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Abstract This present paper is dedicated to investigate the existence, unique-
ness and minimization properties of weak solutions for a fractional differential
equation in the sense of the i-Hilfer fractional operator, with p-Laplacian in
the i-fractional space ]HI;‘”W. To obtain such results, we use a variational
structure for the main operator of the problem and the Harnack inequality.
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1. Introduction

In this present paper, we are interested in the existence, uniqueness and minimiza-
tion properties of weak solutions for the following fractional differential equation
with p-Laplacian given by

p—2

spy ([apgpae|” EDgr ) ) - S

Igf_l)’¢u(0) — Ig(n_l)’wU(T) =0

(1.1)

where HDZY (1), HDgf‘w() are the v-Hilfer fractional derivatives of order v (% <
v < 1) and type n (0 < 7 < 1) and where Q = [0,7] is a bounded domain in R,
1<p<o00,0<0<1,feLi(Q),f>0andf#0.

We recall that the ¥-Riemann—Liouville fractional integrals and ¢-Hilfer frac-
tional derivatives.

Let I = (0,T) be a finite or infinite interval of the real line R and o > 0. Also let
() be an increasing and positive monotone function on (0, 7], having a continuous
derivative ¢’(z) on I. The left-sided and right-sided -Riemann-Liouville fractional
integrals of a function f with respect to another function ¢ on J = [0, T] are defined
by [35-38]

o f (@)= ﬁ / W) (W (@) = () f () dt (1.2)
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and

10 f (1) = —— / L0 W0 - b @) (@) (1.3)
T T /,

On the other hand, let n—1 < @ < n, withn € N, J =[0,T] and f,¢ € C"(J,R)
are two functions such that ¢ is increasing and ¥ (x) # 0, for all x € J. The -
Hilfer fractional derivative left-sided and right-sided, denoted by HDZ‘f ‘w(~) and
HDZ‘LB"/’(-) of a function f of order o and type 0 < 8 < 1, is defined by [35-38]

a,B; n—a); 1 d\" —B)(n—a);
HDafﬂ/Jf(x) — Iaﬁ'(*' )i (w/(x) dm) I((11+ B)(n—a)ii (z) (1.4)
and
a,f; n—a); 1 d\" —B)(n—a);
HDb,’B’wf(.%') _ Iff )i (_ IO dz) 11(717 B)(n—a) Tﬁf(x) (1.5)

where Ig‘ﬁp() and I?iw(-) by defined in Eq. (1.2) and Eq. (1.3) respectively.

Optimization problems appear extensively throughout the history of Mathemat-
ics, especially the Brachistochrone problem, solved by Newton and Leibniz. Such
problems gained rigor from the 17th century on wards, on the study of differential
equations. A common operator for such equations is the Laplacian, denoted by A,
which appears naturally in the mathematical modeling of many physical phenom-
ena, such as the wave equation, heat flux equation, vibrating membrane equation,
etc. Its uses in math problems are numerous. In particular, in Differential Geome-
try, we are interested in the possible relationships of the A spectrum between two
manifolds, considering some hypotheses as conditions of curvature of these mani-
folds. A natural extension of Laplacian is p-Laplacian, which in turn is generalized
by fractional p-Laplacian. Problems involving fractional p-Laplacian, throughout
the decade, have been gaining prominence, both theoretically and in the context of
applications [4,7,8,12,14,15,21,26].

Problems about the existence, non-existence, regularity and multiplicity of weak
solutions for the fractional p-Laplacian, have been the subject of increasing research
over the years. Once the theory of differential equations, in particular, involving
p-Laplacian problems, started to consider the fractional aspect, new results with a
great impact on mathematics were emerging, and started to attract the attention
of many researchers. Some results can be checked on [1,5,17,27,45].

In 2018, Li and Wei [22] investigated the existence and multiplicity of nontrivial
solutions of fractional p-Laplacian equations of the form

(=A)ju=Af(z,u),z € Q,
u(0) =0, z € R"/Q

A€ (0,00),0<s<A<p<ooand Q CR"” n > 2 isa bounded domain with
smooth boundary.

Giacomoni et al. [16], elaborate an interesting work on positive solutions to the
following singular and non local elliptic problem with  C R (smooth boundary)
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N >2s (0 < s < 1) given by

(=A)su = Ak(z)u™ + f(u)], = €,
u=0, x€R"/Q,

u>0, €

where § > 0, A > 0, f : Rt — R¥ is a positive C? function and K : Q@ — Rt is
Holder continuous function in © which behave as dis(z,dQ)~# near the boundary
with 0 < 8 < 2s.

In 2021, Arora et al. [3], investigated the existence, uniqueness, non-existence
and regularity of weak solutions of the nonlinear fractional elliptic problem given

s K(;u

w(0) =0, inR"/Q,

, u>0, el

where Q C R¥ is a bounded domain with C1'! boundary s € (0,1), p € (1, +00),
v > 0 and Kj satisfies the asymptotic boundary behavior, for any x € 2

By < K@) < G

C1
x

for some 0 € [0, sp|, where for any x € Q, d(z) = dist(z, 00) = infycon|r —y|. The
operator (—A)Z is known as fractional p-Laplacian.

Fractional derivatives and integrals are proved to be more useful in the modeling
of different physical and natural phenomena. The p-Laplacian fractional boundary
value problems related to nonlocal conditions have many applications in various
fields: non-Newtonian mechanics, nonlinear elasticity, combustion theory, popula-
tion biology, and other [2,9,20,24,25,28,29]. Fractional differential systems with
p-Laplacian operators have also tremendous attention. Once it made discussions
about fractional differential equations with p-Laplacian interesting and important,
there was an exponential growth of works published in the literature. What is
noticeable is that, over the years, the fractional calculus has consolidated itself in
several areas, and has proved to be very important to explore problems in other
areas [6,18,19,39-44]. There are many papers concerning fractional differential
equations with the p-Laplacian operator that address the existence, uniqueness,
multiplicity of weak solutions. Here we will highlight a new theory that has been
built using the -Hilfer fractional derivative to attack variational problems [31-34].

In 2021 Sousa et al. [33], investigated the existence and non-existence of weak
solutions to the nonlinear problem with a fractional p-Laplacian given by

Hv 1Y ([HDv1v g (o P2 HDY Y ¢ () ) = Me(2) P26 () +b(2) € ()91 € (
T or &) o &) ) =g (@) [P (z) +b(x) € ()T (),

I e0) =1V TAT) = 0
(1.6)
where HDZ (1), HDS’JZW() are the ¢-Hilfer fractional derivatives left-sided and
right-sided of order % <v<landtypen (0 <n<1),1<g<p-1< o0,

be L*>®(Q) and Igf:zfl);w(_), Igﬂ(nfl);w (+) are ¢-Riemann-Liouville fractional integrals
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of order n(n —1) (0 < n < 1), for all z € Q := [0,7]. In the same year, Sousa
[32] discussed necessary and sufficient conditions for Eq. (1.6) and investigated the
bifurcation of solutions through the technique of the variety of Nehari and Fibering
maps.

Before stating precisely our main results, let’s introduce the energy functional
and the definition of weak solutions.

Let 9(:) be an increasing and positive monotone function on [0, 7], having a
continuous derivative ¢'(-) # 0 on (0,T). If 0 < v <1 and 0 < 5 < 1, then

/OT (HD ) 0(t)dt = / £(t) DY (zf(tt))) dt (1.7)

for any £ € AC! and 6 € C* satisfying the boundary conditions £(0) = &(T') = 0.
From Eq. (1.1), yields

T . ' 2 . T
/ HD;’W/’ <’HDgfwu(x)‘ HDg’f’wu(m)> dr = f (z) dz.
0

o u’(x)

From ¢ € C§°([0,T],R), yields

T — T
[ (g mDgr ) ) stede = [ L otwra
0 u(x)

0

Using Eq. (1.7), we get

T
/ HD;,n;w <‘HDSf;¢u(JL‘)
0

T _
:/ ’HDgf;wu(x)‘p ’ HDS’_:';wu(x) W' (x) HDSf;w (j’iﬁ)) dz.  (1.9)
0

If HD;’TW <$((a;))> = ﬁ HD;’";w(b(x), for all z € [0,T], then Eq. (1.8), can

p—2

HDSf“’u(x)) o(z)dx

be rewritten as

T _
[ [Eosza| " mogreu) mogrsr = [ 40 s
Consider ¢ = u, yields
T T
/ ’HDgl’ wu(m)‘p dx = / u=0(2) f (z) da. (1.10)
0 0

So, from Eq. (1.10), we have the functional associated to Eq. (1.1), Eg,n cHy Y —
R, given by

e :
0 — Hpyv.m¢
E, ,(u) := 5/0 ‘ Dy u(a: dx — - 0/ x)dz.

