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Abstract In this paper, fractional differential equations of p-g-Laplacian
with instantaneous and non-instantaneous impulses are considered. The exis-
tence result is obtained by using the variational approach. Furthermore, we
establish the dependence on functional parameters for classical solutions of the
boundary value problem with L! right hand side. The interesting points are
p-g-Laplace operator and dependence on functional parameters.
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1. Introduction

In recent years, the study of the fractional differential equations has attached
much attraction, please refer to [4,5,7,8,10-12,15-17, 20,24, 25, 31].

More recently, impulsive differential equations have attracted much attentions
since they can consider the impact of sudden change on the state and can reflect
the changing law of things. Impulsive differential equation includes the differen-
tial equation with instantaneous and non-instantaneous impulses. Instantaneous
impulse appears in the situation that the state is affected by external uncertainty
suddenly, please refer to the monographs of Afrouzi et al. [3], Bai et al. [7], Liang
et al. [20], Li et al. [21], Qiao et al. [23], Yang et al. [30], Zhang et al. [32]. Non-
instantaneous impulse appears in the situation that state is affected by external
environment lasting for a period of time, please refer to the monographs of Agar-
wal et al. [1], Agarwal et al. [2], Bai et al. [6], Bai et al. [9], Khaliq et al. [18],
Li et al. [21], Qiao et al. [23], Zhang et al. [32]. The two impulses often appear
in the same differential system. In [28], Tian and Zhang considered the existence
of solutions for second-order differential equations with instantaneous and non-
instantaneous impulses by using Ekeland; s Variational Principle. In [32], Zhang
and Liu discussed the existence of solutions to the fractional Dirichlet boundary
value problem with instantaneous and non-instantaneous impulses based on the
variational method. In [21], Li and Chen studied the multiplicity of solutions for a
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class of p-Laplacian type fractional differential equations with both instantaneous
and non-instantaneous impulses by using the critical points theorem of B. Ricceri
and obtained some interesting results.

In [35], Zhou and Deng studied the existence of solutions for fractional differen-
tial equations of p-Laplacian with instantaneous and non-instantaneous impulses
tD% ¢p( gD? u)(t)+g(t)|u(t)\p_2u(t) = fi(tv u(t)),t € (Sia tiJrl]’i =0,1,2,...,n,
A(tD’tll"_l d)p( gD? u))(tt) = Ii(u(t’i))ai =12,...,n,
tD%il ¢P((?Dta u)(t) = tD?fl ¢:D(OCDta u)(t;r)at € (tiv si]vi =12,...,n,
tD%il ¢P(gD? u)(sf) = tDja“71 ¢P<(()JD? u)(‘sj)’l =L2,...,n,

u(0) = u(T) =0, where p > 2,a € (1%, 1],

(1.1)
For the problem (1.1), the main result is as follows

Theorem 1.1 ( [35]). Assume that there exist a;, b; > 0, and o; € [0,1) such that
|fi(t,u)| < a; + bi|u|?i, for any (t,u) € [0,T] x R, where i = 1,2,...,n and there
exist c;, di > 0, 6; € [0,1)(i = 1,2,...,n) such that |I;(u)| < ¢; + d;|ul|®, for any
u € R. Then problem (1.1) has at least one classical solution.

In [13], the p-g-Laplacian equation appears in a lot of applications such as plasma
physics, chemical reaction design and biophysics. On the other hand, at present,
people have only studied the kind of fractional differential equations of p-Laplacian
with instantaneous and non-instantaneous impulses, and less on fractional differen-
tial equations of p-¢g-Laplacian with instantaneous and non-instantaneous impulses.
At the same time, the dependence on functional parameters is considered.

One of our main goals in this paper is to consider the existence of a nontrivial
solution of the following fractional differential equations with instantaneous and
non-instantaneous impulses

+DF 6p(§ D u)(t) + «DF dq(§ D w)(t) + ¢p(u(t)) + dg(ult)) = filt, u(t))
+gi(t, u(t))z(t),t € (sitiv1],i =0,1,2,...,n,

A(:DF 6p(§ Df w)) () +ADS™ 6§ D w)) (1) =Li(u(t:)),i=1,2,...,m,
D7 ép(5 D w)(t) = D7 G5 D w)(t), t € (tirsily i = 1,2,..om,
D3 ¢y (§ D u)(t

