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Abstract In this paper, fractional differential equations of p-q-Laplacian
with instantaneous and non-instantaneous impulses are considered. The exis-
tence result is obtained by using the variational approach. Furthermore, we
establish the dependence on functional parameters for classical solutions of the
boundary value problem with L1 right hand side. The interesting points are
p-q-Laplace operator and dependence on functional parameters.
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1. Introduction
In recent years, the study of the fractional differential equations has attached

much attraction, please refer to [4, 5, 7, 8, 10–12,15–17,20,24,25,31].
More recently, impulsive differential equations have attracted much attentions

since they can consider the impact of sudden change on the state and can reflect
the changing law of things. Impulsive differential equation includes the differen-
tial equation with instantaneous and non-instantaneous impulses. Instantaneous
impulse appears in the situation that the state is affected by external uncertainty
suddenly, please refer to the monographs of Afrouzi et al. [3], Bai et al. [7], Liang
et al. [20], Li et al. [21], Qiao et al. [23], Yang et al. [30], Zhang et al. [32]. Non-
instantaneous impulse appears in the situation that state is affected by external
environment lasting for a period of time, please refer to the monographs of Agar-
wal et al. [1], Agarwal et al. [2], Bai et al. [6], Bai et al. [9], Khaliq et al. [18],
Li et al. [21], Qiao et al. [23], Zhang et al. [32]. The two impulses often appear
in the same differential system. In [28], Tian and Zhang considered the existence
of solutions for second-order differential equations with instantaneous and non-
instantaneous impulses by using Ekeland¡¯s Variational Principle. In [32], Zhang
and Liu discussed the existence of solutions to the fractional Dirichlet boundary
value problem with instantaneous and non-instantaneous impulses based on the
variational method. In [21], Li and Chen studied the multiplicity of solutions for a
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class of p-Laplacian type fractional differential equations with both instantaneous
and non-instantaneous impulses by using the critical points theorem of B. Ricceri
and obtained some interesting results.

In [35], Zhou and Deng studied the existence of solutions for fractional differen-
tial equations of p-Laplacian with instantaneous and non-instantaneous impulses

tD
α
T φp(

C
0 D

α
t u)(t)+g(t)|u(t)|p−2u(t)=fi(t, u(t)), t ∈ (si, ti+1], i = 0, 1, 2, . . . , n,

∆( tD
α−1
T φp(

C
0 D

α
t u))(ti) = Ii(u(ti)), i = 1, 2, . . . , n,

tD
α−1
T φp(

C
0 D

α
t u)(t) = tD

α−1
T φp(

C
0 D

α
t u)(t+i ), t ∈ (ti, si], i = 1, 2, . . . , n,

tD
α−1
T φp(

C
0 D

α
t u)(s−i ) = tD

α−1
T φp(

C
0 D

α
t u)(s+i ), i = 1, 2, . . . , n,

u(0) = u(T ) = 0, where p ≥ 2, α ∈ ( 1p , 1],

(1.1)
For the problem (1.1), the main result is as follows

Theorem 1.1 ( [35]). Assume that there exist ai, bi > 0, and σi ∈ [0, 1) such that
|fi(t, u)| ≤ ai + bi|u|σi , for any (t, u) ∈ [0, T ] × R, where i = 1, 2, . . . , n and there
exist ci, di > 0, δi ∈ [0, 1)(i = 1, 2, . . . , n) such that |Ii(u)| ≤ ci + di|u|δi , for any
u ∈ R. Then problem (1.1) has at least one classical solution.

In [13], the p-q-Laplacian equation appears in a lot of applications such as plasma
physics, chemical reaction design and biophysics. On the other hand, at present,
people have only studied the kind of fractional differential equations of p-Laplacian
with instantaneous and non-instantaneous impulses, and less on fractional differen-
tial equations of p-q-Laplacian with instantaneous and non-instantaneous impulses.
At the same time, the dependence on functional parameters is considered.

One of our main goals in this paper is to consider the existence of a nontrivial
solution of the following fractional differential equations with instantaneous and
non-instantaneous impulses

tD
α
T φp(

C
0 D

α
t u)(t) + tD

α
T φq(

C
0 D

α
t u)(t) + φp(u(t)) + φq(u(t)) = fi(t, u(t))

+gi(t, u(t))x(t), t ∈ (si, ti+1], i = 0, 1, 2, . . . , n,

∆( tD
α−1
T φp(

C
0 D

α
t u))(ti)+∆( tD

α−1
T φq(

C
0 D

α
t u))(ti)=Ii(u(ti)), i=1, 2, . . . , n,

tD
α−1
T φp(

C
0 D

α
t u)(t) = tD

α−1
T φp(

C
0 D

α
t u)(t+i ), t ∈ (ti, si], i = 1, 2, . . . , n,

tD
α−1
T φq(

C
0 D

α
t u)(t) = tD

α−1
T φq(

C
0 D

α
t u)(t+i ), t ∈ (ti, si], i = 1, 2, . . . , n,

tD
α−1
T φp(

C
0 D

α
t u)(s−i ) + tD

α−1
T φq(

C
0 D

α
t u)(s−i ) = tD

α−1
T φp(

C
0 D

α
t u)(s+i )

+ tD
α−1
T φq(

C
0 D

α
t u)(s+i ), i = 1, 2, . . . , n,

u(0) = u(T ) = 0,

(1.2)
where α ∈ ( 1q , 1], 1 < q ≤ p < +∞, φr(s) := |s|r−2s, s ̸= 0, φr(0) = 0 for
r = p or q, C

0 D
α
t , tD

α
T are the left Caputo fractional derivative and the right

Riemann-Liouville fractional derivative, 0 = s0 < t1 < s1 < t2 < s2 < · · · <
tn < sn < tn+1 = T , Ii ∈ C(R,R) and fi ∈ C((si, ti+1] × R,R), Fi(t, u) =∫ u

0
fi(t, s)ds, Gi(t, u) =

∫ u

0
gi(t, s)ds, i = 1, 2, . . . , n. Let m > 0 be a fixed number.
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The functional parameter x belongs to the set Lm = {v : [0, T ]→ R|v is measurable
and

∫ T

0
v2(t)dt ≤ m}.

