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ENTIRE FUNCTIONS THAT SHARE A SET
WITH THEIR DIFFERENCES*
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Abstract In this paper, we study the uniqueness of entire functions con-
cerning deficient value and exponent of convergence, and have mainly proved
the following theorem: Let S = {1,w,w?,--- ,w" ™'}, where w™ = 1, n > 1
is an integer, let k be a positive integer, and let f be a nonconstant entire
function such that A\(f) < p(f) < oco. If f(2) and AFf(z) share S IM, where
7 is a nonzero complex number, then f(z) = e®**°, where a(# 0) and b are
two finite complex numbers. The results obtained in this paper improve some
results due to Li ( [15]).
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1. Introduction and main results

In this paper, a meromorphic function always means it is meromorphic in the whole
complex plane C. We assume that the reader is familiar with the standard nota-
tions in the Nevanlinna theory. We use the following standard notations in value
distribution theory, see ( [9,13,25,26]):

T(’)",f),m(’)",f),N(T,f),N(T,f),-'~ .

We denote by S(r, f) any quantity satistying S(r, f) = o(T'(r, f)) as r — oo possible
outside of an exceptional set E with finite logarithmic measure [ pdr/r < oc.
Let f be a nonconstant meromorphic function. Define

o) = i 2E L)

r—oo  logr

by the order of f.
Let a be a complex number, and let f be a transcendental meromorphic function
of order p(f). If
__log™ N (r, f—%)
lim —————~
r—00 log r

<p(f)

for p(f) > 0; and N (r,ﬁ) = O(logr) for p(f) = 0, then « is called a Borel

exceptional value of f.
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The exponents of convergence of zeros and poles of f are defined by

_ log™ N(r, %)

A = rlggo logr '
and 1 — log™ N(r, f)
(7) = B
We define

E(a,f)={z: f(z) —a=0},
where each zero of f(z) — a with multiplicity m is repeated m times in E(a, f).
Similarly, we define

E(a, f)={z: f(z) —a=0},
where each zero of f(z) — a with multiplicity m is repeated 1 time in E(a, f).

Let m be a positive integer, let a1, as,- - , a,, be distinct complex numbers, and
let S ={ai,a2, - ,am}. We define

E(S, f)={z: f(z) € S}.

If E(S, f) = E(S,g), then we say that f and g share the set S CM; if E(S, f) =
E(S, g), then we say that f and g share the set S IM. If N (r, ﬁ) +N (T, ﬁ) —
2N(r,a) < S(r, f)+S(r, g), where N(r, o) is called the counting function of common
zeros of both f(z) — « and g(z) — a with multiplicity been counted, then we call
that f and g share o CM almost. - -

Let f and g be two nonconstant meromorphic functions and E(1, f) = E(1,g).

We denote by Np, (7’7 ﬁ) the counting function for 1-points of both f(z) and
g(z) about which f(z) has larger multiplicity than g(z), with multiplicity being
not counted. Similarly, we have the notation Np, (r i) Especially, if E(1, f) =

’g—1
E(1,g), then N (r, #) =Np (r, TL) =0.

We denote by N (r, f) the counting function for poles of f with multiplicity> &,
and by N(k(r, f) the corresponding one for which multiplicity is not counted. Set
Ni(r, f) :N(T,f)+N(2(T,f)+"'+N(k(7“,f).

For a nonzero complex constant 7 € C, we define the difference operators of f
as Anf(z) = f(z+n) —f(2) and Af f(z) = Ay (AE1f(2),k e Nk > 2.

Uniqueness of meromorphic functions is an important topic of value distribution
theory. In recent years, many articles have studied this aspect, see ( [1,5,7,16,17,
20-22]).

In this paper, we consider uniqueness of entire functions sharing a set with their

difference operators.
In ( [15]), Li proved

Theorem 1.1. Let f be a nonconstant entire function with A(f) < p(f) < oo and
p(f) # 1, and let a,b be two distinct entire functions such that p(a) < p(f) and
p(b) < p(f). If f and A, f share {a,b} CM, then A, f(z) = f(z) for all z € C.

