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Abstract By means of the weight functions, Hermite-Hadamards inequality
and the techniques of real analysis, a new more accurate half-discrete Hilbert-
type inequality involving one higher-order derivative function is given. The
equivalent conditions of the best possible constant factor related to a few pa-
rameters, the equivalent forms, several particular inequalities and the operator
expressions are considered.
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1. Introduction

Suppose that p > 1, 11)—1—7—1 Umybn > 0,0 <>°% 1 aP, <ooand 0< Y 2 bl <
00.The following Hardy-Hilbert’s inequality with the best possible constant factor

Stx7p) Was given by (cf. [4], Theorem 315):
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A more accurate form of (1.1) was provided as follows (cf. [4], Theorem 323):.
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m=1n=1 m=1 n=1

By means of Euler-Maclaurin’s summation formula, in 2006, Krnic et al. [4]
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provided an extension of (1.1) as follows:

S ambn (1=A1)— P (1=A2)— ;
Z:§<m+n) B \) [me 1 ] [ZnA 114 |

(1.3)
where, A\; € (0,2] (i =1,2), A1 + A2 = A € (0,4], and the constant factor B(A1, A2)
is the best possible,

[ee] tufl
B(u,v) = ————dt (u,v >0
(o) = | (Htw (u,0> 0)
is the beta function. For A =1, \; = )\2 5 in (1.3), we have (1.1); forp =g = 2,
A1 = A2 = 3, (1.3) reduces to the pubhshed mequality in Yang [25].

In 2019, by applying (1.3) and Abel’s summation by parts formula, Adiyasuren
et al. [1] gave a Hilbert-type inequality with the kernel as m involving two
partial sums. Inequalities (1.1)-(1.3) play an important role in analysis and its
applications (cf. [2,3,5,6,13,16,21-23,26,32]).

In 1934, Hardy et al. [4] published a half-discrete Hilbert- type inequality in Theo-

rem 351: If K (t) (t > 0) is decreasing, p > 1, s+ = 1,0 < ¢(s = [T K(t)t*~tdt <
00, an > 0, such that 0 < >°7° | a? < oo, then
/ xP~2( ZK nx)a,)Pde < ¢P (= Za” (1.4)
0 n=1

Some new extensions of (1.4) were provided by [17-19,27,28].

By the use of the techniques of real analysis, in 2016, Hong et al. [7] gave
an equivalent condition of the best possible constant factor related to several pa-
rameters in the general form of (1.1). The other similar results were provided
by [8-11,20,24,29,30]. Recently, Yang et al. [31] also gave a new result of the
reverse half-discrete Hilbert-type inequality.

In this paper, following the way of [1] and [7], by means of the weight func-
tions, Hermite-Hadamard’s inequality and the techniques of real analysis, a new
more accurate half-discrete Hilbert-type inequality with the kernel as m
involving one higher-order derivative function is given. The equivalent conditions of
the best possible constant factor related to a few parameters, the equivalent forms,
several particular inequalities and the operator expressions are also considered. The
lemmas and theorems provided an extensive account of this type of inequalities.

2. Some lemmas

In what follows, we suppose that p > 1, %—i—% =1,N:={1,2,---},me NU{0},a €
(0,1], € € [ JALA > 0,0 € (0,A), A2 € (0,A) N (0, 1], ka(N;) :== B(Aj, A — \)
(1=1,2), A =2 p)‘z + %,/\2 = ’\%q)‘l + /\?2' We also assume that f(z) := f(© ()
is a continuous derivative function of m-order unless finite points in R4 := (0, 00),
such that f*)(z) >0, f®(0t) =0 (k=0,1,--- ,m), and ") (z),a, >0,

o0 -
0< / 2P =L (M) ()P < 00 and 0 < Z €)= o3z)= tal < .
0

n=1
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Lemma 2.1. Define the following weight function:

O(/\z 1

wa(Ag, z) =« Z — TP (z € Ry). (2.1)

We have the following inequalities

A2
k)\(>\2) ;—2 |:(1.CL‘£):| < WA(AQ,;T) < kA(AQ) (;1: € R+) (22)

Proof. For fixed x € R, the function % is strictly decreasing and strictly
convex in (3, 00). In fact, for a € (0,1],£€ € [0, 3], A2 € (0,A) N (0, L], ¢ € (5,00), we
have

9 (=gt —(1-ad)(t -8 At —§)*ete?
e+ (t -] [z + (t = &) 4 (= ePH!
92 (-1 (1—aly)(2— ady)(t — )23
oM [z 4 (t—8)] [z + (t = &)
(3 —2a)g — a)(t — )2 ta=3  Aa2(A 4 1)(t — &) 2F20-3
[z + (¢t — &+ [z + (t — &)oP+2

<0,

> 0.

