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MULTIPLE SOLUTIONS FOR SOME NONLINEAR
IMPULSIVE DIFFERENTIAL EQUATIONS WITH
THREE-POINT BOUNDARY CONDITIONS VIA
VARIATIONAL APPROACH*

Yongfang Wei' and Zhanbing Bai®'

Abstract This paper investigates a class of nonlinear impulsive differential
equations with three-point boundary conditions. By using the critical point
theory and the variational method, gives the results of multiple solutions. We
study the non-local boundary value problem by variational method, and give
its variational structure. Finally, two examples are given to prove the results.
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1. Introduction

In recent years, impulsive differential equations have attracted much attention.
Because many phenomena in life will change suddenly due to the influence of exter-
nal factors, so it is more suitable to describe this mutation by impulse differential
equations. The characteristic of impulsive differential systems is to describe the
impact of sudden phenomena on the system state. Therefore, impulsive differential
equation has been widely used in recent years, especially in the field of biological
mathematics. For example, since oral and injected drugs often enter the human
body in the form of pulse, it is more reasonable to use impulse differential equation
to describe the changes of drug concentration in the human body. In addition,
impulse differential equations have been fully applied in pest control, environmen-
tal governance and other aspects, and many outstanding achievements have been
achieved.

Because of the wide range of applications, some scholars studied the existence of
solutions for some impulsive differential equations with local boundary conditions.
And through fixed point theorems, upper and lower solution theorems, etc., they
obtained some excellent results [1-6,9-11,13,14,16-19,21-29, 31, 32]. We can see
some of the results for impulsive differential equations as the followings. In [16],
Nieto and O’Regan studied the nonlinear impulsive boundary-value problem in
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space H3([0,T)):

—y"(t) — Ay(t) = f(t.y(t)), ae. t €0,T],
y(0) = y(T) =0,
where Ay'(t;) = y’(tj')) —y'(t;) as y’(tj[) =lim, ,+%'(t), j =1,2,...,p, they gave
J
a new approach via variational methods and critical point theory, to obtain the

existence of solutions to the impulsive problems. In [23], Tian and Ge studied the
nonlinear impulsive Sturm-Liouville boundary value problem in space H*(0,T):

—y"(t) = Ay(t) = f(t,y(t), t #1;, a.e. t €0,T],
—AY(t)) = Ly(ty), §=1,2,...1,
ay'(0) — By(0) =0, ry'(T)+oy(T) =0,

with the functional

T
by) == / () — Ayt + 242(0) + Ly

2 2a 2y
l
t=>

j=1

(1)

T y(t)
- / F(t,y(t)) — f(t, / (s)ds — I,0)y(t;)]
0

by applying a new approach via critical point theory and variational methods, they
obtained the existence results of positive solutions. In [28], Xiao, Nieto and Luo
studied the following nonlinear second order impulsive boundary value problems:

—(p®)y' @) +rt)y (t)+q() (t)=fty@)), ae t€qQ,
=A(p(t)y'(t;)) = L;(y(t;))
y(0) =0, ay(1) +y'(1) =0,

they established the conditions for the existence of multiple solutions, and dealt
with a class of problems which was not considered before.

In the previous articles, almost no one considered the multi-point boundary value
problem via variational method. Almost of them, gave the results of local boundary
value problems. Recently, in [12] bai et.al studied the three-point boundary value
problem:

(P(t)y'(t) + f(t,y(t)) = 0, a.e. t €0, 1],
y(0) =0, y(1) = By(n),

they got the existence and multiplicity of solutions for the second-order differential
equation with three-point boundary condition via Mountain Pass Lemma, gave the
results for a non-local boundary value problem by variational method.

As far as we know, the impulsive differential system with non-local boundary
conditions, has not been considered by the variational method and critical point
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theory. Therefore, this paper considers the impulsive differential system with three-
point boundary conditions as following :

—(J(OY' (1)) = VH(t,y(t)), t # ty, a.e. t€[0,1],
AT ()Y () = Le(y(tr), k=1,2,...,q, (1.1)
y(0) =0, y(1) =~y(n),

where 0 =ty < t1 <L <tgy <tq1+1—77<tq1+2< <ty <tq+1—1 v>0,0<
n< 1 and AU () = JEDY () — T /(8 for o/ (1) = lim,_,» o/ (1),
k=1,2,....q

The rest of the paper is organized as follows. Section 2 will give the preliminary
theorems, and prove that the critical point of functional 1 is the classical solution of
BVPs (1.1). Section 3 will present the results of the classical solutions respectively,
under some suitable conditions. Section 4 will give two examples to verify the
results.

