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BIFURCATIONS OF TRAVELING WAVE
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Abstract This paper studies traveling wave solutions of the homogeneous
Camassa-Holm type equations introduced by Hay et al. in 2019. Under given
parameter conditions, the corresponding traveling system is a singular system
of the first class defined by [16]. The bifurcations of traveling wave solutions
in the parameter space are investigated from the perspective of dynamical
systems. The existence of solitary wave solution, periodic peakon solution and
peakon, pseudo-peakon as well as compacton solution is proved. Possible exact
explicit parametric representations of various solutions are given.
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1. Introduction

Recently, [14] considered the following integrable Camassa-Holm type equations
(1.1) with homogeneous nonlinear terms.

k

k k—1
Ut — Uggt = QU Uy + Bu Uggr + Yu

Uptyy + OuF 203, (1.1)
This type of nonlinearities have been considered in [1] and [13]. Here «, 8,7, 4, k are
arbitrary constants. Generally, we assume that «, k # 0. In [14], Hay, et al. proved
that known integrable examples of Camassa-Holm type equations (1.1) correspond
to k =1 and k = 2, which are the only possible degrees of nonlinearity under the
above assumptions.

As a nonlinear generalization of the Camassa-Holm equation with peakon solu-
tions, [2] and [6] discussed the following equation:

Up — Uggt = %(k+1)(kz+2)ukum - %k(kf1)uk’2ui72kuk’1uzum S TLITI.

k40,

(1.2)

which is the special case of equation (1.1) with o = £(k + 1)(k+2),8 = -1,y =
—2k,6 = —3k(k —1).
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In [1,13,15], the authors considered the generalized b-family equations as follows:
U — Ugpr = —(b+ DuPuy + buP  ugtpe + uPlUpes, b#0, p#0, (1.3)

which is the special case of equation (1.1) with k¥ = p,a = —(b+1),8 = 1,y =
b,0 = 0.

For p = 1, equation (1.3) includes both the Camassa-Holm(CH) equation (b = 2)
and the Degasperis-Procesi(DP) equation (b = 3). In addition, for p = 2, equation
(1.3) includes the Novikov equation (b = 3).

However, we notice that these authors did not study the bifurcations and possible
exact solutions for the corresponding traveling wave systems of equations (1.1), (1.2)
and (1.3). In this paper, we consider these problems depending on the parameters
of systems for the corresponding traveling wave systems of equations (1.1) and (1.2),
respectively.

We have

(ukum)w = kuF  ugugy + 1P upe., (uk_lui)w = (k- 1)uk_2u§ + 2uF  Tup g,

For equation (1.1), we assume that v = k3 + 26,8 = (k — 1)d. Then, (1.1) can be
written as B
Up — U = attFuy + BuFugy)s + 6 1u2),. (1.4)
To study the traveling wave solutions of equations (1.1) and (1.2), we set u(z,t) =
u(x +ct) = ¢(§), where £ = x + ¢t and c is the wave speed. We always assume that
¢ > 0 in this paper. Substituting u(x,t) = u(z + ct) = ¢(€) into (1.4) and (1.2),
integrating the obtained equations once, we obtain

(67

(Bo* +)¢" = —0¢" "1 (¢)? — .= 0" + o+, (1.5)
and

(¢ =0 =gt SP 4 (R4 1) mcokg (10

where ¢ is integral constant, and the prime stands for the derivative with respect
to €. Equations (1.5) and (1.6) are equivalent to the following planar dynamical
systems:

and
b _y —5ho* 'y’ + (i’;fi) Al S (1.9)
% —y, flig _ apy’ 4 (qus(i;])gjbj)l (- 1)), k<0p=—Fk (1.10)

These four systems have the following first integrals, respectively:

25 25—kpB
kB

Hy(¢,y) =y (86" +0) 7 42 / (B¢ +¢) 5 [acb’““—ab—g dp=h, (1.11)

E+1
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Hy(6,y) =207 (co? + §) 75 —2 / S F (cgP + §)"(HED)