Theorem 1.2. Let S = {1,w,w?, -+ ,w" '}, where w™ = 1, n > 2 is an integer,
let i be a nonzero complex number, and let f be a nonconstant entire function such
that A(f) < p(f) < oo and p(f) # 1. If f(2) and A, f(z) share S CM. Then
A, f(z) =tf(z) for all z € C, wheret # —1 is a complex number satisfying t" = 1.
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Theorem 1.3. Let m and n be two distinct positive integers such that n > 2m+ 3,
and n and n —m are relatively prime, let a and b be two nonzero complex numbers
such that W™ + aw™ ™ 4+ b = 0 has no multiple roots, and let f be a nonconstant
entire function such that A(f) < p(f) < oo and p(f) # 1. If f(z) and A, f(z) share
S CM, where S = {w : w™ + aw™ ™ +b =0}, then A, f(z) = f(z) for all z € C.

In ( [22]), Qi et al. got rid of the condition p(f) # 1 in Theorem A and proved

Theorem 1.4. Let f be a nonconstant entire function with \(f) < p(f) < oo, and
let a,b be two distinct entire functions such that p(a) < p(f) and p(b) < p(f). If f
and A, f share {a,b} CM, then f(z) = Ae!*, where A, p are two nonzero constants
satisfying e** = 2. Furthermore, A, f(z) = f(z) for all z € C.

In ( [20]), Niu et al. studied the case that f and A} f (n > 2) share {a, b} CM
and proved

Theorem 1.5. Let [ be a nonconstant entire function with \(f) < p(f) < oo, and
let a,b be two distinct entire functions such that p(a) < p(f) and p(b) < p(f). If f
and A%f share {a,b} CM, then f must take one of the following conclusions:

(i) f(z) = Aet*, where A, p are two nonzero constants satisfying e** = 2.
Furthermore, A, f(z) = f(z) for all z € C;

(i) f(z) = H(2)e??, for all z € C, where H(z) is an entire function and \(f) =
p(H) < 1.

Theorem 1.6. Let f be a nonconstant entire function with A\(f) < p(f) < oo, and
let a,b be two distinct entire functions such that p(a) < p(f) and p(b) < p(f). If f
and A7 f (n > 3) share {a,b} CM, then f(z) = H(z)e?*, for all z € C, where H(z)
is an entire function and \(f) = p(H) < 1.

Naturally, we pose the following problem.

Problem 1.1. In Theorem 1.2 and Theorem 1.3, whether p(f) # 1 can be deleted
or not, whether f and A, f(z) share S CM can be replaced by f and A, f(2) share S
IM or not, and whether A, f(z) can be replaced by Aijf(z) for any positive integer
k or not?

In this paper, we give a positive answer to Problem 1.1 and have proved

Theorem 1.7. Let S = {1,w,w?,--- ,w" 1}, where w™ = 1, n > 1 is an integer,
let k be a positive integer, and let f be a nonconstant entire function of finite order
such that 60, f) > 3. If f(z) and Aﬁf(z) share S CM, where 1 is a nonzero
complex number, then Af]f(z) =1tf(2) for all z € C, where t is a complex number
satisfying t™ = 1.

Theorem 1.8. Let S = {1,w,w?, -+ ,w" !}, where w™ =1, n > 1 is an integer,
let k be a positive integer, and let f be a nonconstant entire function of finite order
such that §(0, f) > 2. If f(2) and AL f(z) share S IM, where n is a nonzero complex
number, then Afif(z) =tf(z) for all z € C, where t is a complex number satisfying
t" =1.

Theorem 1.9. Let S = {1,w,w?, -+ ,w" '}, where w™ = 1, n > 1 is an integer,
let k be a positive integer, and let f be a nonconstant entire function such that
M) < p(f) < o0. If f(2) and Af,f(z) share S IM, where 1 is a nonzero complex
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number, then f(z) = e***? for all z € C, where a(# 0) and b are two finite complex
numbers.

Theorem 1.10. Let m and n be two distinct positive integers such thatn > 2m+1,
and n and n —m are relatively prime, let k be a positive integer, let a and b be two
nonzero complex numbers such that w™ + aw™ ™ 4+ b = 0 has no multiple roots, and
let f be a nonconstant entire function of finite order such that §(0, f) > %. If f(2)
and Af f(z) share S CM, where S = {w : w" 4+aw" "™ +b = 0}, then AFf(z) = f(z)
for all z € C.

