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STABILITY SWITCHING CURVES AND HOPF
BIFURCATION ON A THREE SPECIES FOOD
CHAIN WITH TWO DELAYS*
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Dedicated to Professor Jibin Li on the occasion of his 80th birthday.

Abstract A three species food chain with two time delays and double Holling
type-II functional responses is investigated. The conditions for the existence
of positive equilibrium and Hopf bifurcation are presented. The stability area
of positive equilibrium is surrounded by coordinate axis and stability switch-
ing curves. By using the theory of Hassard, Hopf bifurcation directions are
determined analytically. Numerical simulations are presented on the frontier
of stability to explain and support the analytic results.
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1. Introduction

The models of three species food chain have long attracted attention because of
their complex dynamical behaviors [3-6, 10,12, 13,15, 18,20, 22-26]. Hastings and
Powell [10] studied a three species food chain with double Holling type-II functional
responses,

X =RX(1-%)-CiF(X)Y,
Y = F(X)Y — Fy(Y)Z - DyY, (1.1)
Z = CyFy(Y)Z — Dy Z,

where X,Y, Z express prey, mid-level predator and top-level predator respectively,
F,(U) = é;UU,i = 1,2 are Holling type II functional responses, K and R denote
the carrying capacity and intrinsic growth rate of species X, D; and D5y denote the
death rates for Y and Z, C; and C are the conversion rates of prey-to-predator for
Y and Z, and the constants coefficients are all positive.

Since then, literature has studied the dynamical behaviors of this system. For

example, Lv and Zhao [13], based on biologically feasible parameters, obtain bifur-
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cation diagrams and showed that food chain system had rich and complex features.
Lonngren et al. [12] studied the dynamical behaviors of a food chain system and
showed that the system could be synchronized with another food chain system. Var-
riale and Gomes [23] got the asymptotic states from numerical integration and by
using the embedding procedure, local Lyapunov exponents were obtained. Gakkhar
and Singh [5] investigated the model involving another predator of top prey. Fang
and Lin [4] studied (1.1) with one time delay and chaotic behaviors were observed.
Yang et al. [26] studied a periodically kicked three species food chain with one
time delay and rank-one chaos was observed. Cui and Yan [3] investigated the
stability and bifurcation behaviors on a two delayed three-species food chain with
Lotka-Volterra functional response, they dealt with the delays as 7 = 11 + 7o.

In reality, multiple delays arise in many subject such as biology, ecology, epi-
demiology, physics, chemistry, and engineering disciplines. However, systems with
multiple delays are of great interest [1,16,17,19,21,27]. The method of stability
switching is an effective method to understand the stable region for system with
two delays, and realize the bifurcation behaviors [2,7,8,11]. Recently, Matsumto
and Szidarovszky [14] studied a two species two delayed Lotka-Volterra competition
model with some symmetries, and the stability switching curve was investigated.

In the present paper, considering that the mid-level predator and the top-level
predator take time 7 and 75 to convert the food into their growth, we devote our
attention to the bifurcating phenomenons of above system with two time delays
described by

X=RX(1-%)-Ci1FR(X)Y,
Y = F(X(T —n))Y — B(Y)Z — DvY, (1.2)
Z=CoF(Y(T —12))Z — D2,

where 7 > 0 and 75 > 0.
To simplify the study, using the following nondimensional variables:

X Y 1z
TERYT TR T OK

then system (1.2) can be described by:

. a1y
i(t) =z(1—2)— Hlblx,

. arx(t—r a2yz

gy = arliomly o g (1.3)

_1+b1$(t—7'1) 1+b2y_
: azy(t — 72)2
(t) =

L s VS
L+ bay(t — 72) ?

KA K D CyKA K D
Where a; = RBll’bl = E’dl :ﬁl,agz CiRBf’bQ: C1Bz’d2:?2'

We first study the existence and local stability of the positive equilibrium, then
obtain the conditions of switching curve in the plane of 7 — 75. Bifurcation di-
rection and stability of bifurcating periodic solution are determined analytically.
The numerical simulation shows the stability switching curve. Hassard’s theory is
combined to obtain bifurcation direction and stability of periodic solution on the
switching curve.
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2. Stability analysis for two delays

We first consider the existence of the positive equilibrium, and then determine the
stability switching curves and the conditions of Hopf bifurcations.
For the equilibrium analysis, since the equilibria of two delays are the same as
one delay, so we just introduce it from [26]. System (1.3) has equilibria:
Ey(0,0,0), which is unstable

Ey =(1,0,0), 1+b and unstable if d; < {3~
dy ay—(bi+1)dy
By = (al bidy’ (al( lild)) O) 1+b
Suppose that
—1 A

1) d<@lG=DEVAL, o

b1 [(bl + 1) \/Z] ai + b2

al[(bl — ) \/E] as a2(b1 + 1)2
C2) di < , <ds < , by > 1.
( ) ! by [(bl + 1) - \/Z] ay + by bg(bl + 1)2 + 4a1by !

