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NEW BLOW-UP CRITERIA FOR 3D
CHEMOTAXIS-NAVIER-STOKES EQUATIONS*
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Abstract In this paper, we consider new blow-up criteria for the chemotaxis-
Navier-Stokes equations in three dimensions. Specifically, by combining the
Prodi-Serrin condition for oxygen concentration V¢ with some condition on
the velocity or vorticity of fluid in Besov space, we establish new blow-up
criteria for local existence of classical solutions for chemotaxis-Navier-Stokes
equations. The scaling invariant blow-up criterion involving cell density n and
gradient of velocity is also investigated.
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1. Introduction
In this paper, we consider the following 3D chemotaxis-Navier-Stokes equations:

n+u-Vn=An—-V-(nx(c)Ve),

Oic+u-Ve= Ac—k(c)n,

Ou+ (u-V)u+ VP = Au—nVe, (L.1)
V-u=0, (t,z) € RT x R3,

where the unknowns n(t,z) : RT xR® — R¥,¢(t,z) : RT xR® - R u(t,z) :
RT x R® = R* and P(t,z) : RT x R® — R denote the cell density, the oxygen con-
centration, the fluid velocity, and the corresponding scalar pressure, respectively.
The nonnegative function k(c) denotes the oxygen consumption rate, and the non-
negative function x(c) denotes chemotactic sensitivity. The time-independent func-
tion ¢ = ¢(x) is the potential function produced by different physical mechanisms,
e.g., the gravitational force or centrifugal force.

The system (1.1) was firstly proposed by Tuval [19] to describe a biological pro-
cess, in which bacteria move by swimming towards higher concentration of oxygen
according to mechanism of chemotaxis while the movement of fluid is under the influ-
ence of gravitational force generated by bacteria themselves. Many researchers made
great efforts to establish the existence theory for system (1.1). Duan etc [7, pll]
were the first to prove the global existence of weak solutions to the Cauchy problems
of (1.1) under some smallness assumptions on potential function and initial data,
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and later Liu and Lorz [14] removed the smallness assumption and obtained global
existence of weak solutions with large data. Winkler [21] established the existence
of a unique global classical solution with arbitrary large initial data in a convex
domain Q of R?. Subsequently, Winkler proved that the global classical solution
converges to a constant state (n,0,0) as time goes to infinity in [22]. Based on
Winkler’s work, Jiang etc [12, p11] generalized the result by removing the assump-
tion of convex domain. What is more relevant to this paper is that Chae, Kang and
Lee [4] established local existence of classical solutions (u,n,c) for system (1.1) in
RY,d = 2,3, which satisfies

(u,n,c) € L®(0,T; H™(R?) x H™ (R?) x H™(R?)), (1.2)
(Vu,Vn,Ve) € L2(0,T; H™(RY) x H" Y(R?Y) x H™(RY)), for some T >0

with the assumptions

. k€ C™(RY), k(0) =0, |Vi¢|r~ < oo, for 1< <m, 13
(uo,m0, o) € H™(RY) x H™ 1 (R?) x H™(RY), with m > 3. '

Under the same assumptions as in (1.3), the authors in [5] considered the hyperbolic
oxygen concentration equation, and obtained the same results mentioned before.
For other interesting results on system (1.1), we refer to [2,3,10,11,15,16,23] and
the reference therein.

The blow-up criteria on the global regularity of solutions for system (1.1) got
much attention (see [2,4,5,8,24,25]). We collect these blow-up criteria and into two
parts. The first one is based on the concentration term Ve. For example, Chae,
Kang and Lee [4] proposed a blow-up criterion

||Vu||L1(O,T;L°°) + HVC||L2(O,T;L°°) < OQ. (14)
Moreover, they proposed a Prodi-Serrin type regularity criterion

3 2
||u||Lq(O7T;Lp) =+ ||VC||L2(07T;LQG) < o0, ;} + 6 = 1,3 < P S 0. (15)