(D5 0 (§ D7 w)(57) + «DF ! bg(§DF u)(sy) = +D§" 6, (§ Df ) (s7)
+:DF oy (§DF u)(sf)i=1,2,....m,

u(0) =u(T) =0,

)
)

tD%fl (;Sq(thO‘ u)(tj)nf € (ti,s:,i=1,2,...,m,

(1.2)
where a € (%,1}, 1 <q<p< +oo, ¢p(s5) = |s]""%s, s # 0, ¢.(0) = 0 for
r = porq, OCD? , +tDT are the left Caputo fractional derivative and the right
Riemann-Liouville fractional derivative, 0 = sg < t] < 81 < tg < S9 < -+ <
t, < 8y < tn+1 = Ta Ii € C(RaR) and fi € C((Siati+1] X RaR)v Fz(t7u) =
fou fi(t, 8)ds, Gi(t,u) = fou gi(t,s)ds, i =1,2,...,n. Let m > 0 be a fixed number.
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The functional parameter  belongs to the set Ly, = {v : [0,T] — R|v is measurable
and fOT v2(t)dt < m}.
The instantaneous impulses are defined as follows

A(:DF o (§ D w)(t:) = «DF " ¢n(§ DM)ulty) — «DF ™" ¢r(§ DR ulty),
r=pq.

The instantaneous impulses start abruptly at the points ¢; and the non-instantaneous
impulses continue on the interval (¢;, s;].

Now we state our results. First, we need the following assumptions
(Hy) There exist a;, b; > 0 and p € (0,¢ — 1) such that

|fi(t,u)] < a; +bi|ul?, Y(t,u) € [0,T] x R, where i=1,2,...,n.

(Hz) There exist ¢;, d; > 0 and [ € (0, q) such that
¢
/ Li(s)ds < ci + dilt]', V(t,u) € [0,T] x R, where i=1,2,....n.
0

(H3) Gi, gi : [0,T] x R — R are Carathéodory functions and there exists function
g € L?0,T], such that |G;(t,u)| < g(t), |gi(t,u)] < g(t) for a.e. t € [0,7] and all
ue R, i=1,2,...,n.

Theorem 1.2 is the existence result for (1.2).

Theorem 1.2. Assume that the conditions (Hy)-(Hs) are satisfied. Then problem
(1.2) has at least one classical solution.

Remark 1.1. Let ¢ = p and z(¢t) = 0, problem (1.2) is reduced to problem (1.1),
the condition (Hs) become f(f I;(s)ds < ¢; + di|t|', I € (0,p) which improve the
condition |I;(u)| < ¢; + d;|u|%, § € [0,1) in [35].

Theorem 1.3 is about the dependence on functional parameters for classical
solutions to the problem (1.2).

Theorem 1.3. Assume that conditions (Hy)-(Hs) hold. Let {x}72 | C Ly, satisfy
xp — xo in LP[0,T]. Then, for any sequence {uy}7>, of solutions to problem (1.2)
corresponding to xy, there exists a subsequence {ug, }>2; C X and an element
ug € X such that up, — ug in X and that ug is a classical solution to problem (1.2)
corresponding to xg. In addition, ug, — ug (strongly) in X.

Corollary 1.1. Assume that the functions f;, G; and the impulsive functions I;
are bounded, then problem (1.2) has at least one classical solution.

This paper has two novelties. Firstly, comparing with problem (1.1), we extend
the p-Laplace operator to the p-¢g-Laplace operator and prove the existence of the
solution for problem (1.2) in a more general case 1 < ¢ < p < +00. If ¢ = p and the
functional parameter z(¢) = 0, problem (1.2) is reduced to problem (1.1). Theorem
1.2 is a generalization of Theorem 1.1 since p > 1. Secondly, the functional is
dependent on the functional parameter x, which has not been considered before.

The organization of this article is as follows. In section 2, we introduce some
fundamental knowledge, lemmas and theorems. In section 3, we prove the main
results that the problem (1.2) has at least one nontrivial classical solution and the
dependence on functional parameters for the classical solution.
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2. Preliminaries

In this part, we recall some definitions, lemmas and theorems which are useful
to the main results.

Definition 2.1. Let o € (%, 1],1 < ¢ < p < 400. The fractional space

WSP[0,T] ={u: [0,T] = R|u € LP([0,T], R), § DX u € LP([0,T], R),
u(0) = u(T) = 0}

is defined by the closure of C§°([0,T], R) with the norm

T T N
lullwas = ( / Pt + / 6D ulPdt)?.
0 0

Proposition 2.1 ( [26]). Let « € (0,1], p > 1 and the space WP (Q) is reflexive.