Definition 1.1. A function u € HZ"" it is called weak problem solving Eq. (1.1)
if u > 0 in [0,7] and the following identity is valid

T e P o | T (@)
/ ’HDgfwu(x)‘ HDgf’wu(w) HDgf’wgo(x)dx :/ i )d:c (1.11)
0 o u\r

Vi € Hym.
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Although highlighted above some papers on fractional differential equations with
p-Laplacian, there are still open questions. In particular, it is worth noting that
fractional differential equation problems involving p-Laplacian, discussed over a
variational structure with the v-Hilfer fractional derivative, is very restricted. In
this sense, one of the reasons for the elaboration of this paper is to expand and
contribute to the growth of the area, in particular, to the theory of fractional dif-
ferential equations and variational problems.

Inspired by the above papers and open questions, we will now highlight the
main contributions to be discussed in this paper. The contributions obtained in
this paper are divided into two stages.

In the first step, we investigate the existence and uniqueness of weak solutions for
the fractional differential equation with p-Laplacian (see Eq. (1.1)), in other words,
we will investigate the following results:

Lemma 1.1. Letu € Hg’";w ([0,T],R) non-negative, satisfying

_ T
/ (o) FD ) D () do = [ u]:ggaw(fﬂ)dx

Vo (x) € C§° ([0, T],R). So u is a weak solution to Eq. (1.1).

Theorem 1.1. Suppose f is a non-negative function on L ([0, T],R) and 0 < v <
1. Then, the Eq. (1.1) has a unique solution u € ]HIZ’"?‘/’.

In the second step of this paper, we investigate that the energy functional asso-
ciated with Eq. (1.1) has a unique minimizer and that this minimizer is the weak
solution u of Eq. (1.1) in other words, let’s investigate the following results, namely:

Lemma 1.2. Let 0 < < 1. The functional E?,m : Hg’"”p — R has a unique
minimizer, which is nonnegative.

Lemma 1.3. The solution u, found in Lemma 3.1 is the only positive minimizer

of the functional
T
e A COIAEEE

on what

1 1\ .
)14 gt ) 1_9(n> =0,
() ift <0.

Theorem 1.2. The u solution found in Theorem 3.1 minimize E‘Zm with 0 < § < 1.
Theorem 1.3. Let 0 <v <1 and 0 <n < 1. We have

. P o P
HHDSf’wug = min{HHDgﬂwvH (v E M}
P P

with 0 < 0 < 1.
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A natural and important consequence of the results investigated here is that
they are valid for a wide class of particular cases, that is, from the choice of ¥ (-)
and the limits § — 1 and 8 — 0, we have a wide class of particular cases. A special
case is for v = 1 and ¢ (t) = t (integer case), that is, the following problem given by

1N P2 s f(z)
(W@r™ w@) = 505

u(0) =u(T) =0,

where u' is the classical derivative.

In the rest, the paper is organized as follows: In section 2, we present some
variational results that are of paramount importance to obtain the main results of
this paper. In section 3, we investigate our first main result, that is, the existence
and uniqueness of weak solutions for the fractional differential equation with p-
Laplacian. In this sense, we investigate minimization properties for the functional
energy E, , o referring to Eq. (1.1), closes section 4.

2. Preliminaries framework

In this section, we present definitions and results involving fractional operators and
variational structure, essential to investigate the main results of this paper.

Definition 2.1 ( [32,33]). Let 0 < v < 1,0 <n < land 1 < p < co. The
i-fractional derivative space HZ*”W = H]’;’"‘w ([0,T],R) is defined by the closure of
C§° ([0,T],R), and is given by

Hg,n;w
= {u e L7 ([0,T],R); BDY "y € L7 ([0, T],R) , I D (0) = TV D (T) = 0}
— T (0,118 (2.1)
with the following norm

- p \1/p
lullgge = (el + || Do ) (2:2)

where HDgf;w (+) is the 9-Hilfer fractional derivative with 0 < v < land 0 <n < 1.

Choosing p = 2, in definition Eq. (2.1), we have the v-fractional derivative space
HY"Y is defined on Cg° ([0, 7], R) with respect to the norm [32,33]

- - , 1/2
||U||H;-,n;w = (/ |u (:17)|2dx+/ ‘HDgf;wu(x)’ dx) .
0 0

The space H5"? is a Hilbert space with the norm [32,33]

T 9 1/2

with0<rv<land 0<n<1.
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Proposition 2.1 ( [32,33]). Let 0 < v <1,0<n<1and1l <p < oco. Assume
that v > 1/p and the sequence {uy} converges weakly to u in Hg”m’ i.€., U — U.
Then up, — u in C ([0,T],R), i.e., |u— uk|, — 0 as k — oco.

Proposition 2.2 ([32,33]). The space H;’”W’ is compactly embedded in C ([0, T] ,R).
Proposition 2.3 ( [32,33]). Let 0 < v <1, 0<np <1land 1l < p < oco. The

fractional derivative space ]HIZ”W s a reflexive and separable Banach space.

Theorem 2.1. The space (Hg’"’w, H'HHu.n,w) is uniformly conver.
D

Proof. Indeed, let p € [2,00). Then for each z,w € R, it holds

p p

<

z—w
2

z+w
2

(217 + [w]?).

N =

Let £,¢ € HZ’”’“’ satisfy ||§||H;,n,w = ”C”H;*"’”’ =1,and||€ — CHH;*””J’ >e€(0,2].

Then, we have
P T
= / dx
H;m,w 0

£4¢
2
. /T < HDU ¢ () +H DYV (2)P ) o
0

2
1 H P H P
5 (DL @) + Dy (@) da

’ "D E(x) M DR ()P

2

§—¢

2

y

v,
H,

VAN
D= S—

(Nellggns + Ul ) =1

which yields
p

HH <1- (5>p. (2.3)
2 H;,n,w 2
On the other hand, if p € (1,2) then for each z,w € R it holds
’ ’ 1
z+wl? z—wl? 1 =T
< | =(|z|? p . 2.4
: 2| < (G0 1wm) (2.0

A straight forward computation proves that if v € ]HIZ”W then H |HDg’fr7’w§\p -
p—1

HCH%;%U}‘

p/ pl
Let (1,¢, € HY™ then ’HDgfv%’ ,‘HDgfv%’ e LP~1([0,T]) with 0 <

p—1 < 1 and according to

Hpyvmt - p | Hpvmt - p Hpyv ¢ - p Hpyvn¢ - (p
|Eogrear s poprrar | s Eopear| | |EDirrar]|
" (2.5)
consequently
G+ G| G — G|
2 H;,n,w 2 H;,n,w
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v Cl + CQ P v Cl - CQ b
H;’_"iw H;ﬁ:iw
v +G\ [ v ¢\
< ‘HDoi“/’ (Cl 5 CQ) + ‘HDoi“" <C1 5 C2> (2.7)
Hyfiw
— _1
T [ | Hpyv:n H vt - [P [ Hpyvmo H vt - |7 pt Pt
Dy ¢+ D" G D" ¢ = Do " G2
= 5 + 5 dr| (2.8)
0
o e
1 v P y P P
S 5/ (’HDof’wQ’ + ‘HDof’wCzl )de] (2.9)
0
1, 1, =
= (2 €1 gmw + 5 ICQIIH;,W> : (2.10)

For &,¢ € Hy™¥ with [|€]lgwnw = [|¢]lgzne = 1 and [[§ = Cllgyme > € € (0,2],
we have

P o
X4l <1 (5) (2.11)
2 2
From (2.3) and (2.11) in either case there exists §(¢) > 0 such that || + CHH;W‘P <
2(1—4(e)). O

Next we present the Harnack’s inequality in the fractional sense with respect to
another function.

Theorem 2.2 ( [30]). Let t, > 0,0 < 01 < 03 < 03 and p > 0. Let further v €
(0,1), 0 <n <1, 9¥(0) =0 and up > 0. Then for any function u € Z (t.,t« + o3p)
and that satisfies

Y (u—ug)(t) = 0, a.a.t€ (ty,t, + o3p) (2.12)

th€7 € hOldS th@ Znequalzty
Sup u 030 mru ( 3)

where W— = (t. + o1p, ts + 02p) € W+ = (L + 02p, s + 03p).

Theorem 2.3 ( [13], Schaefer’s Theorem). Let X a real Banach space and A : X —
X a continuous and compact application. Suppose the set

{ve X,u=MA(u), for some 0 <\ <1} (2.14)
be bounded. So A has a fixed point.

