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Abstract In this paper several results pertaining to the pointwise and norm-
wise approximation of integrable functions by generalized de la Vallée Poussin
means of positive order are presented. The pointwise estimates of the con-
sidered deviation in terms of pointwise moduli of continuity based on the
Lebesgue points and points of differentiability of indefinite integral are ob-
tained. Some results of L. Leindler and the second author are generalized.
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1. Introduction

Let L? (1 < p < +00) be the class of all 27- periodic real-valued functions integrable
in the Lebesgue sense with p-th power and let C' be the class of all 27 periodic
real-valued continuous functions with the norms

1]l (fT ‘f(t)|pdt) Y , when X = LP,
X =
maxer | f(¢)], when X = C,

where T := [—7, 7].
Consider its trigonometric Fourier series

Sf(x):= % + Z(au cosvx + by, sinvx)

v=1

with the partial sums Sy f.

The generalized Vallée-Poussin means of a given sequence (S f) is defined in [7].
Let A := (\,,) be a monotone non-decreasing sequence of integers such that Ay = 0,
A =1land A\yy1 — A\, <1forneN.
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We introduce the generalized de la Vallée-Poussin means of the order v > —1

An
Vn”f*— Z CLoSkf = Z L S f
Cx. k=n—Xn n k=
and modified one
n— )\ -1 1
= Do, GO + Simy ™ O3 S
" C7 +(n—A )C7 !
R e (e e L)
CY +(n=A)CY " ’
where Cj = 1 and C) = ("1‘7) = WLM for n € N. In special case

Col=0forneN,C2=1and C7 =v+1 for n € NU{0} (see [12, Chapter III}).
We also define the Cesaro means o) f = C%Z >oheo CZ:iSkf with v > —1 (the Fejér
means o, f = ol f) and it is easily to seen that W!f = ol f but in case n = \,, we
have V) f = W f = o  for ~ > 0.

in i
By the Dirichlet formula D, (t) =  + 22:1 cos ut = sin(nt )¢

we have, at the

) 25111(%)
point z, .
Suf(r) =+ / F(t+2) + F(t - o) Da(t)dt,
whence |
V2t - 1@ = - [ eV
0
and L g
WIS - @)=+ [ a0
0
where

pa(t) = [z + 1) + fx 1) = 2f(x).

More precisely,

Lot k 2 O sin (n—k+ 1
V) = Z ksm( + )t _ZCk sin(n—k+3)t
k=0

¥ T 7 ain
el 20, sing 20, sing

and

W, (t) = Dhenr, Casysin E’f Dt p g ey sin (k+ 1) ¢
2

2sin (C7 +(n— )\n)C”’*I)
_ ZZQ()C;Z_I sin(n—k+ 1) t+Y 2] An 1 cy - !sin (k+3)t
2sin £ (07 +(n— n)Czn 1)

As a measure of approximation of f(z) by V7 f(z) or WY f(z) we will use the
pointwise moduli of continuity of f in the space L' defined by the formulas:

1 6
Q. f (6) = 5/0 . (1)] dt, where & > 0,
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based on the definition of the Lebesgue points of f (L-points),

h
wy f (6) = sup 1/0 o (t)dt

5 , where § > 0,
0<h<$s

based on the definition of the points of differentiability of the indefinite integral of
f (D-points) and the classical modulus of continuity of f in the space X defined by
the formula:
wf(0)x := sup ||¢.(t)||x , where 6 > 0.
It|<é

We will also use the notations
Lip (w,X)={fe X :wf(0)x =0 (w(9))},

where w is a function of modulus of continuity type, i.e. nondecreasing continuous
functions having the following properties: w (0) = 0, w (61 + d2) < w (d1) + w (d2)
for any 0 < 61 < dy < 1 + 62 < 27, and

Lip (0%, X)={fe X :wf(d)x =0(6%), 0 < a < 1}.

The reason of consideration of two similar means V) f and W) f explain the
following Remarks.

Remark 1.1. We also note that the relation

wef (0) =0, (1) as § — 0
is more general than the condition

Qo f(0) =0, (1) asd — 07,

We can check this for the function

—%sin% for —1<u<0,
flu) = %sin% for 0 < u<l,
0 for u=0 and |u| > 1.

In [10, p. 34] there are proved that

I 1/A (W)du=0 and i 1/A| ()] du > =
A0y A J, Porwau= R ARG AN, Pt = o

where g (u) =sin L.