2. Preliminaries

Let Z = {y € H*([0,1],R™)|y(0) = 0, y(1) = vy(n)} with the norm

1 1 3
||y|z=[/ ol + [ |y'<t>|2dt] vyez,
0 0

then Z is a closed bubspace of reflexive Banach space H'([0, 1], R™). Because y(0) =
0 and fol ly(t)|?dt <

<= fo ly' (¢ 2dt, we can take the norm in Z as

1
1 2
Iyl = ( |y'<t>|2dt> ez,
0

we can see detail in [8]. Let r > 0, B, = {y € Z| ||y|| < r}, and B, is a subset of Z.
Defined the functional ¢ : Z — R by

s = [ [(rowa.vm) - m }dtz [ noaez,

(2.1)
then the derivative is
(W' (y),v) = /01 [(J@)y' (1), 0" (t) — (VH(¢, (1)), v(t))] dt — Zlk
(2.2)
Lemma 2.1 ( [12]). For eachy € Z, it holds that
1Yl < llyll- (2.3)

Lemma 2.2 ( [12]). Z —< C([0,1],R").

Lemma 2.3 ( [15]). If ¢ is weakly lower semi-continuous on a reflexive Banach
space Z and has a bounded minimizing sequence, then ¥ has a minimum on Z.
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Definition 2.1. Let Z be a real Banach space, ¢ € C'(Z,R). If for any sequence
{yz} C Z with
Y’ (y;) being bounded and lim 9’ (y;) — 6
1— 00

contains a convergent subsequence, then the functional v is called satisfying the
Palais-Smale (PS). condition.

Lemma 2.4 ( [7]). Let Z be a real Banach space and ¢p € C*(Z,R) be a lower
bounded functional which satisfies the (PS). condition, then 1 have the minimum
value in Z, i.e. there exists yo € Z such that

Y(yo) = inf ¥(y),

yeZ
then yo is a critical point of .

Lemma 2.5 ( [7]). Let Z be a real Banach space, assume ¢ € C*(Z,R) satisfy the
(PS). condition. Assume there are yo,y1 € Z and a bounded open neighborhood
of yo such that y1 € Z\Q and

Jnf W (v) > max{(yo), ¥ (y1)}-

Let
I'= {olo € C([0,1], 2)|0(0) = yo,0(1) = y1},

and

= inf .
c ﬁrérsrél[%ﬁ]wa(s))

Then there exists a critical point y* of ¥ such that ¥'(y*) = 6 and ¥(y*) = ¢ and

c=1(y*) > max{y(yo), ¥(y1)}.

Lemma 2.6 ( [20]). Let E be a real Banach space, 1 € C1(E,R) be even, and 1)
satisfy the (PS). condition. If E = X ® Z, where X is finite dimensional, then ¢
satisfies the following:

(Z) ¢(9) =0;

(9) there exist § > 0 and T > 0 such that Y|sp.nz > 0;

(#i1) if By C E, where Ey is a finite dimensional subspace, there exists r = r(E)
such that ¥(y) <0 for Yy € Ey with |ly|| > .

Then 1 possesses an unbounded sequence of critical values.

Lemma 2.7. The critical point of functional ¥ is the classical solution of BVPs
(1.1).

Proof. By the properties of H, J and I, we can get ¢ € C1(Z,R). Then assume
Yo € Z is a critical point of ¥, and by (2.2), there is

(' (yo),v) =0, Vv € Z.
Let Th = (to,tg,+1), T2 = (tg,+1,tq+1), Where tg = 0, tg,41 =1, t441 = 1, and
Y,={y e C(0,1;R")|suppy C T;} C Z, i = 1,2.
According to (2.2), we can get

(W (yo),v) =0, Yo €Y;, i =1,2,
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that is
1 q
| 1m0 0) - (T S i) =0 20
O :
Consider t € Ty, there is

/ " (W0 (1) di

((J(s)yh(5)),v(n) — v(s)) ds
=3 [ OO ) vt

—Z oltis) / () (s)) ds / (s v(s)ds

Ec\

= Z[J(tk+1)y0(tk+1) (tr) = J(E0)yo(t v (te)] — /On((J(S)yé(S))',U(S))dS
k=1

q1

A (T (tx)yo(tr)) v(tr) — /On ((J(@)yo(1))',v(2)) dt,

=

=1

then
- / (O w0
=—ZA (udan)) i) + [ (000

- _ ka(yo(tk))v(tk) + /" (J(t)yo(t),v'(t)) dt, Vv € Y.
k=1 0
Similarly we can get
- /T (OO v()d
-- ZA (w0 ) + [ 00,0/ 0) e