(1.12)
X | cg? + gdP ! + O‘} d¢ = h,
p—1
Ha(6,y) = y*(¢" — ) — (0¥ — cg® + 29¢) = h, (1.13)
o 2
Hi(0.9) = L o 2964 67 = (114)

When § = %kﬁ, the first integral Hi(¢,y) = h becomes the following algebraic
integral:

2

mqﬁk“ = h. (1.15)

Hio(d,y) = y* (B +¢) — 296 — c¢® +

When § = —%pﬁ,p # 1,2, the first integral Hs(¢,y) = h becomes the following
algebraic integral:

(co? + B)y? B 2 2a
P L s o)

Because systems (1.9) and (1.10) are the special systems of (1.7) and (1.8)
with o = %(k +1)(k+2),8= -1,6 = f%k. The first integrals Hi(¢,y) = h and
Hso(¢,y) = h have the similar forms as H3(¢,y) = h and Hy(¢,y) = h, respectively.
Therefore, we only need to investigate the solutions of systems (1.7) and (1.8) with
the parameter group (k, ¢, «, 8,0).

Clearly, for ¢ < 0, on the curves B¢* + ¢ = 0 and c¢? + 8 = 0, respectively,
systems (1.7) and (1.8) are discontinuous. Such systems are called the singular
traveling wave systems of the first class defined by [16] and [17].

It is interesting to find that the singular traveling systems have peakon, pseudo-
peakon, periodic peakon and compacton solution families. Periodic peakon is a
classical solution with two time-scales of a singular traveling system. Peakon is
a limit solution of a family of periodic peakons or a limit solution of a family of
pseudo-peakons under two classes of limit senses (see [20]). Compacton family is
a solution family of a singular system, for which all solutions ¢(£) have finite sets
of support, i.e., the defined region of every ¢(§) with respect to & is finite and the
value region of ¢ is bounded. Corresponding to different types of phase orbits,
in [16,17,19], a classification for different wave profiles of ¢(§) was given.

In this paper, the above-mentioned theory of singular traveling wave systems
is used to analyze the wave profiles of the wave function ¢(£) in the solutions of
systems (1.7) and (1.8).

The following relationships of a wave profile of ¢(£) with some phase orbits of
these planar dynamical systems are known today.

(1) A smooth homoclinic orbit to a saddle point of a traveling wave system gives
rise to a smooth solitary wave solution of a PDE.

(2) A smooth heteroclinic loop connecting two saddle points of a traveling wave
system gives rise to a kink wave solution and an anti-kink wave solution of a PDE.

(3) For a homoclinic orbit, if there exists a segment which completely lies in a left
(or right) small strip neighborhood of a singular straight line, then this homoclinic
orbit defines a pseudo-peakon solution of the system.

Hao(o,y) = $*P| =h.  (1.16)
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(4) If there exists a curve triangle connecting saddle points and surrounding
a periodic annulus of a center in the corresponding traveling wave system, in the
neighborhood of a singular straight line (for which a segment is an edge of the
triangle), then as a limit curve of a family of periodic orbits, this curve triangle
gives rise to a peakon solution of the system.

(5) For a family of periodic orbits, if there exists a segment of every orbit which
completely lies in a left (or right) small strip neighborhood of a singular straight
line, then these periodic orbits determine a family of periodic peakon solutions of
the system.

(6) For a family of open orbits, if they tend to a singular straight line as |y| — oo,
then this family gives rise to a family of compactons.

By considering the dynamics of the traveling wave solutions determined by the
travelling wave system (1.7), all possible exact explicit parametric representations
for the traveling wave solutions of equation (1.7) will be given under different pa-
rameter conditions. More precisely, more than 8 exact explicit parametric repre-
sentations are obtained by using the elliptic functions and hyperbolic functions.

This paper is organized as follows. In section 2, we discuss the bifurcations of
phase portraits of systems (1.7) and (1.8) depending on the changes of parameter
o when ¢ > 0, 3,6 are fixed. In sections 3, 4 and 5, we investigate the existence of
solitary wave solution, peakon, periodic peakons, pseudo-peakons as well as com-
pacton solutions and give possible exact explicit parametric representations for these
solutions.