Remark 1.2. It is well-known (see [2,6]) that the (C, 1) means do not tend to f at
the D — points of f but the (C,v) means with v > 1 do. In this paper these facts
will be presented in the approximation version with the quantity w, f as a measure

of such approximation.

Throughout this paper we write u < v if there exists a positive constant K,
such that u < Kv not the same at each occurrences and Zz = 0 when a > b.

Regarding to summability of Fourier series Leindler proved, among others, the
following two theorems.
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Theorem 1.1 ( [7]). Let f € L. If A\, — 0o and conditions
VOt |, (4 1/(n+1)
/ e ®l gy — o, 1), n/ | (6)]dt = 0,(1)
1/(n+1) t 0

are satisfied, then

1
An+1

k=n—X\,

Vo f(@) =

for a.e. x.

Theorem 1.2 ( [7]). If f €Lip(6*,C), then

1 hen 0 < a < 1
Ve CPEEIEEI
Vit @) =@ <Y aasn

Y , when a=1

holds true uniformly in x.

On the other hand, Lenski proved, among others, the next two theorems (the
second one also Kranz).

Theorem 1.3 ( [8]). If f € L', then

n

1 7r
o)~ 10 < g 20t (37 ) (=010,

holds for all real x.
Theorem 1.4 ( [5] v € (1,2), [8] y=2). If f € L', then

n

() — flo L L (-
o)~ 10| < o D el () 1<)

holds for all real x.

Similar problems was also examined among others by Bustamante [1], Jafarov
[4], Ghodadra & Fulop [3], Rovenska & Novikov [9] and Totur & Canak [11].

The purpose of the paper it is to prove the mentioned results with the generalized
de la Vallée-Poussin means of the order v > 0.

2. Lemmas

Lemma 2.1. The following formulas hold:
(i) Forn=0,1,2,...,

iSin AL P sin? L5t _Llocos(n+ 1)t
— 2 Sin% 2sin% ’

in (n-;l)t (n+1)t

n .

1 si cos 1)t
Zcos<k+>t — :sm(n.th) .
P 2 sin 5 251n§
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(i) Form=10,1,2,..., n € R,

isin <nk+;>t cos(nfm)tfcos(nJrl)t’

2 sin %
m . .
sin(n—m)t—sin(n+1)t
Zcos(n—lﬁ— ) =— ( ) 7 ( )
2sin 3
Proof. (i) Using the equalities
(n+1)t (n+1)t nt
sin 2 sin sin cos &
Zsmkt = Q—t and Zcosk:t —tQ
k=0 Sin 5 sin 5
we obtain
Zsm <k+ 2) t= cos§Zsmkt+sm§ Zcoskt
k=0 — =
t sin 2t 2 sin ("'gl)t . tsin @ cos %t
=cos ;—————— +sin ;. ——F——=
2 sin 5 2 sin
sin (TLLQW (cos % sin %t + sin % cos %t)
1
sin 5
.2 (n+1)t
sin® 5=
P
sin 5

and

n 1 t n t n
;OCOS <k+ 2> t cosigcoskt—sinigsinkt

. Dt 1)t
t sin ("'g )t cos 2l tsinZsin ("+ (nt1)t
=cos—2——2 —sin-—2 ——2—
2 sin 35 2 sin 5
o (nt1)t t nt _ t nt
_ sin (cos £ cos 3 sin £ sin %)
Sln 5
. 1)t 1)t
sip (At oo (1)t
_ 2 2
= —
sin £

(ii) Using (i) we obtain
Em:sin (n—k+;)t
Seafirn- (1)

m m

= 1) — 1)
sin (n + tZCOb<k—|— )t cos (n + thln<k‘+2>t

k=0
_sin(n+1)tsin(m+ 1)t cos(n+1)t(1 —cos(m+1)t)
N 2sin & 2sin &

2 2
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_cos(n—m)t—cos(n+1)t
N 231115
and
- 1
Zcos(n—k+2>t
k=0
- 1
:Zcos {(n—kl)— (k—|—2)}t
: m m 1
=cos (n+1) thos(k+ )t+51n(n—|—1)t251n<k+2>t
k=0 k=0
_cos(n+1)tsin(m+1)t+sin(n+1)t(1—cos(m+1)t)
QSin% 2sin%
—sin(n—m)t+sin(n+1)t
N 2sin £ ’
Hence, the proof is done. O

