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A SHADOWING LEMMA FOR RANDOM
DYNAMICAL SYSTEMS

Siyu Gaolf

Abstract This paper proves a shadowing lemma for the random dynamical
systems generated by a class of random parabolic equations. We propose
random versions of Newton’s method and solution-tracing theory to obtain our
main theorem. This result applies to C* random dynamical systems on Banach
space without assuming the corresponding map to be a diffeomorphism. We
also provide sufficient conditions to assure the measurability of the resulting
solution. This measurability can be verified as long as a proper subsequence
of the initial iteration sequence is measurable.
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1. Introduction

As well known, the shadowing lemma has been widely used as an efficient tool to
solve various problems in theoretical analysis and numerical computation. For ex-
ample, through this lemma, Lin [24] substantiated the validity of the expansions
for a singularity perturbed boundary value problem; Dellnitz and Melbourne [10]
proved the density of periodic points with given symmetry; Chow and Van Vleck [§]
estimated the global error of the solution for initial value ordinary differential equa-
tions. Another vital application of shadowing lemma is chaotic behavior detection.
Due to the mysterious nature of chaotic orbits, the rigorous proof of chaotic be-
havior had been a rather complicated problem. However, the shadowing lemma
vastly simplifies this proof procedure and provides new perspectives to investigate
the orbital properties of chaotic dynamical systems.

The celebrated Birkhoff-Smale theorem has proposed that homoclinic points may
cause quite complex behavior. By the construction of Smale horseshoe map [29],
the essence of chaotic dynamical systems was gradually revealed and explicitly ex-
pressed as some iterates of diffeomorphism, which are topologically conjugate to a
Bernoulli shift with finite symbols. After being put forward and proved (Anosov [1],
Bowen [4]) and then successively generalized (Franke and Selgrade [15], Robin-
son [28], Guckenheimer etc [17]), the shadowing lemma was first used by Palmer [25]
to construct the conjugation relationship for proving Birkhoff-Smale Theorem. It
bridges the existence of pseudo-orbit to the fact that the discretization of the ini-
tial dynamical system admits a Bernoulli shift as a subsystem. After that, the
shadowing lemma earned more and more attention and interest in many aspects.
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In deterministic cases, Chow etc [6] proved a shadowing lemma for C! maps
in infinite-dimensional space, which may not be diffeomorphisms. Coomes etc [9]
proposed a shadowing lemma for flows. Some other important results can be seen
in Palmer [26], Pilyugin [27], Gan [16], Delshams etc [11], and recently Han and
Wen [19], Delshams etc [12], Li [22]. In addition to the results mentioned before, the
shadowing lemma is also of great significance in random dynamical systems theory.
Chow and Van Vleck [7] proved a shadowing lemma for random diffeomorphisms.
To take one step further, Gundlach [18] introduced stable and unstable manifolds
for stationary orbits of the finite-dimensional random dynamical system correspond-
ing to diffeomorphisms ¢(n,w), and then proved that the random hyperbolic set
contains an invariant subset on which the dynamics are conjugate to random shifts.
In [20], He etc first defined a type of hyperbolicity on full measure invariant sets
and proved the shadowing property of diffeomorphisms by the assumptions of equi-
continuity and uniformity of the Oseledec splitting. Though there are some results
in random cases, most of them only took into account of the random mappings
which are diffeomorphisms. In this paper, we weaken this assumption and consider
the mappings that are not necessarily diffeomorphisms.

We intend to prove a shadowing lemma for a C' random dynamical system,
which is generated by the solution operator of a random parabolic evolution equa-
tion. The time map of this system is not required to be a diffeomorphism. The
process to achieve this goal involves the theory of invariant manifolds (see Deng and
Xiao [13], Bento and Vilarinho [3]) and random exponential dichotomy (see Lian
and Lu [23], Zhou etc [30]). Moreover, by following the ingenious method in [6], we
present a random version of Newton’s method, which plays an essential part in our
proof. This attempt brings up a set of brand new problems. The most tricky one
of them is the measurability of the tracing solution. To solve these problems, we
propose a strategy centering around the strong measurability of specific operators.
It is worth mentioning that, rather than the whole initial iteration sequence, the
measurability of a proper subsequence will suffice to guarantee that the entire re-
sulting solution is measurable. The detailed derivation and proof will be elucidated
progressively in the following few sections.

The outline of this paper is as follows. In Section 2, we introduce some basic
definitions and specify the system we will study. In particular, we generalize the
idea of hyperbolic set to this random case and present their critical properties, which
contribute to the main result as stated in Theorem 2.1. Section 3 investigates a set
of random linear difference equations which serve as a discretization of the system
we are interested in. As a preparation to prove the main result, a shadowing lemma
for this linearized system is presented and proved in Section 4. Finally, Section 5
gives the proof of the main result.

2. Random Parabolic Equations

In this section, we first review some basic concepts about random dynamical sys-
tems, which are referenced from Arnold [2]. Then we describe the system we are
concerned with and generalize some definitions for it. At the end of this section,
we state the main theorem.

Let (2, F,P) be a probability space. Let time T = R or Z and endow it with
Borel o-algebra B(T). X is a separable Banach space with norm |- | and Borel
o-algebra B.
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Definition 2.1. A family of mappings (6!);cr from Q into itself is called a metric
dynamical system if

(1) (w,t) = Otw is F ® B(T)-measurable;

(i7) 0° = Idg, 0"t = 0 0 6° for all t, s € T;

(3i) 0! preserves the probability measure P.