Proposition 2.4 ( [11]). Suppose that f : Q@ x R = R is a Caratheodory function
and satisfies the following growth condition:

|f(z,8)] <Cls| +b(x), x€Q, scR
wherein C > 0 is a constant, ¢ > 1, b e LY (Q). Let F: Q x R — R defined by

F(z,s) = /0 F,7)dr
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Then:
1) F is a Caratheodory function and there are ¢, > 0 and ¢ € L () such that

|F(z,s)] < cafs|? +c(z), 2 € Q, s R

2) The functional ® : L1(Q) — R defined by
b(u) = / F(z,u(z))dz
Q
is of class C'' and the Frechet derivative of ® in u is the functional defined by
T ’
@) = [ S ulz)o@)ds, ue L), ve 17/(9)
0

Lemma 2.1 ( [10]). Let z,y vectors in R™. So there are positive constants ¢, and
¢p that only depend on p, such that

~ ~ oz —yl" 7", ifl<p<y,
“Pp(w) - \Pp(y)’ <¢p s ' (2.15)
(Il +1y)™ " e —yl, if p = 2
and
w ifl<p<?2
(To) = By0)) (2= 9) 2 % (al + o) - (2.16)
lz—yl”, ifp=>2

for all z,y € R™ — {0}.
Theorem 2.4. Let uy,us € Hg’ﬁ;w such that

T Hy V5% P2 g v HyvmY
DG (@) EDY () FDE () de
0
2

T
v,n; p= v,n; v,mn;
S/ ’HDowa(x)‘ HDof’wW(JJ)HDof’w‘P@)d@" (2.17)
0

for all ¢ € Hg"ﬁ;w, © <0. Hence, u; < ug a.ein [0,7T].

Proof. Consider (u; —u2)™ = maz {u1 — uz,0}. So (uy —ug)™ € HYPY, because
Uy, Uy € Hgﬁ?w. We also have,

HDV:UHZJ U — U + ifu; > us
HDET (g —up)t =4 T ( " ’ (2.18)
0, if up < usg.

Using the hypothesis for ¢ = (u1 — uz)™ and u; > usg, yields

0 z/OT < e uQ(x))

XM DG (ur () — us(z)) o

p—2

Dy, (x) ui () — [FDG Y us(x)
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g Hyv:n:% P2 Hyv:m:% P2
:/0 ‘ Dg” ul(m)‘ uy(x) — ‘ D uQ(x)‘ uz(x)
xH Dgf;w(ul(m) —ug(x))dz.
But by Eq. (2.16), we obtain

‘p72 ‘p72

<’HDgf;wu1(x) uy(z)— ’HDgf;qu(x) uz(x)) HDgf;w(ul (x)—uz(x))>0.

Therefore, Qg := {z € [0,T],u1(x) > uz(x)} has null measure or

. p—2
(grae

uy(w)— ’HDsf;qu (z)

e uQ(x)> HDY (1 () — g (x)) = 0.

a.e in wy.
The last condition cannot occur. In fact, otherwise we would have from Eq. (2.16)
that u; — us = 0 a.e in wg. Therefore, 2y has null measure. O

Corollary 2.1. Suppose that u € Hg‘ﬁ?w is such that

p—

T 2
/ ‘HDf)’f;wu(ﬂc) HDY 1%y () BDY Y o(z)da > 0 (2.19)
0

for all ¢ € Hgﬁ?w, ©>0andu>0. Hence, u >0 in [0,T].

Theorem 2.5. Let uq,ug € Hg’ﬁ?w(ﬁ) NC°%Q) such that

T ) p—2 . .
[ D )| MG (o) DG o)
0

p

T -2
< / D () [ DY s () MDA () e (2.20)
0

for all p € Hgﬂﬂ/}, © >0 and up < ug in [0,T]. So, exactly one of the following
possibilities occurs: uy = ug in [0,T] or uy < ug in [0,T].

Proof. Suppose the existence of a certain z € € such that u(zg) = 0, define the
following set
A= {z € Qu(x) =0}.

We have A # 0 and since u is a continuous function it follows that A is a closed
interval in Q. If  is open, there exist 6 > 0 such that (xq — 55,29 + 56 C ). By
the Harnack’s inequality (Theorem 2.2) with respect to v, there are ¢,s > 0 such
that

[lv]] <es  inf  w.
(Iofts,x()‘f*(;)

As u >0 in Q and u(zg) = 0, follow that inf(, 5,45 u =0, so

/ lu(s)|?ds = 0.
($0—5,10+6)

With « > 0 and continuous it follows that u = 0 in (z¢ — J, 29 + ¢). Therefore,
A is an open interval. Since € is connected, we must have A = ). Therefore, u = 0
in Qoru>0in Q. O
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Corollary 2.2. Suppose that Q2 in open domain. If u € Hg’ﬁ;w(ﬁ) such that
T H v w p_2 H v w H v w
/0 ‘ D" u(x) Dy u(z) D" p(x)de > 0 (2.21)

for all p € Hg’ﬁ;‘/’(Q), 0 >0and u >0 in Q. So, exactly one of the following
possibilities occurs: uw =0 in Q or u > 0 in €.

Before attacking the main results of this paper, consider the following problem

—Apu = f(z),inQ,
u(0) =0, o9,

(2.22)

where (2 is the ball of radius R centered on the origin and f € L>°(Q) is radial, that
is, f(z) = f(r) where r = |x|.

Theorem 2.6 ( [8]). Suppose that in Eq. (2.22) have Q = Bgr(0) and f(x) = f(r)
where r = |z|. So the only solution of Eq. (2.22) is given by

u(r) = /TR Py (/09 (;)N_lf(S)ds> do

where 1,y is the inverse of P, (t) = [t[P~2t.

Consider the following fractional problem given by

Hpvnv | |[Hpvmv P72 Hpyra —

oy ([ uto)[” M0 ) ) =g (o),
(2.23)

Igfil);wu(O) _ Ig("fl)"/’u(T) -0

g € L (0,T],R), 0 < p < 1andyp = % The condition of bounded will be
extended with u € HZ".

Definition 2.2. Let 0 < v < 1and 0 < 5 < 1. A function u € Hg’”;w is called
weak solution of the Eq. (2.23) if the following identity holds

T . p—2 . . T
/ ‘HDOﬂ’¢u(x)‘ HDOf’wu(x) HDOf’wgo(a:)dx :/ g (z)dx (2.24)
0 0
Vo € HY"¥ and Vz € [0,T].
Lemma 2.2. The functional E, ,, : Hg”“w — R given by
0 R - P ’
B (u) = /O g )| - /O g(@)u (z) do (2.25)

u € Hg’”?’/’ is of class C* and

p—2

(B, (u),0)= /0 T( ‘HDgf‘%(x)‘

Vo € HymY.

Hpy ) HDgﬂ%(x)—gu)u(x)) da
(2.26)
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Proposition 2.5. Let u be a weak solution to the Eq. (2.23) with f € L*°([0,T],R).
Then, u € L*>([0,T],R) and

1
lul < [fI1&" ¢

on what ¢ is a torsion p-function of [0,T).

Proof. Let ¢ a torsion p-function of 2, that is, the solution of

-2
HDy (D o) HDE o) ) =1, i o
2.27

¢ =0.

Since {2 is bounded, there exists a interval B = [0, R] such that Q C B. Let ¢
be the torsion p-function of B. As the function 1 is radial it follows from Theorem
2.6 that @ is radial and using the functions &,(t) = [t[P72t and &y (t) = [t|P ~2t, we

have
R 0 N-1 R P —1 1—p
S 9 N p ’ ’
= / — = —_— = P _ P
2(0) = /r & (/0 9) 0 /r (N) 0 P’ <R " )

that is,

N1
Extending ¢ as zero out of ) and noticing that ® > 0 into B, yields

®(z) (R” — |z, = € B.

¢:=(¢— @)t e HYP¥(Q) NHL PV (B).

Thus,
v p—2 von: v,m;
/Q’HDof’wéﬁ(x)‘ "D ¢(z) FDG Ve () dae
Q
. p—2 3 ;
— [ [Dgzte)| MDY ag) DG e(e)ds
B
. p—2 3 i
— [ ["ogz e[ MDY TDgr e,
that is,

14 M p72 v,n; v N p72 v 3
[ (oo™ mio) - g Togre) |
x HDEIYe(z)de = 0.
Soon,
Hyv,m% P2 g | HRym P2 v
A Dy o(x) Dy o(x) Dy (x) Dy /" ®(x)

x HDYI Y (¢ — @)+ (2)da = 0
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implies that
/. ([0 o] # o) - [ogr e #Dgrta) |
x I_{Dgf”p(gb — ®)(x)dx = 0.
So, follow from Eq. (2.16),
Hpyive — BDYIYe = 0, q.t.p
in {z € Q;¢(x) > (x)}. So, HDS"_{_W)(gi)—<I))Jr =0, q.t.pin Q and then (¢p—P)" =
in Hg"ﬁ;w(ﬂ). Therefore, ¢ < ® q.t.p in Q. Furthermore, it follows from the

Corollary 2.1 that ¢ > 0. Thus, 0 < ¢ < ® and, as ¢ is bounded, we have
¢ € L>®(Q). In Q we also have

v,m; v,mn; p_2 v,mn;
"Dy (‘HDof’w“(x)‘ HDof’w“(x)>
£< il
v, v, — p—2 v,n; —
= oy (R (1L o)| " mDgr (1 otw)) ).

in the weak sense. Similarly,

v,m; v, p—2
Hpy (RD (u(w)

MDY (-u(w)
== 1p 20D ([FDgrtu)| D))

-

S (e () | e A ()

in the weak sense. Thus, by Theorem 2.4, yields

IA

Jul < NP~

and as, f,¢ € L>(Q), we concluded that u € L>(). O

Theorem 2.7. Suppose Q = [0,T] is a bounded domain and g € L” ([0,T],R).
So, the Eq. (2.23) has a unique solution u € HZ”W in the weakly sense.