Lemma 2.2. The following inequalities hold true:
(i) Vi) <n+1fory>0,0<t<m,

S - fory>1, 0<t<m,
(ii) |V (t)] < q ©OD
Wf0r0<'y<l, )\nﬁ+1§t§ﬂ'

i) [V (1) < L fory>0,0<t<m.
n t

Proof. (i) We can write,

1 1
Vg(t) WZC’Y Sln <nk+ )

An k=0

whence

1 t
y L v 1 _ —
V7 (t)] < 2sm ICT E Cl7 (2n—2k+ )sm2

/\kO

(277,"‘1 1
< E Cl7 <n+1
= T 57

QCn =

(ii) Summation by parts and Lemma 2.1 (ii) give

" Cv_i sin (k—&—%)t Ao o Lgin (nkar%)t

V(1) = n— _ k
w(®) k:;/\n 2 sin %C;n kZ:O 2sin LC’;\Y
An—1 m .
o _ sin ( —k + sm —k+ )
=Y (et o) T e e O Y
7nz::O m kZ:o 2sin 5 C;\ Z 2sin £ C;\n
_Aﬂz,—:lc7 g cos(n+1)t—cos(n—m)t o 1cos(n+1)t—rcos(n—A,)t
B = mtl 4sin® %C:\’ 4sin® C’:\Y
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Ap—1 (m41)t sin (2n—m+41)t o (A +Dt  (2n—A,+1)t

7 Z -2 sin 0 si 5 oSl sin 5
- 1 . . 9
mt 2sin? LY An 2sin? LY
— 20, 30,

whence, when v > 1,

Anp—1

2 ~1 . 1
14 ()l_QtQCvz{Z i1+ O, }— 7cy e 203 SEOmT1)

Moreover

Vat) = 251n1tC'; kzocv in (nk+1)
=1Im {W ,g;) Cy texp (—ik:t)}
= Im {eXPQ[su(:zJ(;zn) ] [(1 — i—it)V - k_g;ﬂ C/Tl exp (—ikt)] }
whence, by [12, Chapter III (5.7) and I (2.2)],
VIO < o D S E T

When0<7<1and>\ﬂ- <t<m.

n

(iii) Using the definition, we obtain

1 ~ 1
y = | ’Y_l 3 -
VIOl = |55 e > C)7,,sin (m + 2) t

An m=n—2A,
T
< ot 7
= 2siniCy C’7 Z e 2
m=n—>\y
The proof is done. O

Lemma 2.3. The following inequalities hold true:
(i) WYt <n+1fory>0,0<t<m,

1
ey fory>1, 0<t<m,
(ii) |W(t)] < § "D

m ]007”0<’}/<17 /\:_Hgtgﬂ'
W) (WYt < fory>0,0<t <.
n t
1
(Z'U)‘iW’Y(t)‘<< m fO'f”YZ2, 0<t§7’(’,
dt’'’'n 1 ) )
LT forl<v <z
() [EW ()] < (n+1)% fory >0,0<t <,
(Vi) |GEWA ()] < Gy + = fory>0,0<t <.

s
xE<i<a

Proof. (i) We can write

Z o Crtsin(n—m—+3)t+ >0 C’ﬂy 1sm(m—|— )t

Wi (t) =
2sin & (OV +(n- An)(}}" 1)

Y
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whence
n—Ap,—1 ~y—1]_. 1
W] < V(o) + 2=t G binimt5)
2sin § (€5, + (n =AY
n—>A,—1 —1 .
< VI + Yoy Oy (2m 4+ 1) sin g
2sin £ (C’;n +(n— /\n)C’:\Y;l)
il (n—An)(2n—2X, —1)CY "
2(€3, + (= A3
14 (n—An) (2n—2X, —1)C7 !
= 1
2(n — )G
1
=n+1+ (n)\n2> <n+1.
(ii) Since
C"{—l TL*)\.,Lfl
W) < |V(t T i )¢
WIS IO+ st | S s (m )
by Lemma 2.1 (i), it is easily to see that
1 . (n — )\n)t 7'('2
Wo(t V(¢ 2 < V(¢ -t
WO < Vol + 2sian(An+1)sm g =l )|+2t2(>\n+1)