The instantaneous impulses are defined as follows

∆( tD
α−1
T φr(

C
0 D

α
t u))(ti) = tD

α−1
T φr(

C
0 D

α
t )u(t

+
i )− tD

α−1
T φr(

C
0 D

α
t )u(t

−
i ),

r = p, q.

The instantaneous impulses start abruptly at the points ti and the non-instantaneous
impulses continue on the interval (ti, si].

Now we state our results. First, we need the following assumptions
(H1) There exist ai, bi > 0 and ρ ∈ (0, q − 1) such that

|fi(t, u)| ≤ ai + bi|u|ρ, ∀(t, u) ∈ [0, T ]×R, where i = 1, 2, . . . , n.

(H2) There exist ci, di > 0 and l ∈ (0, q) such that∫ t

0

Ii(s)ds ≤ ci + di|t|l, ∀(t, u) ∈ [0, T ]×R, where i = 1, 2, . . . , n.

(H3) Gi, gi : [0, T ] × R → R are Carathéodory functions and there exists function
g ∈ L2[0, T ], such that |Gi(t, u)| ≤ g(t), |gi(t, u)| ≤ g(t) for a.e. t ∈ [0, T ] and all
u ∈ R, i = 1, 2, . . . , n.

Theorem 1.2 is the existence result for (1.2).

Theorem 1.2. Assume that the conditions (H1)-(H3) are satisfied. Then problem
(1.2) has at least one classical solution.

Remark 1.1. Let q = p and x(t) ≡ 0, problem (1.2) is reduced to problem (1.1),
the condition (H2) become

∫ t

0
Ii(s)ds ≤ ci + di|t|l, l ∈ (0, p) which improve the

condition |Ii(u)| ≤ ci + di|u|δi , δ ∈ [0, 1) in [35].

Theorem 1.3 is about the dependence on functional parameters for classical
solutions to the problem (1.2).

Theorem 1.3. Assume that conditions (H1)-(H3) hold. Let {xk}∞k=1 ⊂ Lm satisfy
xk ⇀ x0 in Lp[0, T ]. Then, for any sequence {uk}∞k=1 of solutions to problem (1.2)
corresponding to xk, there exists a subsequence {ukn}∞n=1 ⊂ X and an element
u0 ∈ X such that ukn

⇀ u0 in X and that u0 is a classical solution to problem (1.2)
corresponding to x0. In addition, ukn

→ u0 (strongly) in X.

Corollary 1.1. Assume that the functions fi, Gi and the impulsive functions Ii
are bounded, then problem (1.2) has at least one classical solution.

This paper has two novelties. Firstly, comparing with problem (1.1), we extend
the p-Laplace operator to the p-q-Laplace operator and prove the existence of the
solution for problem (1.2) in a more general case 1 < q ≤ p < +∞. If q = p and the
functional parameter x(t) ≡ 0, problem (1.2) is reduced to problem (1.1). Theorem
1.2 is a generalization of Theorem 1.1 since p > 1. Secondly, the functional is
dependent on the functional parameter x, which has not been considered before.

The organization of this article is as follows. In section 2, we introduce some
fundamental knowledge, lemmas and theorems. In section 3, we prove the main
results that the problem (1.2) has at least one nontrivial classical solution and the
dependence on functional parameters for the classical solution.
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2. Preliminaries
In this part, we recall some definitions, lemmas and theorems which are useful

to the main results.

Definition 2.1. Let α ∈ ( 1q , 1], 1 < q ≤ p < +∞. The fractional space

Wα,p
0 [0, T ] ={u : [0, T ]→ R|u ∈ Lp([0, T ], R), C

0 D
α
t u ∈ Lp([0, T ], R),

u(0) = u(T ) = 0}

is defined by the closure of C∞
0 ([0, T ], R) with the norm

∥u∥Wα,p
0

= (

∫ T

0

|u|pdt+
∫ T

0

| c0Dα
t u|pdt)

1
p .

Proposition 2.1 ( [26]). Let α ∈ (0, 1], p > 1 and the space Wα,p
0 (Ω) is reflexive.

Proposition 2.2 ( [33, 34]). Let α ∈ (0, 1] and p ∈ (1,+∞). For any u ∈
Wα,p

0 [0, T ], we have

∥C0 Dα
t u∥Lp ≥ Γ(1 + α)

Tα
∥u∥Lp .

Moreover, if α > 1
p and 1

p + 1
q = 1, then

∥C0 Dα
t u∥Lp ≥ Γ(α)((α− 1)q + 1)

1
q

Tα− 1
p

∥u∥∞.

Proposition 2.3 ( [33,34]). Let α ∈ (0, 1] and u, v ∈ Lp([a, b], R), p > 1. Then∫ b

a

v(t) tD
α
b u(t)dt =

∫ b

a

u(t) aD
α
t v(t)dt,∫ b

a

v(t) tD
α−1
b u(t)dt =

∫ b

a

u(t) aD
α−1
t v(t)dt.

Proposition 2.4 ( [33,34]). Let α ∈ (0, 1] and the space Wα,p
0 [0, T ] and Wα,q

0 [0, T ]
are compactly embedded in C([0, T ], R).

Proposition 2.5 ( [29]). Let s ∈ (0, 1) and N ≥ 1. Suppose that Ω is bounded
domain in RN with Lipschitz boundary ∂Ω. Then the embedding W

s,N/s
0 (Ω) ↪→

W s,N/s(Ω) ↪→↪→ Lv(Ω) is compact for all v ∈ [1,+∞).

Remark 2.1. For Wα,p
0 [0, T ] and Wα,q

0 [0, T ], 1 < q ≤ p < +∞. It is easy to see
Wα,p

0 [0, T ] ↪→ W
α,1/α
0 [0, T ] for α ∈ ( 1q , 1]. By Proposition 2.5, Wα,p

0 [0, T ] ↪→↪→
Lv[0, T ], v ∈ [1,+∞).