Proof. The proof of this result will be discussed in two steps.
Step 1: Existence.
Note that the functional

Bua =5 [ rogrou] - [ g

with u € Hg,n;w is well defined, because by the inequalities of Holder and Poincare,
we obtain

1 . P
Bun()l < - [FDGT ]+ gl Nl
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< Hu||H;,n:w([o7T]7R) tc ||g||p/ ||U||H;m;w -

SRR

Thus, it follows from the Holder and Poincare inequalities that

Eyp(u) > - ||UHH;:W=“'([0,T],R) - ||9||p/ ||qu

> ”uHH;r”""([o,T]R) —cC Hgllp/ HUHHZ’;“I?’P . (2'28)

"V

1
So, like the function p(t) = —t¥ — c||g|,, ¢ is lower bound, it follows that
b

pe=inf E,,(u) > —oc. (2.29)

uEH;’"”/’

We have that there exists a sequence {ug} € H¥ such that
lim E, ,(ug) = p. (2.30)
k—o0

Thus, the sequence (E, ,(uk)ren) is bounded in R and then it follows from
Eq. (2.28) that there exists is M > 0 such that

1
> ek gz = €1 s etkllggyneo < M, Vh € N (2.31)

Therefore, {uy} is a bounded sequence in HZW”", because

lim p(t) = 4o0.

t——+oo

As Hg’"?w is reflexive, without loss of generality taking a convergent subsequence

{ur} ey, there exists u € HZ"¥ such that u, — u weakly in HZ"%. Consider the
function

F(w) = /Tg(:v)w(:v)dw, w e Hg””w
0
follows from the Holder inequality, follows that
[E(w)| < [lgll, ],
and then F € H'fgf¢. So, F (ux) — F(u), that is,
T

T
lim g(z)ug(x)dx = f(@)u(z)de. (2.32)

k=400 Jo 0
Observe that

1 T
Bu() = >l = [ gle)ua)da

1 ot
p(kgrfoolnfukH;,n;«b) —/0 g(z)u(z)dx

P
| g
= klggo inf (p Huk||H;,n;q/, —/0 g(x)uk(x)dx>

IA
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T T
+lerI;o (/0 g(x)uk(x)dxf/o g(x)u(x)dz)

T T
= lim inny,,,(uk)—&—lenolo (/0 g(a:)uk(x)dx—/o g(x)u(x)dm) .(2.33)

k—o0

Taking k& — oo on both sides of inequality (2.33), follows from Eq. (2.30) and
Eq. (2.32) that E, ,, (u) < p.
On the other hand,
pw= inf <E,,(u).

wGHZ’""p

So E, ,,(u) = p then v minimizes E, ,, ,. Therefore, it follows from Lemma 2.2
that u is a weak solution to the Eq. (2.23).

Step 2: Uniqueness.

Let uy,us € Hg”’?w weak solutions of the Eq.(2.23) for ¢ = ¢1 and g = go,
respectively. Thus

. . p—2 .
HD;m,w (‘HDSf’wm(x)‘ HDgf,wul(xO
Hpyvnv [ |[Hpyvme P72 vt T
_ HpY, ‘ DY uQ(x)‘ DY s (x)
= (g1 — g2, u1 — uz)

and then follows from the inequality (2.16) that
-2
HD;n;w (’HDgf:’wul(:c)’p HDSf;wuﬂw))
< : . p—2 . UL u2>
-y (g st R ) )

g Hmyv.n:¢ p=2 Hyv:n¢
_ ‘ Dy ul(x)‘ DYy ()
0

. p—2
— |"DE I uy(x)

HD§ Yy (2), F DY (ug — u2)> dx

p—2
dx, if p>2

T
| s - ) @)
0

’HDVJMZJ (2.34)
_pdﬂc, if 1l<p<2.

2
AW B (1 — ) (2)
| r— T
0 (’HDgf’¢u1(x)‘ + ’HDSf’qu(x)D

So for p > 2, yields

T e P 1
/ ’HDof’w (u1 _u2)(l’)‘ dx < C*<91 — g2,U1 — U2)
0 p

A

1
< g1 - gall s — sl
Cp

A

< 2l = g2l o — vl
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that implies

S, \ 7 o
s = el < (22) 7 o -l

For 1 < p < 2, we get
2
[EDET (11— ) ()

T
/ G dx
0 (‘HDgf;wul(x)‘ + )HDSf;wuz(x)D

1
— (g1 — g2, u1 —u2) < —[lg1 — 92||p/ flur — U2||p
Cp Cp

P
<l = 9l 1 — vl
By the Holder inequality, we have
T .
| P - ) @

‘HDgim/J (

p

dzx

p

uy — uz) ()

<

p(2—p)
2
) 2
P

p(2—p)
Pl

(‘HDgf;wul(x)’ + ‘HDgf;¢u2(x)

(o]« [0iz o)

2

p
§g g1 — 92||p/ [lur — UQHHZ’"”"([O,T],R) :

Combining these last two inequalities, we obtain

T
/ ‘HDW (w1 — u) ()
0

p

dzx

p
2

S,
<( % g gal s vl o

2—p

)pdm>2

. P .
’HD MYy, Wz )‘ —&—‘HDOf’wuz(l‘)

P
2

p(2—p)
2

<< g1 — g2|l, |U1—u2||H;>W([O,T1,R)>
(o, «[se],)
p

and then

P

lur — usl|Z, .0 5
— S
2(r—2) < <Cp ”91 - 92||p’>
e P

2
(I

v,
Hp

From Eq. (2.35) and Eq. (2.36), follows that g1 = g2 then u; # us.

(2.35)

(2.36)
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Remark 2.1. For each u € H;’”‘w, we get

p—

(o ([ (o
T .
_ /0 [TDg ()

-1
Hpyvmv, ||P Hpyv:m¢
< [[Fogz] - [ogz,

: HDS:E;%@)) ¢>>]

p_2 v,m; v,n;
D u(e) B () da

: : p—2 :
and then HDXY ‘HDSJZwu(m)’ HDg’f’wu(x)> u € H™. So we have

Hywn:¥ [ [Hpyv v P72 g v v,
D7 ’ Dy u(x)‘ Do u(x) ) « Hpy™ — H"". Note that for g €
H;;n;w’
l9(w)l < Nlgllgmew llullggyne

Yu € Hz’”?w and, we conclude that the Theorem 2.7 remains valid. Therefore, the
. . P2 . .
operator HDY¥ (‘HDgﬁqbu(x)’ HDgf’wu(x)> cHy Y — H;;"’w is bijective.
Theorem 2.8. Let = [0,T] C R a bounded domain. Then:
. . p—2 . .
(1) HDY¥ (’HDgﬂwu(z)‘ HDsf’wu(x)> : Hpmv — Hg;mw is uniformly
continuous in bounded sets for 0 <v <1 and 0<n<1.
- i p—2 Y - B
(2) <HD17'J"’ (‘HDSf’ u(x)‘ Hpg u(z))) cHymY — B is con-
tinuous for 0 <v <1 and 0 <7 <1.
. ‘ p—2 ‘ -t
(3) The operator (HDZJ"’¢ <‘HDgf’wu(I) HDSf’wu(x)>) : H]’;’”W’ —

]HI;;’W — L4([0,T],R) is compact if 1 <qg<p*,0<v<land0<n<1,in

PR pr < 13
pr={ 1-vp (2.37)

0, ifp>1.

Proof. (1) Consider C C Hgmw ([0,7],R) a bounded set, that is, there exists
3M > 0 such that
||u||H;"’I;’d’ < M, Vu € C.

p—2

We prove that AL ¥u(z) := HD;’"W (‘HDS’J?WU(:C) HDSf%L(x)) is uni-

formly continuous in C.
Indeed, let u,v € C. Thus,

| ALY () — ALV ()|

/R
H "

T
= sup / <A;’7’”pu _ A;m;wv’H Dgf;w¢> da:
0

”¢”Hzni;w
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T
.
|‘¢|‘Hzm:w:1 0

. p—2 .
X ‘HDgf’wv(x)‘ HDgi”wU(x)

p—2 Vo
‘ HDof’wU(x) -

Dy u(a)

‘HDgf?%(x) dz.