Hence by Lemma 2.2 we get (ii).
(iii) Using the estimate

Zni)‘"fl C};l |Sin (m + %) t|

m=0

2sin % (G5, + (0= A)C3 )

(WO < [V, (6] +

n n

1 n—>A,—1 1
< V’Y t e — i — |t
_|"()|+QSin%(n—)\n) mz::() Sm(m+2) ’
we obtain
n—Ap—1
1 ul m(n —An)
W) < V(¢ - - 1| < |V(¢t )
Wil O+ s mra gy | 2 SO g

whence (iii) follows.
(iv) Similarly to the proof of Lemma 2.2,

(€3, + m=x)C ) Wi

27)\7::_01 (C;ffl - C%lﬁ) D heosin (n — K+ %) t

P n i
2sin 3
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CYlosin(n—k+g)t G YG" sin(k+ 5) ¢
28111% 2sin%

=51 () +S2(t)+ 55 ().

+

Next, by Lemma 2.1 (ii),

gl 4—2 |cos(n+ 1)t —cos(n—m)t

Z Cm+1 4 2t )

= sin” 3

S (1) = 7! cos(n—A,)t—cos(n+1)t

A 451112;

and
1| 1—cos(n—A,)t

Sy (t)=C7 ! A

3 () An l 4sm2§ 1
whence

C3, + (=X)L ) Wi (e)

/N

Rl y—2 |cos(n+1)t—cos(n—m)t y—1 |1 —cos(n+1)t
=2 G o L T ey s
= sin® § sin® £
An
_ (r—208 (n—2|—t1) e 9 COS (n—;— 1)t
m T

=0 4sin” 3 4sin” 5

g y—2 cos (n—m)t o1 1 L—1cos(n+1)t
B Z mH fgin? & O 4sin2t O 4sin®

m=0 2 2 2

Cz—l - 2cos n—i—l ZC,Y gcos(n+1—m)t

4 sin? 4 sin? ;

oyt o scos(n+1—m)t

Z = 4sin? L

21
481 5 = 5

Summation by parts once more and Lemma 2.1 (ii), with n + % instead of n, give

1 ol
CY +(n—X\)CY™ )WH R S
(€3, +m=x)c ) wae) 4Sm2%
gl " cos ( n+1 s(n+1—k)t
2 -
- Z (C?" i C;L’Ll) 4 sin? Z 4 sin?
= k=0 k= 2
Z C:”ﬁ —sin n—m—i—1 t + sin n—l—§ t
B 8 sin® % 2 2
0122 . 3
_8sin3% —sin — A\n +2 t + sin n+§ t
=— S C’%—g sm(n—m+3>t+ 03_3 sin(n—0+3)t
- A= 8sin® ) 2 8sin® £ 2
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O 3\, ¢~
+ sin t —sin | n+
< > 3 < 2> 8sin® %

= 8 sin

t
2
o2
A gip n— A —|— sinn+ =)t
SSIH% 2

T
=- ™ sin nferf t+
4= 8sin® £ < 2 8sin® L
Hence
Y v—1 d 5
(€3, + (= a)C3 ) 2 W)
_ —201;1% cos 5
4sin3%
_ icv—s (n+3—m) cos (n+2—m) tsin® L—3 sin (n+2—m) tsin® L cos £
0 " 8 sin® %
. 01_2 (n—)\n—&—%) cos (n—)\n—l—%) tsin® %—%Sin (n—)\n—l—%) t sin? %cos%
" 8sin6%
and therefore
‘dWW(t)‘ - O+ (4 3+ 0) T [ O3] + 37 (n+ 2 + )
1 2(n+1)CY 2 1
7 h > 2
< ()\n+]-)t3 (n_’_l)C;fl (>\n+1)t3’ when vy =2 4,
since
C;\Yn + (TL - )‘n)o;\yn_l
1 2) ... An _
1 2)... A — 1 A, -
O+ +2) (v ) (v + )+(n—>\n)011
5 n

An!
An 1 _
! <’y—|—’y+n—)\n> =(n—-A, (1—7)—%1)0:\21

> (A +1)CY ' when v > 1.