Proposition 2.6 ( [19, 33]). Let n − 1 < α < n, n ∈ N and u ∈ AC([0, T ]). The
left and right Caputo fractional derivatives denoted by C

0 D
α
t u(t) and C

t D
α
T u(t) are

respectively defined by

C
0 D

α
t u(t) =

1

Γ(n− α)

∫ t

0

(t− τ)n−α−1un(τ)dτ,

C
t D

α
T u(t) =

(−1)n

Γ(n− α)

∫ T

t

(τ − t)n−α−1un(τ)dτ.
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C
a D

α
t u(t) = aD

α
t u(t)− u(a)

Γ(1− a)
(t− a)−α,

C
t D

α
b u(t) = tD

α
b u(t)− u(b)

Γ(1− a)
(b− t)−α.

Proposition 2.7 ( [19, 33]). Let n − 1 < α < n, n ∈ N and t ∈ [0, T ]. Denote
the left and right Riemann-Liouville fractional derivatives of u(t) by 0D

α
t u(t) and

tD
α
T u(t), respectively, with definitions as follows

0D
α
t u(t) =

dn

dtn
0D

α−n
t u(t) =

1

Γ(n− α)

dn

dtn

∫ t

0

(t− τ)n−α−1u(τ)dτ,

tD
α
T u(t) = (−1)n dn

dtn
tD

α−n
T u(t) =

(−1)n

Γ(n− α)

dn

dtn

∫ T

t

(τ − t)n−α−1u(τ)dτ.

In particular, for u ∈Wα,p
0 [0, T ], it follows

C
0 D

α
t u(t) = 0D

α
t u(t), C

t D
α
T u(t) = tD

α
T u(t).

In this paper, we shall use the space X as follows.
Define the space X = Wα,p

0 ∩Wα,q
0 with the norm ∥u∥X = ∥u∥Wα,p

0
+ ∥u∥Wα,q

0
.

We shall state the relationship between (Wα,p
0 , ∥ · ∥Wα,p

0
) and (X, ∥ · ∥Wα,p

0
).

Lemma 2.1. For the space X, the norms ∥ · ∥Wα,p
0

and ∥ · ∥X are equivalent.
Proof. On one hand, we have

∥u∥Wα,p
0
≤ ∥u∥Wα,p

0
+ ∥u∥Wα,q

0
,

∥u∥q
Wα,p

0
= (

∫ T

0

|u|pdt+
∫ T

0

|C0 Dα
t u|pdt)

q
p .

On the other hand, by Hölder’s inequality, we can also get

∥u∥qLq + ∥C0 Dα
t u∥qLq ≤ T (1− q

p )(

∫ T

0

|u|pdt)
q
p + T (1− q

p )(

∫ T

0

|C0 Dα
t u|pdt)

q
p

= T (1− q
p )(∥u∥Lp)q + T (1− q

p )(∥C0 Dα
t u∥Lp)q.

And, for 1 < q ≤ p < +∞, there exists a c large enough, such that

T (1− q
p )(

∫ T

0

|u|pdt)
q
p +T (1− q

p )(

∫ T

0

| c0Dα
t u|pdt)

q
p ≤ c(

∫ T

0

|u|pdt+
∫ T

0

|C0 Dα
t u|pdt)

q
p .

Therefore, these two norms are equivalent.

Lemma 2.2. (Wα,p
0 , ∥ · ∥Wα,p

0
) and (X, ∥ · ∥Wα,p

0
) are the same.

Proof. We only need to show Wα,p
0 ⊂ Wα,q

0 , ∀u ∈ Wα,p
0 [0, T ], we have u ∈

Lp([0, T ], R), and so u is measurable and
∫
T
|u|pdx < ∞. Since 1 < q ≤ p < +∞,

we have
∫
T
|u|qdx < ∞ , therefore we can get u ∈ Lq([0, T ], R). Similarly, we can

also get C
0 D

α
t ∈ Lq([0, T ], R). Therefore u ∈Wα,q

0 [0, T ] and u(0) = u(T ) = 0.

Remark 2.2. By Proposition 2.1, we have (Wα,p
0 , ∥ · ∥Wα,p

0
) is reflexive Banach

space, so (X, ∥ · ∥Wα,p
0

) is a reflexive Banach space.
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Define the functional ϕx : X → R by

ϕx(u) =
1

p
∥u∥p

Wα,p
0

+
1

q
∥u∥q

Wα,q
0

+

n∑
i=1

∫ u(ti)

0

Ii(s)ds−
n∑

i=0

∫ ti+1

si

Fi(t, u(t))dt

−
n∑

i=0

∫ ti+1

si

Gi(t, u(t))x(t)dt.

(2.1)

By using the continuity of fi and Ii and assumption (H3), we obtain that ϕ is
Fréchet differentiable on X and

⟨ϕ′
x(u); v⟩ =

∫ T

0

φp(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt+

∫ T

0

φq(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt

+

n∑
i=0

∫ ti+1

si

[|u(t)|p−2u(t) + |u(t)|q−2u(t)]v(t)dt+

n∑
i=1

Ii(u(ti))v(ti)

−
n∑

i=0

∫ ti+1

si

[fi(t, u(t)) + gi(t, u(t))x(t)]v(t)dt.

(2.2)

Definition 2.2. A function u ∈ X is a weak solution of problem (1.2), if u satisfies
⟨ϕ′

x(u); v⟩ = 0 for all v ∈ X.

Definition 2.3. A function u satisfying tD
α
T φp(

C
0 D

α
t u)(t)+ tD

α
T φq(

C
0 D

α
t u)(t) ∈

L1(si, ti+1], i = 0, 1, . . . , n is a classical solution of problem (1.2), if u satisfies
the equation of problem (1.2), impulsive conditions and the boundary condition
u(0) = u(T ) = 0.

Theorem 2.1 will be used in the proof of existence of solutions for (1.2).

Theorem 2.1 ( [22]). Let M be a complete metric space and let J : M → (−∞,∞]
be a lower semicontinuous functional, bounded from below, and not identically equal
to ∞. Let ε > 0 be given and z ∈M be such that J(z) ≤ infMJ + ε.

Then, there exists v ∈ M such that J(v) ≤ J(z) ≤ infMJ + ε, d(z, v) ≤ 1,
and for any u ̸= v in M , J(v) < J(u) + εd(v, u), where d(·, ·) denotes the distance
between two elements in M .