By the decreasingness property of series and Hermite-Hadamard’s inequality
(cf. [14]), we have

00 (t_g)aAg 1dt 00 _ )aAg 1 e (t_g)a)\z_ldt
/1 [z + (t z::er )] </g e+ (t — &) (2.3)

Setting v = @ (dt =

éxévé_ldv), for % — £ >0, we obtain

1 1_9q
= B — N R V) d
Tt (-0 az Jd-oo  (Arop Y

1 o0 pra—l 1
/ v dv _ ().
0

~ axrirAe (14+0v)r  azr—>2

/oo (t _ f)a)‘2_1dt 1 oo (l,v)é(a)\g—l)
3

By (2.1) and (2.3), we have

1
wr(Ao, ) < ax? A2 e Ex(X2) = ka(A2).
On the other hand, we find

[l [
1 [;C—l—(t—g)"}’\_ax/\ 22 Ja—ge 1+v
(-9

°° v}~y - v}~ 1dy
_ascA A2 (14 v)> _/0 (1+v)*

(1 i)“
1
[zﬁ ’\2_1dv]

dv

v

ax Az
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!

axr—A2 Ao x

and then by (2.1) and (2.3), we have

a2
w,\()\g,x)>k/\()\2)_)\12[(1 ;5) } .

Hence, inequalities (2.2) follow.
The lemma is proved. O

Lemma 2.2. We have the following Hilbert-type inequality:

oo 0 an (m) x)dx 1 1

<| [T a0 wypa)” [i(nf)q“aiz“az BTy

n=1

Proof. Setting v = z/(n — &), we can obtain the following another weight func-
tion:

i M dg
wr(A1,n) == (n — &)*A=2) I ewe
M) = (=)0 [
o] ,U>\1—1 v
:/0 (1+vc)l)\=k)\()\1) (n € N). (2.5)

By Holder’s inequality (cf. [14]), we have

. oo 0 1 z(I=2A/a M) ()] [ (n — €)(I-ad2)/pg,,
5 ':/o [+ (n =]} [m—a@—mw} { 2(=M7a } dw

n=1

oo 00 1 I(lf/\l)(pfl)(f(m)(l,))p i %
< {/0 nz::l [+ (n — &) (n—g)i-a% d
0o oo 1 (n _ 5)(1704)\2)@,1) %
” {Zl/o P T S T L

~ {2 [ 0t g e

x {iwx(mn)(n—f)q““x”1a%}q~ (2.6)
n=1

We show that (2.6) does not keep the form of equality. Otherwise (cf. [14]),
there exist constants A and B, such that they are not both zero and

A=2)(p=1) (f(m) (7))P (n — €)(1-2)(a=1)
X €T n )
(n— &)l-or =B Y al a.e.in Ry x N.

Assuming that A # 0, there exists a n € N, such that

gy — B (=910
gP(1=2) =1 f( )(x))pizm

q .
al a.e.in Ry,
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which contradicts the fact that

o0 -
0< / gPA=A0=L (M) ()P g < oo,
0
based on fooo da

CPITOAL g

s = 00. Then by (2.2) and (2.5), we have (2.4)
The lemma is proved.

O
Lemma 2.3. Fort > 0, we have the following inequality

—1x 1 > —1ix m
/ 2 f(x)de < < e Fm) (z)dx (2.7)
0 0
Proof. For f*=D(0+) =0 (k=1

m), integration by parts, we find

/oo e—twf(k) (:r)dac — /oo e—twdf(k—l)(x)
0 0

— et - [ D @)
0

= lim e k=D (y) th/ e FE= (1) da.
T—>00 0

For large enough = > 0, we have e~ f(*=1(z) > 0. Then by the increasing
property of f*=1(z), it follows that lim,_,. e % f*=D(z) > 0 and then

/ e ) (1) da < t/ e F1 (1) da,

0 0

Substitution of 4 = 1,--- ,m in the above inequality, we have (2.7)
The lemma is proved.

