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DYNAMICS ANALYSIS OF THREE-SPECIES
REACTION-DIFFUSION SYSTEM VIA THE
MULTIPLE SCALE PERTURBATION
METHOD*

Gaoxiang Yang' and Xiaosong Tang??

Abstract In this paper, the general analysis of spatiotemporal dynamics of
three-species reaction-diffusion system induced by Turing bifurcation is given.
Firstly, by employing the Routh-Hurwitz criterion the conditions for Turing bi-
furcation in three-species reaction-diffusion equations are obtained. Secondly,
through the tool of the multiple scale perturbation method the amplitude
equations of Turing patterns are also given. Finally, we take a three-species
predator-prey model as an example to illustrate the application of these gen-
eral theoretical results, and meanwhile carry out many numerical simulations
to depict spots pattern, stripes pattern and labyrinthine pattern and demon-
strate the validity of these theories.
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ics, multiple scale perturbation method.
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1. Introduction

Since the Turing bifurcation was proposed by Turing [24] in 1952, it was favored
by more and more scholars such as mathematicians [25], biologists [1,9], chemists
[8,15], physicists [7,12] and ecologists [13,14] and so on. In recent decades, many
researchers had focused their attention on mathematical models to understand the
mechanism of the Turing bifurcation which can generate all kinds of spatial patterns.
For example, Baurmann et al. [2] had investigated the emergence of spatiotemporal
patterns of the spatially extended predator-prey systems; Zhang et al. [28] had
studied spatial dynamics of the Beddington-DeAngelis predator-prey model by the
tool of Turing instability; Song and Jiang [20] had found that periodic spot, stripe,
labyrinth, and gap patterns exist in the Mussel-Algae model near the Turing-Hopf
bifurcation point. They demonstrated that the Turing bifurcation, which leads to
the different spatial patterns to occur, is that a homogeneous equilibrium point can
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be stable to homogeneous perturbations, but unstable to certain spatially varying
perturbations.

These mathematical models, which were employed to investigate the mechanism
of generating different spatial patterns, mainly include two species or substances.
However, since biological and chemical systems usually involve more than two dy-
namically independent species, it is necessary to establish tree-species reaction-
diffusion equations to reflect spatial distributions of species in our real world. For
example, Parshad et al. [16] investigated the long time dynamics of a three-species
food chain model and White and Gilligan [26] also studied the spatial heterogeneity
of three-species system involving hosts, parasites and hyperparasite.

Although Qian [17], Satnoianu [19], Mukherjee [11], Song [22,23], Jiang [3] and
Zhang [27] have given the method of determining the parameter space for Turing bi-
furcation, to our best knowledge, there are few systematic theories about the Turing
bifurcation including conditions for Turing bifurcation and the amplitude equations
of Turing patterns of the general three-species reaction-diffusion equations. In this
paper, we mainly study the general theories of Turing bifurcation of the three-species
reaction-diffusion equations which can be described by the following form

ou

AN

5 di Au+ f(u,v,w),

% = daAv + g(u,v,w), (1.1)
ow

AN

5 dsAw + h(u,v,w),

where v = u(t,z), v = v(t,x) and w = w(t,x) for t € [0,+00) and x € Q C R?
represent the density of three species at time ¢ and at position x, d; > 0, da > 0
and d3z > 0 mean the diffusion coefficients of the species u,v and w, respectively,
A = 887;2 + 8‘9—;2 is Laplcian operator about the spatial variables X and Y, the
functions f(u,v,w), g(u,v,w) and h(u,v,w) denote the kinetic reaction among the
species u, v and w, and are all infinite order differentiable functions about variables
u,v and w. Besides, system (1.1) has the following initial conditions

U(O, I) = ¢($)7U(07:L‘) = w(x)vw(owr) = n(x)v
for z € ), and the homogeneous Neumann boundary conditions

Ou(t,z)  Ov(t,x) Ow(t,x)

on on on ’

where ¢, ¢ and 7 are positive continuous functions about the variable x, n is the
outward unit normal vector of the smooth boundary 0.

In this paper, not only the conditions of occurrence of Turing bifurcation of
three-species reaction-diffusion equations are given but also the amplitude equations
of the different spatial patterns are presented by the multiple scale perturbation
method. The obtained results would be very useful to analyze the spatiotemporal
dynamics of many biological and ecological models [16, 26].

The paper is structured as follows. In Section 2, employing the Routh-Hurwitz
criterion, we mainly give the conditions for occurrence of Turing bifurcation of
system (1.1). The amplitude equations of Turing patterns are also obtained by
using the tool of the multiple scale perturbation method in Section 3. In Section
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4, in order to illustrate the applications of these theoretical results a three-species
predator-prey model is introduced to obtain the conditions for Turing bifurcation
and the amplitude equations of spatial Turing patterns. The corresponding many
numerical simulations are carried out to demonstrate these theories of the Turing
bifurcation. Finally, some conclusions are drawn in Section 5.

2. Conditions for Turing bifurcation

In order to get the conditions for the Turing bifurcation of the general three-species
reaction-diffusion equations (1.1), we will take the diffusion coefficient d; as the
bifurcation parameter and employ the Routh-Hurtiwz criterion to analyze the prop-
erties of one of the positive equilibrium points of equations (1.1).

