Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 12, Number 1, February 2022, 294-301 DOI:10.11948/20210155

LACUNARY STATISTICAL HARMONIC
SUMMABILITY

Fatih Nuray!'

Abstract In this paper, the concepts of lacunary (H,1) summability, lacu-
nary strongly harmonically summability, lacunary statistical (H,1) summabil-
ity, lacunary statistical logarithmic convergence of sequences of real numbers
are introduced and relations between these concepts are investigated.
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1. Introduction and Background

The natural density of a set K of positive integers is defined by

1
= lim —|{i<n: 1
0(K) nh_}n;onHz_n i€ K},
where [{i <n: i€ K}| denotes the number of elements of K not exceeding n.
A sequence (z;) of real or complex numbers is said to be statistically convergent
to the number a if for every € > 0,

S({i: |zi—a|l>e))=0.

A statistically convergent sequence may be bounded or unbounded. For example,
define x; = 1 if 7 is a square and z; = 0 otherwise. Then

Hi<n: |z;—0]>¢€} <Vn,

so st — limx; = 0.

Statistical convergence of sequences of real or complex numbers was introduced
by Fast [5]. In [17] Schoenberg established some basic properties of statistical
convergence and also studied the concept as a summability method. The reader
can refer to the articles [3,7,9] for more information on this topic.

There is a natural relationship [2] between statistical convergence and strong
Cesaro summability:

R
[C,1] :={z: forsome a, HILH;O - Z |z; — al = 0}.
i=1
By a lacunary sequence we mean an increasing integer sequence 6 = (k,) of
nonnegative integers such that kg = 0 and h, = k. — k,_1 — 00 as r — 00. The
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intervals determined by 6 = (k,.) is denoted by I,. := (k,_1,k,], and ratio kk—r

r—1
abbreviated by ¢, and ¢; = k7 for convenience. In recent years, lacunary sequences
have been studied in ( [11,12]).

There is a strong connection [6] between [C, 1] and the sequence space Ny, which
is defined by

is

. 1
Ny :={z: for some a, Tlglgo W ; |z; —a| = 0}.

Definition of lacunary statistical convergent sequence was given in [8] as follows:
Let 8 = (k,) be a lacunary sequence. A sequence (z;) of real or complex numbers
is said to be lacunary statistically convergent to the number « if for every € > 0,

.1

Tlg&ﬁ—J{z €l,: |zi—al>€}|=0

and the authors of [8] established some inclusion relations between the set of lacu-

nary statistically convergent sequences and Ny and also between the set of lacunary

statistically convergent sequences and the set of statistically convergent sequences.
The harmonic means of the sequence (z;) defined by

n

J R 1
Tp i= 7 Z %, where £,, := Z T~ logn forn=1,2,....
"oi=1 i=1

A sequence (x;) is said to be (H,1) summable to a if

The set of all (H,1) summable real sequences will be denoted H. H will denote
the set of all real sequences (H,1) summable to 0. It is well known that ordinary con-
vergence always implies harmonic summability, and that the converse implication
holds only under additional conditions.

A sequence (z;) is said to be strongly harmonically summable to a if

The set of all strongly harmonically summable real sequences will be denoted [H].
[H°] will denote the set of all real sequences strongly harmonically summable to 0.
The articles [4,10,13,15,16, 18] are written on these topics.

In this paper, we will introduce lacunary (H,1) summable sequence and establish
some inclusion relations.

2. Lacunary (H,1) Summability

In this paper, log means the natural logarithm. Furthermore, given two sequences
(x;) and (y;) of positive numbers (except possibly a finite number of terms), we
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Let define lacunary harmonic means of the sequence (x;) by
1 T; 1
T, ::L—TZf, where L, ::Zz r=1,2,...
iel, el

Definition 2.1. Let ¢ = (k,) be a lacunary sequence. A sequence (x;) of real
numbers is said to be lacunary (H,1) summable to the number a if

. 1 T
lim — E — =a.
r—oo L, 7
i€l

The set of all lacunary (H,1) summable real sequences will be denoted Hy.

Definition 2.2. Let § = (k,) be a lacunary sequence. A sequence (z;) of real
numbers is said to be lacunary strongly harmonically summable to the number a if

.1 |x; — al
Jm o =0

"iel,

The set of all lacunary strongly harmonically summable real sequences will be
denoted [Hy].

Theorem 2.1. Let 6 = (k) be lacunary sequence. Then

(i) [H] C [Hy] if and only if liminf, ;2= > 1;

r—1

(ii) [Hy) C [H] if and only if limsup, =~ < oo;

(iii) [Ho) = [H) if and only if 1 < liminf, ;= < limsup, ;% < co.
r—1 o —1
Proof. (i)If liminf, éfk”‘ > 1 then there exits & > 0 such that 1 + o < Zf’” for
r—1 r_1
all » > 1. For z € [H°], we write
RN SN R S
L €X; xT;
T, — — - I |
L, Z 7 L, Z i L, Z i
i€l i=1 =1
L krfl
— Ekr LZ |xl| _ ekh—l 1 |xl|
L’r Ekr i—1 Z L,r. gkr71 = 7

Since L, = ly, — lk,_,, we have

Uk, < 14+« b, 1
- an —.
L, — « L, o

The terms in the brackets both converge to 0, and hence we get T,, — 0, that x is
lacunary strongly harmonically summable to 0. The general inclusion [H] C [Hy]
follows by the linearity.

. O . .
Now assume that liminf, Kk"r = 1. Since @ is a lacunary sequence, we can

—1
select a subsequence (k) of 6 satisfying

L, 1 ékr»fl
. <1+ = and —2Z
Chp; s i e,

T

1
<14 -
J

—1
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where r; > rj_; + 2.
Define = = (x;) by

1, ifi e I, for some j=1,2,...,
xXr; =
0, otherwise.