O
Note 1. For m = 0, in view of (O (z) = f(x), (2.7) keeps the form of equality

3. Main results

Theorem 3.1. We have the following more accurate half-discrete Hilbert-type in-
equality involving one higher-order derivative function

; _/ anf( )dx Gepvin < F(i(_’:)m)(ak,\()\Q))}J(k,\()ﬂ))é

% xp(1—X1)—1(f(m) pd$:| v (1—(&2)—1@%
M 20

In particular, for \; + Ao

Q=

(3.1)

= )\, we have

0< /00 P20 =L (M) ()P dg < 00, 0 < Z £)al—ad)=1ga < oo,
0 n=1
and the following inequality:

_ anf T'(\)
I_/O Z N <

B(A1, A\
})\er o /PT(\ + m) (A1, Az)
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| [T e @i [im—s)qﬂ—w-laz ED

n=1

Proof. Since we have

]. ]. o )\ . _ _ «@
= rm—=1=[z+(n=t 1
[+ (n — E)aPpm m+m>/ ‘ ’

by Lebesgue term by term integration theorem (cf. [15]) and (2.7), we obtain

I= A ) / Zanf / Ll (=0 grdy

oo

1 > A+m—1 * e —
F(A+m)/o o (/0 e Z ot

1 0 oo a
*F()\—Fm)/o ( ; e T i () x)Ze a

n=1
- (M) A=l —[z+(n—§)" ]t
T )\ ) / Z an f / e dt)dx
_ / anf e)de __TO)
)\ + m) & T'(A+m)
Then by (2.6), we have (3.1).
The theorem is proved. O

Theorem 3.2. If \{ + Xy = A, then the constant factor

INQY) 1 1 1

m(ak‘,\()@)p (kx(A1))e

in (8.1) is the best possible. On the other hand, if the same constant factor in (3.1)
is the best possible, then for X — A1 < L, we have A\; + Xo = \.

Proof. If A\;+ Ay = A, then (3.1) reduces to (3.2). For any 0 < ¢ < gmin{Ay, A2},
we set

0, 0<z <1,

FO (@) = Fla) =

x)\l—i-m—%—l’ T Z 17
@y = (n— &)X (neN),

and find
0, 0<z<l,

7o) ) = E
7t (A 4+ — %)13‘17571, x> 1.

For m = 0,¢ > 0, we define TI7" ;' (A +4 — s)=1
If there exists a constant M (< Wb()\l)) such that (3.2) is valid when

we replace Ex(A1) by M, then in particular, we have

L)
al/PT(A+m)

I :/o Z eranf ya]r+m
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<M { /0 h xp<1—A1>—1(f<m)(x))der li(n - g)qﬂ—w—lag} % . (3.3)

n=1

By the decreasingness property of series, we find

7 m—1 . € > (1=X1)—=1,p(A1—1)—¢ v
I< MY (M +i—-) P TP dx
p 1

X

i(n _ 5)‘1(1_0"\2)_1@ _ g)qo&\z—ae—q‘| ’

n=1
m—1 . € * —e—1 1
MG i = ) e e
1

> (1 _ g)—aa—l + Z(n _ 5)—ag_1] a

S

< MIT 3 (O + i — E)(/ o5 Ldy)
P J1

-9t [T- 5)_a5_1d4

q

1
q

= Yo ri- S fra-gt e Lam g

Replacing A by A+m, setting Ay := A2—£ € (0,A4+m)N(0, é],Xl = Atm+s €
(0, A +m) in (2.1), by (2.2), we have

o [ Artm+2 . (”*5)06(/\2_3)_1 .
! _/ {x Z [+ (n — &)aPp+m x dx

1 n=1
0 ~
—e—1
= Watm (A, x)x™ " tdx
1

V

é /100{76,\+m(X2) - ;[(1_ g)aﬁz}ﬂf—e_ldx

2 T

l > Noyp—e—1 7. Oo i Az, —Ag—e—1
@[/1 Fxtm(A2)z™ " dz /1 5 (1-¢*x dz]
= L haim () — cO(1)).

EQ

Based on the above results, we find

~(hrsm(Ra) —£0(1)

q

(g

< el < MG (A +i— %) S

For ¢ — 0T, in view of the continuity of the beta function, it follows that

F()\)B()\l,)\g) _ F()\l)r()\g) _ B()\l +m,)\2) <M
oA /PT(A+m)  a/PT(A+m) VeI M (A +14) —




A more accurate half-discrete Hilbert-type. .. 385

Hence, M = %1& the best possible constant factor in (3.2).