Supposing that

flu,v,w) =0,
9(u,v,w) =0, (2.1)
h(u,v,w) =0,

we will get one of the positive equilibrium points E* = (u*,v*,w*). Near the

positive equilibrium point E* we need to rewrite equations (1.1) with the vector
form as follows:

AU (t, x)

2 = DAU(t,2) + L(@)U(t ) + N(U(t.2)), (2.2)
where
u di 00 i1 lia s
Utz)=1v | D=1 0dy 0 |,L(a)= |l los lo3 |
w 0 0 ds l31 32 133
N
of (u,v,w
N<U(ta Z‘)) = N2 alll = %“:u*,v:v*,w:w*a
N3
S {CAX0] by _ O v.0)
12 — v u=u*  v=v* w=w*, 13 — Ow u=u*, v=v*,w=w*,
= ag(u7v7w)‘ b = Gg(u,v,w)l
21 — 6U u=u*, v=v*,w=w*y 022 — 8’0 u=u*, v=v*,w=w*,
Iy = 200 ), Iy, = Ol v.w)
23 — ow u=u*  v=v* w=w*, 31 — u u=u*  v=v* w=w*,
Lo — 8h(u,v,w)| fon 3h(u,v,w)|
32 — v u=u* v=v* w=w*, 33 — ow u=u* v=v*,w=w*,

and N1 =N (u,v,w), No = Ny(u,v,w) and N3 = N3(u, v, w) represent the quadratic,
cubic and even more higher order terms about u, v and w. We will analysis the linear
stability of this positive equilibrium point E* of system (2.2) to get the conditions
for Turing bifurcation of system (1.1).
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Let
u C1
v = Co exp()\t + ik - T’), (23)
w C3

where c1, ¢o and c3 are coefficients, k = (kx, ky), k-k = k2, kx and ky respectively
denote the wave numbers in the X-direction and Y-direction, and A is the growth
rate of perturbation in time ¢, i is the imaginary unit and i? = -1, r = (X,Y) is
the spatial vector in two-dimensional space. Thus, substituting equations (2.3) into
the linear part of system (2.2), we have the characteristic equation

A3 by (B)A% 4 bo(K*)N + b3(k%) = 0, (2.4)

where k% = k3, + k%, and

bi(k?) = (di + do + d3)k® — L1 — l2g — I3,
ba(k?) = (d1k? —l11)(dok? —lag) 4 (d1k* —111) (dsk? —l33) + (dok? —l22) (d3k® —I33)
—li2la1 — lislsa,
bs(k?) = (d1k® —l11)(d2k® —la2) (d3k® —l33) +112la1 (I33 — d3k?) + 113131 (I2a — d2k?).
In the following our work, we will give the conditions for the Turing bifurcation of
?}ésgsm (2.2) by using the Routh-Hurwtiz criterion to the characteristic equation

Firstly, in the absence of diffusion of system (2.2), the characteristic equation
(2.4) can be transformed into the following form

A3+ b1 (0)A% + o (0)X + b3(0) = 0, (2.5)
where
b1(0) = —l11 — laz — 33,
b2(0) = l11la2 + l11l33 + laalss — li2l21 — lisls,
b3(0) = lazl1ala1 + laslialar — li1laalss.
By using the Routh-Hurwitz criterion, the necessary and sufficient conditions for
the characteristic equation (2.5) without diffusion to have the negative real part are
(1)1(0) >0,
(ii)bs(0) > 0, (2.6)
(41)b1(0)b2(0) — b3(0) > 0.
Secondly, introducing diffusion d;, ds, and ds, we will give the conditions for

occurring Turing bifurcation of system (2.2). Through the Routh-Hurwitz criterion
we know that the Turing bifurcation occur only if one of the following conditions is
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violated:
(1)b1(K*) > 0,

(id)bs (k*) > 0,
(id1)by (k2)ba (k2) — bs (k%) > 0.

Case 1. when by (k?) > 0.
Because of d; > 0, dy > 0, d3 > 0, k? > 0 and b;(0) > 0, they lead to b;(k?) > 0.
That is to say, the condition of b1 (k%) > 0 is not violated.

Case 2. when b3(k?) > 0.
Let Hy(k?) = b3(k?) and z = k2, then we have

Hy(2) = hagz® + haoz® + ha1z + hao,

where

has = didads,

hag = —didalss — didslaz — dadsliy,

ha1 = dilaalss + dalinlss + dslinlaz — diloglsz — dalislsy — dslialon,
hao = li1laslse + li2l21l33 + lislsilas — linlaalss — lialasls — lisl2ilse.

Noticing that the coefficient didads of the first term Ha(z) is always positive,
we have the following results about Hs(z):
(i) Because of z = k%, Ha(z) — 400 when z — +o0.
(ii) The first order derivative of Ha(z) about z is
dHQ(Z)
dz

which is a quadratic expression in z and has the following two roots

_ —hao + / h§2 — 3hoshoy

= 3h232’2 + QhQQZ + th,

2 3ha3
and
o —hag — \/h35 — 3hazho1
2 3ha3 '

The second derivative of Ha(z) about z is

dQHz(Z)

122 = 6ho3z + 2hos.

If the condition b3(k?) > 0 is violated, from the above analyses we can obtain
the following conclusion about the Turing bifurcation of system (2.2).
Conclusion 1. The necessary and sufficient conditions for violating the conditions
b3(k?) > 0 are alternative as follows:

(Z)h%z — 3hashay < 0, H2(0) = hog < 0;

(i3)h3y — 3haghar > 0, 29 min = 221, Ha(221) < 0.
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Case 3. when by (k?)ba(k?) — b3(k?) > 0.
Let H3(k?) = b1 (k?)by(k?) and z = k2, then we have

Hj(z) = ha32® + h3az® + ha1z + hao,

where

hss = (d1 + da + d3)(d1dy + dids + dads),
haa = —(di + da + d3)(dil22 + dilzz + dali1 + dalss + d3li1 + d3la2)

— (li1 + l22 + I33)(d1d2 + d1d3 + dad3),
har = (di + dg + d3)(li1laa + 111133 + l22l33 — lialar — li3l31 — la3l32)

+ (l11 + la2 + 133)(d1l22 + dil3z + daliy + dalzs + dslin + dsla2),
hao = —(l11 + la2 + l33)(l11la2 + l11l33 + laalszs — li2l2r — lislsn — l23ls2).

Let Hy(z) = Hy(k?) = by (k?)ba(k?) — b3(k?) = H3(z) — Ha(2), then
Hy(2) = hy32® + hyo2® + ha1 2 + hua,

where hy3 = h33z — hag, haz = h3a — hoa, hy1r = h31 — ho1, hyg = h3g — hao. Noticing
that the coefficient (dy + do + d3)(d1ds + dads + dsdy) of the first term Hy(z) is
always positive. Similarly, we can obtain the following properties about Hy(z):

(i) Because of z = k%, Ha(z) — 400 when z — +o0.