>+ 1) >
Finally, when 1 < v < 2,
(c7 +(n— An)CH) W (t)
Dt Sr oY tsin(m+ 4) ¢t

y—1 1
Em 0o Chs sm(n m+ 35
1

251n§

=Im {QXP[(TH'H i CZfl exp (—imt)}

2sin 5 o
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ox —it n—>A,—1
+C’:\Y"_1[m{ p2t Z CHLexp (—imt) ¢,

2 sin 3 =

whence, by [12, Chapter’XI, (1.10)],

d 1
S w -
‘dt ”(t)’ <o
(v) Tt is evident
d

(€3, +m=x)C3 ) W)

An d 1 m n—Ap—1 d 1 m
_ -1 v—1
= cy o <2+Zcosut> + Oy, Z T <2+Zcos,ut>
m=0 pn=1 m=0 n=1
An m n—A,—1 m
= cy=t (—Zusin,ut) —&—C;\’;l Z (—Z,usin,ut) ,
m=0 p=1 m=0 p=1
whence
’d w! O+ D203, + CF (n = A)°
da "V = CY +(n—X)CY

< (n+1)°%.

(vi) Using the following formula from the proof of Lemma 2.3 (iv),

cyt o cos(n+1—m)t
-1 An -
(Czn +(n - )‘")Czn ) Wi (t) = 4sin?t Cm : 4sin? L
2 m=0 2
we obtain
Y v—1 d
(€3, +(m=2)CT ) 2w
—201;1% cos £
=T w3t
4sin” 5
ai o= (n+1—-m)sin(n+1—m tsin? L —sin £ cos L cos (n+1—m)t
— Z o2 2 2 2
m .4t 9
e 4sin” 3
whence
d o (n+1)CY 12 't 2 1

~W(t)| < + _
dt ()‘ (n+1)C7 ' (n+1)CY M (n+1)CY Tt (nt e 12

The Lemma is proved.

3. Main Results

Firstly we prove the following theorem.
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Theorem 3.1. Let f € L. If n/\, = O(1), then

V2 f) - 5@ < { e o () (1),
(n-i-l)'Y Zk 1 k:+1 Q f(kiﬂ), (0<’Y<1)

Proof. The desired inequality, when v > 1, follows by Lemma 2.2 and the calcu-
lations

Vi f () = f(=)]

<</ [ )m (1) at

n+1

<<%(n+1)/0" lon (8| dt 4 —— )/W |%()|dt

W()\n+1 'nj»l t

2 = B2 1 ™od ([ dt
<= 1 - [ = d
_W(nw)kzom )/O |¢x<t>\dt+w(kn+1 [ ([ teetotan)

k+1
_HQZ J AR a——— [ﬁ/% o]
'n.+1

fonsn L (/ ealw]du)

i
<

1
n+QZQ f<k+1>+ Ton 1) e (™)

n+1 T 9 n+1 /v
- mw (n+1) = ()\n+1)/1 (”/O I%(U)IdU> dv
1 & 1 -
<<?Z xf(k+1) +)\n+1me(7r)+Qxf<n+1>

no ekl /v
+7T(A+1)Z/ (/ |%<u>|du>dv

n n

2 s 1
<n+1§_:Q"”f<k+1>+An+1kZ mf(k+1)

e Z( //km >|du>

Similarly, in case 0 < v < 1,

Vi fz) = f(2)|
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1 (= 1 " «(t
<<n+ / o (£ )|dt+7y/ [ ()|dt
T Jo T {An ) o

ty

1+7 = 1 1t

“lTU / ( / o) 2

1+7 R+ 1
oy 2 [Tl 0 ()

(n+1)" ™ 1+ /n+1 v/ﬂ/v
771+7()\n+1)"’ﬂxf nii) T ), U, Jeewldu fdv

n

1
n+1 Z k+11 g If<k+1>+()\n+1)”9f( HQf( +1>

k=

1 n k+1 /v
+ / 117/ Y (u)|du | dv
S| " leatw)

9 1 1

™

™

n+1

3

1 = 1 T
GRS 2 (k+ 1)1—79””f <k+1) '

Thus the proof is done. O

In the next theorem we will use the modulus w,, f as a measure of approximation
by WY f and therefore the natural assumption, by [2,6], is v > 1.