3. Main results
Lemma 3.1. If u ∈ X is a weak solution of the problem (1.2), u is a classical
solution of the problem (1.2).

Proof. Let u ∈ X be a weak solution of the problem (1.2), then u(0) = (T ) = 0
and Definition 2.2 hold.
Step 1. We’ll show the first equation in (1.2).

For this, we first show that the first equation in (1.2) in the interval (sn, T ].
We can select a test function v ∈ C∞

0 [0, T ] satisfying v(t) ≡ 0 for t ∈ [0, sn].
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Substituting v(t) into (2.2) and by Definition 2.2, we have∫ T

sn

φp(
C
0 D

α
t u(t))(CsnD

α
t v(t))dt+

∫ T

sn

φq(
C
snD

α
t u(t))(C0 D

α
t v(t))dt

=

∫ T

sn

[fn(t, u(t)) + gn(t, u(t))x(t)]v(t)dt−
∫ T

sn

[|u(t)|p−2u(t) + |u(t)|q−2u(t)]v(t)dt.

(3.1)

Using Proposition 2.3 and Proposition 2.6, we have∫ T

sn

φp(
C
0 D

α
t u(t))(CsnD

α
t v(t))dt =

∫ T

sn

v(t) tD
α
T (φp(

C
0 D

α
t u(t)))dt. (3.2)

Substituting (3.2) into (3.1), and by dubois-Reymond theorem, we have

tD
α
T φp(

C
0 D

α
t u)(t) + tD

α
T φq(

C
0 D

α
t u)(t) + |u(t)|p−2u(t) + |u(t)|q−2u(t)

=fn(t, u(t)) + gn(t, u(t))x(t), t ∈ (sn, T ],
(3.3)

which means the first equations in (1.2) is satisfied in t ∈ (sn, T ].
Next we’ll show that the first equations in (1.2) is satisfied in t ∈ (si, ti+1],

i = 0, 1, . . . , n− 1.
We can select a test function v ∈ C∞

0 [0, T ] satisfying v(t) ≡ 0 for t ∈ [0, si] ∪
[ti+1, T ]. Substituting v(t) into (2.2) and by Definition 2.2, we have∫ T

si

φp(
C
0 D

α
t u(t))(CsiD

α
t v(t))dt+

∫ T

si

φq(
C
snD

α
t u(t))(CsiD

α
t v(t))dt

=

∫ ti+1

si

[fi(t, u(t)) + gi(t, u(t))x(t)]v(t)− [|u(t)|p−2u(t) + |u(t)|q−2u(t)]v(t)dt.

(3.4)

Using Proposition 2.3, Proposition 2.6 and v(t) ≡ 0 for t ∈ [0, si]∪ [ti+1, T ], we have∫ T

si

φp(
C
0 D

α
t u(t))(CsiD

α
t v(t))dt =

∫ T

si

v(t) tD
α
T (φp(

C
0 D

α
t u(t)))dt

=

∫ ti+1

si

v(t) tD
α
T (φp(

C
0 D

α
t u(t)))dt.

(3.5)

Substituting (3.5) into (3.4), and by dubois-Reymond theorem, we have

tD
α
T φp(

C
0 D

α
t u)(t) + tD

α
T φq(

C
0 D

α
t u)(t) + |u(t)|p−2u(t) + |u(t)|q−2u(t)

=fi(t, u(t)) + gi(t, u(t))x(t), t ∈ (si, ti+1],
(3.6)

which means the first equations in (1.2) is satisfied in t ∈ (si, ti+1].
Since u ∈ X ⊂ C([0, T ]) and fi ∈ C((si, ti+1]×R,R) and assumption (H3), one

has
tD

α
T φp(

C
0 D

α
t u)(t) + tD

α
T φq(

C
0 D

α
t u)(t) ∈ L1(si, ti+1].

Step 2. We’ll show the third and fourth equation in (1.2).
By Proposition 2.6 we have tD

α
T u(t) = − d

dt tD
α−1
T u(t), so we get

tD
α
T φp(

C
0 D

α
t u(t)) = − d

dt
( tD

α−1
T φp(

C
0 D

α
t u(t))) ∈ Lp(si, ti+1], (3.7)
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tD
α
T φq(

C
0 D

α
t u(t)) = − d

dt
( tD

α−1
T φq(

C
0 D

α
t u(t))) ∈ Lp(si, ti+1], (3.8)

Hence, we have tD
α−1
T φp(

C
0 D

α
t u(t)), tD

α−1
T φq(

C
0 D

α
t u(t)) ∈ AC([si, ti+1]).

Substituting (3.3) into (2.2) and by Definition 2.2, we have∫ T

0

φp(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt+

∫ T

0

φq(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt

+

n∑
i=1

Ii(u(ti))v(ti)

=

n∑
i=1

∫ ti+1

si

v(t)( tD
α
T φp(

C
0 D

α
t u)(t))dt+

n∑
i=1

∫ ti+1

si

v(t)( tD
α
T φq(

C
0 D

α
t u)(t))dt.

Then using (3.7) and (3.8), we can get∫ T

0

φp(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt+

∫ T

0

φq(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt+

n∑
i=1

Ii(u(ti))v(ti)

=−
n∑

i=1

∫ ti+1

si

v(t)
d

dt

(
tD

α−1
T φp(

C
0 D

α
t u)(t) + tD

α−1
T φq(

C
0 D

α
t u)(t)

)
dt.

(3.9)

By integration by parts, one has

−
n∑

i=1

∫ ti+1

si

v(t)
d

dt
( tD

α−1
T φp(

C
0 D

α
t u)(t))dt

=−
n∑

i=0

v(t) tD
α−1
T φp(

C
0 D

α
t u)(t)|ti+1

si +

n∑
i=1

∫ ti+1

si
tD

α−1
T φp(

C
0 D

α
t u)(t)v′(t)dt.

(3.10)

By Proposition 2.3 and (3.10), one has

−
n∑

i=0

v(t) tD
α−1
T φp(

C
0 D

α
t u)(t)|ti+1

si +

n∑
i=1

∫ ti+1

si
tD

α−1
T φp(

C
0 D

α
t u)(t)v′(t)dt

=−
n∑

i=0

v(t) tD
α−1
T φp(

C
0 D

α
t u)(t)|ti+1

si +

n∑
i=1

∫ ti+1

si

φp(
C
0 D

α
t u)(t)C0 D

α−1
t v′(t)dt.