For the dynamical systems with discrete time, part (i) of the definition above
can be reduced to (i)’ w — 6'w is F measurable for each ¢ € T.

Definition 2.2. A random dynamical system (or RDS) on X over a metric
dynamical system (Q, F,P, ") with time T is a mapping

o:TxQAxX — X, (t,w,z) = o(t,w, ),

which satisfies
(7) ¢ is B(T) @ F @ B-measurable;
(#7) The mappings ¢(t,w) := ¢(t,w,-) form a cocycle over 6:

?(0,w) = Idx for all w € Q,
ot + s,w) = ¢(t,0°w) o (s, w) for all s,t € T,w € Q.

If in addition ¢ is differentiable with respect to x, and both ¢ and its derivative D¢
are continuous with respect to (¢,), then ¢ is called a C' random dynamical
system.

Consider the random parabolic evolution equation
i+ Az = f(0'w, ), (2.1)

where A is a sectorial operator on X with Reo(A) > 0. By Theorem 1.3.4 on Henry
[21, p20], — A is the infinitesimal generator of an analytic semigroup {e~4*};>0. And
also, for 0 < a < 1, the fractional power operator A% : 2(A*) — X is well-defined,
and the space X = P(A%) is Banach with graph norm |z|, = |A%z|. Both of these
two norms can induce corresponding measurable norms | - [. and |- [ o) on  x X
and Q x X respectively, i.e., the mappings (w,z) — [z], and (w,z) — [2]@y,q)
are F ® B-measurable. The corresponding norm of the operators from {#"w} x X
to {#"w} x X (resp. from {#"w} x X to {#"w} x X*) is denoted by | - |(m n,w)
(resp. |- |(mn,w,a)). For the sake of conciseness, if a point is obviously on a certain
fiber, we will omit the part of the subscript which indicates its location on base
space. Assume f(-,z) is (F, B)-measurable for each z € X, and f(w,-) is Lipschitz
continuous for each w € Q with Lipschitz constant £(w) satisfying

b
/ L(0°w)ds < oo, for —oo<a<b<oo.

Then according to Theorem 3.5 in Caraballo etc [5], given initial condition z(tg,w) =
x € X% the random differential equation (2.1) has a unique mild solution z(t,w)
on any interval t € [tg,t1] for any w €  and it generates a continuous random
dynamical system, which is given by

t
B(t,0%w, ) = e Az —I—/ e_A(t_s)f(95+t°w, é(s,0"w, z))ds. (2.2)
0
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Note that (2.2) implies ¢(0,60"w,z) = z for all w. Assume in addition that x —
f(w,z) is C* and Lipschitz continuous, t — f(#'w, z) is locally Hélder continuous,
and also in the sense of operator norm, * — Djf(w,x) is Lipschitz continuous,
t — Df(0'w, ) is Holder continuous. Then ¢ is a C'* random dynamical system.

In order to present a random version of Shadowing Lemma for this system
precisely, we need to introduce some notations and definitions. First, denote the
metric on X measuring the distance between a point x and a set U C X as

d(z,U) = ;Ielg |z — yl.

Then a mapping A :  — 2% is called a random set if w — d(z, A(w)) is measurable
for any x € X. In addition, if each A(w) is closed (compact), A is said to be a random
closed (compact) set. If A€ is a random closed set, A is called a random open set.
A set-valued mapping of this kind can also define a subbundle {(w,z) € Q x X|x €
A(w)}, which is also denoted by A. To avoid causing confusion, we will explicitly
specify which one is mentioned each time they appear. We say that a subbundle
A is forward invariant under random dynamical system ¢, if ¢(t, 0% w, A(6%°w)) C
A0 tow) for all t > 0.

Definition 2.3. A random bounded linear operator 7' : Q@ — Z(X) is called
strongly measurable on X, if the mapping w — T'(w)x is (F, B)-measurable for
each z € X. If for every w € Q, T(w) is invertible, then T is called invertible.

Now we are ready to define the hyperbolicity of subbundle in the sense of random
dynamical system.

Definition 2.4. A forward invariant subbundle A under RDS ¢ is called hyper-
bolic, if D¢ admits exponential dichotomy on A, which means the following
conditions are satisfied:

(i) For each (w,z) € A, there is a splitting

XY =F(w,z) ® E*(w,x),
which is invariant under D¢ in the following sense,

Do(t,0%w, x)E* (0w, x) C E*(0" 0w, ¢(t, 0w, x)),

Do(t, 0w, x)E*(0"w,z) C E“(0""°w, ¢(t,0"w, z)),
for all (6%w,x) € A and ¢t > 0. And this splitting is also measurable and continuous,
which means the splitting projection P(w,z) with range E®(w,z) and nullspace

E%(w, z) is strongly measurable in (w,z) and uniformly continuous in the operator

norm.
(ii) Do(t, 0w, x) : E“(0"°w, ) — E“(0*Tow, ¢(t, 0w, x)) is an isomorphism
with bounded inverse

Do(t, 0w, )t : B0 0w, é(t, 0w, x)) — E“(0"w, x)

satisfying Do (t,0%w,z) "1 (I — P(f%w,z)) is strongly measurable in (w,z). And
there exist constants K > 1, 8 > 0 such that for all (f%w,x) € A, t > 0,

|Do(t, 0w, z)P (0w, z)| < Ke P!,
D (t,0%w, ) H(I —P(0"""w, ¢(t, 0w, x)))| < Ke™ 7.



3018 S. Gao

Let U,,cz[Tn—1,7n] = R be a partition of R with 0 < 7 < 7, — 7,1 < 27 for all
n, where 7 > 0 is a constant.