Then, for any real a,

me =[1—alforj=123,.
TJ i€l
and
Z |x1— = |a| for r # ;.
"iel,

It follows that x ¢ [Hy]. However, x € [H] since t ia any sufficiently large integer
we can find the unique j for which Zk?r]-—l <4 < Ekwﬂ—l and write

Ast— oo it follows that also j — oo. Hence x € [HY].
P > 0 such that e’“'
kr_1

Let 2 € [HJ] and € > 0, we can find > 0 and S > 0 such that

< P for alll r > 1.

(ii) If lim sup,. Z

supT; <eand T; < P foralli=1,2....
i>2Q

Then if t is any integer with ¢ |, < ¢, </, where r > @), we can write
|
Z i Kk Z
i=1
1 |z x; |xl
- (z eyl

| —

~

t

r—1

Ly, Ly, — — g
_ 1 T 2 —_— =
ék + Ek ék

I
<supT;
i>1 Uk, > Uk

Ly,
< §-=<
kr_1

+ €P.

Since f,. , — oo as t — 00, it follows that % Zf 1 |‘?| — 0 and, therefore, we have

z € [HY].
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= oo and construct a sequence in [Hy| such

= ()

Now suppose that limsup,. Ef’“r
Sr—1

that not in [H]. Select a subsequence (k)

by

1, if by, 1 <i <2k, 1, forsome i =1,2,...,

xTr; =

0, otherwise.

Then
Ly, _, 1
T = 2 <
e, =l o, 1

and, if r # rj, T, = 0. Thus z € [H)]. Any sequence in [H] consisting of 0’s and 1’s
has an associated [H] limit which is 0 or 1. For the sequence x = (x;) above, and
i=1,2, ..k

1 || 1 2y, 2
- > — (g, — 20 =1- L >1—=
ék;rj ZZ: Z — gkrj ( kr kr 1) gkrj >
which converges to 1, and for i = 1,2, ..., %krru
|.7Jl =1 1
24,% . Z 2&7 L2
and it follows that « ¢ H.
(iii) Combining (i) and (ii) we have (iii). O

3. Lacunary statistical (H,1) Summability

The concept of statistical summability (H,1), which is a generalization of statistical
convergence, has recently been introduced by Méricz. By using harmonic means,
Méricz [14] defined statistically (H,1) summable sequence as follows:
A sequence (x;) of real numbers is said to be statistically (H,1) summable to the
number q if for every € > 0,
H _o

{jgn:

The set of all statistically (H,1) summable real sequences will be denoted SH.
In this section, we will introduce lacunary statistically (H,1) summable sequence
and establish some inclusion relations.

1 1z
. 1
Jim - T2

J =1

Definition 3.1. Let 8 = (k,.) be lacunary sequence. A sequence (x;) of real num-
bers is said to be lacunary statistically (H,1) summable to the number « if for every
€ >0,

1 1 i
lim —|<{j<n: —Zx——a >ep| =0.

n—oo N L
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The set of all lacunary statistically (H,1) summable real sequences will be de-
noted SHy.

The proof of the following theorem similar to the proof of Theorem 3, we will
not give the proof to avoid repeating it.

Theorem 3.1. Let 6 = (k) be lacunary sequence. Then

(i) SH C SHy if and only if liminf, Zf’” > 1;

1

(it) SHy C SH if and only if limsup,. gfkr < 0.

‘r—1

(iii) SHy = SH if and only if 1 < liminf, ;= < limsup,
r—1

ékr
r—

T, . < 00.

4. Lacunary statistical logarithmic convergence

In [1] the concept of statistical logarithmic convergence was defined as follows:

Definition 4.1 ( [1]). A sequence (x;) of real numbers is said to be statistically
logarithmic convergent to the number a if for every € > 0,

. 1
i<n: =|x;—a|l>e¢
1

Definition 4.2. Let § = (k) be lacunary sequence. A sequence (x;) of real num-
bers is said to be lacunary statistically logarithmic convergent to the number a if

for every € > 0,
1
{iGIT: _:via|ze}‘0.
i

In the next theorem we establish the inclusion relation between lacunary loga-
rithmic statistical convergence and [Hyl-summability.

e L
oo 0,

=0.

Theorem 4.1. (i) If a sequence x = (x;) is [Hg|-summable to the number a,
then it is lacunary logarithmic statistically convergent to a;

(ii) If a sequence x = (x;)) is bounded and lacunary logarithmic statistically con-
vergent to a, then x; — a[Hy).

Proof. (i) Let z; — a[Hy], then
1 |z; — al 1 |z; — al €
— a2 B e Pl =
L, Z g — L Z i ~ L,

. T .
icl,. iely,

si-a
leial

1
{ie],.: ,|xi—a|26}’
i

and as r — oo we have

1
{iGIr: .$i—a|26}‘—0,
7

that is © = (z;) is lacunary logarithmic statistically convergent to a.
(ii) Assume that z = (z;) is bounded and lacunary logarithmic statistically

convergent to a. Then,
) 1
iel,: =lx;—al>ep|=0.
i
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Since x € {o, there exists M > 0 such that |z; —a| < M (i=1,2, . . .). We have

LT on L ik T jld

icl, "oiery "oiery
\Ii;a\ >e \Ii;a\ <e
i€l : Ylz;i—al > ¢}
< sup |z; — al . +e
L,
iel.: Yz, —a|l>
< ul ilei—ad el o
L,
as r — oo. Hence z; — a[Hy]. O
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