Theorem 1.11. Let m and n be two distinct positive integers such that n > dm+1,
and n and n —m are relatively prime, let k be a positive integer, let a and b be two
nonzero complex numbers such that w™ + aw™ ™™ + b = 0 has no multiple roots, and
let f be a nonconstant entire function of finite order such that 6(0, f) > %. If f(2)
and A} f(z) share S IM, where S = {w : W™ +aw" "™ +b = 0}, then Al f(z) = f(z)
for all z € C.

Theorem 1.12. Let m and n be two distinct positive integers such that n > 2m+1,
and n and n —m are relatively prime, let k be a positive integer, let a and b be
two nonzero complex numbers such that w™ 4+ aw™ ™ +b = 0 has no multiple roots,
and let f be a nonconstant entire function such that A\(f) < p(f) < oo. If f(z) and
AL f(z) share S IM, where S = {w : w™ + aw™ ™ 4+ b = 0}, then f(z) = e***" for
all z € C, where a(#£ 0) and b are two finite complex numbers.

By Theorem 1.9 and Theorem 1.12, we get the following results.

Proposition 1.1. Let S = {1,w,w?, -+ ,w" "}, where w™ = 1, n > 1 is an integer,
let n be a nonzero finite complex number, and let f be a nonconstant entire function
such that A(f) < p(f) < oo and p(f) # 1. Then f(z) and A,’gf(z) can not share the
set S IM.

Proposition 1.2. Let m and n be two distinct positive integers such that n >
2m + 1, and n and n — m are relatively prime, let a and b be two nonzero complex
numbers such that w™ + aw™ ™ + b = 0 has no multiple roots, and let f be a
nonconstant entire function such that A(f) < p(f) < oo and p(f) # 1. Then f(z)
and A¥ f(z) can not share the set S IM, where S = {w : " + aw™™ ™ + b = 0}.

2. Some Lemmas

For the proof of our results, we need the following lemmas.

Lemma 2.1 ( [3,10,12]). Let f be a meromorphic function of finite order, and let
7 be a nonzero finite complexr number. Then

m (2L — 501,

Lemma 2.2 ( [3,10,12]). Let f be a nonconstant meromorphic function, and let k
be a positive integer. Then

N <7", f(lk)> <N (7‘, }) +kN(r, f)+S(r, f).



666 J. Fan, J. Xiao & M. Fang

Lemma 2.3 ( [19]). Let f be a nonconstant meromorphic function, and R(f) =

P
%, where P(f) = Y arf* and Q(f) = Z bj 7 are two mutually prime poly-
k=0

nomials in f. If the coefficients {ar(2)}, {b (2)} are small functions of f and
ap(z) 0, be(z) £ 0, then

T(r,R(f)) = maz{p,q} - T(r, f) + S(r, f).

Lemma 2.4 ( [3,10,12]). Let f and g be two nonconstant entire functions. If
E(1,f) = E(,g) and

lim < =, lim
7—00 2’ r—00 T
TZE ( r;)E (T7 g)

)

where E is a set with finite logarithmic measure, then either f =g or fg=1.

Lemma 2.5 ( [6]). Let f and g be two meromorphic functions. If E(1, f) = E(1,g),
then one of the following cases must occur:

(i) T(r, £) +T(r,9) < 2 {No(r, ) + Na(r, ) + N (r )N (rg)}
+3N (7725 ) + 3N (1 525 ) + S0 ) + S(r,9);

(ii) f = (b+1)g+(a—b-1)

ToT(o—by » Where a(#£0) and b are two constants.

Lemma 2.6 ( [23]). Let n be a nonconstant finite complex number, let n be a
positive integer, and let f be a transcendental meromorphic function of finite order

satisfying ) 6(a, f) =1, 8(co, f) = 1. If AP f(2) #0, then

aF#oo

(i) T(r,ARf) =T(r, f)+S(r, f);
(ii) (0, A ) = 5(00, ALLf) = 1.
Lemma 2.7 ( [26]). Let f be a nonconstant entire function of finite order, if a is

a Borel exception value , then §(«, f) = 1.