Definition 2.5. Let § : © — R* be a ¢! invariant random variable, i.e., §(f'w) =
d(w) for all t > 0. A sequence {z,(t,w)}nez, t € [Tn-1,7Tn] is called an (w,d)
pseudo-solution for (2.1) if for all n,

|In(7_naw) - zn+1(7—naw)|a < §(w)a

and
sup{|hn (0'w)| : 71 <t < T} < O(W),

where
B (0'w) = i (t,w) + Az (t,w) — f(0'w, 2, (L, w)).

Definition 2.6. Let ¢ : Q@ — R™ be a 6! invariant random variable. An w-solution
z(t,w) of (2.1) is said to (w,&)-shadows the (w,d) pseudo-solution {x, (t,w)} if
x(t,w) is defined for all ¢t € R and

|x(t, w) — zn(t,w)] < e(w) for 7,1 <t < 7pym € Z.
Our main result then can be summarized as follows.

Theorem 2.1. Suppose A is a forward invariant hyperbolic subbundle of random
dynamical system (2.2). There is a positive 6° invariant random variable A(w), such
that for each w € §, both f(w,z) and D f(w,x) are bounded in the A-neighborhood
O of A, which is w-wise defined as O(w) = {x € X|d(z,A(w)) < A(w)}. Let
{zn(t,w) }nez, Th-1 <t < 7y be a (w,d) pseudo-solution of (2.1), where x,(t,w) is
in a §(w)-neighborhood of A(6*w). Then there exists a positive 0' invariant random
variable €g, such that if 0 < e(w) < eo(w), then there is an e-dependent positive
random variable 6(w, €), such that if §(w) < 0(w, ), there exists a unique w-solution
x(t,w) of (2.1) which (w,e)-shadows {x,(t,w)}. Furthermore, if there exist positive
integers k and | satisfying 16 K3 \* < 1, k <1, such that {x,(7,_1,w)} possesses a
measurable subsequence {Ty, (Tn,—1,w)}icz with k < njp1 — n; < 1, then z(t,w) is
measurable for all t.

3. Random Difference Equations and its Lineariza-
tion

In this section, we change the angle of view to consider a nonautonomous random
difference equation with discrete time and its linearization. This procedure will show
a clearer picture of the behavior of the system we care about, since the dynamics of
a system on hyperbolic invariant set can be reflected by the exponential dichotomy
of its linearized system.

Let ¢ : Q x X — X be a measurable mapping and ¢(w, -) is C* for each w € Q.
Consider the system generated by {©(0"w,")}nez. The role of ¢ in this system is
analogous to the time-one map in a classic random dynamical system, but it is not
necessarily a diffeomorphism, and the invertibility about it will be specified at once.

Definition 3.1. For fixed w € §, an w-orbit of {¢(0"w, )},ez is a sequence of
points {x, }nez with z, € {#"w} x X for all n, which satisfies

Tnt1 = (0w, ) for all n € Z.
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A sequence of mappings z,, : 2 — X is called an orbit of ¢, if {z,(w)}nez is an
w-orbit of {p(0"w, ) }nez for every w € Q.

Such {z, }nez can also be called a solution of measurable difference equation
Unt1 = @(0"w, up).

Since ¢ is measurable, a unique measurable forward solution will be generated if
initial value x,,(w) = £ is preassigned for each w € Q. Here m represents the initial
time and will be set 0. Assume A :  — 2% is a random set, and the subbundle A
it defines is invariant under ¢, i.e., p(0"w, A("w)) C A(0"'w) for all n. There is
a 0™ invariant positive function A(w), such that for all n € Z, w € Q, ¢(6"w, ) and
Dy(0"w, ) are uniformly bounded and continuous in a closed A(w)-neighborhood
O(w) of A(w). Let the bound of |Dy(0™w,-)| be M.

Definition 3.2. Let A be an invariant subbundle under ¢. It is called hyperbolic,
if there exist constants K > 1, 0 < A < 1 and for all (w,z) € A a splitting

X =FE(w,z) ® E*(w, ),
which is invariant under Dp(6"w, x) in the following sense,

D (0™w, 2)E*(0"w, ) C E*(0"w, o(0"w, ),
Dp(0"w, ) E*(0"w, z) C E“(0" M w, p(0"w, x)),

and depends measurably on (w,z) € A, for each fixed w € Q continuously on z €
A(w), i.e., there is a strongly measurable projection P(w, z) with range E*(w, x) and
nullspace £ (w, z), which satisfies |P(w, z)| < K, [I =P(w, )| < K and is uniformly
continuous in operator norm with respect to x € A(w), such that Dp(0"w,z) :
E4(0"w,r) — E“(0" M w, p(6"w,)) is an isomorphism with strongly measurable
inverse Dy~ 1(0"w, x) : E“("w, p(0"w, ) — E“(0"w, z). Furthermore, for any
pair of integers m < n, the finite sequence Z,,(w), Tmi1(w) = (MW, Tpm(w)),
Tmaa(w) = (0™ w, 2 1(W)), -, Tp(w) = (0" tw, 2,1 (w)) satisfies

|Do(0"w, 2 (W) - - - Dp(67w, T ()P (0™ w, 2 (w))| < KA+
|D<,0_1(9mw, Jtm(w)) . D(p—l(enw7 xn(w))([ _ P(an—i—lw’ $n+1(w)))| < Kn—m+1l

Definition 3.3. Let § : @ — RT be a 0" invariant function. For any w € Q, a
sequence {y, (w)}nez, where y, (w) € {#"w} x X, is called an (w, d§) pseudo-orbit
of {p(0"w, ") Inez, if

[Ynt1(w) — @(0"w, yn(w))] < §(w) for all n € Z.