2. Bifurcations of phase portraits of systems (1.7)
and (1.8)

Without loss of generality, we assume that the integral constant g = 0 and ¢ > 0 in
this paper.

2.1 We first consider all possible phase portraits of system (1.7). It is known
that system (1.7) has the same invariant curve solutions as the associated regular
system:

do k dy s .1 9 O k1
i =y(B¢" +c), T 0"y — g @ tcd, (2.1)
where d¢ = (B¢F + ¢)d(, for BoF + ¢ # 0.
Obviously, when a > 0 and k is an odd number, system (2.1) has two equilibrium
1
points O(0,0) and F1(¢1,0) on the ¢p—axis, where ¢ = (@) k; while when k

is an even number, system (2.1) has three equilibrium points O(0,0), F(¢1,0) and
E5(—¢1,0) on the ¢-axis.

When 8 < 0 and k is an odd number, on the straight line ¢ = ¢, = (—%) K ,
system (2.1) has two equilibrium points S$(¢s,$ys), where ys, = VY, if Y, =

(c — kL_H(;Sf) (5@55*2)*1 > 0. In addition, when k is an even number, on the straight

line ¢ = —¢s, system (2.1) has two equilibrium points ST (—¢s, Fys). When a >
0,8<0,and a =—8(k+1), ¢1 = ¢s.
Let M(¢;,0) be the coefficient matrix of the linearized system of (2.1) at the
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equilibrium point E;(¢;,0). We have

J(0,0) = detM(0,0) = —c® <0, J(¢1,0) = detM(¢p1,0) = kc? (1 + (k+ 1)§) ,

J(¢s,ys) = detM (¢, ys) = —2kB0y2 22, (2.2)

By the theory of planar dynamical systems (see [17]), for an equilibrium point of a
planar integrable system, if J < 0, then the equilibrium point is a saddle point; If
J > 0 and (TriceM)? — 4J < 0 (> 0), then it is a center point (a node point); if
J = 0 and the Poincaré index of the equilibrium point is 0, then this equilibrium
point is a cusp.

We see from the above discussion that the equilibrium point O(0,0) ia a saddle
point. When a > 0,8 < 0, if « < —f(k + 1), then ¢, < ¢;, the equilibrium
point Ej(¢1,0) is also a saddle point. While if & > —8(k + 1), then ¢1 < ¢, the
equilibrium point E;(¢1,0) is a center point. When 68 > 0, the equilibrium point
S;r (¢s, Fys) are saddle points, otherwise, they are node points.

We write that hg = H1(0,0),hy = H1(¢1,0), hs = Hy(ds,ys), where Hy is given
by (1.11).

(i) When 36 < 0, we have § # %kﬁ The equilibrium point S$(¢s, Fys) are node
points of system (2.1). By using the above result, applying the numerical method,
and making the parameter « change, for a fixed parameter group (e, 3, 5), we have
the bifurcations of phase portraits of system (1.7) shown in Fig.1.

— =
PSSSESENNIEASASRGRNN

(a) 0 < a < —B(k+1)

Figure 1. The bifurcations of phase portraits of system (1.7) for 8 < 0,6 > 0, k is odd.

(ii) When 6 > 0, we consider the case of § = %kﬁ. The the equilibrium point
E;r(dg7 Fys) are saddle points of system (2.1). In this case, we have the first integral
Hiyo(¢,y) = h of system (1.7) given by (1.15). Hence, we have

hi = Hyo(¢1,0) = C<1 k+2)¢1’

2«
hs =H s3Ys) = — 1+ 3
Obviously, if and only if @ = —$(k + 1)(k + 2)3, we have h, = 0.
When k is an even number and o > 0, 8 < 0, for a fixed parameter group (c, 3, 5),
making the parameter o change, we obtain the bifurcations of phase portraits of
system (1.7) shown in Fig.2.
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() 0 <o <8Ik +1) (b) o =8Ik +1) )(k'i'(g’j“ << Al

%ﬁ

d) a=3B|(k+1)(k+2) (e) a> Z|BI(k +1)(k+2)

>

Figure 2. The bifurcations of phase portraits of system (1.7) for 5= %kﬁ, and k is even.