So if 1 < p < 2 then, we obtain

||Az,n;wu _ A;m;wu|

v,y
H—Hp,

T _
< HDu,n;w o HDVJMZJ p=2 HDVJMZJ d
Cp Sup o or () op o) oro(x)| dx

\|¢\|H;,n;w:1
Hyv,m5% Hyv,n;% Pt Hyv,n5%
<c¢, sup ‘ Dy u — "Dy Dy ¢H
\|¢\|Hu,n;w:1 p’ p
P
Hyv:m3% Hpyvmw, [P
=cp||" Doy u — TDg v (2.38)

Also, for p > 2, yields

||AZ’7”¢u _ Azﬂz;wu|

p—2
5159 S cp Sup <||’LL|| . HU” . )
H;/” ) ‘|¢HMZ»71;¢—_1 HZ'""” H;’n'w

HU - ,U”H;mw ”QS”HZ’"W

p—2
= (Il + 0, ) ol

< ¢, (2M)72 ’ 2.39
< ey @M fu—sl}, (2.39)
Therefore, AZ?’W’ is uniformly continuous in C.
(2) From Eq. (2.35) and Eq. (2.36) follows that (szn?wu)_l is continuous.
(3) As H™% — L7([0,T],R) is compact and the composition of a continuous

operator with a compact operator is compact, follows as an immediate consequence
of (2). O

3. Existence and uniqueness

In this section, we investigate the main results of this paper, that is, through the
results presented in the preliminary section, we investigate the existence and unique-
ness of solutions for the Eq. (1.1).

Proposition 3.1. If u, — u in H;"" ([0,T],R) then
—2

T
_ . P , ,
nlgr;o ; ‘HDgfwun(x)’ HDgfd’un(m) HDgf’wgo(x)dx

T . p—2 . .
_ / Dy ()| DR () BDY () d (3.1)
0

Vi € HymY.



640 J. Vanterler da C. Sousa

Proof. Using Holder inequality, we have

p—2 .
‘ / DG ) DY (1) DY ()

. p—2 -
[ )] D) Bt

p—2 . p—2 .
Hpvmv (z) — HDgi”wu(x)’ HDgi”d’u(x)

o e
pl
[pszeta,
Thus, if 1 < p < 2 then it follows from the inequality (2.15),

Hpyvmiv p=2 Hpyvmy _ |Eprmy p=2 Hpyv.miv

o un() o un () opu(z) opu(z)

p/
. . p—1
< ¢ HHDgfwun(x) - HDgfu’u(x)H
implies that
EtTE—. L Hyv, it
| [Fosz @] mDg ) D (e s
" u v L * S, H Vnw
- [ [rogrta)|” DG ) DG ()
%
p—2 .
<o ([ ot Mot ar) o]
v, p_l v,mn;
‘HD 771/1( =) ) HHDO,J_?#QPHP
p—1

— ( n_u)‘ww (3.2)

Therefore,

v, p72 1% M 1% M
/ ‘HD My, (ac)‘ HDOf’wun(m)HDOf’ww(ac)dx
lim =0.
n—00 p—2

EDG u(@)|” T HDE u(e) HDE () d

On the other hand, for p > 2, using the inequalities (2.15) and the Holder
inequality, follows that

v p—2 v,m; v,m;
|/ ’HD My )‘ HDOf’wun(:c) HDOf’wgp(x)d:E

. p—2 . .
[ | D ) Moy s
0
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T . . '(p—2)
<c, </ (’HDgﬂwun(x)’ + 'HDSf%(z)‘ )p P
0

1
. . v »’ .
D) - B | ) [FDi|

1
I

IN

p'(p—2)
‘ )

(|5 (@) + DG ()

p—1
p—2

Y

|, - Dt

Hpyv,n:v
[*psze]
p—1 p
p—2

P

IA

’ Hpyv,m¥ Hpyv,m¥ P
Cp ; (’ Dy un(x)‘—l—’ Dy u(m)‘) dz

HHDSf””unf HDgf;wuH HHDSiMbSDH
P P

IN

Hyv,n5%
p <H Do un

[z, - Fg

p—2
[ )
p p

P
that is,

T ' P2 . '
|/ ’HDgfwun(m)‘ HDgf’wun (x) HDSf’ww(x)dx
0

T . p—2 . .
- [ gz D u(e) DG ()
0

p—2
< ¢ (funllggns + ey ) lim = wlggns I@lggne — (33)

for all z € [0,T].
Therefore, we concluded that

T . p—2 . .
nlingo ’HDSf’wun (z) HDgf’wun(az) HDSf’wcp(x)dz
0

T 4 p—2 . .
:/O ‘HDgfwu(x)’ HDg’f’wu(w) HDgi”wap(x)dx.

O
Consider the following auxiliary fractional problem given by
Hyvnt [ |[Hpyvne P72 gy fn(2)
DY (‘ Dy u, () Dy un(aj)> =
' (@) + 30" (3.4

1707_(;7*1)%/1,“”(0) _ I%(”fl)“"un(T) —0,
on what f, (z) = min {f,n}.

Lemma 3.1. Let f € L' ([0,T]) and v > 0. So, for each n € N*, the Eq. (3.4) has
only one weak non-negative solution u, € Hg’”;d’ N L> ([0,T],R), that is,

T . p—2 . .
| D@ DG ) DG ()
0
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T
- /0 @(ch:)(f_)l)”p (z) dz, Vo € Hgm;w_

Proof. The proof of this result will be investigated in two steps.
Step 1: Existence.
For each w € L? ([0,T],R), we get

| ful) |
(lwl+ )"~ (&

|=
~—
X

and so,

Hence, by Theorem 2.7, the following problem has only one weak solution v €
H}V)m;@/f ([0, T] ,]R)

v,mn; v,m; p_2 v,m; f'ﬂ(x)
i (o] D ) = -
Igs_n—l);wv(o) _ I;l("_l);wv(T).

So we can define the map I' : L? ([0,T],R) — LP ([0,7],R) with T' (w) = v.
Therefore,

e v P72 Hva Hyv,mv T fale)
’ Dy U(CE)‘ Do v(z) "Do e (x)dr = ———we () da,
0 o (lwl+3)
(3.6)
Vo € Hym v,
So,
T _ » T
/ ‘HDgf’wv(x)‘ dr = / %v(m)dm
0 o (lwl+7)
T
<t [ le@lds
()" Jo
T
zn”+1/ |v(z)|d.
0
As immersion HZ"% — L' ([0,T],R) is continuous, yields
||U||H;m¢w < n¥tl ||UHL1([07T],]R)
< On"* 1 o]l (3.7)
that implies
||U||H;,n;1/z S (C’?’lu_‘—l)ﬁ (38)

that is,
1
IT (w)llggzme < (Cn¥thyr T, (3.9)
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As immersion Hz’”?w — LP([0,T],R) is compact, follows from the previous
inequality that (w,) C LP(£2) it is a bounded sequence so (I' (wy,)) has a convergent
subsequence in L? ([0,T],R). Therefore, I' : LP ([0,T],R) — LP([0,T],R) is a
compact operator. Also, if u =T (u) A for some 0 < A < 1, then follows that

Jull, = [T (w) Al
< 1 [T (1) Ml
<

e =

Thus, the set {u € LP () : w = AT' (u) for some 0 < A <1} is bounded. There-
fore, by Scharefer’s fixed point theorem (see Theorem 2.3), there exists u,, € HZ*"?“’
such that u, = I'(u,). Note that to prove u,, is a weak solution to Eq. (3.4), it is
enough to prove that u, > 0. Observe from Eq. (3.6), with v = u,, and w = u,,

T _ p—2 . .
| D un@| ™ MDg ) FDE o) da
0

T
= /0 M () dx, V¢ € HY™Y. (3.10)

So, using Corollary 2.1, we have u,, > 0. Therefore, u,, is a weak solution to

the Eq. (3.4). Also, as (|frf)1)y € L™ (), from the Proposition 2.5, we have
Up n
Up, € HZ’"“/’ N L*>(]0,T],R).

Step 2: Uniqueness.

Let u,, v, € Hzm;w weak solutions of the Eq. (3.4). Choosing ¢ = u,, — v, as a
test function we have

p—2

p—2 . . .
HDY ) - [FDG )] T FDG o)}

HDV’";wun(z)

T
— [ @) [ — s - ) (wala) — (@) dw <0
0 ( )

Vo € H}ij;w_
On the other hand, from inequality (2.16), yields

. p—2
(Foiceuc

x HDEIY (u,, () — vy (2)) > 0.

v v p—2 o
MDY (o) - (DG o] D)) -

Therefore,

T . p—2 . . p—2 .
| (s ™ g o) - DG e T D))
0

x DY (u, () — vn(z)) dz = 0.
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Then, using Eq. (3.11) again, we obtain

. p—2 . . p—2 }
(‘HDgf’wun(l‘) HDgf”pun(x) — HDgf’d’vn(x) HDgf’d’vn(x))

X HDgﬁ;w (un(x) - Un(x)) =0

a.e in [0, T7. O

Lemma 3.2. Let f € L' ([0,T],R) and 7 > 0.

(1) A sequence {u,} is increasing in relation to n.