Definition 3.4. Let ¢ : Q@ — RT be a 6™ invariant function. An w-orbit {z,,(w)}nez,
where x,(w) € {§"w}x X, is said to (w, €)-shadow the (w, §) pseudo-orbit {y,(w)},
if

|2n (W) — yn(w)| < e(w) for all n € Z.

To conclude the assumptions above and provide an auxiliary result for our main
theorem, we present the following theorem and prove it in the next few sections.
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Theorem 3.1. Let (2, F,P) be a probability space and (0™),cz be a metric dy-
namical system defined on . X is a separable Banach space equipped with Borel
o-algebra B. A is a hyperbolic invariant subbundle for C' measurable mappings
{p(0"w, ) }nez with constants K > 1, 0 < A < 1. Then there exists a positive 0™
invariant function eo(w), such that for each 6™ invariant function e(w) satisfying
0 < e(w) < eg(w), there is a §(w) > 0 such that if {yn(w)}nez, yn(w) € A(0"w), is
an (w,d) pseudo-orbit for {p(0"w, ) }nez, then there is a unique orbit {z,(w)}nez
which (w,€)-shadows {yn(w)tnez. Moreover, if there exist positive integers k and 1
satisfying 16K3XF < 1, 0 < k <1 < 0o such that {y,(w)}nez possesses a measur-
able subsequence {yn,(w)}icz with k < niy1 —n; <1 for any i € Z, then the orbit
{zn (W) }nez is measurable for alln € Z.

Let A, : Q - Z(X), n € Z, be a sequence of strongly measurable operators,
then equations
Tt = Ap(w)xn, neZ, (3.1)

constitute a measurable linear difference equation set, and the corresponding tran-
sition matrices of it are as follows

Ap_1(w)oAp_g(w)o---0An(w) for n > m,
®(n,m,w) =
1 for n = m.

Definition 3.5. We say the measurable linear difference equation set (3.1) has
exponential dichotomy if there exist constants K > 1, 0 < A < 1 and strongly
measurable projections P, on {6"w} x X, such that for all w €  and any arbitrary
pair of integers n > m, we have

O (n,m,w)P,,(w) = Pn(w)q)(n m,w),
[D(n, m,w)P(w)] < KA"

) is an isomorphism with bounded

In addition, ®(n,m,w) : N (P, (w)) — (P (w
= &(m,n,w) : N(Pp(w)) = N (P (w))

strongly measurable inverse ®(n,m,w)~!
satisfying
B, 1, ) (I — Po(w))] < KA.

Now we introduce a product space IIX = --- x X x X x X x --- of bounded
sequences X = {p, fnez, n € X. It is a Banach space if we endow it with norm

[[x]| = sup [2y,].
neE”Z

This norm also induces a measurable norm
%l = sup |zn]w
nez

on  x ITX, since the norm on €2 x X is measurable. The corresponding operator
norm from {#"w} x IIX to {#"w} x ILX is denoted by || - |[(m,nw). Unless it is
necessary, the subscripts will be omitted. Define 7, : IIX — X as 7,(x) = x, to be
the coordinate map. Recall that B is the Borel o-algebra on X, then the product
Borel o-algebra @ B on I1X is generated by {m,'(V,,)|V, € B for n € Z}, where
77 (Vi) = ez Vi and V,,, = X for m # n. By proposition 1.3 in Folland [14, p23],
& B is also generated by {Il,czV, |V, € B}. So we have
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Lemma 3.1. If x(w) = {x,(w)}nez, then x(w) : @ — 11X is measurable if and
only if xp(w) : Q@ = X is measurable for all n € Z.

This lemma leads us directly to a fact about strongly measurable operators.

Corollary 3.1. Let T,, : Q@ — Z(X), n € Z, be a sequence of strongly measurable
operators on X, then the operator T : @ — L (I1X) defined as

(T(w)x)n = Tn(w)Tn

is strongly measurable on 11X .
We also need another simple lemma about strongly measurable operators.

Lemma 3.2. Let Ty, Tz : Q — ZL(X) be two strongly measurable operators, then
=T, =15, Ty + Ts, and Ty o Ty are all strongly measurable on X.

With the assistance of the results above, we are safe to draw the following
conclusion.

Proposition 3.1. Assume A; : Q — £(X), i € Z are strongly measurable satisfy-
ng

sup |A;(w)] < oo for allw € Q.
neL

Qi : Q= ZL(X) are strongly measurable projections with properties that there exist
positive constants K, My, My satisfying K > 1, 8KM; < 1, 8My < 1, such that
foralli € Z, w € 8,

|Qi(w)| < K, [T = Qi(w)| < K, [Ai(w)Q:(w)| < My,
Qi1 (W) Ai(w)(I = Qi(w))| < My,
(I = Qit1(w))Ai(w)Qi(w)] < M.

Suppose (I — Qit1(w))A;(w) : N(Qi(w)) = N(Qit1(w)) has an inverse B;(w) such
that

|Bi(w)(I = Qit1(w))| < My,

and B;(w)(I — Q;(w)) is strongly measurable. Then the random operator L : Q —
LX) defined as (L(w)x); = x;—A;—1(w)x;—1 is strongly measurable and invertible
with a strongly measurable inverse L™ which satisfies HLfl(w)H < 2K + 1 for all
w. And if x = x(-) = {x;(") }iez, where z; : Q@ — X is measurable for all i, then
{(L7 Y (w)x(w)):} is a measurable sequence.