Proposition 2.2 ( [33,34]). Let « € (0,1] and p € (1,400). For any u €
WyP[0,T], we have
I'l+«)

C
1§D ular = =

[ul o

Moreover, if a > % and % + % =1, then

T(a)((a—1)g +1)7
1S Dl o > ]| oo

Proposition 2.3 ( [33,34]). Let o € (0,1] and u, v € LP([a,b], R), p > 1. Then
b b
/ o() 1 D u(t)dt — / w(t) o D% v(t)dt,
b -
/ o(t) (D2 u(t)dt :/ w(t) o DO u(t)dt.

Proposition 2.4 ([33,34]). Let a € (0,1] and the space W3*[0,T] and Wi(0,T)
are compactly embedded in C([0,T], R).

Proposition 2.5 ( [29]). Let s € (0,1) and N > 1. Suppose that Q is bounded
domain in RN with Lipschitz boundary 0S). Then the embedding WOS’N/S(Q) —
W N/3(Q) e LU(Q) is compact for all v € [1,400).

Remark 2.1. For W{"P[0,T] and W9[0,7], 1 < g < p < +oo. It is easy to see
W P[0,7] — Wg"'/*[0,T) for a € (1,1]. By Proposition 2.5, Wg?[0,T] <
L¥[0,T), v € [1,400).

Proposition 2.6 ( [19,33]). Letn—1<a <n,n € N and u € AC([0,T]). The
left and right Caputo fractional derivatives denoted by § D u(t) and € DS u(t) are
respectively defined by

1

C Ha _ ! _Tn—oz—lun,r T
§08 ) = ey [ (=

—1\" T
DS u(t) = FEn 1_> ) /t (1 — )"ty (1)dr.
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C D3 ult) = aDf ult) — =2t~ ay,

I'(l—a)
EDgu(t) = D ul(t) — F(?(f)a)(b —t)7

Proposition 2.7 ( [19,33]). Letn—1 < a <n,n € N and t € [0,T]. Denote
the left and right Riemann-Liouville fractional derivatives of u(t) by oDf u(t) and
+ DT u(t), respectively, with definitions as follows

e d" a—n 1 d" ! n—a—1
ODt u(t) = — ODt U(t) = mdtfﬂ A (t — T) U(T)d’r,

dtm
n _1\n n T
D) = (-1)" Gz DF " ult) = et [ et

In particular, for u € W3"?[0,T), it follows
6 D u(t) = oDf u(t), §DFult) = (DFu(t).

In this paper, we shall use the space X as follows.
Define the space X = Wg"" N W with the norm [ulx = [luflwer + [Jullwea.
We shall state the relationship between (Wg"", || - [[wer) and (X, || - [lwe»).

Lemma 2.1. For the space X, the norms || - [[we» and || - [|x are equivalent.
Proof. On one hand, we have

[ullwer < ullwer + llullwea,
T T . .
[ullfyer = (/ |u\pdt+/ 1€ DS ulPdt).
0 0

On the other hand, by Holder’s inequality, we can also get

T T
—4q q 4 q
lalfo + 11§ D ullf, < T ")</0 [ulPdt)? + T ”)(/0 |6 DF ulPdt)»
=T (full)? + T2 (|6 DF ull ).

And, for 1 < q < p < +o0, there exists a ¢ large enough, such that

T T T T
TO-8)( /0 \u|pdt>%+T<1f%>(/0 |5Dfu|pdt)%sd/o [ulPdt+ /0 |6 D ulPdt)>.

Therefore, these two norms are equivalent. O
Lemma 2.2. (W3, |- |lwer) and (X, || - [lwer) are the same.

Proof. We only need to show W5"* c Wi, Vu € WP[0,T], we have u €
L*([0,T], R), and so u is measurable and [, [u[Pdz < co. Since 1 < ¢ < p < 400,
we have [ |u|%dx < oo , therefore we can get u € LI([0,T], R). Similarly, we can
also get § DY € L9([0,T), R). Therefore u € W§9[0,T] and u(0) = w(T) =0. O

Remark 2.2. By Proposition 2.1, we have (Wg"",| - [wa») is reflexive Banach
space, 50 (X, || - [[wer) is a reflexive Banach space.
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Define the functional ¢, : X — R by

u(ti

_1 p 1 q - ) tin
) =g+ e+ | =3 [ A

- " G () a ()t

By using the continuity of f; and I; and assumption (Hj3), we obtain that ¢ is
Fréchet differentiable on X and

(i (10); ) = / 6p(§ D u(t)) (€ DF v(t))dt + / 6o S D& u(®))(§ DF v(t))dt

n tita

2 S P2 + oo + > h(u(t (e

_ Z /.m [fo(t, u(t)) + gi(t,u(t))z(t)]v(t)dt.
- (2.2)

Definition 2.2. A function u € X is a weak solution of problem (1.2), if u satisfies
(@ (u);v) =0 for all v € X.