(ii) The first order derivative of Hy(z) about z is

dH4(Z)
dz

which is a quadratic expression in z and has the following two roots

_ —hao + /h2y — 3hazha

= 3hazz® + 2haaz + hui,

241

3hys
and
_ —hys — \/hiy — Bhashyy
242 = .
3has
The second derivative of Hy(z) about z is
d?H.
T;(Z) = 6hy3z + 2hy4s.

If the condition by (k?)ba(k?) — b3(k?) > 0 is violated, from the above analyses,
we can also get the following conclusion.

Conclusion 2. The necessary and sufficient conditions for violating the conditions
b1 (k?)ba(k?) — b3(k?) > 0 are alternative as follows:
(Z)h?g — 3h43h41 < 0,H4(0) = H40 < 0,

(i3)h3y — Bhashar > 0, 24, min = 241, Ha(241) <0

Collecting conclusions 1 and 2, we can obtain the following theorem above the
Turing bifurcation of system (2.2).
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Theorem 2.1. The necessary and sufficient conditions for Turing bifurcation of
system (2.2) are as follows:

(i)h35 — 3hazhar > 0, (i6) 22, min = 221 > 0,

(ii1) Ho(22,min) = Ha(221) < 0, (iv)h3y — 3hazhar > 0,
(V) 24,min = 241, Ha(24 min) = Ha(za1) > 0, (vi)b1(0) > 0,
(vid)bs(0) > 0, (viii)b1 (0)b2(0) — bs(0) > 0

or
’L)h22 — 3h23h21 > 0 (Z’L)ZQ min = 221 > O

(
(7, )HQ(ZQ mzn) HQ(ZQl) <0, (iv)h42 — 3hushg < 0,
(U)h4o >0, (’UZ)bl(O) > 0,

(id)bs(0) > 0, (viid)br (0)bs(0) — b3(0) > 0.

3. Amplitude Equations of Turing patterns via the
Multiple scale method

In this section, we will employ the multiple scale perturbation method to obtain
the amplitude equations of Turing patterns because close to the Turing bifurcation
threshold the dynamics of system (2.2) varies very slowly. By selecting the diffusion
coefficient d; as a bifurcation parameter and denoting d; = «, all kinds of different
patterns are investigated as the parameter « varies. In order to get the amplitude
equations of Turing patterns, we mainly divide into four steps in the following work.

Step 1. we need to rewrite system as Taylor series to three order terms as

follows:
oUu

¥ =L.U+ (a0 — ae)MAU + No(U) + N3(U), (3.1)
where
U fu 4+ acA fo Jw
U=\|v]|, L= Gu G + da A Jw ’
w he hy hw + dsA
mi1 M2 M3 100 FZ.. El
1 1
M = mao1 Moo Maog | — 000 aNZ(U) = 5 G?ww ) NB(U) = 6 G?ww
m31 M3 M33 000 HZ,, H},,
and

fu =11, fo = L2, fw = L3, 9u = l21, 9o = l22, G = l23, by = l31, hy = l32, hey = l33,
Fivw = fuuu2 + fvaQ + fwww2 + 2fuuuv + 2fuwuw + 2fvw,
G2 = Guutl® + GuoV” + Guw0? + 2000tV + 2¢u0 Ut + 2g00,
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H2,0 = huutt? + hopv® + huppw? 4 2R + 2R uw + 2R,
F3 0 = 3 fuunt® + 3 fuuwtt®w + 3 fovuvt + 3 fopwt®w + 3 fuwaw?u + 3 fuwow?v
+ 6 fuvw W + fuuutt® + fornt® + fuww?,
szw 3Guuvt®V 4 3Guuwt* W + 3Guuut?t + 39wt W + 3gwwuU 4 3Guwwew?v
+ 69uvw VW + Guuut® + Jovv?” + Guwwt®,
H3 = 3huutt®v + 3huuwtt®w + 3huuuv®t + 3hypwv® W + 3hwwew?t 4 3hywew?v

+ 6R0 uVW + My t® + R0 + By w?,

0% f 0% f
fuu W‘uuvvwwafvv:aghuvvwwa
0% f
fww |u u* v=v* w=w*
w?
5 0*f | o = 0% f |
uv auavuu,vv,ww7 uw—auawuuvvww7
0% f
fvw |u wF V=v* w=w*
Ovdw
0%g 0%g
Guu = |u u* v=v*,w=w*, Gov = 7|u:u*,v:v*,w:w*7
ou? ov?
82
Juww = 6w2|u u* v=v* w=w*,
0%g B 0%g
Guv = auﬁv |u u*  v=v*, w=w*, GJuw = m“:u*,v:v*,w:w*a
82
Gow = m‘u u* v=v* w=w*
0%h 0%h
huu = |u u* v=v* w=w*, hvv = |u ur v=v* w=w*,
u? 2
62
hww 8’[1}2 ‘u u* v=v* w=w*
0%h 0%h
il hooo— =
uv auav‘u u* v=v* w=w*, uw auaw‘u u* v=v* w=w*
82
hvw = avawlu u* v=v* , w=w*,
o°f O
fuuu 8u3|u uF V=v* w=w* fuu'u = 8u28v‘u u* v=v* w=w*)
o3 f o3 f
fu'uv: auavz|u u* v=v* w=w*, fUU’U: v 3|u u* v=v* , w=w*,
_ % _ 9y
Guuu = %M:u*,v:v*,w:w*a Guuv = m‘u:u*,vzv*,wzw*a
&g 8%g
Guvv = Wh:u*,v:v*,w:w*a Govv = v 3|u u* v=v* w=w*,
O3h 03h

huuu |u u* v=v* w=w* huuv - |u u* v=v* w=w*
Oud ’ Ou?dv ’

O3h O3h

huvv:8u8v2|u u* v=v* w=w* hvvv:83|u u* v=v* w=w* -
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Step 2. according to the multiple scale perturbation method, defining

u=eus + e2uy + Suz + -+,

v =evy + vy + vy + -,

w = ew; + 2wy + Swz + -, (3.2)
t=to+et)+ ety +---,

a:ac+ea1—|—62a2—|—-~-,

and substituting equations (3.2) into equation (3.1), we will get the following results
about ¢, €2 and €3, respectively.