(3.11)

By Proposition 2.6 and (3.11), one has

−
n∑

i=0

v(t) tD
α−1
T φp(

C
0 D

α
t u)(t)|ti+1

si +

n∑
i=1

∫ ti+1

si

φp(
C
0 D

α
t u)(t)C0 D

α−1
t v′(t)dt

=

n∑
i=0

v(s+i ) tD
α−1
T φp(

C
0 D

α
t u)(s+i )−

n∑
i=0

v(t−i+1) tD
α−1
T φp(

C
0 D

α
t u)(t−i+1)

+

n∑
i=1

∫ ti+1

si

φp(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt.

(3.12)
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Similarly, one has

−
n∑

i=1

∫ ti+1

si

v(t)
d

dt
( tD

α−1
T φq(

C
0 D

α
t u)(t))dt

=

n∑
i=0

v(s+i ) tD
α−1
T φq(

C
0 D

α
t u)(s+i )−

n∑
i=0

v(t−i+1) tD
α−1
T φq(

C
0 D

α
t u)(t−i+1)

+

n∑
i=1

∫ ti+1

si

φq(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt.

(3.13)

Substituting (3.10)-(3.13) into (3.9), one has
n∑

i=1

∫ si

ti

φp(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt+

n∑
i=1

∫ si

ti

φq(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt

+

n∑
i=1

Ii(u(ti))v(ti)

=

n∑
i=0

v(s+i ) tD
α−1
T φp(

C
0 D

α
t u)(s+i )−

n∑
i=0

v(t−i+1) tD
α−1
T φp(

C
0 D

α
t u)(t−i+1)

+

n∑
i=0

v(s+i ) tD
α−1
T φq(

C
0 D

α
t u)(s+i )−

n∑
i=0

v(t−i+1) tD
α−1
T φq(

C
0 D

α
t u)(t−i+1).

(3.14)

By Proposition 2.3 and tD
α
T u(t) = − d

dt tD
α−1
T u(t), we have

n∑
i=1

∫ si

ti

φp(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt+

n∑
i=1

∫ si

ti

φq(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt

=

n∑
i=1

∫ si

ti

v(t) tD
α
T (φp(

C
0 D

α
t u(t)))dt+

n∑
i=1

∫ si

ti

v(t) tD
α
T (φq(

C
0 D

α
t u(t)))dt

=−
n∑

i=1

∫ si

ti

v(t)
d

dt
( tD

α−1
T φp(

C
0 D

α
t u)(t)) + v(t)

d

dt
( tD

α−1
T φq(

C
0 D

α
t u)(t))dt.

(3.15)

Without loss of generality, we take the test function v ∈ C∞
0 (ti, si] satisfying v(t) ≡

0 for t ∈ [0, ti] ∪ (si, T ], i = 1, 2, . . . , n. Substituting v(t) into (3.14), (3.15) into
(3.14), we have

n∑
i=1

∫ si

ti

v(t)
d

dt
( tD

α−1
T φp(

C
0 D

α
t u)(t))dt+

n∑
i=1

∫ si

ti

v(t)
d

dt
( tD

α−1
T φq(

C
0 D

α
t u)(t))dt

=0.

By dubois-Reymond theorem, we have tD
α−1
T φp(

C
0 D

α
t u(t)), tD

α−1
T φq(

C
0 D

α
t u(t))

are constants, t ∈ (ti, si], i = 1, 2, . . . , n. That is

tD
α−1
T φp(

C
0 D

α
t u(t+i )) = tD

α−1
T φp(

C
0 D

α
t u(s−i )) = tD

α−1
T φp(

C
0 D

α
t u(t)),
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tD
α−1
T φq(

C
0 D

α
t u(t+i )) = tD

α−1
T φq(

C
0 D

α
t u(s−i )) = tD

α−1
T φq(

C
0 D

α
t u(t)),

which means the third and fourth conditions in (1.2) are satisfied.
Step 3. We’ll show the second and fifth conditions in (1.2).

By Proposition 2.6, one has
n∑

i=1

∫ si

ti

φp(
C
0 D

α
t u(t))(C0 D

α
t v(t))dt =

n∑
i=1

∫ si

ti

φp(
C
0 D

α
t u(t))(C0 D

α−1
t v′(t))dt.

(3.16)

By Proposition 2.3 and (3.16), one has

n∑
i=1

∫ si

ti

φp(
C
0 D

α
t u(t))(C0 D

α−1
t v′(t))dt =

n∑
i=1

∫ si

ti
tD

α−1
T φp(

C
0 D

α
t u(t))v′(t)dt.

(3.17)

By tD
α−1
T φp(

C
0 D

α
t u(t)) is constant and (3.17), one has

n∑
i=1

∫ si

ti
tD

α−1
T φp(

C
0 D

α
t u(t))v′(t)dt

=

n∑
i=1

v(si) tD
α−1
T φp(

C
0 D

α
t u(t+i ))−

n∑
i=1

v(ti) tD
α−1
T φp(

C
0 D

α
t u(t+i )).

(3.18)

Similarly, one has
n∑

i=1

∫ si

ti

φq(
C
0 D

α
t u(t))(C0 D

α−1
t v′(t))dt

=

n∑
i=1

v(si) tD
α−1
T φq(

C
0 D

α
t u(t+i ))−

n∑
i=1

v(ti) tD
α−1
T φq(

C
0 D

α
t u(t+i )).

(3.19)

Substituting (3.16)-(3.19) into (3.14), one has

n∑
i=1

v(si) tD
α−1
T φp(

C
0 D

α
t u)(t+i )−

n∑
i=1

v(ti) tD
α−1
T φp(

C
0 D

α
t u)(t+i )

+

n∑
i=1

v(si) tD
α−1
T φq(

C
0 D

α
t u)(t+i )−

n∑
i=1

v(ti) tD
α−1
T φq(

C
0 D

α
t u)(t+i )

+

n∑
i=1

Ii(u(ti))v(ti)

=

n∑
i=0

v(s+i ) tD
α−1
T φp(

C
0 D

α
t u)(s+i )−

n∑
i=0

v(t−i+1) tD
α−1
T φp(

C
0 D

α
t u)(t−i+1)

+

n∑
i=0

v(s+i ) tD
α−1
T φq(

C
0 D

α
t u)(s+i )−

n∑
i=0

v(t−i+1) tD
α−1
T φq(

C
0 D

α
t u)(t−i+1).