On the other hand, for /\1 = % + %, )\2 = % + %, we find

A= A A=A A
2+ = L2
q q p
~ o~ XA < _la 1fa 1
O<hdg< dedoan, < Mo o 1
p q q P o

/):1 +/):2:

7

and DO ¢ R Substitution of ; = ; (i = 1,2) in (3.2), we still have

anf INOY! ~ s
I= § B(A1, A
/0 [z +( Wm < (4 my DA A)

><[/Owxp“-“-l(f(m)(w))pdw};[Z(n—@q“-m-laz (B

n=1
By Holder’s inequality (cf. [14]), we have
A=Xa A
2 My

q
A=Ag

X uTr +%_ J o0 1 A—Ag—1 Ap—1 p
_/0 T U_A T
00 A-Ae—1 o il )
< — d —  duld
< Trar L g

[e’e) U)\Q—l ') uAI_l N
:[/0 7(14—1}))‘&0] /0 7(1+u)>\du]q
= (ka(A2))7 (ka(M1))7. (3.5)

B, A2) = ka(

B =

S

In view of
(N

m( kx(A2))7 (kx(A1))e

is the best possible constant factor in (3.1), by (3.4), we have the following inequal-
ity:
')
I'(A+m)

T'())

mB()\la)Q) (€ Ry),

(ka (A1) 7 <

B =

(kA(A2))

namely, B(\1, )\2) (k‘)\()\g))% (k‘,\()\l))%, and then (3.5) keeps the form of equality.
We observe that (3.5) keeps the form of equality if and only if there exist con-
stants A and B (cf. [14]), such that they are not both zero and Au*~*2 = BuM
a.e. in Ry. Assuming that A # 0, we find u*»~*1~*2 = B/A a.e. in R, namely,
A — A1 — Ay = 0. Hence we have \; + Xy = A.
The theorem is proved. O
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4. Equivalent forms and some particular inequali-
ties

Theorem 4.1. We have the following half-discrete Hilbert-type inequality equivalent
to (3.1):

J = {i(n_f)paizl [/Ooo = (nf_(xg))a]Aerdxr}p

n=1
< F(i(i)m(;kx(m))é(m(xl))i UOOO xpﬂxl“(f(’”)(x))pdxr. (4.1)

In particular, for A1 + Ao = X, we have the following inequality equivalent to (3.2):

{i(”@p%l I d"””

n=1
W
al/PT(\ +m)

p

B(\1, \2) [ /0 b PA—A)=1( f(m)(x))pda:] . (4.2)

Proof. Suppose that (4.1) is valid. By Holder’s inequality (cf. [14]), we have

I= Z {(n —5)0&2_% /0°° [+ (fl(f)gfapm} [(n _5)_0&#%@"}

n=1

1
q

<J lZm o ] (4.3)
n=1

Then by (4.1), we have (3.1).
On the other hand, assuming that (3.1) is valid, we set

an = (n—f)pairl [/OOO T /(@) dx pil,neN.

n — g)a]/\—i-m

If J = 0, then (4.1) is naturally valid; if J = oo, then it is impossible that makes
(4.1) valid, namely, J < co. Suppose that 0 < J < co. By (3.1), we have

o< 3 g~

< mgmumi(mxl))é { /O - m“”l)l(f(m)(a:))pdx] LR
J= i(n - E)(’““Xz“ail p
n=1
Ly ) (k) /Oo P07 (f0m) ()7 :
F()\+m)a>‘2 A ox S

namely, (4.1) follows, which is equivalent to (3.1).
The theorem is proved. O
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Theorem 4.2. If \{ + Xy = A, then the constant factor

rcoy 1 1 1
————(—kax(A2)) 7 (kx(A1))@
eIt NCHILICNCN)
in (4.1) is the best possible. On the other hand, if the same constant factor in (4.1)
is the best possible, then for A — \; < é, we have A1 + Ao = .

Proof. If A\; + Ay = A, then by Theorem 3.2, the constant factor

T'(A 1 1 1

T (0 ()

in (3.1) is the best possible. By (4.3), the constant factor in (4.1) is still the best

possible. Otherwise, we would reach a contradiction that the constant factor in
(3.1) is not the best possible.

