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Dandan Min'? and Fangqi Chen®?{

Abstract In this paper, we probe into the solvability of Sturm-Liouville
problem for fractional advection-dispersion equations without traditional Amb-
rosetti-Rabinowitz conditions. Some existence results of infinitely many small
negative energy and large energy solutions are obtained by employing variant
fountain theorems. The nonlinearity f and l; (i = 1,2,...,m) are considered
under certain appropriate assumptions which are distinct from those assumed
in previous articles. In addition, the main result is confirmed by an example
which is provided.
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1. Introduction

Consider the following Sturm-Liouville problem of fractional advection-dispersion
equation (FADE for short) given by

- |5 D)+ DE )| + Kaete)
= f(z,v(x)) + Zli(x,v(x)), a.e. z € 0,7,
=1 (1.1)
0u(0) = B |5 oD (0) + 5 DS (0)] =
() 40 |3 D) + 5 DT =0
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where oD, ¢ and zD;C are the left and right Riemann-Liouville fractional integrals
of order 0 < ¢ < 1individually, K (z) € L>([0,T], RT) with K° = ess supjo 7 K (z),
Ko = essinfjg ) K(xz) > 0, o,y > 0,8,0 > 0, and f € C([0,T] x R,R) and
I, € C([0,T] x R,R) for every i =1,2,...,m.

Motivated by increasing interest in the current literature concerning fractional
advection-dispersion equations which can be used to simulate physical phenomena,
such as exhibiting anomalous diffusion on certain conditions, and depicts nonsym-
metric or symmetric transition and solute transportation and so on. In [4], Ervin
and Roop studied the following form FADE

_%(P 0D, " + (1= p)a D7) (2) + b()v (z) + c(z)v(x) = VF(z,0(z))  (1.2)
for a.e. x € [0,T], where oD, # and zD;ﬂ are the left and right Riemann-Liouville
fractional integral operators individually, 0 < 8 < 1, p € [0, 1] is a constant depicting
the deflection of conveyance transversion, b, ¢, F' meets certain proper conditions. If
taking p = 3 in (1.2), then the FADE (1.2) delineates symmetric mutations. Sun
and Zhang in [23] probed into the FADE (1.2) with b(z) = ¢(z) = 0,T = 1, and the
boundary conditions v(0) = v(1) = 0. For more physical background information
and applications about FADE, see [1,5, 7,10, 12-15, 18, 19, 25, 28-30] and so on.
Critical point theory and variational approach have become an valid tool to solve
this type of FADE problem. In [8], Jiao and Zhou gained the existence of nontrivial
solutions for following FADE by employing the usual Ambrosetti-Rabinowitz (A-R)
condition (i.e. there exist 1z > 2, and 7 > 0 such that for any « € [0,7],£ € R, |¢]| >

70 < pF(x,§) <&£f(,6)),

% (; D (@) + - xDTﬁ(v/(x))> + VF(z,0(x) =0, a.c. x € [0,T),
v(0) =v(T) =0,
(1.3)

where gD A and ID;B are the left and right Riemann-Liouville fractional integral
operators individually, 0 < 8 < 1, and VF(z,y) is the gradient of F at y. Since
that time, a lot of literatures concerning FADE have been written by employing
the (A-R) condition. Its importance is as a result of the truth that it guarantees
the boundedness of the Palais-Smale sequences for the energy functional related
to the problem under consideration. The (A-R) condition is a superlinear growth
assumption concerning the nonlinearity and proved that it can be expressed as
F(2,€) > b1|é]F — b, V(x,€) € [0,T] x R, for some by,by > 0. We notice that some
functional such as f(x,&) = &log(l + |£]) is superlinear at infinity, but does not
satisfy the (A-R) condition. So, some new assumptions have been used by scholars
to replace the (A-R) condition and overcome this restriction.