(iii) When k is an odd number and o > 0,8 < 0, for a fixed parameter group
(¢, B, 5), making the parameter o change, we obtain the bifurcations of phase por-
traits of system (1.7) shown in Fig.3.

2.2 We next consider all possible phase portraits of system (1.8). System (1.8)
has the same invariant curve solutions as the associated regular system:

d
d? yd(co? + B), e —0y% + ¢? <c¢p+1> (2.3)

where p > 2,d¢ = ¢(cd? + B)dC, for ¢(cg? + B) # 0.
Clearly, when p is an odd number and a < 0, system (2.3) has the equilib-

1
rium points 0(0,0), E1(¢1,0), where ¢ = (C(;i_al))” . When 8 < 0 and Yy =

2 (=B(p — 1) + a) > 0, on the singular straight line ¢ = ¢ = (—§>5 ,

dy

S(pl—l) c
system (2.3) has two equilibrium points ST (¢s1, £v/Y5).

When p is an even number and o < 0, system (2.3) has the equilibrium points
0(0,0), E1(¢1,0) and Ea(—¢1,0). When 8 < 0 and Y, > 0, on the singular straight
line ¢ = +¢41, respectively, system (2.3) has the equilibrium points S (hs1, £VY5)
and ST (—¢s1, £V/Y5).

The point O(0,0) is a double equilibrium point of system (2.3). To consider

the directions that the orbits of system (2.3) tend to O(0,0) as { — oo, from
G() = [ﬁ cos20 — B(1 — 1p)sin 9] cos® = 0, it follows that 6, = 2,6, = 32,
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() IBI(k +1) < a < 318k +
1)(k+2)

(d) o= 3BI(k+1)(k +2) (e) a> Z|BI(k +1)(k+2)

Figure 3. The bifurcations of phase portraits of system (1.7) for 5= %k,@, and k is odd.

Because ¢ = 0 is a straight line solution of system (2.3), there is no other orbit
tending to the origin O(0,0).
We have

T(61,0) = detM(61,0) = 677 (—5(p ~ 1) +a), T (9u1, V/V2) = 20p5Y..
(2.4)
When S = —%pﬂ, we write that h1 = H20(¢1a0)7hs = H20(¢317ys)7 where H20 is
given by (1.16).

When p is an odd number and « < 0,8 < 0, for a fixed parameter group (c, 8),
making the parameter a change, we obtain the bifurcations of phase portraits of
system (1.8) shown in Fig.4.

When p is an even number and e > 0, 5 < 0, for a fixed parameter group (c, 3, 5),
making the parameter o change, we obtain the bifurcations of phase portraits of
system (1.8) shown in Fig.5.

3. Existence of solitary wave solution and compacton
determined by the orbits of system (1.7) when
£ <0

In this section, we consider the case 36 < 0, and k is a odd number in system (1.7).
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0.8 V7
1
,0 8 [\
(a) Blp—1) <a <0 (b) a=p(p—1) () a<B(p—1)
Figure 4. The bifurcations of phase portraits of system (1.8) for 5= 7%pﬂ, and p is odd.
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Figure 5. The bifurcations of phase portraits of system (1.8) for b= —%p[’?, and p is even.

We know from Fig.1 (a) that for system (1.7) and a fixed paprameter group
(¢, 8,6) with 8 < 0, when parameter condition 0 < o < —S(k 4+ 1) holds, then,
in the two triangle regions enclosed by the stable and unstable manifolds of the
origin O(0,0) and the saddle point Ej(¢1,0) with the segment STST, there exist
two families of bounded orbits of system (1.7),respectively, which give rise to two
compaction families of equation (1.4).

It is well known that a smooth homoclinic orbit of a traveling system gives rise
to a solitary wave solution of the corresponding nonlinear wave equation. When
0 < —B(k+1) < a, we see from Fig.1 (c¢) that there exists a homoclinic orbit of
system (1.7).

Thus, we immediately obtain the following conclusion.

Theorem 3.1. Assume that the parameters in equation (1.1) satisfy the conditions:
v =kB+20,6 = (k—1)d. Then, equation (1.1) has the form (1.4), which has the
integrable traveling wave system (1.7) and (1.8).