Proof. By Lemma 3.2 in [6], for arbitrarily fixed w, L(w) is invertible and its
inverse satisfies ||L(w)™!|| < 2K + 1. Then as a random operator, L is invertible
and its inverse possesses the same norm estimation. To elaborate further, if we
define operator S(w) on IIX as (S(w)h); = Q;(w)h; — Bi(w)(I — Qix1(w))hit1, we
have ||I — L(w)S(w)|| < %, then L(w)S(w) has an inverse T(w) with an expansion
expression

T(w) = (L)) =T = (I - Lw)Sw)~" = Z(I — L(w)S(w))’,

J
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which is convergent in the operator norm on .Z(I1X), since |T(w)| < (1 — || —
L(w)S(w)]|)~* < 2. So the inverse of L(w) can be written as

L(w) ™ = S(w)T(w) = Z S(w)(I — L(w)S(w))?. (3.2)

Jj=0

By the measurability assumption of A;, B;, @;, Lemma 3.2 and Corollary 3.1,
S and L are both strongly measurable. Then the expanded formula (3.2) implies
L~ is strongly measurable. So for each x € 11X, w — L~!(w)x is measurable.
Note that x — L~!(w)x is continuous for each w € Q, then (w,x) — L~ (w)x
is measurable. For any x = x(w) = {z;(w)}, where x;(w) is measurable for all
i, the mapping w — (w,x(w)) is measurable from Q to Q x IIX by Lemma 3.1.
By compositing the two mappings above, we have w — L~!(w)x(w) is measurable.
Again by Lemma 3.1, {(L~!(w)x(w))} is a measurable sequence, which completes
the proof. O

Remark 3.1. The property of operator L~! in this proposition that it maps a
measurable sequence to another could apply to all strongly measurable operators
on separable product Banach space.

4. Proof of Theorem 3.1

In this section, we first prove a random Newton’s method, and especially we prove
that if the initial function of iteration is measurable, the unique resulting solution
is measurable. Then we follow the procedure in [6] to give proof of Theorem 3.1.

Proposition 4.1 (Newton’s Method). Let (2, F, P, (0")nez) be a metric dynamical
system, Y be a separable Banach space with Borel o-algebra B(Y), U(w) C Y be
a random open subset and the subbundle defined by it is denoted by U. Suppose
F U =Y is a mapping salisfying that w — F (w,x) is measurable for each x,
(w,x) = F(w,z) is measurable, and v — F(w,z) is C for eachw. Lety: Q =Y
be a measurable function such that y(w) € U(w) for allw € Q, and DF (w,y(w))~!
exists and is strongly measurable. Let €y be a positive random variable such that for
each w € Q, if |x — y(w)|| < eo(w), we have

IDF (w, ) = DF (w,y(w))|| < @IIDF (w,y(w)) )"
Then if 0 < e(w) < go(w) and
17 (w, y(@)] < e(@)2IDF (w,y(w) ")~

the random equation
F(w,z) =0 (4.1)

has a unique measurable solution x : Q@ =Y such that ||z(w) —y(w)|| < e(w) for all
w € .

Proof. For each w € Q, F(w,z) can be expanded with respect to x near y(w) as
following

I (w,z) = F(w,y(w)) + DF (w,y(w))(z — y(w)) + n(w, ),
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where n(w, z) = o(zr). Let e(w) be a random variable satisfying 0 < e(w) < go(w)
for any w. Define operator 7 (w,) on B:(w) ={z €Y : ||z — y(w)| < e(w)} as

T(w, ) == y(w) = DF (w,y(w)) " (F (w, y(w)) + 1w, )). (4.2)

Then T (w,-) is a contraction mapping on B.(w) by Proposition 4.1 in [6]. By
Banach contraction mapping principle, for each w € Q, T(w,-) has a unique fixed
point z(w), which is the unique w-solution of equation (4.1). After taking all values
for w, the map z : @ — Y is the unique solution of (4.1).

Now we turn to the measurability of this unique solution. Set zo(w) = y(w).
It can be seen from the process above that z(w) is the limit of iteration sequence
Zp(w) =T (w,xp—1(w)) for n =1,2,---. The mapping w — .#(w,y(w)) is measur-
able since it is the composition of measurable maps w — (w,y(w)) and (w,z) —
Z(w,z). Similarly, n(w,y(w)) is measurable. The operator D.Z (w,y(w))™! is
strongly measurable by assumption. Then every approximate solution we get from
each step of iteration formula (4.2) is measurable. So the limit z(w) is also measur-
able. O

Lemma 4.1. Let X be a Banach space equipped with Borel o-algebra B. (2, F) is
a measurable space. Let P, Q : Q — £(X) be strongly measurable projections such
that |P(w)| < K, |I — P(w)| < K for allw € Q. Then if |[P(w) — Q(w)| < 5%,
the operator J(w) = P(w)Q(w) + (I — P(w))(I — Q(w)) is invertible with a strongly
measurable inverse J~1(w) satisfying |J 71 (w)| < (1 — 2K|P(w) — Q(w)|)~. And
J(W)R(QW)) = R(P(w)), J ()N (Q(w)) = N (P(w)).