Lemma 2.8 ([7]). Letn be a positive integer, let f be a transcendental meromorphic
function of finite order with two Borel exceptional values 0 and oo, and let n(# 0)
be a constant such that Apf #0. If f and A} f share 0,00 CM, then f(z) = ea* b,
where a(# 0), b are constants

3. Proof of Theorems

3.1. Proof of Theorem 1.7

Set
F(z) = f"(2), G(2) = (Apf(2))"™ (3.1)

Then F' and G are two nonconstant entire functions. It follows from E(S, f) =
E(S, A’n“f) that E(1, F) = E(1,G).
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Since 6(0, f) > %, then

— i 1
Ty <2 (32)
So,
1 2 1
N(ng) < 25200 +5(05) (33
_ 7 N(rg)
where ¢ = Tlgrolo o)
Thus,
1\ 241
N (ng) < 22165 + 50 (3.4
Clearly,

y (3.4) and (3.5), we get

—No(rp) 1
Tlgrolo (7‘, F) < 5 (36)
r¢E
Obviously,
() <o (5 ) o (e 5)
m | r, <m |, m |,
f f Al
1
<m (r AF ) +S(r, f). (3.7)
7
It follows from (3.7) and Lemma 2.6 that
1
< 5(0, f) <hmm( ’7)
r—oo T(7, f)
r¢E
@M)——T@Mﬂ — S(r,f)
< lim lim ———=~ + lim ’
- k r—00 r—00
TTZ%O ( A f) r;E T( 7f) r;E T(Ta f)
< Jim o Ry ) (3.8)
i
rooo T(r, AFSf)
r¢E
Likewise,
_ N2 (T, ) 1
li o< = :
T G) 2 (39)
r¢E
By Lemma 2.4, we know that either FF = G or FG = 1.
Suppose that F'G = 1, then f"(Af;f)” = 1. That is
AR\
— = —. 3.10
() = 5 310
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Since f is an entire function, it follows f # 0. By (3.10) and Lemma 2.1, we get

onT(r, f) =2nT (r, 1) +01) =T <r, ;) +0(1)

f f
Ak
=m <7", fl?”> +0(1)=m (n( ;f)"> +0(1)
Af]f
=n-m (T, 7 ) +0Q1) = S5(r, f). (3.11)

It gives T'(r, f) = S(r, f), a contradiction. So by Lemma 2.4, we know that
F =G. Hence Af] =tf, where t” = 1. This completes the proof of Theorem 1.7.

3.2. Proof of Theorem 1.8

It follows from E(S, f) = E(S, AfIf) and (3.1) that E(1,F) = E(1,G).
Since 4(0, f) > %, then

Ny <r7 ;) <N (r, ;) < 50175 Lot )+ S0, f), (3.12)

T N(Tvi) 1
where ¢ = lim £ < 2.
r oo T(rF) 5

By Lemma 2.2, we have

— 1 — 1 1 1 — 1
< — | < — ] = R il
Ny, (7“7 ja 1) <N (r, F’) <N (r, F’) {N (r, ,) N (r, F’ﬂ
1 — 1 — 1
<N "E +N(r,F)— |N = - N =
1 1 — 1
<N (T’F) —|N (T’F’) — N |(r, /ﬂ +S(r, F)
<N, (r,é) +S(r, F). (3.13)
By (3.12) and (3.13), we get
1 — 1 d5c+1
- < . .
2N2<7”,F)+3NL<7“7F_1>_ 5 T(r,F)+S(r, F) (3.14)
Similarly,
1 — 1 oc+1
— <
2N, <T7 G) +3NL (7"» a_ 1) S T(r,G)+ S(r,G). (3.15)

Suppose that

1 — 1
T('I", F) + T(’I’, G) §2N2 (7’7 F) + ?)NL (7", H) + S('I", F)

1 — 1
+2N, (r, G> +3N, (r, o 1) +S(r, Q). (3.16)
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It follows from (3.14)-(3.16) that

(1 _ 50; 1) (T(r,F) +T(r,G)} < S(r, F) + S(r, G).