Step 3. noting that % =0, g—;’; =0 and %1;’01 = 0, for the first order of ¢, the
solution of linear problem of (3.1) is

U1
Lc V1 =0. (33)
w1
Since L. is the linear operator of system (3.1) at the Turing bifurcation threshold,

(uy v1 wy)T is the linear combination of the eigenvectors corresponding to the
eigenvalue 0. Solving equation (3.3), we can get

uy o)
v | = | 69 Z W;exp(ik; - ) +c.c., (3.4)
j=1
w1 1
2
where 01 = 7 _f“agz;){;(f’ggﬁfj; 02 = %gﬁglv W; is the amplitude of mode

exp(ik; - 7)(j = 1,2,3) and c.c. denotes the conjugate of the former terms.
For the second order of €2,

2

U9 Uq Uy Fuvwl
—_ 0 _ _ 1 2

Lelvp | = ot | N1 artMA | v 2 | Guvwr | (3.5)

2

w2 w1 w1 Huvwl

where
2 _ 2 2 2
Fipw1 = fuutt] + foov? + fuwwi + 2 fuvtivi + 2 fuwuiwy + 2 fopviws,

Givwl = guuu% + gva% + gwww% + 2guvU1V1 + 2guwt1 W1 + 2y V1W1,

H’val = huuu% + hvvv% + hwww% + 2huvul’ul + 2huwu1w1 + 2hvwvlwl-
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Let the right hand of equations (3.5) as follows

Fz (5% U1 F3Uw1

- _ _1 2
Fy - ot U1 OQMA U1 2 Guvwl (36>
Fz w1 w1 Hval

In order to satisfy Fredholm solvability conditions, the vector function on the right
hand of equation (3.5) need to be orthogonal to the eigenvectors of the zero eigen-
value of L} which is the adjoint of L. and has the following form

L? = fv Gu + d2A hv
fw Guw hw + d3A

The eigenvectors of the operator L} are

1
vo | exp(—ik; - 7r) +c.c.(j = 1,2,3),

gs!
where v = f ”g“h:(gi 1;7;3??}2‘;;51)2]62),72 = W The orthogonality condi-
tion is given by
F}
(1 V2 71) Fi| =0, (3.7)
FY

where FJ, Fy] and FJ represent the coefficients of exp(ik; - r) term in F,, F, and
F, of equation (3.6)(j = 1,2, 3), respectively. Taking the exp(iky - 7) as an example
and connecting equations (3.4), we have

F; 61 51 f2
Fyl = 52 %Vtvlvl —+ (XlkgM 52 W1 - gs W? W?)? (38)
F! 1 1 ha

where

f2 = fuud? + fou03 + fuw + 2fuu0182 + 2fuwdt + 2fuwdz,
92 = Guud? + guv03 + Guww + 29uv0102 + 29uw01 + 2gvwda,
ha = hyu0? + hy03 4 huw + 2hyp6102 + 2R0001 + 2R 0.
Using the Fredholm solvability condition (3.7) and connecting equation (3.8) we get

OW. —
C 81511 = —k2a1 01 Wi + (f2 + 7292 + 11h2)Wa W, (3.9)
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where C' = 01 + 7202 + 1. Similarly, taking the coefficients of exp(iks - ) and
exp(iks - r), we also obtain the following results

oW o
c ot 2 = —k20061 W + (f2 + Y292 + Y1ha) W1 W,
am} (3.10)
C 81&13 = —k2a16:Ws + (f2 + 7292 + 1h2)Wa Wi
Solution of equation (3.5) has the following form
(5] Xoo 3 Xj ij
vo | =1 Yoo | + Z Y; | exp(ik; - )+ | Yy, | exp(2ik; - 7)
j=1
wo ZOO ZJ Zj]
X12 X23
+ | Yio | exp(i(ki — ko) -7) + | Yo3 | exp(i(ks —ks) - 7) (3.11)
Zlg ZQ3
Xa1
+ | Va1 | exp(itks — ki) -7) +c.c.,

where the calculations formulas of Xog, Yoo, Zo0, X;,Y;, Z;(j = 1,2,3), X11, Y11,

Z11,X55, Y55, Z;5(5 = 1,2,3), X12, Y12, Z12, X23, Y3, Za3, X31, Y31, Z31 see Appendix
A.

For the third order of €

us U Ul (5 U Nge3
_ 0 %)
Lc V3 = a4 Vg + i3 V1 — alMA Vo — O[QMA V1 T | Nyes ’
w3 w2 w1 w2 w1 Tze3
(3.12)

where the calculation formulas of ng.s, nyes,n..s see Appendix B.

Let the right hand of equation (3.12) as follows

Gz U9 U7 U2 Ul Nye3
_ 0 o)
Gyl =a v | tag | v | —aMA| v | —caMA | v | = [ nye
Gz w2 w1 w2 w1 Nze3
(3.13)

Collecting the coefficients for exp(ik; - ) from the right hand of equation (3.13) we
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find
51(?9?11 + %Vtzl) 01 01 Gh Gh
(% + Gy [ +aakZ | 0| Zitaakd| 0 |Wi—|Gh | —5|Gh |
k1 k1
(38 + %i2) 0 0 G5 Gt
(3.14)

where the expressions of G5!, GS;, G GE G%, G5 see Appendix C.