Definition 2.3. A function u satisfying ; D$ ¢,(§ DS ) (t) + + DS ¢ (S D& u)(t) €
L'(si,tit1], @ = 0,1,...,n is a classical solution of problem (1.2), if u satisfies
the equation of problem (1.2), impulsive conditions and the boundary condition
u(0) =u(T) =0.

Theorem 2.1 will be used in the proof of existence of solutions for (1.2).

Theorem 2.1 ( [22]). Let M be a complete metric space and let J : M — (—00, 0]
be a lower semicontinuous functional, bounded from below, and not identically equal
to co. Let € > 0 be given and z € M be such that J(z) <infayJ + €.

Then, there exists v € M such that J(v) < J(2) < infyd + ¢, d(z,v) < 1,
and for any u # v in M, J(v) < J(u) + ed(v,u), where d(-,-) denotes the distance
between two elements in M.

3. Main results

Lemma 3.1. If u € X is a weak solution of the problem (1.2), u is a classical
solution of the problem (1.2).

Proof. Let u € X be a weak solution of the problem (1.2), then u(0) = (T) =0
and Definition 2.2 hold.
Step 1. We'll show the first equation in (1.2).

For this, we first show that the first equation in (1.2) in the interval (s, T].
We can select a test function v € C§°[0, T satisfying v(¢t) = 0 for t € [0, s,,].
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Substituting v(¢) into (2.2) and by Definition 2.2, we have

T T

6o S D u(t))(C Df w(t))dt + / 60 S D2 u()) (S DF v(t))dt

- / [t u(t)) + gt u(®))(t)]o(t)dt — / ()P~ 2u(t) + [u(t)] o 2u(®)o(t)dr.
! " (3.1)

Using Proposition 2.3 and Proposition 2.6, we have

T T
/ p(§ D u(®))(C, Dff v(t))dt :/ v(t) :DF(dp(§ D ult)))dt. (3-2)

n

Substituting (3.2) into (3.1), and by dubois-Reymond theorem, we have

eDF ¢p(§ D u)(t) + DY dq(§ DF u)(t) + ()P~ *ult) + [u(t) " *u(t)

=fn(t,u(t)) + gn(t, u(®)x(t), t € (sn, T1, (3.3)

which means the first equations in (1.2) is satisfied in ¢ € (s, T].

Next we’ll show that the first equations in (1.2) is satisfied in ¢ € (s;,ti41],
i=0,1,...,n— 1

We can select a test function v € C§°[0, T satisfying v(t) = 0 for ¢ € [0, s;] U
[ti+1, T]. Substituting v(¢) into (2.2) and by Definition 2.2, we have

0§D u®)EDF o) + [ oS DF u(®) (D vle))ds

- /Ai+1 [fit,u(t)) + gi(t, u(®)z()]o(t) = [u)P~>u(t) + |u(t)| T >u()]v(t)dt.
' (3.4)

Using Proposition 2.3, Proposition 2.6 and v(t) = 0 for ¢ € [0, s;]U[t;+1,T], we have

T T
/ p(§ D u(t)) (5, D v(t))dt =/ v(t) 1 DF (¢p(§ D ult)))dt
% % (3.5)

— [ o0 30§ D ).

Substituting (3.5) into (3.4), and by dubois-Reymond theorem, we have
1DF dp(§ DJ w)(t) + «DF g(§ D u)(t) + |u(t)P~2u(t) + |u(t)|*~u(t)
=fi(t,u(t)) + gi(t, u(t))x(t),t € (si,tiya],

which means the first equations in (1.2) is satisfied in ¢ € (s;, i+1]-
Since u € X C C([0,T]) and f; € C((s4,ti+1] X R, R) and assumption (Hs), one
has

(3.6)

+DF ¢p(§ DFu)(t) + +DF g (§ D u)(t) € L (sistis1).
Step 2. We’ll show the third and fourth equation in (1.2).