Theorem 3.2. Let f € L. If n/A, = O(1) and }| [ ¢a(t)dt| = 0, (1), when
6 — 0+, then
_1 n w f (L) , v > 2 ,
|W77f(.13) _ f(l')| < n+1 meO z w'n;—',(—l ) ( )
(n+1)“’ (n1D)7 -1 Zm 0 W, (1 <7< 2)

Proof. It is clear that, by the definition, lim;_,o W,/ (¢) = 0 and by the assump-
tion on ¢, we can obtain
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whence

Wi f(@) = f(x)

2 [ eatomaar - % 5/ t als)ds ) W2 (0t

:—W”’(W) /7T (s )dsf = lim W](¢ )/Ot Pu(s)ds

T t—0+

(/* / )(/ )ds)jtwg(t)dt
%Wg(w)/o pals d—(/ / )(/ >d>jtwg(t>dt-

DO Gl Goa DD V7 & Wl Gl i IO
2(€], +(n— n)c;nl) n+1’

(W (m)] =

therefore Lemma 2.3 gives
(Wi f (@) — f ()]
(n+1)7r2 we f (1) + £ (n+1) foﬂH twy f(t) dt + 5 1+1 % %ﬁdt

s

(n+1)7r2 we f (7) + % (n+1) f0n+1 tw, f (t) dt + oo +1)’Y . f;ﬂ wztlfy(t) dt
vl w, f (337) + b Smowef (757) 0 (12 2),

w /() 1 n wef(557)

TH'F'LUxf(m) +Wzmzoﬁa (1<vy<2),

whence the desired result follows. O
Now we prove the two theorems of the Leindler type.

<

<

Theorem 3.3. Let f € L' and v > 0. If \,, tends to infinity and conditions
s AT
/ [ee®l g1 — 0,(1) and (n+1)/ oa(D)ldt = 0a(1)
- t 0
n+1
are satisfied, then VY f(z) and W) f(x) converge to f(x), for a.e. x.
Proof. We can write, by the definitions of V) f and W} f,

Vi@ o
Wi f(x)

1 (7 VI(x
== 2 (t dt
[ O s
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1 [" Vo (x)
Using Lemma 2.2 (i) or 2.3 (i)

| e V() =
Lz [T leate) dt < (1) [ fpalt)lde = 0,(1)
™ Jo W) 0
and by Lemma 2.2 (iii) or 2.3 (iii)
1 [™naT |V77(t)\ XnFT = (t
i< [T e are [P0l ),
wiel e

The estimate of |I3] is similar to the proof of Theorem 3.1. Indeed, by Lemma 2.2
(i) or 2.3 (ii)

1 ™ Vryt 1 s N
5| < ;/ | (2)] V1) dt < / (0 44

- W ()] At 1) = 82
« 1 1/t| (w)ldu] +/W 1/t ()] dud
ol t20<pxu u W i t3090;cu U
An+1 An+1
A
1 1 s n k 7T/k
— = d 2 d
S v B MO “*?_i(% o2 (u)] uﬂ

=0,(1), when v >1
and

™ V(t
ws<t [ o we L ‘f’ffi)'dt
i wim) et Do

X1

1 1 T 1+7
< - - —_—

n

1 1 g + 8 n/k
< (/\n+1)7 |:7T1+7/0 |@w(u)|du:| +m§k (/0 “pw( )|du>

1
= 04(1), when 0 <y < 1.

Thus the proof is completed. O
Theorem 3.4. Let f € L' and v > 1. If conditions

XnTT fo 9096 dS’ 1 [t
/ e dt = 0,(1), (A, = 00) and ;/ vz(s)ds = 0,(1), (t — 0+)
0

s
n+1

are satisfied, then W, f(x) converges to f(z), for a.e. x.
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Proof. Similar to the proof of Theorem 3.2

Wi f(z) — f(z) = = /Oﬂ @ (YW (t)dt =

and

1

™

1/7Td

ds— — lim W]t )/0 vz (s)ds

([ eatorts) waioar

:iWJ(W)/OW z(5) T 60+
_ i/oﬂ (/Ot %(s)ds> %Wz(t)dt
- lwg(w) /OW P (s)ds

</n+1 /ml /

—W‘*( )/0 ou(s)ds — (31 + Jo + Js)

L iwate \/ ouls

Using Lemma 2.3 (

1 [+
|J1|§,/
™ Jo

/Ot (s)ds

1 1

d 9 n11
—W(t)|dt < (n+1) /

— 0,(1) (n +1)? /0T tdt = 0,(1)

and by Lemma

<[
™) =&

n+1

Xt
<</

n+1

By Lemma 2.3

BEY

2.3 (vi)

/Ot Pa(s)ds

e
(iv)

1/7{'
<=
7 s

X1

e "

P
X1

%fﬂ 1
Q)71 I

dW’Y(t)’ it

-/ " pals)ds

n—|—17r

= 0,(1).