= Zlk(yo(tk))v(tk) +/ (J(t)yp(t),v'(t) dt, Vv €Y, i =1,2,
k=1 T
and by (2.4), there is

- [ Wy a

=3 Rl + [ (0.0 0)de

k=1 Ti
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:/ (VH(t, yo(6)), 0(t)) dt, Yo € i, i = 1,2. (2.5)
T;

= C§°(T;;R™) and (2.5), one has
—(J(®)yp(t)) = VH(t,yo(t)), ae t €Ty i=1,2,
then there is
—(J(@)yo(t)) = VH(t,yo(t)), a.e. t €[0,1],

thus yo(t) satisfies the first differential equation in (1.1).
Next to show that yo(t) satisfies the impulsive condition in (1.1), we have

S IAU )0 tr) + Te(yo () v(ts) =0, Yo € Z, k=1,2,...,q. (2.6)
k=1

Without loss of generality, let kg € {1,2,..,q} satisfy

A (o )Y0(tho)) + i (yo(tr,)) # 0, (2.7)

assume v(t) = H;JJ%J#O( t;), there is

q

> (AW En)yo(tm)) + L (o (tm))] v (tm)

m=

=

q q+1
= > AU )y Em) + In(wo(tm)] [T =)
m=1 j=0,j#ko
g+1
= [ACT (ko) (tro)) + Ty (o (b)) [T (tro —15) #0,
J=0,5#ko

obviously it contradicts (2.6). Thus yo(t) makes the impulsive conditions in (1.1)
held. So we can get the critical point of 1(y) is the classical solution of BVPs (1.1).
O

3. Main Results

We assume the following conditions in the rest of the paper:
(A1) J :[0,1] = R™*™ is a continuous symmetric matrix, {A;(¢)} is the eigenvalue
of J(t) and

0<p1 <

min min A;(¢) < max max A;(t) < po;
0<t<11<j<n 0<t<11<j<n

(A2) there are constants o > 8 > 2}%, for (t,y) € [0,1] x R™ such that
y
0< BH(ty) <y VH(t9), 0<a [ L()ds Sylilw) k=120,
0

where H(t,y) fo VH(t,s)ds, and VH(t,y) is a C! function.;
(A3) for t € [0,1],y € R” and k =1,2,..,q, there is

Js Te(s)ds

|y?

. Hi(t .
lim,_,¢ |§J|’2y) =0, and limy,_,¢ = 0.
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Theorem 3.1. If assumptions (Al) and (A3) satisfied, then BVPs (1.1) has at
least one classical solution.

Proof. Let {y;} be a weakly convergent sequence, and y; — y in Z, then ||y|| <

L7 g yi(te)
lim 4(y;) = lim / (J(t)|yg(t)|2 - H(t,yi(t))> dt — Z/ L(t)dt
i—00 i—00 0 2 —~ J,

1 q y(te)
> / [;Jwy(t)ﬁ —H(t,yu)ﬂ at=3. / L(t)dt = vy),

k=1

that is ¥(y) < lim, ., ¥(y;), thus ¥ is weakly lower semi-continuous.

17— 00

By the assumption (A3), we can get

Yy
H(tay) Sl‘y|27 / Ik(s)d5§lk|y|27 te [071]7 yGRna k:]-aza"7Qa
0

where positive constants [ and I, satisfy [+ > 7_, lx < BL. Then by the assumption
(A1), Lemma 2.1 and (2.1), there is

1 1 . ry(te)
o) = [ o ra- [ acywa- 3 [T s

1 q q
b1 p1
Lt MR ST T (B SIS
0 k=1 k=1
b1 2
2
> 5—(“‘;1%) lly[|* >0,

then ¥(y) — +oo if ||y|| — 400, thus ¢ has a bounded minimizing sequence.
Then by Lemma 2.3, ¢ has a minimum on Z, so there exists a y; € Z such that
¥(y1) = infyecz ¥(y), thus y; is a classical solution of BVPs (1.1) by Lemma 2.4.