If (C1) is satisfied, then system (1.3) has an unique positive equilibrium E,; =

(T41,Yx1,241). If (C2) is satisfied, then system (1.3) has two positive equilibria
b VA
Evi = (Tuis Yuis 24i), i = 1,2. Where x,; = % Yui = g,
(a1—bidy)z.i—d _ 4by [as—(a1+b2)d ]
(azl—bzéz)l(l-i-blw*li)’ and A = (bl o ) + = Zz b12d22 :
We rewrite the positive equilibrium F,; as E,. The corresponding characteristic

equation of system (1.3) at E, can be written by

Bxi =

N4 A2+ o + a + (g + as)e N 4 (ag + ag)e N2 =0, (2.1)
where

a1 = —(p1+p2+p3), Q2 =piP2+ P1P3 + Pap3, X3 = —P1P2P3,

qum T O G @
T b)) T TP U e T T by T Y+ oy )P
1 9 A1Ys A1 5 A2 2y d A2«
= — x*—77 = — — s = —
p1 (1 + blx*)2 b2 1+ bixs (1 + bgy*)2 L b3 1+ bay,

When 71 = 75 = 0, we have the theorem by the Routh-Hurwitz criteria:

Theorem 2.1. Suppose that 71 = 12 = 0 and the condition (C1) or (C2) holds,
then the equilibrium E, is locally asymptotically stable if the following conditions

are satisfied:
(H1) a1 >0, astas+ar>0, a(a+as+as)>as+as+ar.

We rewrite characteristic equation (2.1) as
QN T1,m2) = Qo(\) + Q1(Ne ™™ + Q2(N\)e ™2 =0, (2.2)

where
Qo(\) = A% + a1 \? + ag),
Ql()\) = ag)\2 + O£4>\ + (o7
QQ(/\) = QG)\ + Q.
)

We restrict that equation (2.2) satisfies:
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(I)  deg(Qo(A)) > max{deg(Q1(})), deg(Q2(N))},
(D) Qo(0) + Q1(0) + Q2(0) # 0,
(ITI) The polynomials Qo(A), @1(A) and Q2(N) have not any common zeros,

(V) Timy o0 (|Q1(A)/Qo (M 4 [Q2(X) /Qo(M)]) < 1.

From above conditions, we have following lemma

Lemma 2.1. For each w > 0, Qo(iw) # 0, (11,72) € R}, A = iw can be a solution
of Q(\,11,72) =0 if and only if

(H2) |Q1(iw) | +Q2(iw)| = |Qo(iw)], (2.3)

and
—|Qo(iw)] < |Q1(iw)] — |Q2(iw)| < [Qo(iw)]. (2.4)

The proof of Lemma 1 can be found in [7].

Let ‘ . _
F1 = Q1 (iw)| — |Q2(iw)| — |Qo(iw)],
F2 = |Qx(iw)| — |Q1(iw)| — |Qo(iw)],
F3 = |Qo(iw)| — |Q1 (iw)] — [Q2(iw)],
then we know that A = iw is a solution of Q(\,7,72) = 0 if and only if F1 <
0, F2 <0, F3 <0 simultaneously.
Denote 2 as the switching set of all w > 0 which satisfy (2.3) and (2.4). Then
for given wy € Q, Qx(iwg) # 0,k = 0,1,2, we know from (2.3),(2.4) that (71, 72)
satisfying

Q1 (iwo)

T10 :T{‘i(wo):(arg Qo(in) +(2U*1)7T + 1;[}1)/‘*}0 Z Ovu:u(:)taug: + ]-a () (25)
W
rao =13 () = e 2+ (20 1) F ) 2 0,00 + Ly (20

where 11,19 € [0, 7] can be calculated as

|Qo(iwo)|* 4 |Q1 (iwo)|* — |Q2(iw0)|2)
2|Qo(iwo)||Q1 (i) ’
|Qo(iwo)|? + |Q2(iwo)|* — |Q1(iw0)|2)
2|Qo(iwo)||Q2 ()| ’

¥ = cos ! (

(2.7)

P = cos™ " ( (2.8)

and ug,ug, vy, vy are the smallest possible integers (may be negative and may

. u0++ ugf varJr 1)077
depend on wy) such that the corresponding 7,° ", 7,° ,79° ', Ty calculated are

nonnegative. Let wg € 2, we can obtain 719, 729 from (2.5), (2.6) to obtain stability
switching curves on 71 — 75 plane.