(i) When 86 < 0 and 0 < a < —fB(k + 1), equation (1.4) has two families of
compacton solutions (see Fig.6 (a),(b)).

(ii) When 86 <0 and 0 < —B(k + 1) < «, equation (1.4) has a smooth solitary
wave solution given by the homoclinic orbit of system (1.7) defined by Hy(d,y) =
H(0,0) = ho. In addition, equation (1.4) has a family of smooth periodic wave
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solutions defined by the closed branch of H1(¢,y) = h, h € (ho,h1) (see Fig.6 (c),
(d)).

3 1.2
1
0.8

2 o(1) 0.6
0.4

1.5
0.2

| | 0 |
-4-3-2-10 1 2 3 4 -8-6-4-20 2 4 6 8 0246 810121416 ~-10 -5 0 5 10

t ‘ t t

() (b) © ()

Figure 6. The profiles of compactons and solitary wave solution of (1.4) for 86 < 0.

4. Exact Peakon and pseudo-peakon of system (1.7)
when § = %kﬂ

In order to obtain exact traveling wave solutions, we need to use the following
conclusion.

Proposition 4.1. Let X(¢) = A+Bo+Cp?. Assume that A > 0, A = B2—4AC >

0. Considering the integral & = f(fM m/dr i.e., the solutions of the differential

¢
@)’
equation % = ¢/ X (¢), we have
(1) When X (ép) =0,

P(§) = WM: if ¢(0) = —BLy8, 1)

P(§) = —m, if ¢(0) 20
(2) When X (par) # 0,

B 2A
 Pcoshy(VA¢E) — B’

P(£) (4.2)

where P = ¢LM (2\/AX(¢M) + Boys +2A) ,q = %, and coshy(§) is an Arai ¢-
deformed hyperbolic function (see [7,8]).

hted® — Gadten ¢
(BoF+c)

When 6 = $kf3, we see from (1.15) that y? =
first equation of (1.7), we obtan

. By using the

w0t = ¢ ElE= s
) /¢ (15 - 0*) do
bo \/(E _ gbk) [h(k+1)(k+2) n c(k+égk+2)¢2 _ ¢k+2].

2c

(4.3)
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(i) Exact explicit peakon solution

Suppose that o = 1|B|(k + 1)(k + 2). We consider the heteroclinic triangle in
Fig.3 (d) defined by the level curve of H1g(¢,y) = 0 when k is an odd number, and
k > 2. Now, (4.3) becomes

o, (\m k) do /m o
:/ (4.4)
* oy (-

Thus, it follows from (4.4) that the following peakon solution of Camassa-Holm
type equation (1.4) (see [10-12]:

B(&) = poe L. (4.5)

When k is an even number, there are two heteroclinic triangles in Fig.2 (d).
Besides the peakon solution (4.5), we also have an anti-peakon solution:

$(&) = —ee 4. (4.6)

(ii) Exact explicit pseudo-peakon solution and solitary wave solution

Suppose that a > (8](k+1)(k + 2). We next consider the the homoclinic orbit
in Fig.3 (e) to the origin O(0,0) defined by Hio(¢,y) = 0, when k is an odd number.
Now, (4.3) can be written as

ot = /¢M (bk)d(b _ /’l/)M (1/15 _ ¢)d1/)
¢ W —oky v kW= 0) (b =)

(4.7)

where ¥ = ¢F, s = of;; :M,ws—,m

By using Proposition 4.1, (4.7) gives rise the following exact solitary wave and
pseudo-peakon solution (when a — [B|(k + 1)(k + 2) < 1) of equation (1.4):

e

$(x) = (¥(x))*

2905 > , XE€(—00,0),(0,00),

B ((% —ar) cosh (V @[}M@[}SX) + (W +s)

V(s — () (W — (X)) + ¥ (x) — 5 (s + ¥nr)
stXihﬂ( (s — ¥umr)

Ex) = ki

wo

(4.8)

When k is an even number, corresponding to the two homoclinic orbits with

“eight figure” (see Fig.2 (e)) defined by Hig(¢,y) = 0, there exist a solitary wave

solution and an anti-solitary wave solution (or when o — 1|8|(k + 1)(k + 2) < 1,

a pseudo-peakon solution (4.8) and a pseudo-anti-peakon solution) with the exact
form:

k

_ 2¢m s
(ws - 1pM) cosh (\/ QﬁM%X) + (’(/}M + "/}s) ,

where the £(x) is same as (4.8).
By the above discussion, we have the following conclusion.