Using the Fredholm orthogonality condition to equation (3.14), it can be trans-
formed into

oW, 07 .
C( En 1+W1):EZl+FW1+H(WQZ3+W3ZQ)+[G1|W1\2+G2(\W2|2+|W3|2)]W17
2 1
(3.15)

where the values of C, F/, F, H,G1 and G2 see Appendix D.
Similarly, the other two equations can also be obtained by the transformation
of the subscript of W and Z.

oWy OV [
(G + Gr) =EVa+ FWa + HWoVy + WiVa) + [G1|Wal?
2 1
+ Ga([Ws]? + (W1 )] W, (3.16)
oWz  0Vs — = — 9 '
C((9T 5t ) =EV3 + FW5+ H(W1Vy+ W3V1) + [G1|Ws|
2 1
+ G (Wi [? + [Ws|*)] W,
Step 4. the amplitude of A; (j = 1,2,3) can be expanded as
Aj = EWj + 62Zj + 0(62). (317)

By the expression of 4; (j = 1,2,3) of (3.17) and combining equations (3.9), (3.10),
(3.15) and (3.16), we can get the amplitude equation corresponding to A; (j =
1,2,3) as

9A -
ro 288 = Ay + T — [ AP + g2 Al + 1 As A,
9A -
T2 = pdy + hAg Ay — 1| Ao + ga(1 4 [? + [ A57)) Ao, (3.18)
0A; vy 2 2 2
T g = AL+ hAsAs — [g1]|As|” + g2(|A2|” + | A2|*)] As,
where
S C 7040*04 - H _ Gl _ GQ
0T ek M T Tar 0 T ek T T ek T T ek

By the linear stability analysis of the above amplitude equations (3.18), these am-
plitude equations may be expressed as

Aj = pj exp(iﬂj)7 (] = 172,3),

where p; and §; respectively denote the mode and the corresponding phase angle.
Substituting them into equations (3.18) and separating the real and imaginary parts
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yields, we also obtain the following differential equations of the real variables

90 _ . pird+pied + pind
o P1P203

9
a‘; = pp1 + hpapscost — gip; —
_0ps
a[; = pp2 + hpipscost — gips —

8
6[; = pip3 + hp1pacosd — g1p3 —

inf,

where 0 = 01 + 05 + 05.
To summary the above analyses, the following results can be obtained about

system (2.2).

Theorem 3.1. (i)The homogeneous stationary state, given by

p1=p2=p3

is stable for p < po =0 and unstable for pu > py = 0.
(ii) Stripe patterns S is also given by

which is stable for > ps =

PlZW/Eandm:P?»:O,
9

# and unstable p < pg =

(iii) Hexagon patterns Hy are H, are given by

P1L = P2 = pP3 =

] £ \/h? +4(g1 + 2g2)

2(91 + 292)
th 0 = = ' — =k
with § = 0 or 0 = 7w, and exist when p > p = Ty
hl+/h2+4(g1+292) ,
! 2(g1+(2?2 g2) is stable only for p < pg = %,
VRZ (g1 +2g2)0
L Q}EZjﬁ;gg;;rzg2)“ 1s always unstable.

(iv) The mized states are given by

P1

h _ 2
= ‘ | y P2 = pP3 = a glpla
92 — g1 \/ g1+ g2

which exist for go > g1 and p > ps, and is always unstable.

4. Applications

92(p3 + p3)p1,
92(pT + p3)p2;

92(0% + p3)ps,

_hg1 _
(92—91)%"

The solution pT =

and the solution p~ =

In this section we mainly consider the following three-species prey-predator model
with ratio-dependent functional responses proposed by Hsu et al. [6]

ou auv
=d A _

o et u(l—u) u+v’
Ov biu(t,x)v  agvw
Ao Ay — _
ot 280 vt u+ v vt w’
0 bov

v = d3Aw + 29 Cow,

ot
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where u = u(t,z),v = v(t,z) and w = w(t, z) respectively present the population
densities of prey at lowest level of the food chain, intermediate predator that prey
upon u, and top predator that prey upon v at time ¢ and position z. All parameters
are positive constants, where a; and as denote the maximum ingestion rates of
intermediate predator v and top predator w; b; and by are the conversion factors of
prey to intermediate predator and the top predator; ¢; and ¢y mean the mortality
rates of the intermediate predator and the top predator, respectively.

Through the calculations we know that when the conditions 0 < a1by (b1 —c1) <
biba + araz(be — o) and 0 < ag(be — ¢2) < ba(by — 1) are satisfied system (4.1)

has the one positive real equilibrium point E* = (u*,v*,w*) which corresponds
biba—aiba(bi—ci1)+araz(ba—c2) | x __ ba—cs x
w* = vt =

b1b2 ? Cc2 ’

the coexistence state, where u* =

bQ(Z;;C;()I;(%Z(EZ;)Q) u*. According to the kinetic reaction functions f(u,v,w) = u(1—

u)=E, g(u, v, w) = —clv—&—%—% and h(u,v,w) = f}fﬁj —cow, and connecting
the theoretical analysis of the equilibrium point E* in the second section and the
results of Theorem 1, we will obtain the red region of Turing bifurcation space which
is spanned by parameters d; and aq, see Figure 1. And the other parameters are

fixed as = 052,b1 = 1.5,b2 = 2.0,61 = 0.61,02 = ].05,d2 = 0.2,d3 = 1.

Parameter space spanned by d; and a;

0.06+

~50.041

0.021

1.4 1.6 1.8 2.0 22 24
a)

Figure 1. The red domain denotes the parameter space of Turing bifurcation spanned by d; and a;
according to Theorem 1.