On the other hand, if the same constant factor in (4.1) is the best possible, then,
by the equivalency of (4.1) and (3.1), in view of J? = I (see the proof of Theorem
4.1), we still can show that the constant factor in (3.1) is the best possible. By the
assumption and Theorem 3.2, we have A\; + Aa = A.

The theorem is proved. O

Remark 4.1. (i) For « = 1 in (3.2) and (4.2), we have the following equivalent
inequalities:

/ xing—) Atm

Q=

& [T AL ) () py o[ d1-3)-1 g
<F(>\+m)B()\1,/\2)_/O (f d} [Z:l 18
(4.4)
) o [ [ Fla p) 7
{Z_:l(n—i)k | W(_)Q/\Hndx]}
& OO:L‘P( —A1)— (m) oNPdx %
<F(/\+m)B(>\1,)\2) [/0 L=A0=L(fm) (2))Pd } : (4.5)

(ii) For £ =0 in (3.2) and (4.2), we have the following equivalent inequalities:

nf(@
/ Z :Ea+ na A+m

P B | [ )] | [i n“l‘“*”-laz] B

<7
al/PT(\ + m) 0

"~ (4.6)
{nijl nPer2—1 {/OOO (x_il(f;mndx]p} '
<OM;8)+m)B(A1, Xo) Uooo x”(l_’\l)_l(f(m)(x))pdx} " (@7)
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Hence, (3.2) (resp (4.2)) is a more accurate form of (4.6) (resp. (4.7)).
(ii) For € = 5 in (3.2) and (4.2), we have the following equivalent inequalities:

[ e

%) 13(A1,A2)[j[ A () (g ))pdx]lljif Jrl- g

<
al/PT(A+m) 0

Q=

- (4.8)
o et [ [ @) Ak
{712—:1( 2) {/0 [x+(n_%)a]x+md } }
<a1/ﬂE‘((i\)+m)B()\l’>\2) {/OOO 2PA=A1)— (f(m)( ))pdx] v ) (4.9)

The constant factors in the above inequalities are all the best possible.

5. Operator expressions
Setting ¢;(z) := xp(l_i_xl)_l(i =0,---,m),¥(n):=(n— 5)‘1(1_‘1X2)_1, where from
W) = (0 PN (w € Ryn € N),
we define the following normed linear spaces:
Ly Ry) :={f = f(@); [|fllp.p == (/Ooo pi(@)|f(z)Pda)7 < o0}
(=0 m),

ZN>MM5<mL

Q¢ - {a - {an}n 13

lpyr—v = {c = {ea}nZas llellpyr—» = (Z PP () e[ 7 < oo}

n=1

For any f = f(z) € Ly, (Ry), setting

e [T f(@)
c= {Cn}nzl P Cp = /0 [x +(n— é‘)a]/\-l-m dz,

we can rewrite (4.1) as follows:

P Ly 00 (e 1™ o

1—p < ————
lellp.a F(A+m) «

namely, ¢ € [, y1-».

Definition 5.1. Define a half-discrete Hilbert-type operator T : Ly,  (Ry) —
lyy1-». as follows: For any f € Ly,  (R4), there exists a unique representation
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c=Tf €l,y1-», such that for any n € N. Tf(n) = ¢, Define the formal inner
product of T'f and a € {44, and the norm of 1" as follows:

I R
(Tfaa) —nzz:l n/ov [x+(n_€)a]/\+md —I,

T f[pypr-
IT)| == sup I fl;”‘”l .
FE0ELp, g R1) [F™ I 00

By Theorem 4.1 and Theorem 4.2, we have

Theorem 5.1. If f(> 0) € Ly, (Ry),a(> 0) € lgp, | fllpen > 0,]lallgy > 0,
then we have the following equivalent inequalities:
(N 1 1 L0 atm
(T1.0) < fry ms R QDF I el (51
F()‘) 1 1 1 m
T fllppr-» < m(ah()\2))”(/€>\(>\l))q||f( b0 (5.2)

Moreover, for A1 + Xy = X, the constant factorin (5.1) and (5.2) is the best possible,
namely,
')
(FA[JEp— -
al/PT(A 4+ m)
On the other hand, if the constant factor in (5.1) (or (5.2)) is the best possible,
then for A — Ay < I, we have A\; + Ay = A.

B(A1,A2).
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