Recently, Dai and Liu [8] proposed a low modes blow-up criterion

T
/0 IVe<quw @l + lusquu (Bl _dt < oo, (16)

where u<g, and c<g, low frequency part of v and c below the wavenumber 2Qu
and 29¢ respectively, both of which can be clearly defined within the framework of
Littlewood-Paley theory in the upcoming sections. The other one is based on the
density term n. For example, Chae, Kang and Lee [5] obtained a regularity criterion

||UHL‘!(O,T*;Lﬁ) + HnHL‘I(O,T*;LP) < 00, (1.7)
where

3 2
+-<1,3<f8<0, —+-=2, - <p< .
P q

| w
=
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As for blow-up criteria in Besov space, Choe and Lkhagvasuren [2] gave the exten-
sion for the local in time solution

||u||Loo(o,T;B;m) + ||”HL°<>(0,T;B;M) <C, (1.8)
with 5 3 3 3
S_Z24p50 2-Z4o-1>0,
p B 7 P A

.94 3 .3 143
where 1 < p < £ and (ng, co, ug) € Bpj" (R3) x B:’I(R?’) X Bp’1+” (R?). Later, Zhai
and Yin [25] extended the local solutions to global solutions under the smallness
assumptions on ||ng|| _,, 4, |lcoll .« and ||ul|| _,, s with ul = (ul,u?) proposed
B ,1 i nyl )1 ’
a blow-up criterion: ’ ’

.
/ IV xull 4 + )l 4 )t = oo. (1.9)
0 Bzﬁl qu,l

Note that, if the Laplacian term Ac is removed, then (1.1), becomes a hyperbolic
equation. Xie and Ma [24] proposed several blow-up criteria for this parabolic-
hyperbolic type of system (1.1). Their results are as follows: If u satisfies any one
of the following conditions:

ue L*(0,T; BY, . (R%)), (
we LT(0,T; B (R%) with 0<6 <1, (1.11
w:=curl u € L'(0,T; B&,M(RS))a (
PeL#(0,T; B, (R®) with —1<r<1(r=-1) (

and n satisfies
n € L*(0,T; L (R?)), (1.14)

then the solution (n,c,u) cannot blow up. In addition, other forms of chemotaxis-
Navier-Stokes equations with the linear diffusion term An is replaced by An™
have also been extensively studied, and we refer to [9,14,17]. For the chemotaxis-
Navier-Stokes equations with logistic source, rotating flux term and slow p-Laplacian
diffusion which are shown in [6,20] and [18], respectively.

The main objectives of this paper are to obtain new blow-up criteria for the
chemotaxis-Navier-Stokes equations (1.1) and to improve or generalize some of the
previous results of [2,4,5]. Now we are in position to give our main conclusions.

Theorem 1.1. Let ng > 0,¢9 > 0 and (1.3) hold, and T* be the mazimal time
for local existence of classical solutions (u,n,c) of (1.1) as given by (1.2). For any
0<T <T*, Assume there holds for Vc that

/T ||Vc||lzadt<oo with é—kg =1, 3<a<x (1.15)
0 a B
and one of the following conditions is true:
(1) The velocity u satisfies
r 3 2
/0 Hu(t)Hgg’oodt <oo with =+ 5= 1, 3<a<o. (1.16)
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(2) The gradient of velocity satisfies

T
/ IVu(t)| go  dt < oo. (1.17)
; % oo

(3) The vorticity of velocity w =V X u satisfies
T 8 3 2
/ [wll5o dt < oo, a+f:2, —<a<3. (1.18)
0 @, 00

Then the solution (u,n,c) can be survived exceed T*.

Remark 1.1. The main contribution of this theorem is to improve the condition
Ve e L2(0,T; L) in [4] (see (1.4) and (1.5)) to the general form Ve € L?(0,T; L?)
with % + % = 1. Besides, the Prodi-Serrin condition for velocity v and vorticity w
is also generalized in some suitable Besov space.

Theorem 1.2. Let ng > 0,¢9 > 0 and k'(c) be non-negative satisfying (1.3), and
T* be the maximal time for local existence of classical solutions (u,n,c) of (1.1) as
given by (1.2). Suppose further that ng satisfies

/ no| Inng|dz < oo
R3

and for any 0 < T < T, there holds

sup / nlnndr >0
0<t<T JR3
2 3

T
3
/ (In)l%, + IVul|go )dt < oo  with v + p =2, -—<p<o (1.19)
0 %00

Then the solution (n,c,u) can be survived exceed T™*

2. Preliminary and Notations

We begin this section with some notations and lemmas, which are useful for us
to prove Theorem 1.1 and Theorem 1.2. In order to define Besov spaces, we first
introduce the Littlewood-Paley decomposition theory. Let S(R?) be the Schwartz
class of rapidly decreasing function, given f € S(R?), its Fourier transformation
Ff = fis defined by

fo) = [ e

and its inverse Fourier transform F~'f = f is defined by
fla) = @a ™ [ e piepae.