According to Fig. 1, if we fix the value of a; = 2.0 and take the diffusion
coefficient d; as the bifurcation parameter, we can get the critical Turing bifurcation
value of d; and denote diy = 0.0456. when d; = 0.045, using the theories of
multiple scale method, we can calculate the following values u, t1, po, 3 and py in
Theorem 2. In this case, system (4.1) will have the stable spots pattern because of
p1 < p < pg. Similarly, when d; = 0.01, we can also calculate the value p, p1, p2, 13
and py4 in Theorem 2. In this case, because of py < p system (4.1) will have the
stable stipes pattern by taking different initial conditions. According to the results
of the above analyses, we know that when we take the value of d; = 0.045, system
(4.1) has the spots pattern. Employing the numerical calculation method in [4]
and taking the initial state as the perturbation of the nontrivial equilibrium point
E*, Q = [0,50] x [0,50], Az = 0.25 and At = 0.01, we plot the time evolution
of spatial pattern for the prey u at the different time ¢t = 0,10,1000, 100000, see
Figure 2. Similarly, when we take the value of d; = 0.01, system (4.1) will have the
stripes pattern by selecting the initial conditions as the periodical perturbations.
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u-(a) u-(b)

0.155

Figure 2. The time evolution plots of the density of the prey u at the different ¢ = 0, t = 10,t =
1000, t = 100000 respectively when the diffusion coefficient di = 0.045.

The corresponding time evolution of spatial patterns for the prey u at the different
time ¢ = 0, 10, 1000, 100000, respectively, see Figure 3.

In addition, when we take the value of d; = 0.02, system (4.1) will have the
labyrinthine pattern by selecting the random or periodical initial perturbations.
The corresponding time evolution of spatial patterns for the prey u at the different
time ¢ = 0, 10, 1000, 100000, respectively, see Figures 4-5.

5. Conclusions

In this paper, we have given the systematical theories of the Turing bifurcation of
the general three-species reaction-diffusion equations, including the conditions for
Turing bifurcation and the corresponding amplitude equations which describe the
sufficient criteria of occurrence of the different Turing patterns. These obtained
theoretical results have generalized the applications of Turing bifurcation theories
in the two-species reaction-diffusion system [10,18,21].

In addition, we employ the obtained results to investigate a three-species prey-
predator model with ratio-dependent functional responses. Through the theoretical
analysis and numerical simulation method we have obtained the rich spatiotemporal
dynamics compared with [6]. We not only give the bifurcation parameter space of
this model but also illustrate these different spatial patterns such as spots pattern,
stripes pattern and labyrinthine pattern as the diffusion coefficient varies.

These theoretical results which we obtain can be directly used in many concrete
biological and ecological models such as [5,16,26] to investigate effect of the diffu-
sive coefficients on the spatial pattern formation such as spots pattern and stripes
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Figure 3. The time evolution plots of the density of the prey uw at the different t = 0, ¢t = 10,t =
1000, t = 100000 respectively when the diffusion coefficient d; = 0.01.

Figure 4. The time evolution plots of the density of the prey w at the different t = 0, ¢

0.18
0.17
0.16
0.15
0.14
0.13
0.12
0.11

0.1

1000, t = 100000 respectively when the diffusion coefficient d; = 0.02.
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Figure 5. The time evolution plots of the density of the prey uw at the different t = 0, t = 10,t =
1000, t = 100000 respectively when the diffusion coefficient d; = 0.02.

pattern. we have given the theories of the Turing bifurcation of the general three-
species reaction-diffusion equations, including the conditions for Turing bifurcation
and the corresponding amplitude equations which describe the different kinds of
Turing patterns. That is to say, it is very convenient to employ the theoretical
methods and results to obtain the numerical simulations of Turing patterns of a
three-species food chain model.
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Appendices

In this section, some detailed presentations in Section 3 are given as follows.

Appendix A

X1 hz11 Xoo hz00
Yiu | = | i wt, Yoo | = | hyoo | (Wi + W2+ Ws),
Z11 hz11 ZO() hzOO
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X9 Py hz11 fa
_ S
Yig | = [ hyu | WiW2, Xj =025, Yj =022, | hyn | =—5 |9 |;
ZIS hz* hzll h2
thO f2 hz* f2
hyoo | =P | g2 |> hys | ==Q 1 g2 | >
h00 ha . ho
-1 -1
fu fv fw fu - 40‘(:]{33 fv fw
P=1gu90 90| 5= Gu  Go—Adak? gy ;
hy By By ha, hy hy — 4d3k3
—1
fu - 3040162 fv fw
Q= Gu G —3dkZ gy
ha he  he — 3dsk?

Appendix B

1 1
Nged = Noged T ZN3zes, Nye3 = Noye3 + ZN3ye3 s Nzed3 = 12263 + =N3zes,

6 6 6
Noged = fuul1U2 + fopV1V2 + fuwWiWa + fuu(u1vs 4 viuz)
+ fuw(urwe + wi1uz) + fow(viws +wiv2),
N3zed3 = fuuuu? + fvm)vil)) + fwwwwil)) + 3fuuvu%7}1 + Sfuuwu%wl + 3fm)uv%w1
+ 3fvvw”%wl + 3fwwuw%ul + 3fwwvw%'Ul + 6fukulvlw1a
Nayes = Guul1U2 + JovV102 + GuuwW1W2 + Guv(U1ve + viuz)
+ Guw (U1wa + w1u2) + Gow (Viws + Ww1ve),
N3ye3 = guuuuzli + gvvvvzls + gwwwwf + 3guuvu%"}1 + 39uuwu%w1 + ngvu'U%wl
+ 3gm}wvfw1 + 3gwwuwfu1 + 3gwmwfvl + 6Gupwt1 V1 W1,
Noses = Ny Uits + NypyV102 + Aywwiwy + Ry (U102 + v1ug)
+ Ayw (u1w2 =+ UJ1U2) + hvw(vlwg + wl’Ug),
N3pe3 = huuuu? + hmvi’ + hwwww:{’ + 3huuvu§v1 + 3huuwu%w1 + 3hwuvfw1