Proof. For each fixed w € Q, we know that |I — J(w)| < 1 through Lemma 5.1
in [6]. So J(w) is invertible with inverse

TN w) =) (I =JW) =1+ =Jw)+ I =Jw)*+-, (4.3)
j=0

thus,

1T @)l < I+ 1 = T @)+ 1 = T@)]* + -
=1 =1 = J)™" <1 -2K|Pw) - Q)N

J(W)R(Q(w)) C R(P(w)), J(w)N(Q(w)) C N(P(w)) and the equalities follow from

the invertibility of J(w). Since w is arbitrary, J is invertible as a random operator.

In addition, the strong measurability of P and @, the definition of .J, the expansion

formula (4.3) and Lemma 3.2 imply that J and J~! are both strongly measurable.

O

Recall that M is the uniform bound of [Dp(0"w,-)| on O(w), the A(w) neigh-
borhood of A(w).

Lemma 4.2. Let | < oo be a positive integer. If {y,(w)}nez is an (w,0) pseudo-
orbit of {p(0"w, )}nez with yp(w) € A(6"w) for all n. Then its subsequence
{yn, (W) }iez satisfying nip1 —n;y < 1 is an (ng;%) M) pseudo-orbit of map-
pings {p(0"+ 1w, ) o0 (0™ W, ) 0 p(0Mw, ) ez

Proof. For any arbitrary pair of n; and n;y1, we have n;11 —n; € {1,2,---,1}.
We intend to prove this lemma by examining all these [ possibilities inductively.
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If nj41 —n; =1, we have

’I’L,H,lf’ni*l

-1
|y’ﬂi+1 (w) - gp((‘)"i%yni (w))‘ < (5(&)) = Z MJ(S(UJ) < Z Mjé(w),
=0 =0

since {yn(w)}nez is an (w, d) pseudo-orbit of {(0"w, ) }nez.
Suppose

nip1—n;—1

|ym+1 (OJ) - @(enH—l_lwv e @(6ni+1w7 @(an‘w’ Yn,; (w))) e )| < Z Mjé(w)
=0

for the case of n;4 1 —n; = a, where a € {1,--- ,1—1}. Then for n;11 —n; =a+1,

Ynisr (@) — (0" w, - (0" w, (0™ w, yn, (w))) -+
Y (@) — (0" w0,y 1 (W)

+ (0" 7w, Y,y -1 (W) — (0" T w, - (0w, (0™ w, Y, () -+
<O(W) + M - [y, —1(w) — (0™ 2w, - (0™ w, 9(0™ w, yn, (w))) -+ )|

a -1
<Y MIs(w) <D MI§(w).
=0 j=0

The conclusion is drawn from the arbitrariness of pair n; and n;41. O

Lemma 4.3. Let {y,(w)}nez be an (w,d) pseudo-orbit for {p(0"w, )}nez, and
{zn (W) nez be an w-orbit of {p(0™w, ) }nez such that its subsequence {x,,(w)}icz
satisfying ni+1—n; <1 can (w, €)-shadow {yn, (w) }icz. Set e(w) = max{e(w),d(w)}.
Then if (Zé‘:o Me(w) < Aw), orbit {x,(w)}nez will (w, 23:0 M¢€)-shadow
{yn(W)}nez.

Proof. For any pair of n; and n;41, we have n;y1—n; € {1,--- ,I}. If njyp1—n; =1,
then

Ynir (W) = @(0™ w, 2, (W)
Ynigr (W) = @(0™ w, yn, ()] + [0(0™ @, yn, (W) = p(0™ w, 2, (W)
<O(w) + Me(w) < (1 + M)e(w).

Suppose for the case of n; 11 — n; = a, where a € {1,--- ;1 — 1},
Y (@) = (0™ M, (0", (0" w, o, (W) )| < Y M e(w),
§=0

then if n;41 —n; =a+1,

‘yni+1 (w) - @(anwl—lw’ e @(anﬁ_lwa gp(@niw7 Tn,; (UJ))) T )|
<‘y’ni+1 (CU) - @(0ni+171w7 yni+1_1(w))|
+ |(p(9m+1—1w’ ynz‘+1*1(w)) - (p(anprl—lw’ U 30(6‘7”-’—10‘)7 (,0(97”0.}, L, (w))) e )|

a+1

a l
<O(w) + MZMjE(w) < ZMje(w) < ZMje(w).
=0 =0 =0
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Since n; and n;; 1 are arbitrary, this conclusion does follow. O

Before proceeding to the next step, we need to introduce and reiterate some
parameters and symbols. Let k, | be two positive integers such that 0 < k <1 < o0
and 16K3)\* < 1. Pick an arbitrary subsequence {n;};cz of {---,—1,0,1,---},
which satisfies k < n;y 1 —n; <[ for all i € Z. Let F(i,w, ) = p(0™+1 1w, -)o-- 0
p(0™w, -), then subbundle A is invariant under F' as F(i,w, A(0™w)) C A(6™+w).
Define new random variables as

p(w,n)=sup{|DF(i,w,z) - DF(i,w,y)| : v€{0"w} x X,y e A(0™"'w), |z —y[<n},

v(w,n) = sup{|P(w,z) = P(w,y)| : & € {w} x X,y € Aw), [z —y| <0}

Because of the uniform continuity of DF'(i,w, ) and P(w,-), we have p(w,n) — 0,
v(w,m) — 0 for all w € Q if n — 0. A positive random variable £y can be chosen
w-wise such that eg(w) < A(w) and p(w,gp(w)) < Tlﬁ. For given 0 < &(w) <
go(w), let_g(w) be a positive §" invariant random variable such that S(w) < Aw),
(4K +2)d(w) < &(w), SM'Kv(w,d(w)) <1, 4Kv(w,6(w)) < 1 for all w € Q.