More generally, the Fourier transform of any f € &'(R?), the space of tempered
distributions, is given by

(f,9)=(f.9),
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for any g € S(R?). The Fourier transform is a bounded linear bijection from S’ to
S’ whose inverse is also bounded. We fix the notation

Sh=1{¢¢S, / p(x)ade = 0,1y = 0,1,2,--}.
Ra

Its dual is given by
S, =8'/Si- =8'/P,

where P is the space of polynomial. In other words, two distributions in S} are
identified as the same if their difference is a polynomial. Let us choose two non-
negative radial functions y, ¢ € S(R?) supported in B = {£ € R? : |¢| < 4/3} and
¢ ={¢eR3:3/4 <|¢| < 8/3}, respectively, such that

D p(277¢) =1,v¢ e R*\{0},

JEZ

and
O+ e(277¢ =1, e R
7>0
Let h =F ~ly and h=F"1 X, and then we define the homogeneous dyadic blocks
Aj; and the homogeneous low-frequency cut-off operator S; as follows:

Aju= (277 Dyu =2% / A2 y)u(z — y)dy,
R3

and
Sju=x(277D) =2% [ h(2yju(z - y)dy.
RS

Informally, A; is a frequency projection to the annulus {|¢| ~ 27}, while S is a
frequency projection to the ball {|¢] ~ 27}. Tt is straightforward to verify that
AjAkf = 0if |j — k| > 2. Especially for any f € L*(R®), we have the Littlewood-
Paley decomposition:

+o00
F= S A (2.1

j=—o0

We now give the definitions of Besov spaces. Let s € R, p,q € [1, 00], the homoge-
neous Besov space By q(RS) defined via the full-dyadic decomposition. We say that

f € B (R%),if f €5} and

—+o0

3 (@914 fllze)? < oo

Jj=—00
with the norm
1
Z 2% A, f9,)%, 1< q < o0,

75, =4 7=
sup 27°|| A fllLr, ¢ =00
jez
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It is of interest to note that the homogeneous Besov space 3572(]1%3) is equivalent to

the homogeneous Sobolev space H*(R3). The following Bernstein inequalities will
be used in the next section.

Lemma 2.1 (Lemma 2.1, [1]). Let B be a ball and € an annulus. A constant
C exists such that for any nonnegative integer k, and couple (p,q) in [1,00])? with
1 <p < gq, and any function u of LP(R?), we have

Supp @ C AB = sup [|0%u e < CHTINFIG=D |y L, (2.2)
|a|=k
Supp @ C AE = C7F 7 I\¥||ufl1» < sup [[0%ullLr < CEFFINE|ul| L. (2.3)
|a|=k

Lemma 2.2 (Theorem 2.42, [1]). Let 1 < ¢ < p < oo and « be a positive real
number. A constant C' exists such that

— . p q
110 < OIS 17y with f=a (2 <1) anao =1

3. Proof of Main results

In this section, we prove our main results. In view of the conditions of 1.1, 1.2 and
(1.3), we see the unique classical solution (n,c,u) satisfying (1.2) for time interval
(0, T*) with (ng, co,up) € H™(R?) x H™ 1(R?*) x H™(R®). Our strategy the local
classical solution can be survived the maximal interval (0,7*) if the conditions
(1.15) and (1.16), (1.15) and (1.17), (1.15) and (1.18) in Theorem 1.1 or (1.19) in
Theorem 1.2 is satisfied. We prove Theorem 1.1 and Theorem 1.2 in turn.