(3.20)

Without loss of generality, assume v(tk) ̸= 0, n ≤ k < n+1, v(si) = 0, i = 0, . . . , n,



The existence of solution and dependence. . . 601

v(T ) = 0 for all v ∈W 1,p
0 [0, T ], substituting it into (3.20), one has

n∑
i=1

tD
α−1
T φp(

C
0 D

α
t u)(t+i )−

n∑
i=1

tD
α−1
T φp(

C
0 D

α
t u)(t−i )

+

n∑
i=1

tD
α−1
T φq(

C
0 D

α
t u)(t+i )−

n∑
i=1

tD
α−1
T φq(

C
0 D

α
t u)(t−i )

=Ii(u(ti)),

which means the second condition in (1.2) is satisfied.
Let v(tk) = 0, n ≤ k < n+1, v(si) ̸= 0, i = 0, . . . , n. Substituting v ∈W 1,p

0 [0, T ]
into (3.20), since tD

α−1
T φp(

C
0 D

α
t u(t)), tD

α−1
T φq(

C
0 D

α
t u(t)) are constants, one has

tD
α−1
T φp(

C
0 D

α
t u)(s−i ) + tD

α−1
T φq(

C
0 D

α
t u)(s−i )

= tD
α−1
T φp(

C
0 D

α
t u)(s+i ) + tD

α−1
T φq(

C
0 D

α
t u)(s+i )

which means the fifth condition in (1.2) is satisfied.
From above, u satisfies equation, boundary conditions and impulsive conditions

of problem (1.2), this means u is a classical solution of problem (1.2).

Lemma 3.2. Suppose that (H1)-(H3) are satisfied. Then there exists γ > 0 such
that ϕx(u) > 0 for u ∈ X with ∥u∥X = γ.

Proof. We firstly illustrate some conclusions under assumptions (H1) and (H3).
(h1) From (H1), we infer that |Fi(t, u)| ≤ ai|u|+ bi

ρ+1 |u|
ρ+1.

(h2) From (H3) and Hölder’s inequality, we have

n∑
i=0

∫ ti+1

si

Gi(t, u(t))x(t)dt ≤
√
m

√√√√ n∑
i=0

∫ ti+1

si

g2(t)dt.

Combining with (H2) and Proposition 2.2, there exists constants Ci, i = 1, 2, · · · , 6,
such that

ϕx(u) =
1

p
∥u∥p

Wα,p
0

+
1

q
∥u∥q

Wα,q
0

+

n∑
i=1

∫ u(ti)

0

Ii(s)ds−
n∑

i=0

∫ ti+1

si

Fi(t, u(t))dt

−
n∑

i=0

∫ ti+1

si

Gi(t, u(t))x(t)dt

≥1

p
∥u∥p

Wα,p
0

+
1

q
∥u∥q

Wα,q
0
− T

n∑
i=0

(ai∥u∥∞ +
bi

ρ+ 1
∥u∥ρ+1

∞ )

−
n∑

i=0

(ci + di∥u∥l∞)−
√
m

√√√√ n∑
i=0

∫ ti+1

si

g2(t)dt

≥(1
p
∥u∥p

Wα,p
0
− C1∥u∥Wα,p

0
− C2∥u∥ρ+1

Wα,p
0
− C3∥u∥lWα,p

0
)

+ (
1

q
∥u∥q

Wα,q
0
− C4∥u∥Wα,q

0
− C5∥u∥ρ+1

Wα,q
0
− C6∥u∥lWα,q

0
)

−
√
m

√√√√ n∑
i=0

∫ ti+1

si

g2(t)dt−
n∑

i=0

ci, (3.21)
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which implies there exists γ > 0 such that ϕx(u) > 0 for u ∈ X with ∥u∥X = γ.

Proof of Theorem 1.2. We’ll apply Theorem 2.1 to prove the theorem. Let γ
be defined in Lemma 3.2, M = Bγ(0) ⊂ X. By (2.2), ϕx is continuous, then ϕx is
lower semicontinuous. From (3.21), we have ϕx is bounded from below.
Step 1. We’ll prove there exists v ∈M such that

c− ε < ϕx(v) ≤ c+ ε, c = inf
u∈M

ϕx(u). (3.22)

From Lemma 3.2, one has infu∈∂Bγ(0) ϕx(u) > 0. By (2.1), ϕx(0) = 0. Thus
infu∈Bγ(0) ϕx(u) ≤ 0 and infu∈M ϕx(u) = infu∈Bγ(0) ϕx(u). Let 0 < ε < infu∈∂Bγ(0)

ϕx(u) − c, it is clear that there exists z ∈ M such that ϕx(z) ≤ ε + infu∈M ϕx(u).
By Theorem 2.1, there exists v ∈M such that

inf
u∈M

ϕx(u)− ε < ϕx(v) ≤ ϕx(z) ≤ ε+ inf
u∈M

ϕx(u),

which means (3.22) is proved.
Besides, from Theorem 2.1 for any u ̸= v in M , we have

ϕx(v) < ϕx(u) + ε∥u− v∥X . (3.23)

Step 2. We’ll prove
∥ϕ′

x(v)∥X∗ ≤ ε. (3.24)

Define functional
I(u) = ϕx(u) + ε∥u− v∥X . (3.25)

By (3.23) and (3.25), one has I(v) = ϕx(v) < ϕx(u) + ε∥u − v∥X = I(u) for all
u ̸= v. So v is the minimum point of (3.25). Therefore I(v + ty)− I(v) ≥ 0 for all
y ∈ Bγ(0), and

lim
t→0+

I(v + ty)− I(v)

t
= lim

t→0+

ϕx(v + ty) + ε∥v + ty − v∥X − ϕx(v)

t

= ⟨ϕ′
x(v), y⟩+ ε∥y∥X ≥ 0,

and

lim
t→0−

I(v + ty)− I(v)

t
= lim

t→0−

ϕx(v + ty) + ε∥v + ty − v∥X − ϕx(v)

t

= ⟨ϕ′
x(v), y⟩ − ε∥y∥X ≤ 0,

which means (3.24) is proved.
Step 3. We’ll prove the existence of classical solution u0 of problem (1.2).