It follows from ¢ < & that T'(r, F)+T(r,G) < S(r, F)+5(r,G), a contradiction.
Thus, by Lemma 2.5, we obtain

(B+1)G+(A-B-1)
F = 3.17
BG+(A_B) (3.17)
where A(#£ 0) and B are two constants.
Clearly,
T(r,F) =T(r,G) + O(1). (3.18)

Next we consider three cases:
Case 1. B # 0,—1. In the following, we consider two subcases.
Case 1.1. A— B —1#0. From (3.17), we have

_ 1 (1
(ot ) v (e h).
( GJFABfll) F

By the second fundamental theorem and (3.18), we get

T(r,G) <N(r,G) + N(r, é)+N< G+j31>+5(r,a)
B+1

)+ <r;> e

~T(r,G)+ S(r,G).

<N(r,G)+ N(r

It follows T'(r, G) = S(r, G), a contradiction.
Case 1.2. A— B —1=0. Then by (3.17), we haveN( ,G+ ) =N(r,F).
By the second fundamental theorem, we get

T(r,G) <N(r,G) + N(r, (1;) +N< )
<N(r,G) + N(r, é)+N(rF)+S (r,G)
% (r,G)+ S(r,G).

So we get T'(r,G) = S(r,G), a contradiction.
Case 2. B = —1. Then (3.17) becomes

A

S et (3.19)

Next we consider two subcases. o
Case 2.1. A+1#0. By (3.19), we have N (r

we deduce a contradiction as in Case 1.

) m) = N(r, F). Similarly,
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Case 2.2. A+ 1 = 0. By (3.19), we have FG = 1. Next, using the same
argument as used in the proof of Theorem 1.7, we get a contradiction.
Case 3. B =0. Then (3.17) gives

G+(A—1)

F= 1

(3.20)

Now we consider two subcases.

Case 3.1. A—1+#0. By (3.20), we have N (r
we deduce a contradiction as in Case 1.

Case 3.2. A—1=0. Then by (3.20), we get F = G.

Thus, we have Agf =tf, where t" = 1. This completes the proof of Theorem
1.8.

) m) = N(r, F). Similarly,

3.3. Proof of Theorem 1.9

Since f be a nonconstant entire function such that A(f) < p(f) < oo, then by
Lemma 2.7, we have

5(0, f) = 8(c0, f) = 1.

By Theorem 1.8, we get A’;f =tf, where t" = 1. Hence f and A’f,f share 0, co
CM. So, it follows from Lemma 2.8 that f(z) = e?**® for all z € C, where a(# 0)
and b are two complex numbers. This completes the proof of Theorem 1.9.

3.4. Proof of Theorem 1.10
Set

F(z) =f"(2) + af" ™(2), (3.21)
(A" +alAyf()" ™. (3.22)

@
—
S
N
|

Then F' and G are two nonconstant entire functions. Since E(S, f) = E(S, A’;f),
then E(—b, F) = E(-b,G).
It follows from Lemma 2.3 that

T(r,F) =nT(r, f)+ S(r, f), (3.23)
T(r,G) =nT(r, Aflf) + S(r, f). (3.24)
Since §(0, f) > 2, then
1
P T(r f) 4 (3.25)

Clearly,

< (1 + m> T(r, f) + S(r, f). (3.26)
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By (3.5), (3.23) and n > 2m + 1, we get

(3.27)

Thus, we get
(3.28)

By Lemma 2.4, (3.27), (3.28) and E(—b,F) = E(-b,G), we get either F = G
or FG =12
Suppose that FG = b?, that is

f-n—m(fm + a) X [(A:;f)n =+ CL(Af]f)n_m] = b2. (329)

It follows from (3.29) and that f is an entire function that f # 0, f™ 4+ a #
0, f # oo.

By the second fundamental theorem, we have
mT(r, f) =T(r, ™)

SN N (r ) 8 (ris ) 50N S S0 (330)
It gives T'(r, f) = S(r, f), a contradiction.
So by Lemma 2.4, we know that F' = G. That is

fraftTm = (A" +alAf ) (3.31)

Set .