Recently, some FADE problems without the Ambrosetti-Rabinowitz condition
have been researched by many scholars. For instance, in [6], the authors introduced
the following assumption on f, there exists & > 1 such that 6.F(s,&) > F(s,€) for
any (s,&) € [0,T] x RN s € [0,1], where F(s,&) = (VF(s,¢),€) — 2F(s,€). The
authors in [3] obtained multiplicity results exist in the asymptotically quadratic
case and subquadratic case to the above boundary value problem. In [2], the author
obtained the existence of infinitely many small or high energy solutions to the above
boundary value problem by applying the variant fountain theorems.
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Very little research has been done on the Sturm-Liouville problem of FADE by
taking advantage of the variant fountain theorems. In [24], the authors investi-
gated the existence of solutions for the Sturm-Liouville problem of discontinuous
fractional-order differential equation by critical-point theory

— % (; oD P (V' () —|—% IDTﬂ(v’(x))) = A (v(z)), a.e. z €[0,T],
av(0) — b (; oD (v (0)) + % mDTﬁ(v’(O))) =0, (1.4)

o(T) + d (5 oD 0/(T) + 5 D (D) =0,

where oD, ” and ID;B are the left and right Riemann-Liouville fractional integrals
of order 0 < 8 < 1 individually, A is a positive parameter, a,c > 0,b,d > 0, and
f: R — R is an almost everywhere continuous function. In [21], the authors studied
the existence of weak solutions for the following damped-like fractional boundary
value problem from the point of view of variational approach

2 (5000 @) 4 5 D0 w)
+00) (5 D20 @) + 5 D)) + ala)ola) .

= f(z,v(z)) +Zgj(x,v(x)), a.e. x € 1[0,7T],
j=1

where ¢D;? and mD;B are the left and right Riemann-Liouville fractional integral
operators individually, 0 < 8 < 1, and p € C([0,T)),q € L>=([0,T1]), f € C([0,T] x
R,R) and g; € C([0,T] x R,R) for every j =1,2,...,n.

Here, we are interested in the existence of infinitely many small or high energy
solutions for Sturm-Liouville problem of FADE. Our analysis will be on the ac-
count of variant fountain theorem which has been adopted for Dirichlet boundary
problem in some literatures. Difficulties such as how to construct suitable function
and how to prove the boundedness of the required sequences in the theorem need
to overcome due to the weaker conditions and Sturm-Liouville boundary condi-
tions taken into consideration. The innovation is twofold: For one thing, we study
the Sturm-Liouville problem for fractional advection-dispersion equations under no
Ambrosetti-Rabinowitz condition, it can free ourself from the (Palais-Smale)-type
assumptions. The conditions we give are different from those assumed in Refer-
ence [2,3,6,21,24], although there is no Ambrosetti-Rabinowitz condition in refer-
ence [2,3,6,17,21,24,27], either. This is the essential difference between this paper
and the previous paper. For another thing, boundary conditions in this paper are
more general cases, which cover the Dirichlet boundary condition as special cases.

The framework of this article is as follows. Some fundamental preliminaries and

lemmas are stated in the next section. The fundamental consequences of this article
are given in the last section, as well as an application to FADE (1.1).
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2. Preliminaries and lemmas

Definition 2.1 ( [9,22]). Let y be a function defined on [a,b]. Then the left and
right Riemann-Liouville fractional derivatives of order 0 < 4 < 1 for function y are
represented by

d 1 d [
5 _a 5—1 __ - ¢ R
DI = 5 DI = g g [ =9 s, 1€ )
and
d 5 1 d [ -
DYy(t) = —— D} 1y(t):—7r(1_5)£/t (s —1)"y(s)ds, t € [a,b].

Definition 2.2 ( [9,22]). If § € (0,1) and y € AC([a,b],RY), then the left and
right Caputo fractional derivatives of order § for function y denoted by ¢ D9y(t) and
¢DYy(t), individually, exist a.e. on [a,b]. $D?y(t) and {D{y(t) are represented as

1

cDMy(t) = JD{ 7Yy (t) = T(=0)

/ (t — )%y (s)ds, t € [a,D],

and

1

b
cDyy(t) = — Dy 1y (t) = —m/t (s =)~y (s)ds, t € [a,b].