O

Lemma 3.1. If assumptions (Al) and (A2) hold, then 1 satisfies the (PS). con-
dition.

Proof. Let {y;} be a sequence in Z, such that {¢(y;)} is bounded, and lim;_,oc ¥’ (y;) =
0, then there exists nonnegative constants D; such that |1(y;)| < D;. Then by (2.2),
there is

W (i) i) = / (T, 4 (1)) — (VH(E s()), wa()] dt

q
- Z T (yi () )yi () s
k=1
then according to the assumption (A1), we can get

| VHE w0+ Y D)

0 k=1
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1
= [ TOOP — (0 00.3) < ol — )30
0
By the assumption (A2) and (2.1), there is

D1 > 4(ys)
- / 1 [(;J@)y;(t),y;(t)) - Ht, w(t»} “-y /Oyi(tk) Iy(t)dt
k=1

> %HyiH? - %/O VH (t,y;(t))y: (£)dt — ézlk(yi(tk))yi(tk)

k=1

/0 VH (t,y;(t)ys (t)dt + > I (yi(tk))yi(tk)]

D1
> 5”1/1‘”2
k=1

L
B

1
> (5 = DMl + 50 (i) ),

because & — %2 >0, and (' (y;),y:;) = 0 as i — 400, thus {y;} is bounded in Z.

Then exist a subsequence {y;} of sequence {y;} such that y; — y in Z, by Lemma
2.2, there is y; — y in C0, 1], so we can get
W' (y;) =" (W) y; — y)

1
- [ G0 v @)t - )

- / (VH (t,5(8)) — VH(t,y(1)), y5(t) — y(1))dt

=3 ey (tk)) = Te(y(te)] [ (tr) — y(te)],
k=1
and

q

> Ty (b)) — T (y(t))] [ (t) — y(te)] — 0,

k=1
1
/0 (VH(t,y;(8)) — VH(t, (), 55 (8) — y())dt — 0,

then (¥'(y;) —¥'(v),y; —y) — 0 in Z, thus ||y; — y|| — 0 as j — +oo. Therefore
y; — y in Z, that is sequence {y;} C Z has a convergent subsequence. Then
satisfies the (PS), condition. O

Theorem 3.2. If assumptions (A1), (A2) and (A3) hold, then BVPs (1.1) has at
least two classical solutions.

Proof. By the assumption (A2) and (2.1), we have () = 0. And v satisfies
(PS). condition by Lemma 3.1.

Step 1, according to the assumption (A3), given + Y7 I = B > 0, there exists
M > 0 such that for ||y|| < M

Yy
H(t7y) S l|y|2a / Ik:(s)ds S lk‘y|27 k= 172a - q,
0
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for Yy € OBy, |ly|| = M, then

1 1 9. ry(te)
v = [ I @k~ [ Heyo=3 [T 1

k=1

1 q q
! b1
> Ll =1 [ = YDl = Bl Ul = Y ol
0 k=1 k=1

q
p
> El\lyll2 =YWyl =

there is a constant a = 2L M? > 0 such that ¢ (y)|ycan,, > a. And ¥(3) < (0) =
0 < ¢(y), asy € OBy, 0 € By, 1 is a lower bounded functional which satisfies the
(PS). condition, thus § is a critical point of ¢ by Lemma 2.4.

Step 2, by assumption (A2), for any y € Z\Byy, that is for ||y|| > M, there is

Y
H(t,y) > Byl + d, / Le(s)ds > halyl® + de, k= 1,2, .q,
0

where h, hy, d, dy, are positive constants. Then for r» € R\{0} one has

9. rry(te)
Z / I1.(s)ds
0

k=1

w(r0) = [ [ 3700 O,/ 0) - Hery(e))] e -
<P~ [ il + =l + )

2
por? 1 q q
<Pl o [P (S bt ) < d =Y d,
0 k=1 k=1

because @ > 8 > 2, there is ¢¥(ry) — —oo as r — +oo. Then choose y; with
y1 € Z\ By sufficiently large such that ¢ (y1) < 0, thus there is max{¥(9), ¥ (y1)} <
inf{¢(y),y € 0Bp}. Then by Lemma 2.5, there is a critical point y* and ¥ (y*) >

max{(§),¥(y1)}. Therefore § and y* are two different critical points of ¢, by
Lemma 2.7, BVPs (1.1) has at least two classical solutions. O

Proposition 3.1. Under the conditions of Theorem 3.2, and if H(t,y) and Ij(y)
are odd functions with respect to y, then BVPs (1.1) has infinitely many classical
solutions.