For obtaining transversal conditions, we get derivative of (2.1) with respect to
T1 as
dA 1 7054(4)(2)]\711 -+ a5w0N12

= , (2.91)

Re|l—]|~ -
G In=mo oJwd + 02

where

Ny1 :(—Swg + OZQ) COS WoT10 — 21 Wo SN wT1g + Q4

+ (a6 — T200v7) cos wo(T10 — T20) + T2o0ewo Sinwo (T10 — T20),
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N12 :(7300(2) + OZQ) Sil’leTlo + 2@1&)0 COSWpT10

+ (Olﬁ — 7'200[7) SiIlLUQ(Tlo — 7'20) — T200gW(o COS (JJQ(Tl() — 7'20).

With respect to 7o we have

dA 4 —agwg Na1 + azwoNaa
Re[d—}ﬁ:m = 208 + a2w? ’ (2.92)
To 0560.}0 a7w0
where
N21 :(—3w(2) + OZQ) COSWoT20 — 20[1(4)0 sin woT20 + Qg
+ (g — T1p0u5) €os wo(T20 — T10) + TroQuwWo Sinwo (20 — T10),
Noo :(—Swg + a2 sinwgTag + 201wp €OS WoTag
+ (CV4 — T10a5) SiHUJO(TQO — TlO) — T1004Wp COS UJO(TQO — Tl()).
Let
2 2
(H3) - a4w0N11 + Ot5(.d0N12 7é O, — a6w0N21 + 047(.4)0N22 7é 0.

Denote T = {(1Jy(w), 7o(w)),w € Q},5 = 1,2,...,m are m sections of contin-
uous curves defined on 2, T° is the internal region surrounded by T = U;nzl 17
with coordinate axis 7y = 0 and 75 = 0. Then we can obtain following

Theorem 2.2. Assume the conditions (H1), (H2) hold,

(I) When (11,72) € T°, then system (1.3) has a locally asymptotically stable
positive equilibrium E,.

(II) When (11,72) crossing T and (H3) holds, then system (1.3) undergoes Hopf
bifurcation at E. when (11,72) = (T10,720) € T.

We name T7,j = 1,2, ..., m as stability switching curves.

3. Bifurcating directions and stability of periodic
solution

Next, using the theory of Hassard et al. [9] we derive the explicit formulae for
determining the properties of the Hopf bifurcation at the critical value (119, 720)-
We consider two cases, (i) 0 < 129 < 710, (ii) 0 < 710 < T20.

(i) 0 < 0 < T

Let p = 1 — 710, then p = 0 is the Hopf bifurcation value of system (1.3). Let
t = 71t, and omit “ —” above ¢, then system (1.3) can be rewritten as

u(t) = Luur + fi(p, ue), (3.1)

where u(t) = (2(t),y(t), 2(t))T € R®, w,(0) = u(t +0), 0 € [-1,0]. Ly, : C —
R’ fi:RxC—R’

Li,¢ = (110 + p)[Ad(0) + Bo(—T20/71) + Cp(—1)]. (3.2)
f1(i, 0) = (110 + ) (f11, fr2, f13) |,
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where
N e o 0 0
A=10 p -8 |, B=|o o of,
0 0 m 0 gy O
0 00
C=|misz 00, 6(0) = (¢1(0), 62(0), ¢3(0)) .
0 00
Fur =[S 163(0) T 61(0)6a(0) - L%y*f’(O)
U by ! (I+byz,)2 V772 (1 + bz )t ™
b
(1_&12711%*)3(15%(0)%(0) +
UL T T S SR by
2= T p MY T VRO T o e i
__ab e _ bz o G
Tt by p 1002000 + =7 - =505(0) = (g 53 #2(0)95(0)
b32s b
i)+ s 060 -
ba 2
fi3=— %%(—Tgo/ﬁ) + Mizym¢2(—Tgo/T1)¢3(O)
asb2z, aob
(1—51)722%)4@(_720/71) - ﬁ%(—no/ﬁ)%(o) 4.