If 6 = 1, then ¢D}y(t) = y/(t) and §D}y(t) = —y/(t), for every t € [a, b]. Especially,
¢Dy(t) = ¢DYy(t) = y(t) for every t € [a,b].
Proposition 2.1 ( [9,22]). The left and right Riemann-Liowville fractional integral
operators have the property of semigroup, i.e.,
oDy “ oDy y(t) = oDy “ ™ *2y(t),

and

¢Dy “ (:Dy “2y(t)) = D, " *?y(t), Yo, an > 0.
in any point t € [a,b] for a continuous function y and for almost every point in [a, b]
if the function y € L'([a, b], RY).
Proposition 2.2 ( [9,22]). If h € LP([a,b],RY), g € L([a,b],RY) and p > 1,q >

Ly+s<l4dorp#Lg#L+ =1+ then

b b
[ b nelgterd = [ 1D, gm0, 5> o

Definition 2.3. Let 3 < ¢ < 1. We denote the fractional derivative space E, =
{v :[0,T] — RY : v is absolutely continous and §D%v(z) € L%([0,T],RV)} as the
closure of C°°([0,T], RY) endued with the norm

1

2

T T
||”:</ [6D2v(a)Pde + / v<x>|2dx> Vo€ B (2.1)
0 0
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Remark 2.1. Following Definition 4.1 in [24], we are aware that the fractional
derivative space E, is the space of functions v € L?([0,7T],R"), which has an p-
order Caputo fractional derivative §D2v(z) € L2([0,T],RY).

Proposition 2.3 ( [24]). Let 0 < ¢ < 1, the fractional derivative space E, is a
reflexive and separable Banach space.

Lemma 2.1 ( [24]). If 1 < 0 <1, then for any v € E,, we have

T T
~cos(ng) [ [iDgu(e)de <~ [ (5Dg(w). SDo (o)
0 0

1 T
————— [ [§D%v(z)[*da. 2.2
=g | @k e2)
Lemma 2.2 ( [16]). Let £ < o<1, v € E,, the norm ||v||, is isovalent to

T T
||v|< / (§D20(z), ©D&v(x))dx + / K (2)(0(x))?da

2

’Y 2
— 0 , 2.3
2T + 500)7?) (2.3
i.e. there exist A1y, Aap > 0 satisfying
1
. [oll < lvlle < Aspllvll, (2.4)
)
where
3 9720 1 \?
Ay, = 27—, — — 2.5
te (max{ a’ (T(o+1))2cosmo cosmp) (25)
1 v 1 —Te 3
Asy =12 - K° 2— T - 2.6
20 max{ cosmo’ }+ Umax{ 2’F(Q—i— l)cosm'g} (2:6)

2 2
o 1 Tg_%
+2—max< T 2, ———— .
8 { P<g+1)}

Lemma 2.3 ( [16]). For v € E,, there exists Az, > 0 such that ||v|lec < Aspl|v]l,
where

ol = max oo
T3 T3

Asg :\/§A1 max T_%, + T R

¢ ¢ I(o+1) T['(0)(20 —1)2+/| cos o]

and Ai, is defined in (2.5).

Proposition 2.4 ( [24]). If 1 < o < 1, the sequence {vy} converges weakly to v
in E,, namely vy — v. Then vy — v in C([0,T],RY), namely ||vi, — v||oc — 0 as
k — oo.
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Hereinafter, we will probe into FADE (1.1) in the E, with the corresponding
norm ||v|| which is defined in (2.3).
To facilitate this discussion, we denote

D2(u(x)) = 3 oDL D)) — 3 wD§ (S Do), (27)

As discussed in [16], FADE (1.1) transforms to the following form
- &gg( v(x)) + K(z)v(r) = f(z,v(z)) + Zli(a:,v(x)), a.e. z € 1[0,T),
i=1
av(0) = f9°(v(0)) = 0, yv(T) + 0D°(v(T)) =
where p =1 — % € (5.1
Definition 2.4. A function v € E, is termed as a weak solution of FADE (1.1) if

(2.8)

1

T
- 5/0 (GDzv(z), DFw(x)) + ( §DFw(x), cDFv(@))] + (K(2)o(z),w(z))de

+ gv(T)w(T) + %U(O)w(O)

holds for every w € E,.
The energy functional © : E, — R associated with FADE (1.1) is defined by

O(v) :/O L [-(D2o(a), $Df()) + (K(2)v(@), v(@))] dz + 5= (u(T))?

