,(t) = 3 Tk Lhen Cy1(t) is norm continuous for ¢ > 0 and
k=0

ICEL(#)]| < 2. Moreover, the operator (A*E — A)~! is compact for A > 0. By

Remark 2.1, C’gi 1(t) is a compact operator for all ¢ > 0. Thus, the assumption
(Hag) holds.
For t € [0,1], let

w(t)(n) = x(t,n),  Bu(t)(n) = Tu(t,n),

[t 2(t)(n) = €3t(

20 + 22(t,7m))

and
h(z)(n) = 1+ sin(2 + 2°(-,7)).
Then 1
IFE 2O < 55, (@) < 2.
Hence the assumptions (Hs)” and (H,)" are satisfied with Ny = 55 and N = 2,
respectively.

Consequently, if one of the following conditions are satisfied:

1

(i) g(x)(n) is Lipschitz continuous with Lipschitz constant L, € (0, 5

formly bounded;

) and uni-
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(ii) g(x)(n) is completely continuous and uniformly bounded;
(iii) g(z)(n) satisfies the condition (Hs)***.

then the control system (5.1) is approximately controllable provided that the con-
ditions (Hp) and (H¢) are satisfied.

Remark 5.1. The technique used in this paper can be applied to investigate the ex-
istence and approximate controllability of mild solutions of the following Riemann-
Liouville fractional control system of Sobolev type in the Hilbert space H

YD (Ex)(t) = Ax(t) + f(t,x(t)) + Bu(t), teJ,
E(ga—a *x)(0) = z0 — g(z), (5.2)
[E(g2-0 * ©)]'(0) = yo — h(x),

where L D¢ denotes the Riemann-Liouville fractional derivative operator of order
a€(1,2).
The mild solution of the control system (5.2) is defined by

z(t) =CF o _1()[xo — g(@)] + CF o (t)[yo — h(=)]
+/ CE (t— )[f(s,2(s) + Bu(s)lds,  t e,
0

where CF () is the (o, — 1) resolvent family generated by the pair (4, E),

a,a—1
which satisfies

AR(A\“E, A)x = / e MCE _(t)xdt, Rel>w, z€ H,
0

a,a—1
CE . (t) is given by CF ,(t) = fot CE | (s)ds, which satisfies

oo
R(\*E,A)x = / e MCE (Hwdt, Rel>w, z€ H.
0

6. Conclusion

In this paper, the existence and approximate controllability of the a € (1,2) ordered
Sobolev type fractional evolution system (1.1) are investigated in the Hilbert space
H. For any «, 8 > 0, with the help of the resolvent family {C’ofiﬂ (t)}+>0 generated
by (A, E), the definition of the mild solution of (1.1) is given by utilizing Laplace
Transform. Then some sufficient conditions for the existence of mild solutions of
fractional evolution system (1.1) is established by using fixed point theorems. The
approximate controllability of fractional evolution system (1.1) is also discussed
without assuming the approximate controllability of corresponding linear system.
In our discussion, we assume that the nonlocal function ¢ is Lipschitz continuous,
or completely continuous, or continuous, and the nonlocal function A is continuous
without any compactness conditions. Particularly, the existence and compactness
of E~! are not needed in our work, hence the results obtained in this work improve
and extend some existing results.
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