3.1. Proof of Theorem 1.1

First of all, we give the proof of Theorem 1.1 when the conditions (1.15) and (1.16)
simultaneously hold. Multiplying n to both sides of the equation (1.1); and us-
ing integration by parts, we apply the Holder, Young’s and Gagliardo-Nirenberg
inequalities to get the L? estimate of n that

d
Gl + 219l == [ |90V nds

IN

IVelliallnll 2o, V0]l
a—3 at3
< |IVellzallnll s [[Vnll 8

_2a_ 1
< O|IVe|za® Inll7= + gllvnlliz- (3.1)

Similar to above, by testing —Ac to the equation (1.1),, we get the estimates of
|Vel|lzz as follows:

1d
——||Ve|i3: + || VZc||32 S/ |VchVc|dx—|—/ |k(c)nAc|dz
2 dt R3 R3
< IVell e lIVell | 2o, IVl L2 + Clinf|L2 Ve 2 (3.2)
2a_ 1
< C||Vellz" [Vellzz + C (IVulze + [InlZz) + S 1V2elZ-
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As to the equation (1.1),, we have

d
— | Vul3e + [|[Vul32 < ‘/ u - VuAudz
dt R3

+/ |VonAu|dz
R3

< I + Cllnll 2 V?ul| 2, (3.3)
where I; is bounded

L < ullo[IVull | 2o, (V2] 22

2 1—2
P

1—-2 2
< Cllull % Hlull s, 1Vull” s [Vl o [V2ull 2
Boo % 2,2 B, 2,2
2 1—2 9
< Ol _luls, Va0 9%l (3.4)

where (81 and (3 is given by

61:2(2—1) and @(Hz)(}jgg. (3.5)

Now, by the fact 3 < o < oo, we choose suitable p such that

6 2 4
max{+4,a+2}<p<a+2. (3.6)
«Q 3 3

It is easy to see that 1 < 7 < 2 and 0 < 83 < 1. Thus by interpolation inequality,
one has
2 —1
lull gy < CIVull 72 [V2ull 25, (3.7)

IVull o < CIVullz="(V2ull 7. (3.8)

Inserting (3.7) and (3.8) into (3.4), we obtain

2(2-1)+(1-2)(1-B2) 2(81-1)+(1—2)B2

L < Cllufpg IVullz2 IV2ul 2 IV2u]| 2
1-2 1+2
= Cllullpg IIVullpz Vull 2
_2a_ 1
< Clulfy® [Vul + 719232,
This implies

d 2o 1
@\VUH%z +IV2ulie < Cllullge” [Vulze + Clnllz: + 51VulZz (3.9)

Combining (3.1), (3.2) with (3.9), absorbing the small terms on the right hand of
the inequality, we have

d
3 (InllZe + 1Velzz + [Vullz2) + (1VnlZe + [V2el72 + [IV?ullZ:)

2a
a

2a_ 2a
Bt + ;5;) (Inll3z + 1Vel22 + [ Vull32) - (3.10)

<C (1 + (| V(]
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Applying Gronwall’s inequality, we obtain
T
Sup (Inl= + IVellZz + | Vullz:) +/O (IVnllZ: + V2elZ: + IV2ulZ2) dt

T 2a_ 2a
<Cﬂmm@z+V%§;+HVwM§)wp<A (1+Hch£+4WU%;)dQ.

(3.11)
Thus, we get

(n,Vu,Ve) € L0, T; L*(R*) and (Vn,VZu,V?c) € L*(0,T; L*(R?)). (3.12)

Next, we multiply both sides of the equation (1.1), by A?c, thus yielding

1
§i||v20\|%2 + ||V30||2L2 < ’/ A(u-Ve)Aedz| + A(k(c)n)Acdz
]RS

R3

<C |VuVeVic|da + C’/ [nVeVAc da
R3 R3

+C’/ |VnVAc dz
R3

=N+ Jo+ Js.
We deal with J;,i = 1,2, 3 as follows:

T < Vel Dl 2s, %]

< CIVelZ7 IVuls + CIV2uls + Ve,
T2 < CIVelE7 InllEs + CIVals + g9l
Js < CIValfs + £Vl

Therefore, by (3.12) one has

d 22,
IVellze +IVPellze < ClIVelza (1Vullze + InlZ:) + C (IVnllZ: + [VZullZ:)

2a

a—3

pa” +C(IValie + IV2ulz:) | (3.13)
and then applying (1.15) and (3.10) yields

< C|Ve

T
sup [[acl3+ [ [Vee(tliade < C < .
T 0

0<t<
Finally, on one hand, by the embedding inequality
[ulls < ClVu(t)] L2,

it is easy to see that

2
u € L*0,T; L5(R3)) with % +7=1L (3.14)
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On the other hand, by (3.10) and (3.13), we have

T T 1 3
/O IVe(t)][3dt < / IVe(t)]| 22 IV Attt

<o) ( / |mc<t>|i2dt)

< O(T) < . (3.15)

Thus, we apply the blow-up criterion (1.5) to finish the proof when (1.15) and (1.16)
hold.