2 20
a 2_ ! z,v(x - i(x,v(x T
+%(v(0)) /0 F(z,v( ))+;Lz( ;0 ))1 d (2.9)

=

&

[
O
<

IMS

L;(x, v(z))] dx,

where F(z,v) = [ f(x,€)d¢ and L;(x ):fov de (i=1,2,...,m).
Due to the properties of F,L; (z = 1,2,. )7 which manlfest that © €
CY(E,,R) and for every w € E,,
1 T
(0 (v),w) = - 5/ GD3v(x), ;DFw(x)) + ((DJw(x), s Djv(x))dr  (2.10)
0
T
+ [ @), w@)ds + 2oT)e() + Ge0w(o)
0
T m
_/ [f(x,v(ac))w(x)+Zli(x,v(x))w(x) dzx.
0 i=1
Let W be a Banach space endued with the norm || - || and W = @jenw; with

dimw; < oo for j € N. Put M} = @lewj,N,: = ®5,w; and Z; = {v € M :
lvl| < R:},Sf ={ve N || =ri}for R >rf >0.
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Lemma 2.4 ( [31]). The C* functional ©5 : W — R defined by O5(v) := A(v) —
AU(v), A € [1,2], satisfies:
(i) ©x maps bounded sets to bounded sets uniformly for Xe [1,2]. Furthermore,
O5(—v) = O5(v) for all (\,v) € [1,2] x W;
(i) U(v) > 0 for all v € R, U(v) = 00 as ||v|| — oo on any finite dimensional
subspace of W;
(iii) there exist R}, > rj > 0 such that

&:X': lnf ®~U ZO>I;;F}\": max ®~U7VX€ 1’2’
e vEN|IvlI=R}, ’\< ) a5 vEM},||v||=r] A( ) [1,2]
and
EZ/(X) = inf O5(v) = 0, as k — oo uniformly for e (1,2

vENL VISR

Then, there exist An. — 1,0(A\n.) € M,,. such that

05, Im., (W) =0, O5 (W(ha.)) = ¢ € [d;(2), bp(1)], as n, — oo,

Specially, zf{v(xn* )} has a convergent subsequence for every k, then ©1 has infinitely
many nontrivial critical points {vg} € W\{0} satisfying ©1(vg) — 0~ as k — oo.
Lemma 2.5 ( [31]). The C* functional ©5 : W — R defined by ©5(v) := A(v) —
NU(v), X € [1,2], satisfies:

(i) ©5 maps bounded sets to bounded sets uniformly for \e [1,2]. Additionally,

O5(—v) = O5(v) for all (\,v) € [1,2] x W;

(i) ¥(v) >0 for allv e W, A(v) = oo or U(v) = o0 as ||v|| = oo; or

(@) U(v) <0 for allve W, ¥(v) - —o0 as ||v|| — oo;

(iit) There exist R} > r} > 0 such that

by(N) = inf  Oz(v)>a;(\)= max  O5(v), Ve [1,2].

vGN,:QHvH:rZ UEM;,HUH:RZ

Then,

bp(X) < i (A) = inf max O5x(T(v)), VA e[L,2],
where 'y, = {Y € C(Z;,W) : Y is odd, Y|pz: = id}(k > 2). Furthermore, for

almost every X € [1,2], there exists a sequence {ok (A} such that

sup [[vE (V)| < 00, O%(vE (X)) = 0, O5(v), (V) = ci(N), as n. — co.
Since E, is a separable Banach space in the light of Proposition 2.3. We choose
an orthonormal basis {¢;} of E, and write w; = span{¢{;}, M} = @?lej,]\f,:‘ =

©52w;. Consider O : B, — R defined by

05 (v) :=A(v) — AT () (2.11)



Sturm-Liouville boundary value problems for FADE 683

T
7%”””2 —/0 ZL x,v( dxf)\/o F(z,v(x))dz, Yv € E,, A€ [1,2].