([ o) o

Tt
/ 0z (8)ds| dt
0
Py fo ‘Px(s)ds
N e ‘dt =0,(1)
(v>2),

fo wz(S)dS‘ dt, (1<~v<2).

By the assumption, for any € > 0 there exists § > 0 such that

Therefore

if t <4, then -

1 /’T 1
M+l ) = 3
Xn+1

1 /O t Pa(s)ds
/ t Pu(s)ds

dt

< €.
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(L) o
€ dt 1 T dt
x d 73

<An+1/ﬂ1 +An+1/o ouls) 5/5 B

and analogously
1 /’T 1 /t
— vz (s)ds
(/\n + 1)’7 = 1+ 0

Thus desired result follows analogously as in the proof of Theorem 3.3. O

dt

dt < e.

Remark 3.1. If f € C, then there exists an s; € (0,¢) such that fot wz(8)ds =
t,(st) and therefore

71' t =
oA fopa(s)ds | R o (sy)

T _ 7 _
n+1 n+1

We can also note the following estimates

e
/ -1 SDI( )dt
P - t
n+1
F T 1 d </t >
= -—— pz(s)ds | dt
= tdt \Jo *
1t X1 1 [Lpa(s)d
_ ,/ oo (5)ds +/ T Jo pals)ds
t 0 o ™ t2
n+1 n+1
™ s ™ t
A+ 1 1 1 ==y 1 z(8)d
<nt / 7 puls)ds 4+ /+ Pa(s)ds +/ " IOLQ(S)Sdt
™ 0 s 0 nLJFI t
and
K fT (pm( ) ™ /A"w+1 Wy f (t)
— dt.
/11 A ’”f(A +1) w”f(n+1>+ P

Theorem 3.5. If f € L', then
Vil f(z) = f (z)|
Shon, 7 e f () x + x27 Sorco % f () % (y=1),
> k=, k+IQ fGE)x + W 2"0 (k;+11)1 Q) x, (0<y<1).
Proof. By the proof of Theorem 3.3
Vi f(x) = f (@)
(D) J5 L)t [ 227 Lol 4 Ay 7. JesfOlar, (v2 1),

<

<

(n+1) fo™ lpa(t |dt+f A lw(t)ldt‘k(x syl fL’ll LeeWlar,  (0<y<1).

The result follows by more precise estimates, similar to the proof of Theorem 3.1.
O
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Theorem 3.6. If f € L', then
(Wi f(2) = f ()]
Y hon, e (F)x + 57 vt W (F7) X (v=2),
Dk, lewa:f(le)X + m Zk:o mef(ﬁl)x, (1<y<2).
Proof. By the proof of Theorem 3.4
W) - f ()]
wel(m) | o f (ﬁ) fﬁ wmf(t)dt+ - f% tw“;f(t)dt, (v>2)),

<

< n+1
wy f () . wa(t) T twa (1)
e +wlf( )+f» T dt—i—(A mEyEE JMWH Ldt, (1<v<2).

The result follows by more precise estimates, similar to the proof of Theorem 3.1.
O

4. Corollaries and Remarks
We can observe evident remark:
Remark 4.1. If f € X, then
lw.f (D)l x < N9 )l x <wf(d)x

Using this remark we will easily derive the following corollaries.

Corollary 4.1. If f €Lip (w, X), then

V2 = fOllix
W2 FC) = FOllx
o, e )X + o Snto ! (F7)x, (y=1),
Yhon, A G x + oo Sonto g )xs (0<y < 1),
holds true.
Corollary 4.2. If f €Lip (6%, X), then

<

m, O<a<l<yandl<a<~y<l),
IVIrO =10l _ ) #05rh (a=1<9),
WrG - 7Ol | B2 0 <a=y <),

m, OD<y<a<l),

holds true.
Finally, we have:

Remark 4.2. As the special cases, Theorem 3.3 and Corollary 4.2 with v =1 give
the Leindler results [7] (see Theorems 1.1 and 1.2, respectively) but when A, = n
Theorems 3.1 and 3.2 give Theorems 1.3 and 1.4, respectively.
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