AnS
h=—1-. 3.32
7 (3.32)
Thus, we get

(A" = 1)f™ = —a(h"™™ —1). (3.33)
Since n, n — m are relatively prime, then h = 1 is the only common root of
h™ =1and h"~™ = 1. Let wq,ws, -+ ,w,_1 be n—1 distinct simple roots of A™ =1

such that w; # 1 and wi™™ # 1 for 1 < j <n — 1. Next, we consider the following
two cases.

Case 1. h is a constant. If h™ # 1, then by (3.33), we get f is a constant, a
contradiction. Thus, A" = 1. Then by (3.33) we know that A"~ = 1. Obviously,
we obtain h = 1. Hence, Af]f = f.

Case 2. h is not a constant. Then by (3.33), we get

B s A ol
(h—w)(h—wa) (h—wny)

fm=— (3.34)
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It follows from (3.34) and the condition that f is a nonconstant entire function
that h # wy,wo, -+ ,wp_1.

In the following, we consider two subcases.

Case 2.1. m > 2. Since n — 1 > 2m > 4, by Picard’s Theorem, we get h is a
constant, a contradiction.

Case 2.2. m = 1. Then n > 2m+1 > 3. Without loss of generality, we consider
the case n = 3.

By (3.25) and (3.34), we get

T, —
f
By the second fundamental theorem, (3.34), (3.35) and Lemma 2.3, we obtain

N h)+ N <r, hjq) <N ( 1> < iT(r, f). (3.35)

T(r, f) =2T(r,h) + S(r, h)
<N(r,h) + N (r, h—1|—1> +N (r, h—lwl> +N (r, " —1w2) + S(r,h)

<N (r, ch) + S0, f)

<iT(’I‘,f) + S(r, f).

It follows T'(r, f) = S(r, f), a contradiction.
By the above discuss, we deduce that h = 1, that is Afl' f = f. This completes
the proof of Theorem 1.10.

3.5. Proof of Theorem 1.11

It follows from E(S, f) = E(S, Ak f), (3.21) and (3.22) that E(—b, F) = E(-b,G).
Since §(0, f) > 12, then we have
=Ny _ 1
ST ) S (339)
So by (3.26), we get
Ny (=) < (= +m) T, £)+ SCr, f) (3.37)
2\ g TR T, r, f). .

By (3.13) and (3.37), we get

2N, (r, ;) +3Ny (r, 7 i 1) < (; + 5m> T(r, f)+ S(r, f). (3.38)

Similarly, we have

2N, <r, é) 43N, (n - 1) < (; + Sm) T(r,ANf) + S f). (3.39)

Suppose that

T(r,F)+T(r,G) <2N (n ;) +3Np (r, ) + S(r, F)

F-1
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1 — 1
+ 2N2 (T, G) —+ 3NL (7", CH_) + S(7"7 G) (340)

It follows from (3.38)-(3.40) and n > 5m + 1 that T'(r, f) < S(r, f), a contradic-
tion.

Next, using the same argument as used in the proof of Theorem 1.8 and Theorem
1.10, we deduce that Alf,f = f. This completes the proof of Theorem 1.11.

3.6. Proof of Theorem 1.12

Since f is a nonconstant entire function such that A(f) < p(f) < oo, then by Lemma
2.7, we have

6(0, f) = é(o0, f) = 1.

By the second fundamental theorem, for any nonzero constant a, we have

T(r,f) <N(r,f)+ N (r, }) +N (r, fl—a) + S(r, f)

1a>+sw,)

SNl) (rjflia> +N(2 (vaia> +S(Ta f)

§N<nf

It follows that
1
T(T,f) S Nl) <T7 f

—a

)+su¢y

Thus, we get

N2 (r, fia> =S(r, f).

So we deduce that f and A’f] f share the set S CM almost. Next using the same
argument as used in the proof of Theorem 1.10 we get Afyf = f. Hence, f and A’n“f

share 0, oo CM. It follows from Lemma 2.8 that f(z) = e*** for all z € C, where
a(# 0) and b are two complex numbers. This completes the proof of Theorem 1.12.
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