(2) If [0,T) CC [0,T] then uy, > 0 in [0, T) and there exists a positive constant
Clo,r) (independent n) such that for all n € N*

Up = C[O,T]’ >0, Vo € [O,T}/ (312)
Proof. (1) Note that, if u,(z) — wp41(z) > 0 then

b

Un+1(7) + n < un(z) +

1
n

(un+1(x) + nil) - (un(x) + 711) <.

0 < fo=min{f,n} <min{f,n+1} = fr.

and so,

We also have

Therefore, choosing (uy, fun+1)+ = max {u, — un4+1,0} as a test function,
yields

T HyV,mY P2 gy Hyv. % P2 g v

([P0 )| DG ) DG i ()| DY 1 ()

HDGT (un () = g (@) * da

T
1 1
S fn 1(1' 2 v
A " ) (u” + %) (un+1 + %4-1)

(un () — tupy1(x))dx <O0.

On the other hand, from the inequality (2.16), it follows that

- p—2 . . p—2 .
(\HDoan)\ DTy (2) — [HDG g (1) HDOf’%m))
x BDYIY (1, () — w1 ()" > 0.

(3.13)
Therefore,
T Hpyv,mv p-2 Hpyvmv Hpyv,m¢ p_2H v,n;Y
| (o] ™ D o) = [FDE )] D )
0

X HDgf;w (un () = Uny1(z)) " dz = 0.
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Then using Eq. (3.13) again, yields

p—2 . p—2 .
([P, ] ™ D e) = DR )] T D )

x HDYY (uy () — w1 ()T =0

a.e in [0, T, that implies from inequality (2.16), that HDg’f;w (tn () — Upgr(x)T =
0, a.e in Q, Vx € [0,T], i.e

| n) = wia )|, =0

s
Hy "

S0, (tn(x) — tups1(x))T =0in HY"%, that implies up () — tn41(z) < 0 a.e in
[0,T7, i.e, up(z) < tpt1(x) a.ein [0,T].

(2) Since the sequence u,, is increasing with respect to n, we only need to prove
that u; satisfies Eq. (3.12).
From Proposition 2.5, there exists ¢; (dependent only on [0, 7], N, p) such that

1
[ull g o, 1,0y < 1 lf1llzs™ = C. (3.14)

Thus, for all p € Hg’"”/’ with ¢ > 0, yields

TH v, p_QHV'w HvV,5% T fl
| @] D D () de = [ e

uy + 1)’/

T

> [ @
o (C+1)”
because u; < C, that implies (u; + 1)” < (C' 4 1)” and then, as f; > 0, we obtain
h o h
(ur +1)7 = (C+1)¥
f1

we assume, by hypothesis, fi # 0. Thus, m # 0 and then u; # 0. As
1

uy € L (2), we have by [23] that u; € C*7([0,T]), for an appropriate constant.
In particular, u; € C°([0,7],R). Therefore, by Theorem 2.5, implies that u; > 0.
As w; is continuous, we concluded that the Eq. (3.12) is valid. O

Lemma 3.3. Letu € Hg’"?w not negative, satisfying

v, p_2 1% N 1% 5 T f‘/E
/ )] D ) MDY (o) de = [ Lo @ e

Yo (x) € C5° ([0, T],R). So u is a weak solution to Eq. (1.1).

Proof. Let w an arbitrary function in H2"% and taking {&,} € Cg° ([0,T],R)
such that &, — |w| in HZ"¥. Hence, &, — |w| in L ([0,T],R) and passing to a
subsequence, if necessary, we also have the convergence a.e in [0,7]. As u, f > 0,
&n € Cg° ([0,T],R). Using Fatou’s Lemma and Holder’s inequality, we have

w(x z| < lim inf / Iz é

(E)g n—00
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T
p—2
; Hpyv.n; Hpyvn; Hpyv.n;
= lim ‘ D(”)_:_’d’u(x)‘ Dg_ﬁwu(x) Dg_fwgn(x)dx
n—oo 0
p—1
< HD”W?"/’ li ‘HDVWW)
< |t 05,
. p—1 .
ol S N s ST (3.15)
P P

Now, let ¢ € HZ"¥. So there is a sequence (¢,) C C§°([0,T],R) such that
Yn — pin ]HIZW”". Therefore, using Eq. (3.15) for w = ¢,, — ¢, yields

T

. (z) Hyrnt, [P0 Hpyv, v
- _ < 513 513 _ =0.
Jim | [ o) —e@)dal < [T 1 [FDEE o - )] =0
(3.16)

Therefore,
T T
: f(x) / f(z)

l1m/ =, (z)dr = = (z)dx. 3.17

On the other hand, we have ¢, € C§° ([0,T],R) and by the Holder inequality,
we have

r v,mn; p72 v,n; v,n;
‘/0 ‘HDof’wu(fﬁ)‘ HDGT u(z) FDGIY (on (@) — ¢ (2)) da

< "D ul)

p—1 .
D (eute) - (e

So, it follows from the hypothesis that

R (C))
lim /0 =pn(z)dz

n—oo u(x)

. r v,m; p—2 v,m; v,m;
= nhﬁn;Q ; ‘HDOf’wu(as)’ HDOf’wu(:c) HDO’_:]’d)gon (z) dx
g Hpv:nY p=2 Hpyv:n¢ Hvm%
= /0 ‘ Dg” u(sc)‘ Dy u(z) T Dg o (x) da. (3.18)
Combining the Eq. (3.17) and Eq. (3.18), we obtain

T
| [Foizrue)

Therefore, u is a weak solution to Eq. (1.1). O

2 . . T flz
HDOf’wu(;E) HDOf’wgo (z) dm:/o ( )~<pn(x)d$.

‘ _ u(z)?

Theorem 3.1. Suppose f is a non-negative function on Lv ([0,T],R) and 0 < 7 <
1. Then, the Eq. (1.1) has a unique solution u € Hgm;w.

Proof. Let’s prove this result in two steps.
Step 1: Existence
Note that wu,, is a solution of

p—2

HpYY <’HD6’f;ww(I) HDgﬁww(x)) =g in [0, 7],

Ig_(ﬂ*l)vww(o) — I;(nfl),ww(T) — O,
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fn

wherein g = — Therefore, by proving the Theorem 2.7, we have that wu,,
(un + )
minimizes the functional

T T
E,n(w) = 1 Hp w9 (2) " — &w(x)dw.
0, 0+ N
pJo 0 (un+3)

From Lemma 3.1, {u,} is growing. Hence,
0 < up <u(x) :=limu,(zr) < oco.

Furthermore, by doing ¢ = u,, in Eq. (3.10), we get

T
. p
IIunllf;Z,W = / \HDgf%n(x)‘ dx
0

r fn(T)
= ——————=wy(v)dr
/0 (un(@) + 3)
’ 1-7
S/o f(@)up(x) ~Vdx

< N7l |Jut

1
i—v

» 1-v
< U1y (€ lunlfyn )
P
-7 1—-7
= Ny s
P

that is,

1—v

171/~
||un||§ﬂvw:w S Cpi(lig) Hf”i_(l_") .
P v

Hence, {uy} is bounded in Hg’”?w. So, as ]HIZ”’”/’ is reflexive, without loss of
generality taking a convergent subsequence {uy}, there exists @ € Hl’j’”?’” such that

u, — U weakly in Hg’"”p. (3.19)

So, going to a subsequence, if necessary we have u, — u in L' ([0,7],R) and
then, going again to a subsequence, we have u,, — u a.e in [0,T]. Therefore, u =
w e H also follows from Eq. (3.19) that

||U||H;m;w < nh—>néo inf Hun”Hzm;w . (320)
Since u, minimizes the functional E, ;, ,,, yields
Eypn(un) < Eypn(u)

that is,

1 /7 4 T
f/ ‘HDgi”¢un(x)‘pdx—/ L);un(x)dx
P Jo 0 (u

< ;/OT ‘HDgil;wu(x)’pdx - /OT (uf"(x)gu(a:)dx
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that implies

1 (7 .
Z;/o HDgf’wun(x)‘pda:
T T B
< 1 Hprmvy,(z) pd:v—l— (n(2) — u(@)) u(x)~) fu(z)dx
0+ 1\7
P Jo 0 (un(gc) + ﬁ)
T
sl/ Hpymity, ()‘pdx
PJo

once u, < u a.e in [0,7T]. Hence,

i inf g e < gy (3.21)

Therefore, from Eq. (3.20) and Eq. (3.21) follows that

Jim [l = gy (322)

As HZ’"”" is uniformly convex, follows from Eq(3.19) and Eq. (3.22) that u,, — u
in Hg’"?‘/’. Therefore, using the Proposition 3.1, we conclude that

T
lim ‘HDgi’wun(m)

‘piQ
n—oo 0

"Dy ¥, (z) BDEIY ¢ (2) da

r v p_2 v,m; v,mn;
_ /O [TDg ue)| DG () TDE ) (2) do (3.23)
Vo € Hymv,
On the other hand, for each ¢ € C§° ([0,T],R) we obtain from Eq. (3.12) that
0| u | ol
(u + %)V (CQ )

on what Q' = {z € Q,¢ # 0}. Besides that, {f,} converge for f a.e and how the
immersion Hg’"?w — LP ([0,T],R) is compact, possibly going to a subsequence, we
have w,, — u strong in L? ([0,T],R) and a.e in [0, 7T]. Thus, applying the Lebesgue
dominated convergence theorem, we obtain

ww/ o [ wpecrmmm. w2

u(x)?