(4.9)
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Theorem 4.1. Assume that the parameters of equation (1.1) satisfy the condition
y=kB+26,6 = (k—1)5 and § = 1kB, B < 0.

(i) When o = %|B|(k + 1)(k + 2), and k is an odd number, equation (1.1)
has a peakon solution of Camassa-Holm type given by (4.5). While when k is an
even number, equation (1.1) has a peakon solution and an anti-peakon solutions of
Camassa-Holm type given by (4.5) and (4.6).

(ii) When o > £|B|(k + 1)(k +2), and k is an odd number, equation (1.1) has
a solitary solution given by (4.8). While when k is an even number, equation (1.1)
has a solitary wave solution given by (4.8) and an anti-solitary wave solution given
by (4.9).

(iii) When o — |B|(k +1)(k+2) < 1, these solitary wave solutions are pseudo-
peakon solutions.

5. Exact Peakon and pseudo-peakon of system (1.8)
when § = —%pﬁ

~ htch?+—29 2= P)pP
When 0 = —1pf, we see from (1.16) that y? = (s (”C’(;,}f[;”)(b L . By using

the first equation of (1.8), we obtain the integral formula of exact solutions as
follows:

[ |¢" — ¢%11do
50 ¢ Jlor — ohul(¢ + Lgr—2 + BY)

3 (5.1)

1

where By = (W) " and p > 2.

5.1. The case when p is an odd number

When p is an odd number, and f(p — 1) < a < 0, system (1.8) has phase por-
trait shown in Fig.4 (a). In this case, when h varies, the level curves defined by
Hso(¢,y) = h are shown in Fig.7.

1 0.8 038
4 0.6 V 0.6
v, y 05 y 04 y 04
02 02
4 0 4 1) o 05| 1 -1/ -06 02040408 -1-08/ -04 0204 0.
02 0 02
-2 -05 -0.4 04
-06 -06
-4
-1 -08 AN -08
(a) h < hs (b) h = hs (©) h € (he,h1) @) h>h

Figure 7. The level curves Hoo (¢, y) = h of equation (1.8) for B(p — 1) < a < 0.

We see from Fig.7 that the following conclusions hold.

(i) For h € (—o00,hs), there exists a family of open orbit branches defined by
Hyo(¢,y) = h on the left of the singular straight line ¢ = ¢, (see Fig.7 (a)), which
tends to the singular straight line, when |y| — oco. These open orbits give rise to a
family of compacton solutions of equation (1.1) (see Fig.8 (a)).
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(ii) For h = hy, the level curve defined by Hoo(¢,y) = hs is an arch which passes
through the singular straight line ¢ = ¢, (see Fig.7 (b)). This arch gives rise to a
periodic peakon solution (see Fig.8 (b)).

6 -4 -2 0 2 4 6 -20 -10 0 0 20 -20 -10 0 0 20
t t t

(a) Compactons (b) Periodic peakon (c) Periodic wave
Figure 8. Profiles of equation (1.8) for S(p — 1) < a < 0.

(iii) For h € (hs, h1), the level curves defined by Hag(¢,y) = h are a family of
closed orbits (see Fig.7 (c)), This family gives rise to periodic wave solutions (see
Fig.8 (c)). Specially, when |h — hy| < 1, these closed orbits give rise a family of
periodic peakons.