+ Shvvwvfwl + 3hwwuw%U1 + 3hu;wvw%111 + 6h gyt V1 W]
Appendix C

GH = FuuGRY oy + FooGEY o+ FuowGEY wy + Fun(GRY o, +GEL L)
+ fuw(Gl;zlwz + Gi%ulug) + fvw(GI;’blwg + Gl;tulvz)’
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GEL = 9uuGo s + 900GEL s+ GuwGEl iy + o (G, + GELL)
+ Guw (G, + Gitorus) + 9o (G, + Gty v,);
GEL = huu G+ hooGRL 4 hapwGEL L+ hao(GRL L+ GEL LY
+ P (GEly oy + Golyyay) + o (GEL g + GEly)s
Gt = fuunGhuruy + FoonGby oy vy0n + Funww Gty wrwy + 3fuue Gty v,
+ 3 fuuw Globiyuywr + 3fuvnGliyoroy T 3fovwGob v, + 3 uwwGiat, ww,
+ 3 foww Gy wywy + 6 fuvwGhy oy
Gt = Guuu Gy iran + Joov G, vy 0no + Jwww Gl wr w0, + 39w Gty
4 30uuwGEL s+ 30unGEL oo F 3000w G o F 30w G
+ 390w GEL iy T 69uowGEL o,
Gt = huuu G iy + PovoGES ooy 00 + Poww Gy, + 3w Gy
+ 3huuw Gy, + 3o GEly o0+ 3hovw o oy, T 3huww G o w0,
+ 3howw G wr F Ol GEL
Gohun = 61[Xoo (W1 % + [Wal* + W)Wy + 61(W2Zs + W3 Zs)
+ R (|Wa | + W3 |2 )Wy + g1 |[Wh W],
GhL oy = 02[Yoo (WA |2 + [Wal? + (W) W1 + 62(WoZs + WsZs)
+ hy ((Wal* + W)W + hyn[Wh P W],
Gy = [Zoo((Wh? + [Wa|? + [Ws )Wy + (W Z3 + W5 Z,)
+ o (|Wa|? + [Wa|2)Wy + ho1 [W12W7],
= 51 [Yoo (W1 |2 + [Wal? + W52 )Wy + 62 (WoZs + W3Zs)
+ By ((Wal? + [Ws )Wy + hyry [W1 [PW],
GhL oy = 62[Xoo (W1 [? + [Wal* + [Ws|*)Wy + 61(WaZs + W3Z5)
+ R (|Wa | + W3 |2)W5 + g1 W1 [2WA],

e

TULV2

Gy = 01[Z00 (W1 ? + [Wal? + [WaP )Wy + (WaZs + W3Zs)
+ hau ((Wa|? + [W5 )Wy + hopa [Wi|PWA],
G’;iuluz = [Xo()(‘W1|2 + |VV2|2 + |W3|2)W1 + (51(W273 +W372)

4 D (|Wa|? + [Wa|2YWy + haya |[Wh [2W],

Gt = 02[Z00((Wh P + [Wa|* + [Ws| )Wy + (W2 Z3 + W3 Zs)

+ haw(|Wal? + [W5|2) Wi + hoaq [Wh PWH],

Gy = Yoo (W2 + [Wal? + (W5 )Wy 4 62(WaZs + WsZs)
+ hys ([Wal? 4+ [W3[2)W1 + hy11|[W1 PW7],

Gf,julm = 51[Xoo(|W1]? + |Wa|? + [Wa|* )Wy + 61(WaZ3 + W3Zs)
4 haw ((Wa|? + W32 YWy + hapa |[Wh W],

Gytioy = 02[Yoo (W1 [? + [Wal? + [WaP)Wy + 65(WaZs + W Zs)
+ hyu((Wal? + (W3 )W + hyiy [W1 [PW7],

Gty = [Zoo((WAI? + [Wal? + [Ws )Wy + (W2 Zs + W5 Z5)

Yywiwz
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+ o (|Wa|? + [Wa|2)Wy + ho1y [W12W7],
Gty = 01 Yoo (W1 [? + [Wal? 4+ W3 [P )Wy + 02(WaZs3 + W3Z2)
+ By (W2 |? + [W5 )W + hyri [W1PWA],

Gty = 02[Xoo (WA |? + [Wal? + [Ws )W + 61(WaZs + W3Zs)
+ hou((Wa|* + W32 )W + hey1|Wh [P WA,

Gty = 011 Z00((Wh|* + [Wal? + [Ws ")W1 + (WoZ5 + W3 Zs)
+ T ([Wa 2 + [Ws |2 )Wy + haaq W1 [P WA,

G’;L,luz = [Xoo(|W1]? + |Wal? + W5 |* )W + 61 (WaZ3 + W3Zs)
4 haw (|Wa|? 4+ [Wa|2YWy + hana |[Wh W],

Gty = 02[Zo0 (Wi [* + [Wa|? + [Ws )Wy + (W3 Z5 + W3 Z5)
+ B ((Wa|? + [W3 P YWy + hoya [Wh |2 W],

Gty = Yoo (WA + [Wal? + [Wa |2 )Wy + 02(WaZs + W3Zs)
+ hys ([Wal? 4+ [W3[2)W1 + hy11|[W1 PW7],

Gy = 01 [Xoo (W1 + [Wal? + W)W + 61(W2Zs + W3Zs)

+ P ([Wa|? 4 (W3 )Wy A+ b1 [W1 2 W],
GEL o = 02 [Yoo([Wi|? + |[Wal? + |Wa|? )Wy + 62(WaZs + W5 Zs)
+ By ([Wal? + [W3 )Wy + hyry [W1 [PW],

GEL oy = [Zoo (WA + |[Wal? + W52 YWy + (WaZs + W3Zs)
+ o (|Wal? + [Wa|2)Wy + hap [W |2W7],
GEL oy = 61 Yoo (W1 [? + [Wal? + W32 )W1 + 62 (W2 Z3 + W3Z2)

+ By (W |? + [W5 P )W + hyri [W1 PWA],
GEL vy = 02 Xoo (Wi ? + [Wa? + W3 YW1 + 61 (W2 Z3 + W5Z2)
+ g ([Wa | 4 (WP )Wy + hyyt |[W1PW,

GEL s = 01[Zoo (Wi + |[Wa|? + W3 )Wy + (W2 Z3 + W3Z2)
+ how((Wal? + |Wa|H) W1 + hopa W1 2W],