By Proposition 2.6 we have ;DS u(t) = —% D3 " u(t), so we get
«a C Ha _ _i a—1 C o LP(s; t: 7
tDF ¢p(o Dif ult)) = =2 (eD7™ ¢p(o Dif ul®))) € LP(si,tina],  (3.7)
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1DF ¢4(§ D ut)) = == (:D7 " 6o(§Df u(t) € LP(si tina],  (38)
Hence, we have Dy~ ¢, (5 Df" u(t)), «DF ™" ¢4(§ D ult)) € AC([s, tira]).
Substituting (3.3) into (2. ) and by Definition 2. 2 we have

/0 6p(§ DF u(t)(§ DY o(t))dt + / 64§ DF u(t))(§ Df v(t))dt
+ 37 Lu(t)o(t)
=1

n

=3 [ uons au(§op dt+2 / oD 64(§ DF w(O)i.

i=1

Then using (3.7) and (3.8), we can get
T n
/ p(§ D u(®))(§ DY v(t))dt+ ; ¢q(5 Df u(t))(5 DY U(t))dt+ZI¢(U(t )v(ti)

Z—Z/,M (>di(tD% Yop(§ D u)(t) + 1D ¢g(§ Df w)(1)) dt.

i=1
(3.9)
By integration by parts, one has
— [ d a—1
=3 [ 005 6§ D wi)ae
i=1 7S
. 1 C fia 1 /
==Y v Gt ool + 3 [ i et ot v
i=0
(3.10)

By Proposition 2.3 and (3.10), one has

*Z ) e DT~ 1¢p
:_Z 751)3i 1¢p

”1+Z / D 6, (§ D w) () (1)t

w+2/“ )0 § Dy (Bt

(3.11)
By Proposition 2.6 and (3.11), one has
n 1+1
=S 05 oot ot + 3 [ o §or w§ o v
=0
= v(s; )tD%i1 ¢p(tha “)(Sj) - Z”(t;—l) tD%A ¢p(oc )(t;-&-l)
i=0 i=0
[ c c
+30 [ 6uE D u)(§ D w(oi.
i=1"v i

(3.12)
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Similarly, one has

*Z/M (D5 6§ D u) )t

=Y 0(s])eDg " b (§ DFu)(sH) =Y v(tiiy) e DF ! g(§DF u)(t ) (3.13)
] =0

tita1

=0
+ Z/ Fu(t)(§ Dy o(t)dt.

Substituting (3.10)-(3.13) into (3.9), one has

Z /ts bp(§ Df u(t))(§ Df o(t))dt + Z /ts 0q(§ D u(t))(§ D v(t))dt

+ Zfi(u(ti))v(ti)
=> w(sH) 1D dp(§ D u)(s7) =Y 0(ti1) D8 dp((§ DF u)(t74)
i=0 =0
F D )D€ D w(T) — vl oDE 00§ DF W17
= ~ (3.14)
By Proposition 2.3 and ;D$ u(t) = — % +D3 "t u(t), we have
> [ ot wen(§ o v+ 3 [ 0§ D u)(E D v
—Z / £).D3(6,(§ dt+2 / )03 (64(§ D u(t))dt
- - Z [ 0G5 n(EDE00) 4000 (D5 (D7 0
(3.15)

Without loss of generality, we take the test function v € C§°(¢;, s;] satisfying v(t) =
0 for t € [0,¢;] U (s;,T], i = 1,2,...,n. Substituting v(¢) into (3.14), (3.15) into
(3.14), we have

Z/ G o pr e+ 3 [0 G0s o G0t o

By dubois-Reymond theorem, we have ;D3 ' ¢, (5D u(t)), 1Dy ¢q(§ D u(t))
are constants, t € (t;,s;], ¢ =1,2,...,n. That is

DT 6p(§ DY u(tf)) = D7~ ¢p(§ D ulsy)) = «DF" dp(§ DY ult)),
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DS 6y (§ D5 ulth)) = DF 6, (§ D ulsy)) = DF 0y (§ DR (),

which means the third and fourth conditions in (1.2) are satisfied.
Step 3. We'll show the second and fifth conditions in (1.2).
By Proposition 2.6, one has

3 / " op(§DE u)(§DF o) =S / " (S D ult) (§DF v (1)
i=1 7t i=1 Yt
(3.16)

By Proposition 2.3 and (3.16), one has

3 t’¢,,<ngu(m(gmw(t»dt:Z / DS 6, (S DP b)) () dt.
=1 i =1 i

(3.17)
By D3 " ¢,(§ D u(t)) is constant and (3.17), one has
) / D8 0,(§ D u() (1)
=L . (3.18)
=3 0(s:)+DF " p(§ D ult)) = > v(ti) eDF ép(§ D ult])).
i=1 i=1
Similarly, one has
>/ 6u(§ D u()(§ D' (1))dt
s . (3.19)
Z v(si) ¢+ DY (5D )= > u(ti) eDF g (§ D ult))).
i=1 =1
Substituting (3.16)-(3.19) into (3.14), one has
> w(si) 1D dp(§ D w)(t) =D w(ts) e DF ép(§ DY w) ()
=1 i=1
+Z 5i) D5 dg(§ DR w)(F) =D v(t:) DY 6g(§ DY u)(t))
=1
+ Z Ii(u(ts))v(t:) (3.20)
_Z i ) DT~ 1¢p( u)(s:r) - U(till)tD%il ¢p(oc )(t;+1)
=0
+Z st D 0 (§ D7 w)(sh) =D 0lti41) 1 DF " 6(§ DY w)(tr)-
=0