Secondly, if the assumptions of (1.15) and(1.17) hold, then it is enough for us to
give a new estimate for I; in (3.3). By using the Littlewood-Paley decomposition
(2.1), we decompose u as follows

N
u:ZAju: Z Aju+ Z Aju+ZAju,

JEZ j<—N j=—N i>N

where N is a positive integer to be chosen later. Substituting this into I;, we have

N
I < Z Aju - VuAudz| + Z Aju - VuAudzx
j<—nN /R j=——n /R
+ Z / Aju - VulAudz
>N /R
= I11 + Lo + I13. (3.16)

For I 1, by Holder’s and Bernstein inequalities (2.3) and (2.2), one has

I <C Z / |Ajul|Vu||[VZu|da
R3

j<—-N

< | D I4ullz= | IVull 2| V2l 2

j<—N

< Y 2904, Vul g2 | Va2 Vull

Jj<—-N
< 023NVl | V2ul 12
1
Similar to I11, we apply Holder’s and Bernstein inequalities (2.3) again to get

L < | 2 14guls | I19ullze V2l 2
J>N

<[ 2594 ulle | V2l

j>N
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< 01272 ||V 12 | V2ul|2. (3.18)
As to I, by using integration by parts, the property of divergence free for w, it is
easy to see that

N
Le< | > I14;Vullr= | IVullz: < CN||[Vullgo . (3.19)
j=—N

Next, we choose a suitable N such that
1 1
max{Cp, C1}27 2V ||Vul| ;> < 3’ (3.20)

i.e.

- log™ (max{Cy, C1 }||Vul| L)

N
log 2

+2, (3.21)

where log™t = logt for 1 < t and log™ ¢ = 0 for 0 < ¢t < 1. Thus, by combining
(3.16)-(3.21), we have

1 1
I < Clog([Vull ez + e)lIVull g, _IVullze + 71 Vulze + ZIVZullZs.

Then (3.9) is replaced by
d 1
T IVullze +[VZul7e < Clog([[Vull 2 +e)[Vullgo_[IVulzz+Cllnl7z+51VullZe.
Consequently, it yields that

d

— (InllZ: + IVellZe + [IVulZ) + (IVnlZs + Vel + [VZull72)

dt

2a_
<Clog(IVulzs +€) (IVelE + [9ul gy ) (nlls + el + 19uls).

Applying Gronwall’s inequality, we obtain for any t < T’

T
InllZ> + Vel gz + I VulZ, +/O (IVnllZe + 1V2%elZ: + [V2ul7.) dt

<C (llnollz= + IVeollz2 + I Vuol72)

2

t a
<exp ([ oIVl + o) (Il + 1 9ullg, ) ar).
0 |

Denote W (t) := log(||n(t)||22 + [|[Ve()||22 + ||[Vu(t)||22 + €), then we have
t 2a
W(t) < Ci+ C’z/ <||Vc|zo<3 + [Vl go oc) W (r)dr.
0 :

Applying Gronwall’s inequality again, we get the same results of (3.12). We omit
the remainder of the proof as it can be obtained with obvious modifications from
the previous analysis, and then we finish the proof when (1.15) and (1.17) hold.
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Thirdly, in view of (3.1), we notice that (1.15) implies n € L>(0,T; L*>(R?)) and
Vn € L*(0,T; L*(R?)), and then by the equation (1.1),, we have

d
Il + IVullZe < Clinllzlull 2,

then we obtain u € L>(0,T; L*(R%)), Vu € L?(0,T; L*(R?)). From (3.2), we see
that Ve € L>(0,T; L*(R?)), V2c € L?(0,T; L*(R?)).
Next, we recall the vorticity equation

— Aw+uVw =wVu —V x (nVe). (3.22)

By testing the equations (3.22) with w and applying Lemma 2.2, Holder’s inequality
and integration by parts, we obtain

d
el + IVellze < fluleollwll 2, IVl + Cllnl\L2||Vw||Lz

<l ok sIIUH IIWH. s =0

oo,oo

Ve g2 + Clinll g2 Ve 2

B/‘h B[32

SCIIWIIBo IIUH ol a2 [Vwllze + Clnlle | Veo] 2,

(3.23)