We first prove Shadowing Lemma for random mapping sequence {F(i,w,") }icz.
Let ¥(w) = {7i(w)}icz be an (w,d) pseudo-orbit of {F(i,w,-)}, where g;(w) €
A(0™iw) are all measurable. Define .# : U — IIX by

(F(w,x))ii=a; — F(i — Lw,x,-1),
where
U={(w,x) € QxIIX|sup|z; — 7:(w)| < A(w)}.
Z (w,x) is C! with derivative (D.Z (w,x)h); = h; — DF(i — 1,w,z;_1)h;—1. Define
L(w) : IX — IIX by
(L(w)h); :== (DF (w,§(w)h); = h; — DF(i — 1w, §i—1(w))hi—1.
Let A;(w) = DF(i,w,¥;(w)), Q:(w) = P(0™w,7;(w)). By the assumptions of hy-
perbolicity of A, for all i € Z, w € Q, we have |A;(w)| < M!, |Q;(w)|] < K,
I — Qi(w)] < K, [4i(w)Qi(w)] < KA and Aj(w)(I — Qi(w)) : NM(Qi(w)) —
NP0+ w, F;(w,7;(w)))) is invertible with strongly measurable inverse having
norm bounded by KA*. In addition, we can calculate

Qi1 (W) Ai(w) (I — Qi(w))]
=[(P(0" " w, Fip1(w)) = PO w, Fi(w, §i(w)))) Ai(w) (I — Qi(w))]
1

<v(0" 1w, 6 (w)) - MK < 3

And similarly we have |(I — Q;+1(w))A;(w)Q;(w)| < g for all w € Q. Let J;(w) =
Qiv1(wW)P(0" ' w, Fi(w,5i(w))) + (I — Qi1(w))(I — P(0"+ w, F(w, ¥i(w)))). Since
|Qiy1(w) — P(O"+ w, F(i,w, §i(w)))]
=|P(0" " w, Jiy1(w)) — P(0"+ w, Fi,w, 7 (w)))]
1

ﬁ7

by Lemma 4.1, J;(w) is invertible with strongly measurable inverse operator satisfy-
ing |J; 1 (w)| < (1-2Kv(w,61(w))) ™! <2, and J;(w)(N(P(0"+w, Fi(w, 5i(w)))) =
N(Qi+1(w)). Then

(I =Qiy1(w) Ai(w)(I - Qi(w)) = Ji(w) Ai(w)(I = Qi(w)) : N(Qi(w)) = N(Qiy1(w))

<v(0"Hw, 61 (w)) <
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is invertible with strongly measurable inverse, which is denoted by B;(w), and
|Bi(w)(I = Qit1(w))] < 2K2\*. Let My = 2K2X\*, My = £. Then by Proposition
3.1, L(w) is invertible with ||L(w)~ || < 2K + 1. Since D.Z (w,) : IIX — Z(I1X)
is continuous, we can choose €g(w) small enough so that

IDF (w,x) = DF (w,§(w))|| < (|2DF (w,3(w) ")~

for ||x — ¥(w)|| € eo(w). Furthermore,

- _ - X _ g(w) g(w)
147 6 Dl = sup () = Fli = 1, Be-a )] < 8260) < g3 < 5o

= &) 2IDF (w,3(w)) )"

Consider I1X to be space Y in Proposition 4.1, then there exists a unique measurable
solution X(w) = {Z;(w)} of {F(i,w,-)} such that ||X(w) — ¥(w)| < &(w).

For 0 < e(w) < eo(w), let &(w) = e(w)/ Xy M7, d(w) = Y MId(w). If
{yn (W) }nez is an (w,d) pseudo-orbit of {p(6"w, )}, which possesses a measurable
subsequence {y,, (w)} satisfying k < n;11 —n; <1, then by lemma 4.2, {g;(w)}nez
with 7;(w) = yn, (w) is a (w, §) pseudo-orbit for { F(i,w,-)}. So there exists a unique
measurable orbit {Z;(w)} which (w,&)-shadows {7;(w)}. Define z,,(w) = Z;(w)
and refill the points between each two elements in this subsequence by natural
way, s0 {x,(w)} is a measurable orbit of {f(n,w,-)}. It follows from Lemma 4.3
and max{é(w),d(w)} = &(w) that {z,(w)} can (w,e)-shadow {y,(w)}. And the
uniqueness of {z,(w)} follows from the uniqueness of {z,,(w)}.

5. Proof of Theorem 2.1

Lemma 5.1. Let the hypotheses of Theorem 2.1 hold and M be the uniform bound
for Df(w,x) in O. Let x(t,w) be a solution of (2.1) with initial condition x(tg,w) =
xq for all w, such that z(t,w) € A(6'w). Let y(t,w) be a solution of the initial value
problem
y(t7w) + Ay(t’ W) = f(atw7 y) + h<9tw)7 y(t07 w) =%Yo

for t € [to,to + 27|, where y(t,w) € O(F'w) for all t € [to,to + 27] and w € Q,
lvo — Tola < 0(w), mapping t — h(0'w) is continuous and sup |h(0'w)| < §(w).
Then there exists a constant C' > 1 such that |y(t,w) — x(t,w)|oa < Cd(w) for
t € [to, to + 27].

Proof. According to [21] Theorem 1.3.4 and Theorem 1.4.3, there exist positive
constants Cy, Cy and ¢ such that for ¢t > 0,

|€7At|$(Xa7ch) < Cleict, |67At‘$(X7Xa) < Ogtiaeict.