We also have that u not is a weak solution of Eq. (3.4) and so,

T
| e )

-2
" Dy, () MDY (2) u/ '”
(3.25)
Vo € HL ™Y,
Therefore, follow from Eq. (3.23), Eq. (3.24) and Eq. (3.25), that

g N T
/o ’HDgf;wU(ﬂc) " "Dy u(z) "DET ¢ (x) dx:/o f@)é(z) .

u(x)”
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Vo € C§°([0,T],R). So, by Lemma 3.3 u is a weak solution of Eq. (1.1).

Step 2: Uniqueness.
Let uq,us € H;”W weak solutions of Eq. (1.1). Considering ¢ = u; — ug, we
have

. P - .
| s @] B ) DG (i (@) s @) da
T
_ f(z)
L @) - ) do
and
HDVW P HDVJ];T/J HDVﬂ? P _ d
; of u2(z) o uz(x) TD (un (2) — ug (z)) dr
T
f(z)
= = (u1 () —ug (z)) dx
L @) - @)
Thus,
! Hpyv,n:¢ p=2 Hpyv.my H1v,mY p—2 HV,N;Y
/0 Dg /" ul(x)‘ Dg/” ul(z)—‘ Do P ug(x) D" ua(x)

X HDgf;w (u1 (z) — ug (z)) dz

:/()Tf(x)(ul(x)—ug(x))( LI ~>daﬁ.

ur(xz)”  ug(x)?

It follows from the inequality (2.16) that the left side of this equality is then
negative. We also have that the right side is less than or equal to 0. Therefore,

I

x HDY Y (uy (2) — uz (z)) dz = 0.

. p—2 . . p—2 .
HDgf’wul (.13)‘ HDgf’wul(az) - ‘HDgf’wug(x)’ HDS’JZ’”@(%))

So, it follows from inequality (2.16) that HDgf"w (u1 () —ug (z)) =0, a.e. So,

HHDSﬁﬂP (ug — uQ)H =0, ie, [lus — uzlgymw = 0. Therefore, uy = us. O
P

4. Minimization of functional energy

Before starting our main purpose of this section, that is, to investigate the min-
imization of the functional energy related to Eq.(1.1), let’s present the following
essential remark for the realization of this section.

Remark 4.1. For 1 < ¢ < p*, the solutions of

p—

Hpv,mv <‘HDVJI;¢U(I) 2 HDVmﬂbu(x)) = f(z,u)
T 0+ 0+ ) 3

Ig_(ffl)‘wu(O) _ Ir%(nfl);wu(T) -0

(4.1)

are the critical points of a class functional C' in Hzm;w_
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Indeed, by definition u € Hg*””p is weakly solution of Eq. (4.1) if
T . p—2 .
/ ’HDunw ( ) HDSiz,w ( ) D 71711’ ( )d:v
/ flz,u(x))v(x)de, VUGH”’M’

.. . . 1 H V77"¢' p . 1 -
In addition, it follows the functional w(u) := — H D¢ u(x)H is class C! in
p p
H}V)m;@/f and

v p_2 v,n; v,n,;
(@ (u),v) = / ‘HD e )‘ HD» 19y () FDYT Yy (2)da.

On the other hand, like immersion HY"% < L?([0,T],R) is continuous, fol-
lows from Proposition 2.4 that the functional energy associated with the Eq. (4.1),
defined by

By (u) HHDWN) / f(@, u(
is of class C! in HZ’””’” and its derivative is given by the expression
(E),,(u),v)
R - P72 Hva Hyv, 59 ’
- / ’ Dg” u(m)‘ Dy u(x) T Dg v (x)dx —/ [z, u(z))v(z)dx
0 0

Yu,v € HZ’"”’Z’. Thus, the solutions of the problem Eq. (4.1) are the critical points
of E, .

Initially, we prove that the weak solution of Eq. (1.1) minimizes the functional
Eg’n : Y™ — R define by
)L
) e

is known as the energy functional associated with Eq.(1.1). Since 0 < 6 < 1,
this functional is not derivable. Later, we prove that the u solution minimizes the
quotient

0 H
Ef, (v) = H DY/

. p
p

( / o) () de
0

Remark 4.2. Let 0 < n <1 v>1and a,b > 0 such that a + b = 1. The the
function ¢ — t"is strictly concave and the function t — ¢7 is strictly convex, that is,

——, v € Hy"\ {0}. (4.2)

(az 4 by)" > az’ + by", Vz,y € R,
(ax +by)” > ax? +by", Vo,y € R

and these inequalities are restricted where z # y.
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As0<1—06<1andp>1, for w,wy € Hy" ([0,T],R), we have

(awy + bws)' =% > awl=? + bwl™?,

. _ P . P P
(a ‘HDgf’wwl‘ +b ‘HDgﬁ’wa ) <a ’HDgf’wwl‘ + ’HDVI wwg‘

is the first inequality is strict, at the points where w; # ws.

Lemma 4.1. Let 0 < 0 < 1. The functional E?«n : Hg’"”p — R has a unique
minimizer, which is nonnegative.

Proof. The proof of this result will be presented in 3 steps.

Step 1: Existence

Note that the functional Egm is well defined, that is, by the Holder inequality
and HZ"% < L' [0, T] we have

v,n

1 v |IP
B2, 0] < [TDgree| + sl

()"

1
i—

1 1_gy1-6
— +
= ol s+ 171 | 09
Lo
T L (13)
Also, similarly we have
B2, 2 5 el e = €171 el (1.4
v,m v)| = P v Hzm;w —-cC 1 v anw .
1
So,as 0 < 1—6 < 1< p, it follows that the function p(t) = — (t)’ — ¢ 1£11s -0
p
is bounded inferiorly in Ry and then
wi= inf E9 (V) > —o0. (4.5)
veHy ™Y

It is interesting to note that u < 0. In fact, fixing v € HZ”;”“/’ such that

/O (v (@) (2)de > 0

we have

0 _,1-6
Eyyn(tv) =t (

tp—(1-0)

H ,77 ¥ +1-0
D, H x)dx
— | = < )f(2) )
for all t > 0. How the function ¢t — E?,m (tv) is negative for values of ¢ between its
two roots, we can conclude that the functional Egm takes negative values.
Now, let’s take a minimizing sequence corresponding to pu, that is, a sequence
{wr} € HY™Y such that

lim E¢ o (WE) = p. (4.6)

k—oo M
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So, the sequence (Eﬁm(’wk))keN is bounded to R and then follows from Eq. (4.4)

that there exists M > 0 such that

1 1-6
; ||w]<?||]glgm;w - c“f”% ||wk||]HIZ’"”/’ <M

Vk € N. Therefore, {wy} is a bounded sequence in Hg*”?w because tlim p(t) = +oo.
—00

As Hg*"”" is reflexive, (wy) has a subsequence that we continue to denote by

(wy), weakly converged on Hg’mw. Moving possibly to a subsequence, we have that
there w € L*([0,T],R) such that wy — w in L'([0,7],R). Note that

wf = 3 (el +wi) = 3wl +w) = w* in L0, 7] R) (47)

when k — oco. As

‘aﬁ—bﬁ‘gm—bﬁ,w,bzo,0<ﬁg1 (4.8)

by Holder inequality, we have

/0 T((w;@c))“e— (w(@)"™") F@)da| < / it @) -t @) @)l

< it = w7 WA -

Therefore, it follows from Eq. (4.7) that

Jm [ () e = / (w* (2))' " f () da (4.9)

Observe that

1 I
By () = >l = 1= | 07 @) f@)da

1 I
< Z Y s p _ + 1-6
< i it ol — 1= [ @) @

RT . 9
= klinéo inf E, , (wg)

T T
+— lim ( | wi@y sy - | (w+(w))1‘9f(x)dw>
1—0k—oo 0 0
=n
that is, E?,_’n(w) < p. On the other hand

— 3 0 0
n= veliﬂré’f";wEV’n(v) < Eu,n (w) (410)

So, Ef ,,(w) = p and then w minimize E .

Step 2: w is not negative.
We know that

HV::¥ :

o Dy (w), if w >0,
HDOf,w(w)+ — .
0, inf w < 0
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and

. B 0, ifw > 0,
HDY (w) ™ = -
—HDg " (w), if w < 0.