B, B/iz

where « is a real number which belongs to (%, 3), B1 and B are given, respectively,
by 51 = (f —1)(§—1)and 3, = 7(%2 —1). We can choose a suitable p such that

6 6 2a0+ 6

It’s easy to see that 1 < f; < 2 and 0 < B2 < 1. Thus by interpolation inequality,
2— -1
lull gz, < Cllol2 Ve 27, (3.24)

lwll gz < Cllollzz™ Vel 7. (3.25)

Then inserting (3.24) and (3.25) into (3.23), we use the Gargliardo-Nirenberg’s
inequality and Young’s inequality to obtain

2(2=B1)+(1-2)(1-p2) 2(B1—1)+(1-2)B2+1

||w||L2 +IVwlz: < Cllw

By llwlf Vw72
+ C||n|

23 3
< COllwllsg Mwllz " IIVwIIEz +Clnll 2 [ Vel 2

LQHVWHLZ

1
< HWIIQ“ lwlls + 5 IIVWH%2 +Clnlz + 7 Vela.

Thanks to the boundedness of n, we obtain
we L®(0,T; L*(R*) and Vw € L?(0,T; L*(R?)).

Therefore, we obtain the same results as (3.14) and (3.15). We omit the rest of the
proof, which is analogous to the previous one. Finally, we use a known blow-up
criterion (1.5) to finish the proof when (1.15) and (1.18) hold.
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3.2. Proof of Theorem 1.2

Now, we prove the result of the theorem when assumption (1.19) hold. We denote
vorticity as w := V x u, and recall the vorticity equation (3.22). Then we multiply
both sides of (3.22) by w and integrate over R? yielding

——|wllFe + Vw7 = /R3 w - Vuwdz — » V x (nV¢)wdz := K1 + K. (3.26)

For K, we use the Littlewood-Paley decomposition (2.1), we decompose u as fol-
lows:

L
u= ZAju = Z Aju+ Z Aju+ Z Aju, (3.27)
JET j<—L j=— j>L

where IV is a positive integer to be chosen later. Substituting this into K7, we have

L
K1SZ +Z
j=—L

j<—L
+>
J>L

= K1 + Ki2 + K. (3.28)

/ w- VAjuwdz
R3

/ w- VAjuwdz
R3

/ w- VAju wdzx
RB

For K1, integration by parts, the property of divergence free, Holder’s and Bern-
stein inequalities (2.3), one has

Kn<CY / (]| Aul| Veo|da
R

j<—L

< | X IAullze | lwlrall Vel e

j<—L

U
<O > 294, Vulze | |wllzz| Vel 2
j<—-L

_1
< C27 2|V 2 || 2| Vel | 2

1
< O27 || V|22 w22 + EHVQ}HQLQ. (3.29)

Similar to K71, we apply Holder’s and Bernstein inequalities (2.3) again to get

Kis < [ Y 14jullzs | lwllze Ve e
j>L

1
<C D27 4Aulle | Vel
j>L

< 05273 ||Vu| 12| Vw25 (3.30)
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As to Kia, it is easy to see that

L
Kiz< | D 14;Vule= | [wli < CLIVullgo .

j=—L

Next, we choose a suitable N such that

max{Cs,C3}2~ 2L||Vu||L <

oo\»—*

i.e.

log+(max{00, Ci}H|IVullrz2)

N >
- log 2

+ 2

9

(3.31)

(3.32)

(3.33)

where log™t = logt for 1 < t and log™ ¢ = 0 for 0 < ¢ < 1. Thus, by combining

(3.26)-(3.33), we have

1 1
Ky < Clog([[Vull 2 + €)l[Vull gy, _[IwllZ + 7llwlzz + 7 1IVelZ-

For K5, we have
Ky < C/ |Vn||lw|dz
R3
1 1
< Ol[Vnz| gz [[n?||psllo]] 22,
< CIIVW ||L2Hn||LP||w||L2 v ||
< Cllnlli‘i *lwllze + 136 IIVW 72 + - HVWIle

Combining above two inequalities, we have

d
Wiz + Vel <log(|Vullr2 +e) (IIWIBO .t Inll

1
+ 16 lIvn 2.