Gy = [Xoo (W1 + [Wal? + [Ws )Wy + 61 (WaZs + WsZy)
+ hou((Wa|* + W32 )W + heyy [W1 [P W],

Gy = 02[Zoo (WL |* + [Wal? + W)Wy + (W Z3 + W3Zs)
+ how((Wal? + |W3 )Wy + hoar W1 PW4],

Gy = Yoo (WA [P + [Wa* + (W)W + 62(Wo Zs + W3 Z5)
+ hyu ((Wal? + (W3 )W) + hyia [W1 [PW7],

Got vy = BSSWA (WA 4 2{Wa|* + 2[5 ),

Gib oo = 3BWL(WL[” + 2| W2 f* + 2| IW5%),

Gty = 3WL(WL [ + 2| Wal? 4+ 2(Ws ),

Gty = 36762 Wi (W[ + 2| Wa|? + 2|W5 ),

G vy = 3G WA(WA|? + 2| Wa|? + 2 W5 ?),
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Gt o = 30155 Wi (|W1[* + 2|Wa|? + 2|W5)?),
Got iy = B3WL(IW1 [ + 2| W + 2[W3)?),
GEL vy = 3O WL(|[W1 |2 + 2| Wa|? + 2|TW35)?),
Gty = 362Wi (W[ + 2[Wa|? + 2| W),
G = 36162 Wr (W1 [? + 2|Wa|? + 2|Ws ),
Glgj’hlulul = 305 Wi (|Wa|? + 2|Wa|? + 2[Ws %),
Gybyor, = 35Wi(IWA[* + 2{Wa|* + 2[W5)%),
Gl v, = 3WL(IWL? + 2[W2|? + 2[W3)?),
Gt ures = 3070 W1 (|WA|? + 2|Wa|? + 2|Ws[?),
G’;hlulwl = 3TW (W [? + 2| Wy * + 2| W5 %),
Gotyvroy = 30103 Wi ([W1[? + 2|Wa|? + 2|W3[?),
Gobvwn = 3GWi(|[W1? 4 2[Wa|* + 2| W),
Gty = 3O WL(|WL[? + 2[Wa|? + 2| W3]?),
Gl onwy = 302 WL(|[W1[? 4 2| Wa|® + 2| W),
Gl v, = 30152 W1([W1]? + 2[Wa|? + 2|Ws]?),
Gol vy = BOSWA([WL [ + 2{ W + 2[W5)?),
GEL vy = 365WA([W 7 + 2|Wa? + 2| W3)?),
Gy = 3WL(WL* + 2|Wa|? + 2| W5 ),
Gl urws = 3076 W1 ([Wh|? + 2|Wa|? + 2|W5[?),
GLluyw, = 30TWAL(W|? 4 2|Waf® + 2[W5 ),
Gl oy = 30105 Wi(|WA |2 + 2|Wa® + 2| W3]?),
GEY v = 363W([W1|? + 25| + 2[W5 ),
GEL iy = 301W (W1 % + 2| W ? + 2| W3)?),
Gy oy = 302 Wi (W1 |2 + 2|Wa|* 4 2| W5)?),
GEL iy = 30102 W1 (W1 % + 2| Wa|? + 2| W3)?).

Appendix D

C = 01 + 7202 + 71,

FE = 70&151]432,

F = —agélkg,

H = fo+ 7292 +71ha,

Gi1 = Gig +72G1y + 111Gz,

Gz = (Xoo + ha11) (01 fuu + 02 fuw + fuw) + Yoo + hy11) (01 fuw + 2 fow + fow)

1 1 1 3
+(ZOO+hzll)(fww +51fuw+§2f'uw)+ iéi)fuuu'i_iégfvvv+§fwww+§6%§2fuuv
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3 3 3 3 3
+ iiﬁfuuw + §5g5lfvvu + §5§fvvw + 561fwwu + 562fw'wv + 35152fu'uw7
Gly = (XOO + hxll)(5lguu + 529uv + guw) + (1/00 + hyll)(algu'u + 5291}1} + ng)

1 1 1
+ (ZOO + hzll)(gww + 5lguw + 629vw) + §6fguuu + 555’9%1; + §gwww

3 3 3 3 3
7625 uuv 762 uuw 7626 vou 762 vvw 76 wwu
—1-2129 +219 +2219 +229 +219

3
+ 552gwwv + 35162guvwa
Glz = (XOO + hwll)(élhuu + 62huv + huw) + (YOO + hyll)((slhuv + 62hvv + h'uw)

1 1 1
+ (ZOO + hzll)(hww + 51huw + 52h'uw) + iéi’huuu + iéghvvv + ihwww
3 3 3 3 3
+ 55%62]11““) + 55%huuw + i(sgélhvvu + §6ghvvw + iélhwwu

+ g@hwwv + 36102hyvw,

G2 = Gz + 72G2y + 1G22,

Gaz = (Xoo + has) (01 fuu + 02 fuv + fuw) + (Yoo + hys) (81 fuv + 62 fou + fow)
+(Z00+Pzs) (furw +01 furw+ 02 fow) + 07 Fuuu+03 fovs + froww 38502 fuuw
+ 362 fusiw + 36301 Fuvu + 303 Fovw + 301 fuwu + 302 funow + 66162 Fuvu,

Gay = (Xo0 + has) (019uu + 029uv + Guw) + (Yoo + hys) (019uv + d29u0 + Gow)
+(Z00+Pzx) (Guww +019uw +029vw) + 63 Guuu + 65 Gvvw + Juwww +367 02Guun
+ 362 G + 30281 Guuu + 30390 + 301 Gwwn + 3029uwwe + 65102Guu,

G2 = (Xoo + hax) (01 huu + 2Py + huw) + (Yoo + hys ) (01 Py + d2h00 + how)
+(Zoo+hz) (P + 01 heis + 62 0) + 63 R + 05 hyww +Pasww +305 02 s
+ 363 hyuw + 30501 Py + 303 howw + 301 huwu + 302 M + 66102y
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