Namely, A(v) = %HUH2 fo " Li(z,v(x))dz, ¥(v fo ))dz. N
To facilitate this discussion, henceforth7 we will repeatedly use the letter ¢* to
bespeak varieties of positive constants whose exact value is irrelevant.

3. Main result

We give some assumptions of f,[; as follows:
(A1) f,1; € C([0,T] x R,R) are odd in v for i =1,2,...,m
(A2) There exist ¢*,7* € (1,2),b7 > 0,b5 > 0,b5 > 0 such that

bilo|™ < fs,v)o < b5Ju|T 4+ bi|u]<, ae. s €[0,T],veR.

(As) There exists 2 < &; < oo such that |I;(s,v)| < b (1 + |[v|7i7) for a.e. s €
[0,T],v € R. Furthermore, lim,_,o @ = 0 uniformly for s € [0,T],i =1,2,...,m
(A4) Suppose one of the following conditions hold

(i) limyy oo Lis:) — 0 yniformly for s € 0,T],i=1,2,...,m;

v

(i) lim‘v|_,oow = —oo uniformly for s € [0,7],i = 1,2,...,m. Moreover,

@ and @ are decreasing in v for v large enough;

(4d") limjy|— 00 li(f}’v) = oo uniformly for s € [0,T],i =1,2,...,m, @ is increas-

ing in v for v large enough. Additionally, there exists p; > p > ¢* +7* >
max{s*, 7"} such that liminf, Z(S%fgL(S”) > ¢

s€[0,T],i=1,2,...,m, where p = min;—1 5 m{p:}

> 0 uniformly for

Theorem 3.1. Suppose that (A1), (Az2), (As) and (A4) hold, then FADE (1.1) has
infinitely many solutions {vg} satisfying

Lo [
o) = glul — [

Proof. Evidently, ¥(v) > 0 and ¥(v) — oo as ||v|| — oo on any finite dimensional
subspace. Combining (Az) and (Az), it is easily seen that ©5 maps bounded sets
into bounded sets uniformly for A € [1,2]. What’s more, by virtue of (4, ), O5(~v) =
O5(v) for all (A\v) € [1,2] x E,. On account of (Asz), for any €; > 0, there exists C,
such that |L;(z,v(x))| < &;]v|? 0%, (i = 1,2,...,m). Hence, for ||v|| small
enough,

m

F(z,vg(z)) + Z Li(z,vp(z)) | dz — 07, as k — oc.
i=1

€q

T Flolls: (3.1)

1 u -
Ox(v) =5 [lvl* - Ty eidi,|ol® — o

i=1

C e
7 = ol

1 ~
> |5 - Tmet, | o - &

I” = cloll7- = *llollg

S

>71||
v
4
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combining with (As), where € := max;—12__m{e;} < m. Suppose 7* < ¢* and
3o
set Q(7") = sup,e Ny =1 1V]l7+; Q(s™) = sup,en; ¢+, then Qg (77) —
0, (s*) — 0as k — oo. It is similar to the proof of Lemma 3.5 in [2] and Lemma 3.2
in [26], we omit the proving processes. Accordingly, for ||v|| = R} := (8¢*QF (7%) +
~ * * *)2

8¢5 (¢*)Y =) we get O5(v) > % > 0. For another thing, if v € M} with
|lv]] small enough, we acquire that

1 T i m LT
O3(0) <50l = & [ oo+ Y [ el +C
0 = Jo
m
<ol + ) e
=1

<0,

(3.2)

Tl

for 7* € (1,2),2<7; <o00,i=1,2,...,m, due to (A3), (A3), and the equivalence
of norm in finite dimensional space. The above discussions indicate that b} (\) <
0 < aj(X) for A € [1,2]. Additionally, if v € N} with ||v|| < R}, we can acquire that

05(v) = —*lv

5 TSl >~ (TR — Q5 (¢F)R; — 0,

as k — oo, in terms of (3.1). Consequently, d; ()\) — 0 as k — 0o. By Lemma 2.4,
we get there exist A,. — 1,v(A,,) € M, such that