Let z(t,w) = y(t,w) — z(t,w), then
|2t )l =le™ 7 (go — wo) + / A (0, y(0.) — F(0,2(s,0) s
to

t
+ / e A= (0%w)ds|

to

t
<Cre 1) 5 () + / MCy(t— )%t |2(s,w)|ods
to
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t
+ [ Oyt — s)" e =9 §(w)ds.

to
So by the inequality above and Lemma 7.1.1 in [21],

t
e Nz(t,w)|a <Cre5(w) + [ MCy(t — s) % |2(s,w)|ads

to
t
+/ Co(t — s)"“e“0(w)ds
to

¢
<Cre§(w) + / Co(t — s)"%ed(w)ds

to

N /t i (MC,I'(1 ; ) (t — s)rmet

s (n—na)

(Cre6(w) + / Co(s — 1) e 6(w)dr)ds.

to

Since the series in the inequality above converges, there indeed exists a constant
C > 1 such that |z(t,w)]o < Co(w) for ¢ € [tg, to + 27]. O

By our assumptions in this theorem, for each w €  and every t € [to,to +
27], there exists a closed Aj(w)-neighborhood O;(w) of A(w), where Ay (w) is 6
invariant, such that for given initial point z(tg,w) = zg € O1(0*w), the random
dynamical system (2.2) is well defined and both ¢(t,6%w, z) and D¢(t, 0w, x) are
uniformly bounded and continuous.

First, we investigate a special case in which h, (6'w) = 0 and =z, (t,w) € A(f'w)
for all t € [1,—1,7n], » € Z. In order to take advantage of the result we have
obtained in the past few sections, consider X as X, ¢(r, — 7h—1,0™ 1w, x) as
P(0"w, z), A(0™1w) as A(6"w), and x,, (Th—1,w) as yp(w). Since

|¢(Tn_7-n717 97-”71(“)7 mn(Tnfla w))_xn+1(7—nu W)‘oz = |$n(7_n7 w)_anrl(Tnv w)|a < 5(w)7

by Theorem 3.1, there exists £1(w) > 0 such that for each e(w) satisfying 0 < e(w) <
£1(w), there is an e-dependent random variable 6 (w, €), if §(w) < 61 (w, ), there is
a unique orbit {z(7,—1,w)}nez such that |z(7h—1,w) — Tp(Th-1,w)]a < e(w) for all
n. Furthermore, if the sequence {x,(7,—1,w)}nez possesses a proper measurable
subsequence, {x(7,—1,w)}nez is measurable. Then the resulting orbit z(w,t) =
ot — T1,0™w, x(7,_1,w)) on [1T,_1, T,] is measurable, as a composition of two
measurable mappings.

Now we set 0 < e(w) < go(w) = 3 min{A(w),e1(w)}, 0(w) < d(w, &) = min{(C+
2)7 161 (w, 55), 82(8)}. Based on the special case above, it is easier to analyze the
general situation where h,(0'w) # 0, z,,(t,w) is in a §(w)-neighborhood of A(f'w),
{zn(Tn-1,w)} possesses {xy, (Tn,—1,w)} as a measurable subsequence and k < n;11—
n; < [ for all i. We choose y,(w) € A(f™-1w) for each w and n such that
|yn(w) — n(Th—1,w)]a < d(w) and especially y,, (w) can be chosen to be mea-
surable for each . Let &, (¢, w) = ¢(t — Tp—1,0™ 'w, y,(w)) for t € [T,—1, 7). Then
by Lemma 5.1, there exists a constant C' > 1 such that

|Z (t,w) — 20 (t, w)|a < Co(w) for ¢t € [T—1,Tn],n € Z.
Then

|-fn+1(7—n7 (U) - -fn(Tna w)|o¢
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<|fn+l(7—n> w) —Tn+1 (Tn7 w) |a + |xn+1 (Tna W) *xn('rna W) |a + |xn (Tna W) 7i’n (Tna W) |cx
€

<(C+2)0(w) <01 (w, —).

(C+2)5w) < 51(, 55)
So {Zn(t,w)} is a (w,d1(w, 5=)) pseudo-solution of (2.1) with h,(6'w) = 0 and
Zn(t,w) € A(f'w) for all t € [T,,—1,Tn], n € Z. This coincides with the situation we
have considered. So by the first part of this proof, there exists a unique measurable
solution z(t,w) of (2.1) such that

|2(Trh—1,w) = Tp(Th—1,W)|a < 62(—2) for all n € Z.

Then

|x(7—n717w) - mn(Tnflvw”a
<|$(Tn_1,CU) - jn(Tn—lvwﬂa + |9_3n(7—n—17w) - xn(Tn—law)la
£(w)

<—= .
S50 +0(w)

Again by Lemma 5.1,

|z(t, w) — 2p (t,w)]a < C(% +(w)) < e(w).

This means that we have at least one measurable solution which (w,e)-shadows

{zn(t,w)}.

Suppose that Z(t,w) is another solution which (w, e)-shadows {z,,(t,w)}. Then

|-i(7-n—17w) - jn(Tn—law”a
<|i'(7—n717w) - xn(TnflawNa + |xn(7_n71aw) - i‘n(Tnflaw)la
<e(w) + d(w) < e1(w).
Since -
|jn+1(7—n7w) - i‘n(Tnaw”a < (51((41, %) < (51(&],61)7

{Z(7n—1,w)} should be the unique orbit that (w,e;)-shadows the d;(w,e1) pseudo-
orbit {Z,,(7,-1,w)}. By the uniqueness of such orbit, &(7,-1,w) = z(7,-1,w), and
this completes the proof.
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