Next, we deal with the equation of n. We begin with the equation of nlnn

3rin) =~ T 1)+ Aoy - 0

It implies that

d
— [ nlnndr+4 |Vn%|2dm
dt Jgs R3

:/ x(€)VnVedz < C n?Vn?Veda

1 1
<ClIn2 Lz V2|2 Vell | 2,

1 1
<Clnl[Z:Vn= 2 Vell 2,

) ]2

(3.34)

— V- (x(e)nVe)(lnn + 1).



374 H.Y. Wang, Y. Qu & C.Y. Qian

1 1
<Ol Lol Vel? o + = |[VnE |22
Lr—1 4
75 o liga e 1 T
<CllnllZ;° [Velza + 3 1V2ellzz + 711V 7. (3.35)

By testing equation (1.1), against Ac, we get another estimates of ||V¢| 2 that

1d
——||Veliz + [|[V3¢e|i. = / u-VeAcedz + | Ek(c)nAcdz
2 dt R3 R3

— H, + Hs.

For Hs, by using the same computations as in (3.35), we have

Hy = _/ k’(c)n|Vc|2dx—/ k(c)VnVedx
R? R3

< — | k(c)VnVedx
R3

L 1 1 1
< Clnll IVelze + IV2elie + 4 1Vn2 |72, (3.36)

where we use the fact that k£’ > 0. For H;, we use the Littlewood-Paley decompo-
sition for u as follows in (3.27). Then, we have

M
H1 < Z /RS Aju -VeAcedz| + j:z:M - Aju - VeAcdz

j<—M
+ Z / Aju-VeAedr
>M IR
=H11+H12—|—H13. (337)

By using (3.2), Hélder’s and Bernstein inequalities (2.3), we estimate Hy;,i=1,2,3
in turn

Ho< | Y I4gulle~ | 196l z2]%] o2
j<—M

<o 3 28 4;Vul e | Vel 2 V%€l 2
j<—M
< 027 M|V 12| Vel| 2] V3¢ 2
1
< Ca27 M |[Vul3a Vel 7 + 15 IV%el3, (3.38)
M .
Hy< Y / A, Vul|Veda
=M R
M

< | X I14;Vull~ | Vel

j=—M
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< OM|Vullgy Ve, (3.39)

His < | Y I45ullis | 19e] o 92l
J>M

<C | X290 4ullz | VPl
J>N
< C527 M ||V 12| V2|2 (3.40)
Next, we choose a suitable N such that
—Llar 1
max{Cy, C5}27 2" ||Vu| 2 < 3 (3.41)
Thus, by a similar argument as before, we deduce from (3.37)-(3.41),

1 1
Hy < Clog(|[Vull2 + €)[Vull g _1VellZe + 71IVel7z + 4 1IVellZe.

Therefore, in view of (3.36), we can deduce that

1d 22
3 5 IVella + 192l < Clog(lwlzs +€) (IVullg,__+ Il + 1) 1€l
1
+ Z||vn%||'jz. (3.42)

Combining (3.34), (3.35) with (3.42), and then absorbing the small term on the
right hand side, we get
d 2 2 2112 2 212
— [ IVe|lz2 + [wl|72 + [ nlnndz | + (V|72 + |[Vw| +2 [ |[Vn2|*dx
dt R3 R3

2p

<Clogllols +Vells +) (IVullzg__ + Il +1) (s + I 9l).

which implies that

Vet ey + IOl ooy + sup [ ninnds
o<r<t JR3

<c / (Ve ) + IOl gy ) o) + Vel 2 + )
< (196 g+ In(IE + 1) ar + Clen, o).
then by (1.19) and Gronwall’s inequality, we have
IVe®lz2 + llw(®)lz2

<ces [ gl a4 V()2 e) (176l +Inr 7 1) ar]
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where C' = C(ng,wo,cp). Defined Z(t) := log(||w(t)||rz + [|[Ve(t)||zz + €), above
inequality implies that

2

Z(t) < Cr + 02/0 (||vu(7)||Bgm e 1) Z(r)dr.

Applying the Gronwall’s inequality to Z(t) again, we have
(w,Ve) € L=(0,T*; L*(R?) and (Vw,VZ3c) € L2(0,T%; L*(R?)).  (3.43)

Following the above argument by applying Gronwall’s inequality twice, it yields
(3.43). Next, we can show that ||Vc||12(0,7;1) < 00 by using the same argument
as (3.14) and (3.15), and then finish the proof when assumption (1.19) holds.
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