0% .. (60n) =0, O5, () = G € [d(2),5,(1); as n. = 0. (33)

Subsequently, we certify that {v(X,.)} is bounded in E,. On account of
&% [, () = 0,

then

1=/T%meamwnﬂt2$EWW%W“MJW.
0 lo(h )P

If, up to a subsequence, |[v(X,.)|| = oo as n, — oo, thus, as a result of (As), we
acquire

1—|—0

/ S i, 0O0n))oOn)
oG

where o(1) — 0 as n. — oc. Distinctly, it is a contradiction if (A4)(i) holds.

In addition, choose w,, = ”Zg”*;”, then, w,, — w in E,, w,, — w in
L?([0,T)) and @, (z) — w(x) for a.e. x € [0,T).
Case 1. If, w # 0 in E,, and lim,| o l’(z ) — o in (Aq) (¢'), for n, large

enough, via Fatou’s Lemma, we get that

Zz 1! ( ))U(Xm) 2
—1+o(1 / )\m) (@, [“da

2
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— il v ()

> c* +/ B B = wp, |?dx
(=030 {[v(X.) 26} [(An.)I?
— 00,
a contradiction. It is similar if lim),| o # = o0 in (A4)(@").
Case 2. If, w =0 in E,, we denote
05, (smv(3n.) = max 5 _(50(%,.)) (3.4)
T se|0, e
then
lm 65 (o)) =00, (85 (5m0(h.))sm (i) = 0.
na—roo | Ans M
As amatter of fact, for any ¢* > 0 and 97, = (4;)% , due to( )2 [l )~
(0,1) and fo (z,95 (x))dx — 0 (i = 1,2,... fo (x,95 (x))dx — 0, we

obtam for n, large enough that

05, (5m.v(\n.)) 205, (19*)

T
=2¢* — / (@,9;, (x))dr — )\n*/ F(z,9; (v))dx
0
>0,
which means that

lim O35 (5m.0(\.)) = o0 (3.5)

Ty —> 00 An

We note that G)~

(0) = 0 and (3.3) holds, combining with (3.5), we observe that
there exists s, € (0 1

,1), and so by (3.4), we deduce
d

TEle=en

Gxn* (gv(xn* )) =0

for any n, € N. Thereby, we have

—_ — _d o~
<@/Xn* (8. v(An,))s Sn, v(An,)) = Sn, d7§|§:s’7x®xn* (5v(An,)) = 0.

It follows that

0o = lim (@XM (5m.0(An)) — %(e%n* (s;;v(Xm)%sZ:v(Xm»)

Ty —> 00

T
< lim X, / @ oG )iv(,) ~ Fe, 500, ))da

If (A4) (7') holds, we have that

35 K0T - Fls.00) + Y |

9 212(53 X’U)XU - Li(sa %1}) S E;
i=1
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for all ¥ > 0 and v € R, which is a contradiction.
If (A4)(#"”) holds, we have that

T T
00 <8 [ oG o+ [ e o)) - Life o ))da,
0 0

which means that

T 1 —~
/ ili(x,v(/\n*))v()\n*) — Li(z,v(A\pn,))dz — oc.
0

Whereas, owing to the property of ’U(Xn ), we know that

where p = min;—1 2. m{wi}, o represents different positive exact values that are
unrelated, which contradicts the prior estimate. The above discussions suggest
that {v(A,,)} is bounded. Applying similar arguments of the proof of Theorem 12
in [26] or Theorem 3.1 in [2], we have {v(X,,)} has a convergent subsequence for
every k. According to Lemma 2.4, we are aware of that © = © has infinitely many
nontrivial critical points {vy} € W\{0} satisfying ©1(vy) — 0~ as k — oo. The
proof is complete. O

Remark 3.1. Conditions (A3) and (A4)(i) involve the case of [; =0 (i = 1,2,...,m).