It HDy ¥ (w)~ # 0, then

1

1 T 1
o= ([ mizmara) ([ o)
P 0
N (/ HHDunw +H dm)

- HHDSf;wa“

HHDgﬁ;w

o=

p

Thus,
Eg,n (wh) < Eg,n (w) (4.11)

which contradicts the fact that w is a minimizer of EY . Therefore,
w- =0. (4.12)

Thereby, w > 0.

Step 3: Uniqueness
Let wy and ws minimizers of Eﬁ’n and suppose that

D = {z €[0,T]/wi(x) # wa(z)}

has positive measure. As we have already prove that w; and wsy are non-negative.
Let a,b > 0 be such that a + b = 1. Therefore, due to the triangular inequality and
Remark 4.2, we have

pw < EY v (awr + bws)

. P 1 T
— 7/ HDW7 Yw, + b HID)Zf’wwg de — —— (awy + wg)lfefdx

p 1-6 /)
1 P 1 T
,/ ‘HDI/ﬂd) D +b)HDVWw ‘) de — —— (CHU1+bTU2)1_0de‘
p 1-6
a|FDEwp| 4 p[FDE ) 4 - 4 bwy " fd
oy wy op w2 T T ¢ (aw1 + w fdx
—0Jo

= aEg,n ( 1) + bE?/,n (wQ)
= (a+b)u.

So we arrive at the absurd p < p. Hence |D| =0 and wy = wp a.ein [0,7]. O

Lemma 4.2. The solution u, found in Lemma 3.1 is the only positive minimizer
of the functional

- 1% HHDSL’Z;%H: — /T U, (v(2)) fo(2)da
0
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t
Un(t):/o <s++
1 1\ 10 1 1\ 10
- — __- [z >
1—9<t+n> 1—0(n> =20,
1\’ .
<) t, ift <O.
n

Proof. First, let’s prove that H,, is of class C*.
Define

(st + )"
Note that, for all s € R, the function x — g¢(z,s) is Lebesgue measurable,
because f, € L'([0,7],R). We also have to stop almost everything = € [0,7] the

function s — g(x,s) is continuous in R. Therefore, g define in Eq. (4.13) it is a
function of Caratheodory.

We have that g satisfies the growth condition

on what

-0
ds

S|

g(@,s) = (4.13)

l9(z,5)] < Clslt™! +b(z), v € [0,T), 5 € R (4.14)
where C' > 0 is a constant, 1 < ¢ < p* and b € L9 ([0, T],R), because

fn()
(7 +2)°
oy

=nftt,

l9(z,s)| =

IN

Therefore, it follows from Remark 4.1 that the functional H,, : H;’W/’ — R class
C" and

p

(H, (v), ) = / T\HDSi’Wx)

_9 ) _ T
HDSf’wv(a:) HDgf’wqé(x)dx—/ g(x,v)é(x)dx.
0

Let’s prove that H,, has a minimizer. For this, first, note that

v = 1 (o4 1) - () s (e )

for v(z) > 0 and

for v(x) < 0.
Thus,
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which, by Holder’s inequality and Sobolev’s immersion, implies

/OT U, (0(2)) fo(2)dz < /OT 1710 (v+(x) n 1) o f(a)de

n
<l fo 1)
—1-0 5 1
1-6
" |Q|)
P

1
< ——|Ifll
< 5l (e
1-0

= (c HHDgf;wvH + 02) ) (4.15)
P

HDy

Thus,

T
Ho(0) = (hosTeagt

p T
"~ [ i)t

1-0
1 0 ||P .
> - HHDgf’wvH - <c HHDSf’wUH + 62>
p P p
. . L 126 s spos
Since the function ¢ € [0,+00) = — — ¢1(t + ¢2) is inferiorly bounded, we
p
have
A= inf H,(v) > —oc.

,UGHZV’I?TP

Therefore, exist a sequence {wy,} C HZ"% such that
H, (w;) — A when k — oo. (4.16)

It follows from Eq. (4.16) that wy is bounded to H%"%, because

tP

- v 1-0| _
tlgrnoo ) c1(t+ c2) +o0.

As HZW”Z’ is reflexive, , without loss of generality taking a subsequence {wy} is
weakly convergent on Hg”“w. Note also, there exists w € L'([0,T],R) such that

wy, — w in L'([0,T],R), when k — co. (4.17)
Note that
N\ 1\
U, (t) = <t+ + ) < () =n’ VtecR. (4.18)
n n

Thus, U, is Lipschitzian and using the fact that |f,| < n is Eq. (4.18), then

T T T
/0 U, (wy) fndx —/0 U, (w) frdz| < n/o U, (w) — U, (w)| dz

T
< n‘g'H/ |wg, — w| dx
0

S n9+1c Hwk - w”Hg‘n:w .
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Therefore,
T T

lim U, (wg) fndx = U, (w) frdx

k=00 Jg 0

that implies

1 w p T
H,,(w) < - lim ianHDg’f’wv - / U, (w) fuda
pk—)oo P 0
= lim inf 1HHDV’"WUHP—/TU (wg) fndzx
koo D 0+ » 0o k)Jn

= lim inf H,, (wy)
k—o00
=\ (4.19)

So w minimizes H,,.

Once U, (w) < U, (w"), we can conclude that HDSi’;ww‘ =0, that is, w > 0.
As H,, is of class C! and w is a minimizer, we conclude that w is a critical point
of H,,. Therefore, w is a solution of Eq.(3.4) implying that w = u,, and then wu,
minimizes H,,.

To finish the proof, let’s get the uniqueness of H,,. We have already prove that
H,, is of class C!, and therefore every minimizer of H,, is a critical point. We
also prove that every critical point of H,, is a solution of Eq.(3.4). Hence, every
minimizer of H,, is a solution of Eq. (3.4). Furthermore, it follows from Lemma 3.1
that the Eq.(3.4) has only one solution. Therefore, H,, has a unique minimizer,
which is u,,. O

Theorem 4.1. The u solution found in Theorem 3.1 minimize Ef,m with 0 < 6 < 1.

Proof. Note that

1 0 .
o U (1) 5" 0 ift>0
e 0 ,ift<0
()"
T 1-6
So,
nh_{gof'rb(x)Un(un(m)) < f(l‘) |Un(un(x))|
f(@) A
<9 (v + 3)
< 1f(—m)9 (u(x) + 1)1_9
and

[(u+ D0 f )y < (lully + 192D 11y < oo

Therefore, by the Lebesgue dominated convergence theorem, yields
T 1 T
lim (@)U, (up(z))dx = ﬁ/ f(z)ur~Cdx. (4.20)
0 —bJo

n— oo
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Analogously, if v € HZ”W’, we get

|fa(2)Un(v(@))] < f(2) [Un(v(2))|

{9 (@4 1) e 'R
and . .
. 1 1-9
nh_)rrgo ; fn(@)Up(v(x))dx = m/@ f(@) (v (z) " da. (4.21)

Since u, > 0 and u,, is a minimizer of H,,, we have

HHD 15 11} Un

/fn o (tn(2))dz < = HHD Y H _/ Fu(2) Uy (v(2))da.

Hence, how do we know that u, — u in H5"¥ ([0,T],R) (see Proof Theorem
3.1), from Eq. (4.20) and Eq. (4.21), we have

Hpy 7] w ul— 0

Dy d
H T1-9 / fl@ *
Hyv. i -0
S vup [
that is
Egm(u) < Ezm(v), Yv € HZ’W[’.
Therefore, we conclude the prove. O

Now we will prove that u minimizes the quotient

HHDgf;wv

- Py e ML {0}
( / |v|”fdx>
0

Note that this is equivalent to proving the following theorem that

u

T
( / |u1—6fdx>
0
T
M = {v € H;’"‘w : / |10 fdx = 1} .
0

Theorem 4.2. Let 0 <v <1 and 0 <n < 1. We have

Ug = T
-0

and

[

— i {[#Dgz | v e p)

with 0 < 0 < 1.
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Proof. Using the Eq. (1.11) for ¢ = u, we obtain

T
HHDgf%%Hp: / w(@) =0 f(z)d. (4.22)
P 0
Therefore,
1 1 T
B0 = (3= 1g ) [ s

Set v € M. For every t > 0 we have

t170

tP o 1P
0 0 5115
B, () < B, (tol) = - [D5ro | — i

and, by Eq. (4.22), this inequality is equivalent to
p—(1-0) ||[HPyvmv Hp
po| L] [0 <ty /T ()~ f(x)d
- — = u(x x)dx.
1-40 D “\1-0 p/J

(4.23)

P T
For t = HHDgf”’vap O e get #1170 < /0 u(z)* =% f(z)dx, that is,

ETCES) T
HHDgf"’wvH e < / u(z) 0 f(x)dx
P 0

P ’ 1-6 -
) > </0 u(x) f(x)dx)

Therefore, it follows from Eq. (4.22) that

or yet
p

1—-6

Hmyv:n:¢
[z

D

P T T P
= / u(z) 0 f(z)dx < HHDgf;wvH
0 P

HHDS,J:W/JUG

p

what ends the prove, since ug € M. O
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