By (3.22) and (3.24), there exists sequence {un} ⊂ Bγ(0) such that

ϕx(un)→ c, ϕ′
x(un)→ 0.

By (3.21), {un} is bounded. Because of the reflexivity of X, the sequence {un}
weakly converges to u0 in X. Next we’ll prove that {un} strongly converges to u0
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in X. By (2.2) and Definition 2.2, one has

0← ⟨ϕ′
x(un)− ϕ′

x(u0), un − u0⟩
= ⟨ϕ′

x(un), un − u0⟩ − ⟨ϕ′
x(u0), un − u0⟩

=

∫ T

0

[φp(
C
0 D

α
t un)− φp(

C
0 D

α
t u0) + φq(

C
0 D

α
t un)− φq(

C
0 D

α
t u0)]

C
0 D

α
t (un − u0)dt

+

n∑
i=0

∫ ti+1

si

[|un|p−2un − |u0|p−2u0 + |un|q−2un − |u0|q−2u0](un − u0)dt

−
n∑

i=0

∫ ti+1

si

[fi(t, un)− fi(t, u0) + gi(t, un)x− gi(t, u0)x](un − u0)dt

+

n∑
i=1

[Ii(un(ti)− Ii(u0(ti)](un − u0).

(3.26)

Since un ⇀ u0 in X, we obtain {un} uniformly converges to u0 in C[0, T ]. Let
r = p, q, one has

n∑
i=0

∫ ti+1

si

|un|r−2ukn
(un − u0)dt→

n∑
i=0

∫ ti+1

si

|u0|r−2u0(un − u0)dt as n→∞,

n∑
i=1

Ii(un(ti))(un − u0)→
n∑

i=1

Ii(u0(ti))(un − u0) as n→∞.

(3.27)

The Lebesgue’s dominated convergence theorem implies that for any un − u0 ∈ X,

n∑
i=0

∫ ti+1

si

fi(t, un)(un − u0)dt→
n∑

i=0

∫ ti+1

si

fi(t, u0)(un − u0)dt,

n∑
i=0

∫ ti+1

si

gi(t, un)x(un − u0)dt→
n∑

i=0

∫ ti+1

si

gi(t, u0)x(un − u0)dt.

(3.28)

Substituting (3.27)-(3.28) into (3.26), one has∫ T

0

[φp(
C
0 D

α
t un)−φp(

C
0 D

α
t u0)+φq(

C
0 D

α
t un)−φq(

C
0 D

α
t u0)]

C
0 D

α
t (un−u0)dt→ 0.

Next we’ll show {un} strongly converges to u0 in X. By Equation (2.2) in [27], we
can get the following two results.

If 2 ≤ q ≤ p < +∞, there exists cp > 0 such that∫ T

0

[φp(
C
0 D

α
t un)− φp(

C
0 D

α
t u0) + φq(

C
0 D

α
t un)− φq(

C
0 D

α
t u0)]

C
0 D

α
t (un − u0)dt

≥cp
∫ T

0

[|C0 Dα
t (un − u0)|p + |C0 Dα

t (un − u0)|q]dt

≥cp(∥C0 Dα
t (un − u0)∥p + ∥C0 Dα

t (un − u0)∥q).
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If 1 < q ≤ p < 2, by Hölder’s inequality, similar to the proof of Tian Ge, there
exists dp > 0 such that

∫ T

0

[φp(
C
0 D

α
t un)− φp(

C
0 D

α
t u0) + φq(

C
0 D

α
t un)− φq(

C
0 D

α
t u0)]

C
0 D

α
t (un − u0)dt

≥dp
∫ T

0

|C0 Dα
t (un − u0)|2

(|C0 Dα
t (un)|+ |C0 Dα

t (u0)|)2−p
+

|C0 Dα
t (un − u0)|2

(|C0 Dα
t (un)|+ |C0 Dα

t (u0)|)2−q
dt

≥ dp

2
(p−1)(2−p)

p (∥un∥+ ∥u0∥)2−p
(

∫ T

0

|C0 Dα
t (un − u0)|pdt)

2
p

+
dp

2
(q−1)(2−q)

q (∥un∥+ ∥u0∥)2−q
(

∫ T

0

|C0 Dα
t (un − u0)|qdt)

2
q

≥[ dp

2
(p−1)(2−p)

p (∥un∥+ ∥u0∥)2−p
+

dp

2
(q−1)(2−q)

q (∥un∥+ ∥u0∥)2−q
]∥C0 Dα

t (un − u0)∥2.

By the above, if 1 < q ≤ p <∞, we have ∥un − u0∥X → 0 as n→∞. Then

ϕx(u0) = c, ϕ′
x(u0) = 0.

Therefore, u0 is a weak solution of problem (1.2). By Lemma 3.1, the problem (1.2)
has a nontrivial classical solution.

Proof of Theorem 1.3. As a result of
∫ ti+1

si
Fi(t, 0)dt =

∫ ti+1

si
Gi(t, 0)xk(t)dt = 0

by definition of F , G. Thus, ϕxk
(0) = 0. By Theorem 1.2, for any fixed xk, problem

(1.2) has a non-trivial classical solution uk such that ϕxk
(uk) = infu∈Bγ(0) ϕxk

(u) ≤
ϕxk

(0).
Step 1. We’ll prove that there exists a subsequence {ukn}∞n=1 and ukn ⇀ u0 in X.
By (3.21), we see that

(
1

p
∥uk∥pWα,p

0
− C1∥uk∥Wα,p − C2∥uk∥ρ+1

Wα,p
0
− C3∥uk∥lWα,p

0
)

+ (
1

q
∥uk∥qWα,q

0
− C4∥uk∥Wα,q

0
− C5∥uk∥ρ+1

Wα,q
0
− C6∥uk∥lWα,q

0
)

−
√
m

√√√√ n∑
i=0

∫ ti+1

si

g2(t)dt−
n∑

i=0

ci

≤ϕxk
(uk) = inf ϕxk

(u) ≤ ϕxk
(0) = 0,

which means that {ukn} is bounded in X. Hence, the sequence {uk}∞k=1 has a sub-
sequence {ukn

}∞k=1 which is weakly convergent in X to some u0 ∈ X.
Step 2. We’ll prove that {ukn} strongly converges to u0 in X.