Without loss of generality, assume v(tx) #0,n <k <n+1,v(s;) =0,i=0,...,n
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v(T) = 0 for all v € W, [0, T}, substituting it into (3.20), one has

n n

> DsT o (DR W) =Y DY (DR u)(t)
i=1 i=1

+ 2 D ea(§DF W) = 3 D 6o(§ D w)(E)
i=1 i=1
=ILi(u(t:)),
which means the second condition in (1.2) is satisfied.
Let v(ty) = 0,n <k <n+1,v(s;) #0,i=0,...,n. Substituting v € Wy?[0,T]
into (3.20), since ;D" ¢, (§ D u(t)), 1 D3 ¢q(§ D u(t)) are constants, one has
(D7 ép(§ D w)(s7) + DT 8§ DF w)(s7)
= D7 0p(§ D w)(s§) + eDF ! 64(§ D u)(s])

which means the fifth condition in (1.2) is satisfied.
From above, u satisfies equation, boundary conditions and impulsive conditions
of problem (1.2), this means u is a classical solution of problem (1.2). O

Lemma 3.2. Suppose that (Hy)-(Hs) are satisfied. Then there exists v > 0 such
that @ (u) > 0 for u € X with ||lul|x = 7.

Proof. We firstly illustrate some conclusions under assumptions (Hy) and (Hs).
(h1) From (Hy), we infer that |F;(t,u)| < a;|u| + =%
(h2) From (Hj3) and Holder’s inequality, we have

Z/tm (t,u(t)z(t)dt < vm Z/M

Combining with (Hs) and Proposition 2.2, there exists constants Cy, i = 1,2, --- |6,
such that

1 u(t 1+1
0a(0) = ulfys + -l aq+2/ dsz/ Fi(t, u(t))dt
n iyt
—Z/ Gt u())z(t)dt

flluHWawauII%v;q TZ%IIUHOO —ull5)

_ Z c —l—d ”qu Z/ it1

+1 l
2(5IIUII€VOW = Cillullwg» = Callullfya.r — Csllullye»)

1
+ (QIIUII%V(?,Q — Callullwga = Csllullfyia.s — Collulliyss)

n

—ﬁiZ/mﬂMpZ% (3.21)
i=0 v S

i=0
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which implies there exists v > 0 such that ¢, (u) > 0 for v € X with |Jullx = 7.
O

Proof of Theorem 1.2. We’ll apply Theorem 2.1 to prove the theorem. Let ~

be defined in Lemma 3.2, M = B,(0) C X. By (2.2), ¢, is continuous, then ¢, is

lower semicontinuous. From (3.21), we have ¢, is bounded from below.

Step 1. We'll prove there exists v € M such that

c—e<pz(v)<cHte, c= in{/fgow(u). (3.22)
ue

From Lemma 3.2, one has inf,csp. (0) pz(u) > 0. By (2.1), ¢.(0) = 0. Thus
infyuep. (0) Pz (u) < 0andinfyen . (u) = inficp (o) pz(u). Let 0 <e <infuesp. (0)
wz(u) — ¢, it is clear that there exists z € M such that p,(z) < e+ infyenr pz(u).
By Theorem 2.1, there exists v € M such that

. B - - .
Jnf o(u) —& < (v) < pg(z) <e+ Jnf P (u),

which means (3.22) is proved.
Besides, from Theorem 2.1 for any u # v in M, we have

0z (V) < g (u) +elju — v|| x. (3.23)
Step 2. We’ll prove
[l (V)] x~ <e. (3.24)
Define functional
I(u) = gz (u) + ¢l|lu — v|| x. (3.25)

By (3.23) and (3.25), one has I(v) = ¢, (v) < @z(u) + €lju — v||x = I(u) for all
u # v. So v is the minimum point of (3.25). Therefore I(v + ty) — I(v) > 0 for all
y € B,(0), and

I -1 - — — Q..
I t) 1) L palo )+ el ty = vl — ou(v)
t—0+ t t—0+ t

= (¢, (v),y) +elyllx >0,

and

i [0 tty) = 1) . pe(vtty) tefotty —vfx — pa(v)

t—0— t t—0— t
(pe(v),y) —<lyllx <0,

which means (3.24) is proved.
Step 3. We'll prove the existence of classical solution ug of problem (1.2).
By (3.22) and (3.24), there exists sequence {u,} C B,(0) such that

Pu(tn) = ¢, @ (un) — 0.