Proof. By the (2.1), we can get ¢ is a even functional, let Z; C Z be a finite
dimensional subspace. By Theorem 3.2, it’s easy to prove the (i) and (¢7) in Lemma
2.6, and there is ¥(0) = 0 and ¢ satisfies (PS), condition.

For any r € R\{0} and y € Z;, there is

1 4q ry(tk)
v = [ [3700r O/ ©) - o] - 3 [T 1o

k=1

q
s—n 2 - /<h|ry HIF + dydt — 3 (halry(8)]® + di)
k=1

q q
||y||2frﬁh/ y(t)dt —r° (Zhytk >dzdk,
k=1

k=1

| /\
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because a > 8 > 2, there exists y, > 0 such that ¥ (y,) < 0 and ||y, || > M, then we
get (i4i) of the Lemma 2.6. Therefore BVPs (1.1) possesses infinitely many classical
solutions. m

Remark 3.1. Under different conditions, this paper gives different results of the
classical solutions for the problem. In particular, H(¢,y) = 0 and foy I (t)dt = 0
can be true respectively, the results are also correct.

4. Example

Example 4.1. Let y = (y1,92) € R?\ {#}. Consider the following boundary value
problem:

C(Byl(1)) = y2 (1), t # by ae. t € [0,1],
—AQy;(tr) =4y} (tr), k=1,2,...,q, (4.1)
yi(0) =0, %(1) = Vyz'(%%

ol
<
N oleo
~—
~
—~
<
~

|

where i = 1,2. Compare with (1.1), we choose v =2, VH(t,y) = (y
4(y3,y3), in this case we have

2/ 5 5 v
1) = (vf0d). [ 1615 = o).

Then there is

2 ( 3 %) 3 3
Tm GH(tay)_m ) 5 \Yi-Y2 = Tim, s yi Yy
—0 —— 5 - — - — ’
Y |y? Y vi+y3 v 2y1 +2y2 2y2 + 2y1
_ 17 § 53 -0
= 1my~>9 S Y{,Ys — Uy
and
Y
— o h(s)ds _—  (yhud) 4y 4y3
lim, ¢ L0 TRVYTT _ im 0 1Y2) _ im ) 1 5
T 0y + 03 Y70\ 201 4 202" 202 + 21

=lim, ¢ 3(y1,y3) =0

where k = 1,2, .., ¢, thus conditions (A3) are satisfied. By Theorem 3.1 the problem
(4.1) has at least one classical solution.

Example 4.2. Let y = (y1,¥2,y3) € R3 be a positive function, and 8 = 2.5, = 3.
Consider the following boundary value problem:

—(2y;(t)) = yi (t), t # ty, a.e. t € [0,1],
—AQ2y;(tr) = 597 (tk), k=1,2,...,q, (4.2)
yi(0) =0, wi(1) 1

’Vyi(ﬁ)v
where i = 1,2,3. Compare with (1.1), we choose v = 3, VH(t,y) = (v3,v3,y3),
I(y) = (y3,v3,v3), in this case, we have

1 Y 1
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H(t,y) and I(y) are both odd functions, condition (A4) are satisfied. And there is

5
0<pH(ty) = ¢ (y3.95,93) <yVH(ty) = (v} v5.93) ,

Y 1 1
0< a/ T(s)ds = (v, 93, v3) < ylu(y) = 5 (i3, 95),
0
then condition (A2) are satisfied, and

= Hty) _—  § i)
M= Tl Tt e e
Rnwd  — L)
2 =1 My~ ~5 T 3, 2

ly| v +y5 + v3

5
= hmy_,g 6(3/17 Y2, Z/3) = Oa

I I 1

hmy_>9 = hmy—>9 é(yfv y%v y?%) = 07

so condition (A3) are satisfied. Therefore problem (4.2) possesses infinitely many
classical solutions by Proposition 3.1.

5. Conclusion

In this paper, the interesting points mainly include the followings:
(1) impulsive equation with three-point boundary condition has not been studied
by variational method and critical point theory before;
(ii) chooses an appropriate space instead of the functional to contain the boundary
conditions, is a novel and practical theoretical idea;
(¢4¢) the nonlinear term VH (¢,y) and the impulse term Ij(y) are both super-linear
growth.

In addition, H(t,y) =0 and [} I;(t)dt = 0 can be true respectively.
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