The proof is similar to Step 3 in Theorem 1.2.
The difference is that

∫ ti+1

si
[gi(t, ukn)xkn − gi(t, u0)x0] (ukn − u0)dt→ 0 for i =

0, 1, · · · , n.
In fact, since xkn

⇀ x0 in X one has xkn
→ x0 in C[0, T ]. By Hölder’s inequality
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and the Lebesgue’s dominated convergence theorem, one has∫ ti+1

si

[gi(t, ukn
)xkn

− gi(t, u0)x0] (ukn
− u0)dt

=

∫ ti+1

si

[gi(t, ukn)(xkn − x0) + (gi(t, ukn)− gi(t, u0))x0] (ukn − u0)dt

=

∫ ti+1

si

|gi(t, ukn
)− gi(t, u0)|x0(ukn

− u0)dt

+

∫ ti+1

si

gi(t, ukn
)(xkn

− x0)(ukn
− u0)dt

≤2
∫ ti+1

si

g(t)x0(ukn − u0)dt+

∫ ti+1

si

gi(t, ukn)(xkn − x0)(ukn − u0)dt

→0 as n→∞.

(3.29)

The proof of Step 2 is complete.
Step 3. We’ll prove that u0 is a classical solution to problem (1.2) corresponding
to x0.

Since {ukn} is the solution sequence of (1.2) with xkn , we have

0 =⟨ϕ′
xkn

(ukn), v⟩

=

∫ T

0

φp(
C
0 D

α
t ukn

)(C0 D
α
t v(t))dt+

∫ T

0

φq(
C
0 D

α
t ukn

)(C0 D
α
t v(t))dt

+

n∑
i=0

∫ ti+1

si

[|ukn
|p−2ukn

+ |ukn
|q−2ukn

]v(t)dt+

n∑
i=1

Ii(ukn
(ti)v(t)

−
n∑

i=0

∫ ti+1

si

[fi(t, ukn
) + gi(t, ukn

)xkn
]v(t)dt

(3.30)

for any v ∈ X.
Similar to the proof of (3.29), we have∫ ti+1

si

gi(t, ukn)xkndt→
∫ ti+1

si

gi(t, u0)x0dt as n→∞. (3.31)

Since {ukn
} strongly converges to u0 in X, it remains to show

lim
n→∞

∫ T

0

φp(
C
0 D

α
t ukn)(

C
0 D

α
t v(t))dt =

∫ T

0

φp(
C
0 D

α
t u0)(

C
0 D

α
t v(t))dt.

By Lagrange’s mean value theorem and Hölder’s inequality, there exist a ξ(t) that
is between C

0 D
α
t ukn(t) and C

0 D
α
t u0(t), such that∫ T

0

|φp(
C
0 D

α
t ukn

(t))− φp(
C
0 D

α
t u0(t))|(C0 Dα

t v(t))dt

≤
∫ T

0

(p− 1)|ξ(t)|p−2|C0 Dα
t ukn

− C
0 D

α
t u0|(C0 Dα

t v(t))dt

≤ (p− 1)(

∫ T

0

|C0 Dα
t ukn

− C
0 D

α
t u0|pdt)

1
p (

∫ T

0

|ξ(t)|(p−2)q|C0 Dα
t v(t)|qdt)

1
q
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≤ (p− 1)∥C0 Dα
t (ukn

− u0)∥Lp

(∫ T

0

|ξ(t)|p
) (p−2)

p
(∫ T

0

|C0 Dα
t v(t)|p

) 1
p

.

Because of C
0 D

α
t ukn ∈ Lp[0, T ], we have ξ(t) ∈ Lp[0, T ], C

0 D
α
t v(t) ∈ Lp[0, T ], we

can get (
∫ T

0
|ξ(t)|p)

(p−2)
p and (

∫ T

0
|C0 Dα

t v(t)|p)
1
p is bounded in X. By ∥ukn−u0∥X →

0, we have

lim
n→∞

∫ T

0

φp(
C
0 D

α
t ukn)(

C
0 D

α
t v(t))dt =

∫ T

0

φp(
C
0 D

α
t u0)(

C
0 D

α
t v(t))dt. (3.32)

Substituting (3.31)-(3.32) into (3.30), let n→∞, we have∫ T

0

φp(
C
0 D

α
t u0(t))(

C
0 D

α
t v(t))dt+

∫ T

0

φq(
C
0 D

α
t u0(t))(

C
0 D

α
t v(t))dt

=−
n∑

i=0

∫ ti+1

si

[|u0(t)|p−2u0(t) + |u0(t)|q−2u0(t)]v(t)dt−
n∑

i=1

Ii(u0(ti))v(ti)

+

n∑
i=0

∫ ti+1

si

[fi(t, u0(t)) + gi(t, u0(t))x0(t)]v(t)dt.

Hence, u0 is a weak solution to the problem (1.2) corresponding to x = x0. And, by
Lemma 3.1, we get that u0 is a classical solution to the problem (1.2) corresponding
to x = x0.

Example 3.1. Let α = 5
6 , q = 2, p = 3, T > 0, fi(t, u) = 1

3u
1
3 , gi(t, u) = u

1
2 ,

Ii(u) = 1
2u

1
4 , i = 1, 2, . . . , n in (1.2). And let ai = 1, bi = 2, ci = di = 1(i =

1, 2, . . . , n), l = 4
5 , ρ = 1

3 , x(t) = 1
1+t , m = 1 in (1.2). It’s easy to check that (H1),

(H2) and (H3) hold. Then, by Theorem 1.2., problem (1.2) has a classical solution.
And it’s easy to check that Theorem 1.3. hold.
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