In what follows, we consider the case that I; =0 (i = 1,2,...,m), and list some
hypotheses which are different from Theorem 3.1. The assumptions are made as
follows:

(B1) f € C(0,T] x R,R), |f(s,0)] < (1 +|v|" 1), ae. s €[0,T],v € R with
n* € (2,00),£* >0, and f(s,v)v >0 for all v > 0.

(Ba) liminf),| o 1420 > g% > 0 uniformly for s € [0,T], where ¢ > 2.

[o]*

(B3) limy 0 @ = 0 uniformly for s € [0, T]; @ is an increasing function
of v for every s € [0,T].
(By4) f(s,—v) = —f(s,v) for any v € E,,s € [0,T].
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Theorem 3.2. Suppose that (B1), (Bz), (Bs) and (Bs) hold, then FADE (1.1) with
;=0 (i=1,2,...,m) has infinitely many solutions {vy} satisfying

T
O(vg) = %HkaZ 7/0 F(z,vi(x))dz — o0, as k — 0.

Proof. Consider O5 : E, — R defined by
~ 1,y ~ T ~
O5(v) :==A(v) = A¥(v) = §||U|| - F(z,v(x))dz, Yv € E,, A €[1,2]. (3.6)
0

Namely, A(v) = 1|v]]?, ¥(v) = fOT F(z,v(z))dz. Obviously, ¥(v) > 0,A(v) = oo
as [|v]| — 00, O5(—v) = O5(v) for all (\,v) € [1,2] x E,.

Clearly, by conditions (By), (B2), (B3), for any € > 0, there exists C% such that
f(s,v)v > C%v|* — €[v|?,Vv € R. Consequently, it can be easily proved, for cer-
tain Rf > 0 large enough, that g,f(X) = MaXye M |o]|=R; O©5(v) < 0 uniformly
for A € [1,2]. For another, due to (Bs), for any & > 0, there exists c: >0
such that |f(s,v)] < CXlv|” ~' + Ev|,¥s € [0,T],v € R. Consider Q(n*) =
SUPye N o1 V[ln+, then Qi(n*) — 0 as k — oo (see [2,26]). Hence, for v € Ny
and € small enough, we have

03(0) =3I = [ Flav(w)s

o N ACE

1 ) »
e

|
> loll? = & ol

1 e e
>0l = & () ol

If we take 1} = (45*77*97,1*(77*))2*1"* , then for v € N} with ||v|| = 7}, we have

- « 1 1
Ox(v) > (40 Q] )ﬁ ( — ) = by,

which indicates that bNI’Q(X) = infye Ny [jojj=r; = br — 00 uniformly for Xask — oo.

Thus, in virtue of Lemma 2.5, for a.e. A € [1,2], there exists a sequence {ok ) o1
such that

sup [ (V)| < 00, ©% (k. (V) = 0, O30, (V) =+ G() = () > by, n. - oo.
Additionally, since cjﬁ(X) < SUPyezr O(v) = ¢, and E, is embedded compactly
to L2([0,T]), which is similar to the proof of Lemma 12 in [11] or Lemma 2.7
in [20], we omit the proving processes, and by standard argument (see [2,26]),

{vF (N\)}22_; has a convergent subsequence. Therefore, there exists A*(\) such
that @’X(hk(X)) =0 and @X(hk(X)) € [bg, cx]. Obviously, we may find X,, — 1 as
n, — 00, and {hy,, }3°_; C E, such that

05 () =0, O3 (n.) € [bx, cil, (3.7)



688 D. Min & F. Chen

with ¢ > by > 0.
From now on, we attest that {f,, }3°_, is bounded. Suppose that |7, | — oo

as n, — o0o. Consider =,,, = HZ"—H Accordingly, up to a subsequence, we gain
E,. =~ Ein E,, E,. = Zin L*([0,T1), Z,,(s) — Z(s) a.e. s € [0, 7).
Case 1. Z2# 0 in E,. On account of GIX (An,) =0, we get that

fsﬁn*

n
L% e LT g < gk
(7. |17

In addition, via Fatou’s Lemma and conditions (B;) and (Bs), we get that

f P, J(8, I, ),
/ PP N IE |2, (s ”27(}% ) ds — oo,
|| n*|| (En, ()0} P (8)[?