By (3.21), {u,} is bounded. Because of the reflexivity of X, the sequence {u,}
weakly converges to ug in X. Next we’ll prove that {u,} strongly converges to ug
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in X. By (2.2) and Definition 2.2, one has

0 < (@l (un) — @i, (o), up — uo)
= (@ (Un), un — o) — (4 (u0), tn — o)

T
= | 0§ D8 ) = 6,5 DF o) +04(§ D7 wa) = 04§ D7 wo)] § D 1 = o)t

i+1

+ Z/ [l [P~ 21t — |uo [P~ uo + 1|7 2up — fuo| "2 uo] (up — uo)dt
tit1

- Z/ [fits un) — filt,uo) + gilt, un)x — gi(t, uo)w] (un — uo)dt

+§j T3 (uo ()] (1 — o).
(3.26)

Since u, — ug in X, we obtain {u,} uniformly converges to ug in C[0,T]. Let
r = p,q, one has

n tit1 n tit1
Z/ [t |" 2k, (un — ug)dt — Z/ [uo|" 2 ug (w, — ug)dt as n — oo,
i=0 v Si i=0 v Si

Zli(un(ti))(un —up) = Zli(uo(ti))(un —up) as n — 00.
(3.27)
The Lebesgue’s dominated convergence theorem implies that for any w,, —ug € X,

t1+1

Z/tHl filt un)( n—uodt—>2/ fi(t uo) (un — uo)dt,

tit1

tit1
Z/ gz(tvun) ( —UO dt — Z/ t U() —Uo)dt.
i=0 v i

Substituting (3.27)-(3.28) into (3.26), one has

(3.28)

T
/0 [6p(§ D tn) = 6p(§ D o) + ¢g(§ Dff tn) — 0 (§ Df* o) § DY (un — ug)dt — 0.

Next we’ll show {u,} strongly converges to ug in X. By Equation (2.2) in [27], we
can get the following two results.
If 2 < g < p < +o00, there exists ¢, > 0 such that

T
A (65§ D t4n) — (S DF t0) + ba( S D tn) — b § D 110)) § D (1 — p)dt

T
Z%A[meM—ww+wbﬂw—www

>ep(I| § D (un — )P + | § D (un — uo)[|%).
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If 1 < ¢ < p < 2, by Hélder’s inequality, similar to the proof of Tian Ge, there
exists d, > 0 such that

T
/0 [¢p(gD? Up) — ¢p(0CDta up) + ‘qu(tha Up) — ¢q(gD? up)] (?D?(un — ug)dt

> /T 1§D (un — wo)? 1§ D (1, — o)
=P «a a _ «a « _
o (1§DF (wn)|+ 1§D o)) (1§ D ()| + | § DF (o) )27

dp T C (03 P 2
(| 1o Df(un = uo)|Pdt)>
(llwnll + f[uol[)>=> o

dp T C e q 2
(| 16D{(un —uo)|*dt)s
([lunll + [Juo )22 o

d d .

> e — S 7 VT ) = ; 111§ Dg (un — o)
20 (llunll + lluol)?=? 27— (lunll + [luol[)>9

dt

2 (p—1)(2—p)
P

2

(a=1)(2—q)
q

I”.

By the above, if 1 < ¢ < p < 00, we have ||u, — upl|x — 0 as n — oo. Then

e (ug) = c, %(Uo) =0.

Therefore, ug is a weak solution of problem (1.2). By Lemma 3.1, the problem (1.2)
has a nontrivial classical solution. O

Proof of Theorem 1.3. As a result of f;“ F;(t,0)dt = f;f’l Gi(t,0)z(t)dt =0
by definition of F, G. Thus, ¢,, (0) = 0. By Theorem 1.2, for any fixed zj, problem
(1.2) has a non-trivial classical solution uy, such that ¢, (ux) = infucp_(0) Pu, (v) <
©a,.(0).