Assume that p = 3. Then, for the arch orbit in Fig.7 (b), (5.1) can be written

as
/ (93, — ¢°)do
bm ¢\/ ¢3 ¢3 + 1L<¢+ 33)
_ /¢ (031 + 9519 + ¢*)do
bm ¢\/(¢ - ¢m)(¢ - (bl)( gl + ¢sl¢ + ¢2)
_ /¢ (6% + b0 + ¢*)do (5.2)
bm OV (0 — 0m) (& — O)[(@ — b1)2 + aF]’

where ¢; < 0 < ¢py < P71 < @s-
Hence, we obtain the following periodic peakon solution:

d(x) = Ao + T—agen(, k)’ X € (—Xos Xo)
_ 1 2(A1+ B1) | ¢mBidiA
S0 = VAL B, [<¢81 * dmB1 + ¢ A + A1+ By ) X (5:3)

2 _A _ .
(o o) (T (1 (eostcatuon. z756) - )
() (1) o h10) )]

where A7 = (¢, — b1)? + a?, B} = (¢ — b)) +af, Ag = 2=litbh g, -

—2A131(¢m ¢L) 2 _ (A14+B1)’—(¢m—¢1)® _ A1+B1 5~ _ ¢mBi+édi A _
A2—-B2 k= = 4A1B; » X0 = A 91 = ¢mB1—¢1 A1’ Xo =

en! (a% (1 - (25lele0)> and f; is a special function (see [9], page 215).
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5.2. The case when p is an even number

When p is an even number, and e > |3](p—1), system (1.8) has phase portrait shown
in Fig.5 (¢). In this case, when h varies, the level curves defined by Hao(¢,y) = h
are shown in Fig.9.

1 | 1 \j | 1 \\/ \J 2 V
\1 0.5 | 05 / -1 /- s 1 Q' @ 12 ] 1
/ . \ . -0.5 . -0.5 ’ -1 ¢

: } 2 ~ 1N

-1

2

(a) h < hg (b) h = hs (¢) h € (hs,h1) (d) h > hy
Figure 9. The level curves Hao(¢,y) = h of equation (1.8) for B(p—1) < a <0

(i) For h € (—o0, hy), there exist two families of open orbit branches defined by
Hyo(¢,y) = h near the two singular straight lines ¢ = +¢41 (see Fig.9 (a)), which
tend to two singular straight linse, when |y| — oo, respectively. These open orbits
give rise to two families of compacton solutions of equation (1.1).

(ii) For h = hg, the level curves defined by Hao(¢,y) = hs are two arches (see
Fig.9 (b)), which passing through the singular straight line ¢ = +¢4;, respectively.
Two arches give rise to two periodic peakon solutions.

(iii) For h € (hs, h1), the level curves defined by Hao(¢,y) = h are two families of
closed orbits (see Fig.9 (c)), These families give rise to two families of periodic wave
solutions. Specially, when |h — hg| < 1, these closed orbits give rise two families of
periodic peakon solutions.

Assume that p = 4. For the right arch orbit, (5.1) can be written as

(031 — ¢*)do _ /¢ ( L+ ¢°)do
o <z>\/ O B 1 BY) o SV NG )
_ /‘” (o1 +)d¢s
b 207/ (0 =) (@1 + )

where 0 < ¢m < ¢1 < d)sla'l/) = ¢271/1m = ¢$na¢sl = ¢§1

(5.4) implies that the following two periodic peakon solutions:

(5.4)

— % — mewsl ? —
o0 = £ () i(ml1/»,,L>+<wsl+wm>coswmm) X € (=mm),

("/}s *'L/}( ))(w( )7'¢Jm)+'¢’( )“Fl(d’s *d’m)
€00 Zé[z/’slxiln(\/ B (e E— )]

(5.5)

Theorem 5.1. Assume that the parameters of equation (1.1) satisfy the condition
y=kB+26,6 = (k- 1)5 and 6 = %kﬂz —%p&ﬁ <0.

(i) When B(p —1) < a < 0, and p is an odd number, corresponding to the
arch branch of the level curves Hao(d,y) = hs, equation (1.1) has a periodic peakon
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solution. Specially, for p = 3, this periodic peakon has the exact parametric repre-
sentation given by (5.3).

(it) When B(p — 1) < a < 0, and p is an even number, corresponding to two

arch branches of the level curves Hoo(¢,y) = hs, equation (1.1) has two periodic
peakon solutions. Specially, for p = 4, this periodic peakon has the exact parametric
representation given by (5.5).
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