a contradiction.
Case 2. £ =0 in E,. Similar to the arguments in Theorem 3.1, we set

O3, (Sn.fm.) = Jnax, O3, (shn.). (3.8)

For any ¢* > 0 and =, := (4c)2Z,_, n, large enough, we gain that

T
O, (mhn) =05 (E,) =25 ~ A, [ F(s.E)ds > €,

which means that

lim ©5 (s:b:ﬁn*) = 0. (3.9)

M4 —> 00

We notice that ©5 (0) = 0 and (3.7) holds, combining with (3.9), we see that

there exists s, € (0,1), and so by (3.8), we deduce d%|g=;7: O5  (8hy,) = 0 for any
n. € N. Thereby, we have

— N —d ~
<®/X (Sn.ln, s Sn.Bin,) = sn, d7§|g=;5 GXM (8hn,) = 0.

Mok

It follows that
1 . _
/ 5 t Sn, n*)sn*hn* - F(ta Sn*hn*)dt — 00.

Via condition (Bs), S(z) = 322 f(t,y)y— F(t,xy) is increasing in x € [0, 1], thereby,
1f(t,y)y — F(t,y) is increasing in y > 0. Together with the oddness of f, the
following inequality is obtained

T T
1 1 _ _ —
/ §f(t’ hn )hn, — F(t, by, )dt > / if(t’ Sny B, )Sn b, — F(t, 8n, b, )dt — 00,
0 0

it is a contraction since

~ [T 1
Mn. / 5 (6 )b, = F(t b )t =05 (Rn.) = 5(O5 (hn.), hn )
o * M
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:@Xﬂ/* (hn*) S [bk, Ck].

According to by, — oo as k — oo, we acquire that FADE (1.1) with ; =0 (i =
1,2,...,m) has infinitely many nontrivial high energy solutions. The proof is com-
plete. O

Combining the above two theorems and their proof, we have the following corol-
lary.

Corollary 3.1. Suppose that (A1), (As), (A3) hold, and @ is increasing in v

for v large enough. Moreover, suppose that

L
lim inf ils, U)U >9; >0, liminf =
|[v] =00 |’U| i |[v|—o0 "U

li(s,v)v — 2L;(s,v)

Zci>0

uniformly for s € [0,T], where t; > 2, i = 1,2,....m, p; > p > ¢* +717° >
max{¢*, 7"}, p = min;—1 2 . m{wi}. Then FADE (1.1) has two sequences {v;} and
{1k} of nontrivial solutions such that

O(vr) = 07, O(vg) = o0, as k — oo.
Remark 3.2. Boundary value conditions include the following four cases:
(i) B = 0,a # 0, the boundary value conditions of FADE (1.1) convert into
0(0) = 0,70(T) + 0 [4 0DFS /(1) + 4 D)) =0
(ii) ¢ = 0,y # 0, the boundary value conditions of FADE (1.1) convert into
o(T) = 0,a0(0) - 8 [5 0Dz (W' (0)) + § 2 D7 (v'(0))] = 0.
(iii) ,8 = o = 0, the boundary value conditions of FADE (1.1) convert into
v(0) = 0,v(T) = 0.
(iv) If ¢ =p =0=0, FADE (1.1) convert into second-order differential equa-
tions with Dirichlet boundary value problem.
To sum up, our study is more general than the previous literature.

Example 3.1. Choose f(s,v) = v[v|” ~2In(2 + |v|), li(s,v) = Roln(l + |v]), (i =
1,2,...,m) where 7* € (1,2). It is easily to see that (A4;), (Aa), (A3) and (A4)(")
hold while k; < 0 (i =1,2,...,m); (A1), (A2), (43) and (A4)(¢") hold with p; = 2
while ¥; >0 (i =1,2,...,m). Take

oo o] < 1,
i\S,V) = ~
¢Ho| 72 In(1 + [o]), Jo] > 1,

where ¢f (¢ = 1,2,...,m) is well chosen, then (A1), (A2), (A3) and (A4)(i) hold.
By Theorem 3.1, FADE (1.1) has infinitely many solutions.
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