By the Riesz representation theorem, there exits a function 7(8, i) of bounded
variation for 6 € [—1, 0], such that

0
Liué = / n(0.00(0). o€ C, (3.3)

where

(0, 1) = (110 + p)[AS(0) + BS(0 + ma0/71) + C6(6 + 1), (3.4)

5(0) is the Dirac delta function.
For ¢ € C*([~1,0], R?), define

dep(0)
W? 0 € [7170)7
-A(M)¢ = 0
[ (s, p)o(s). 0=
and
R o, 6 €[-1,0),
=1 5u0). 0=0.

Then system (3.1) is equivalent to
iy = A(p)ue + R(p)us. (3.5)
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Denote A = A(0),

— dqfl(j), s € (0,1],
A*Z/J(S) = 0
/_ dn” (L0, 3 =0,
and
((5), 6(6)) = B(0) / A Ows 0)d(0, 0)6(€)de, (3.6)

where ¢ € C*([0,1], (R?)*). Then A and A* are adjoint operators. We know that
if +iwg 7 are eigenvalues of A, then they are eigenvalues of A*.

Suppose that q(8) = (1,3,7) Tewom0? is an eigenvector of A corresponding to
iwoT10, that is Aq(0) = iwgTi0¢(0). Then we obtain that

3= (pl - ’iOJo)(l + blx*) Y= QQZ*(pl - iwo)(l + blx*)e*iwomo
a1, ’ a1z (iwo — p3) (1 + bays)?

Let ¢*(s) = D(1, 8%, ~*)eiw0T108 is an eigenvector of A* corresponding to —iwgT10,
then we have

g (i) (Lt b )2etme o aag (i) (L b ) et
a1y« 7 a1y« (iwo + p3) (1 + bays)

By(3.6), we have

<q*(8)7 q(0))
=D(1 )(1 B,

/ D17, 7)e 6 Dm0, 0)(1, 5,)Teiémodg
£=0

—D(1+ F + 7 — / (LT (0.0)(1. 7))

1Y« a2z

=D(1 4+ BB* +~~* + T e~ WoT10 B% 4T e w020 B~w .
(1+BB*+ vy 10 B 0t bw)? 7 By i+ bzy*)g)
Thus we choose
_ 1
D= Qs =% —i Rk 1Y« —q ok __ a2z '
L+ BB* + 77" + Ti0e™ ™00 f* g + TaoeT 0T By ey
such that < ¢*(s),q(0) >=1, < ¢*(s),q(#) >=0.
Let u; be the solution of Eq.(3.5) when p = 0. Define
2(t) = {¢" ), W(t,0) = u(0) — 2Re{2(t)q(0)}, (3.7)
then we can write (3.5) as
20 go2 52 g21 o_
z—zwoz—i——z +gnzz+ /2 +—z%2+-,
2 2 2 (3.8)

W = AW + H(z,%,0).
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Using Hassard’s method, we obtain following values:

1y = _m7 vy = 2Re{k11(0)},

where k11(0) = 55— (920911 — 2|gu1|* — §1go2|*) + %*.

g20 = 2D710{l1 + B*l> + 7713},
g11 = D7yo{ls + B*ls + 771},
goz = 2D710{l7 + B*ls +7*lo},
g21 = 2D710{lio + B*l11 + V¥l },
where
li=m1 —maf —1,
ly = —mye 2%0TI0 |y e w0T10 Lma B2 — my By,
I3 = —mgzfB%e 20T 4 my Bye” 00,
ls =2my —ma(B+ B) — 2,
ls = —2m1 + mao(Be’°T0 + fe~0T0) 4 2ma BB — ma (87 + B)
lo = ~2msB7 + ma(57e" 0 4 Freinmo),
l;y =my —mef — 1,
lg = —m €200 Ly B0 Lma B2 — my f5
lg = —mgB2e0T0 4, Breiwoo
ho =(ma — 1)W1 (0) + W3y (0)) — ma(W17 (0) + BW7;(0)
LW (0) + Wi (0)5
2
iy = = g (W) (= 1)e 0T W) (—1)et0T10) - ma (W) (0)e 07
Wio (0)e™omo + Wiy (~1)5
2

) — 3ms + (28 + B)ms,

)+ms(28W,5) (0)+BW4g (0))

a7 (3) (2)
—my BWI(?)( )+7W(2)(0)+ﬂW2 ( )2 TWao ( )

(

— mg(26 + Pe 2w0m0) — 3m; 323 + mg (827 + 26878),

lig = —m3(2p Wn (—Ta0/T10)e” w0720 4 BWQ(S)(—TQO/Tlo)eionQO)
+ma(BW (0)e= ™0™ 4 4 WT) (—ra0/710)

n BWD(0)e™070 4 W) (—790/710)
2
— mg(B*ye 00 + 2637).