Step 1. We'll prove that there exists a subsequence {uy, }°2, and ug, — up in X.
By (3.21), we see that

1 1
(Gl = Crllilwes = Colluliie = Collu o)

1
+ (gllwll(évoa,q — Cullurllwgs — Osllun oo — Collurlliy00)

B \/% zn: /ti+l 92(t)dt B z”: ..
i=0 v 5 i=0

Sgpmk (uk) = inf Py, (u) < Pay, (0) =0,

which means that {uy, } is bounded in X. Hence, the sequence {uy}?2 ; has a sub-
sequence {ug, }72 ; which is weakly convergent in X to some uy € X.
Step 2. We'll prove that {uy, } strongly converges to ug in X.

The proof is similar to Step 3 in Theorem 1.2.

The difference is that f:“ lg: (¢, uk,, )xk, — 9i(t, up)wo] (ug, — ug)dt — 0 for i =
0,1,---,n.

In fact, since x, — xp in X one has xy, — o in C[0,T]. By Holder’s inequality
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and the Lebesgue’s dominated convergence theorem, one has

tit1
/ 93 (6w )i, — i(t, uo)zo] (us, — wo)dt

Si

:/ o [9i (¢, uk, )(@k, — x0) + (9i(t, uk, ) — gi(t, uo))wo] (uk, — uo)dt

Si

tit1
- / g3tk ) — gt o) o s, — o)t
S

i

(3.29)

tit1
[ gt o, - o), = o)t

Si

tit1 tit1
<2 / o(t)zou, — uo)dt + / gi(tuk, ) (i, — 0) (uk, — uo)dt

i i

—0 as n — oo.

The proof of Step 2 is complete.
Step 3. We’ll prove that wug is a classical solution to problem (1.2) corresponding
to xg.

Since {uy, } is the solution sequence of (1.2) with zy, , we have

0 :<(p;kn (ukn)v ’U>

T T
- / 60§ D% uk, )(§ DR w(t))dt + / 60§ D%k, )(§ DZ w(t))dt

i+1

n t
3 / (s,
i=0 "%

S50 [ )+ gt Jo(0
i=0 v Si

3.30)

P2 g |12, o)t + S g, (t)o()
i=1

for any v € X.
Similar to the proof of (3.29), we have

t7;+1 ti+1
/ gi(t, ug, )k, dt — / gi(t,uo)xodt as n — oo. (3.31)

i

Since {ug,, } strongly converges to ug in X, it remains to show

T T
lim / 60§ D s, )(§ D w(t))dt = / 60§ D uo)(§ DE (1) )dt.

n—roo

By Lagrange’s mean value theorem and Hoélder’s inequality, there exist a £(¢) that
is between § D uy, (t) and § D& uo(t), such that

T
/0 1695 D e, () — 6§ DF wo())[(§ D w(t))dt
T
< / (0= DIED P2 S DF ur, — § D wol(§ DS ()t

T T
<(p-— 1)(/0 |§ D ur, — § D uol”dt)i(/o €012 § Dt o(t)|4dt)



606 Y. Tian & Y. Zhang

(p—2) 1

T 3 T P
< (p—DII§ D (uk, —uo)|r </0 |€(t)p> (/0 |tha’U(t)|p> :

Because of § DY uy, € LP[0,T], we have £(t) € LP[0,T], §D&v(t) € LP[0,T], we
(p=2)

can get (fOT |E()|P) 7 and (fOT 1§ Dy v(t)|p)% is bounded in X. By |Jug, —uollx —
0, we have

T T
lim /0 p(§ D ur, ) (§ Df* v(t))dt :/0 p(§ Dff o) (§ Df v(t))dt.  (3.32)

n—oo

Substituting (3.31)-(3.32) into (3.30), let n — oo, we have
T T
/0 $p(§ Df uo(t))(§ D v(t))dt+/0 ¢q(§ D uo(t))(§ DFt w(t))dt

== > [ )P 2u0) + o) 2uo (o)t — 3 Fiuo(e) ()
i=0 v Si =1

i+1

+ ; /SI [fi(t, uo(t)) + gi(t, uo(t))xo(t)]v(t)dt.

Hence, uy is a weak solution to the problem (1.2) corresponding to x = . And, by
Lemma 3.1, we get that ug is a classical solution to the problem (1.2) corresponding
to x = xg. O

Example 3.1. Let a = %, gq=2,p=3,T >0, fi(t,u) = %u%, gi(t,u) = uz,
Lw) = i, i=1,2,...,nin (1.2). Andlet a; = 1, b = 2, ¢; = d; = 1(i =
L2,...,n),l=3,p=1% () = %H’ m = 11in (1.2). It’s easy to check that (Hy),
(Hz) and (Hs) hold. Then, by Theorem 1.2., problem (1.2) has a classical solution.
And it’s easy to check that Theorem 1.3. hold.
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