+ AW (—1)+

)+ 3mge w0

)+ 3mz 2B

(3.10)
e a1b1Y« e ai - azboz, - az
P Mt bi)d T (b2 0T (Tbaya)? T (L boys)?
b3y, b b3z, b
ms = a101Y o mg = a101 o, mp= az2052 o mg = az02 -
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Wao () = 920 g(0)ei®omo 4 g2 G(0)e— w0 | [, e2ibworio,

WoT10 3woT10
Wii(0) = ——2g(0)e om0 + TLg(0)e om0 4 By,
WoT10 WoT10

By = (B, B, BT By = (B, B B

and satisfy

2iwo — p1 THos 0 g I
7% 2iwo — p2 Trony: EP [ =21, (3.11)
0 gy 2w —ps ) \ B ls
P ~Ttbie 0 Ezgl) la
N | U R P P
0 W P3 Eég) le

po determines the directions of the Hopf bifurcation: If Re{\ (r19)} > 0, po >
O(resp. p2 < 0), then the Hopf bifurcation is supercritical (resp. subcritical) and
the periodic solution exist for 71 > 7i0(11 < 710). If Re{N(110)} < 0, however,
the bifurcating periodic solution are on the opposite direction. v determines the
stability of the bifurcation periodic solutions: The bifurcating periodic solutions are
stable(unstable) if v < 0(v > 0).

(ll) 0 < 10 < T90.

Let p = 179 — 7m0, ¢ = 0 is the Hopf bifurcation value of system (1.3). System
(1.3) can be rewritten as

U(t) = LQuut + f2(,u7ut)7 (313)
where
Lap¢ = (120 + p)[Ad(0) + Bo(—1) + Cp(—710/72)]- (3.14)
fopt, @) = (20 + 1) (fo1, fa2, fo3) "
where
Fo = Y g0y U 0)ea(0) - Y g0)
TN T H by )? ! (1+byz,)2 72 (1+ byt
b
+ ufgﬁ(ﬁ(om(m TE
b1y
f2 =~ e e T0/m) + ey 010/ )20
a1b3y. a1by azba 2,
+ mfﬁ?(—ﬁo/ﬁ)—mﬁ(—ﬁo/ﬁ)@(o)"'mﬁ(o)
b2z, b
~ T P O8O0~ 5RO+ s (0)6s(0)+
_ asba z, 9 as asb3z, 3
fo3 = —m%(—l) + m%(—l)%(ﬂ) + W%(—l)



Stability switching curves and Hopf bifurcation 1071

b
()4

Using Hassard’s method, we obtain following values:

920 = 2D7o0{ly + B*12 + 7*13},

911 = Dryo{ls + B*ls +771s},

go2 = 2D7o0{l7 + B*ls + 7*lo},

921 = 2D7o0{l10 + B*h11 + 7 hi2}.

(3.15)

Where [ — 119 are the same as in (3.10), and

h11 = — ml(QWS)(—7’10/7’20)671.(”07—10 + WQ%)(—Tlo/Tgo)eiWOTm)
+ma(Wi7 (0)e ™00 + B (=710 /720)

W ()0 1 W) (~mio/m0)B
2

)+ma(26W,5)(0) +BWL(0))

2117 (3) ~117(2)
W 0) +~AW 0
—m4(5W1(f)(0)+7”1(12)(0) + Wz (0) 2 W ()

— mg(28 + Be”**0T10) — 3m; 323 + ms(8° + 2675),
hiz = — my(2BWP (~1)e™ 0™ 4 W55 (—1)e™0™0) + my (B} (0)e "0

2117 (3) wQ T ~171/7(2)
0 e 0720 1
71171(12)(71) BWa' (0) : + W2 ( ))

+ 3m76266—iu/'07'20 _ m8</827ye—2iw0720 + 2/867)

) + 3mge” oo
5]

(3.16)
Wao(0) = Zgiqw)eiewomo + lgiq(@)e—wwomo + B %m0,
WoT20 3w
igll i6w07—20 igll — 71'9“,07_20
Wi1(0) = ——=—q(0)e + —2=G(0)e 1B,
wWoT20 woT20

E = (E§1)7E§2),E§3))T’E2 = (Eél),Eéz),Eés))T are the same as in (3.11), (3.12).
Then we obtain

Relbn@) o
M2 = Re{A/(TQO)}’ 2 2R {le(O)}’

where
g21

k21(0) = 2

oo (920911 — 2[gn|? = é|902|2) +
po determines the directions of the Hopf bifurcation: If Re{N(m3)} > 0, pg >
O(resp. ue < 0), then the Hopf bifurcation is supercritical (resp. subcritical) and
the periodic solution exist for 7 > 7o0(7 < T29). If Re{N(m20)} < 0, however,
the bifurcating periodic solution are on the opposite direction. v, determines the
stability of the bifurcation periodic solutions: the bifurcating periodic solutions are
stable(unstable) if vo < 0(r2 > 0).
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4. Numerical simulation of switching curve and pe-
riodic solution

In this section, we consider (1.3) as the following system:

. Sy
z(t)=z(1 —x) — T+ 22"
. S5x(t — 1)y 0.2yz
t) = - ~06
y(t) 1+2z(t—m) 1+0.3y v (4.1)
2y(t —
sy = DW= g,

C 1+03y(t — )

where a1 = 5,b; = 2,d; = 0.6,a2 = 0.2,b5 = 0.3,d2 = 0.02. System (4.1) has a
positive equilibrium FE, = (0.8021,0.1031, 4.8453). The corresponding characteristic
equation of system (4.1) at E, is given by

A% 4 0.651920% — 0.0192) + 0.1171 e ™™ + (0.0182\ + 0.0124)e ™ = 0.  (4.2)

When 71 = 75 = 0, the roots of Eq.(4.2) are —0.457, —0.0973—0.1329¢, —0.0973+
0.1329¢. Thus, the positive equilibrium F, is asymptotically stable. From Lemma
2.1, we obtain that A\ = iw can be a solution of Q(\,71,72) = 0 if and only if
w € (0.0738,0.2371) (see Fig.1).

0.2 : . ; ; —

015 —F2|4
—F3

0.1

0.05F

Fi
o

-0.05

0.1

-0.15

-0.2

Figure 1. For a; = 5,b1 = 2,d1 = 0.6,a2 = 0.2,by = 0.3,d2 = 0.02, F'1, F2, F'3 are all less then 0 if
w € (0.0738,0.2371).

Considering 71 (w), 2(w) on w € (0.0738,0.2371), we obtain a continuous curve
T = (113 (W), 79y (w)). From Theorem 2.2, F, is stable in the internal region
T° surrounded by 71 = 0,72 = 0 and T (see Fig. 2). For example, we choose
71 = 2.91, 7% = 3.44 which is in the area of stable, so we can see E, is stable (see
Fig.3).

When (71,72) = (710,720) € T and (H3) holds , then system (1.3) undergoes
Hopf bifurcation at E,. For example, we choose (719, 720) = (3.5105, 3.4364) which is
Too < T10, the corresponding wy is 0.2073. By the analysis in Section 3 , it is obtained
that at (3.5105,3.4364), Re{\ (110)} = 0.0255 > 0, Re{k11(0)} = —3.2608e+01 < 0,
pe = 1.2811e + 03 > 0, and vo = —65.2153 < 0, Therefore, it is known that
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Figure 2. For a; = 5,b1 = 2,d; = 0.6,a2 = 0.2,bz = 0.3,d2 = 0.02, T is a switching curve on 71 — 72
plane with w € (0.0738,0.2371).E, is stable in the region surrounded by 71 = 0,72 = 0 and curve T .
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Figure 3. When 71 = 2.91, 72 = 3.44, E. is asymptotically stable.

at the point (3.5105,3.4364), when (71, 72) increases crossing T, the bifurcation is
supercritical, F, loses its stability, a stabile periodic solution bifurcate from positive
equilibrium. (see Fig.4).

If we choose (719, T20) = (2.9105,6.6782) which is 799 < 710, the corresponding
wp is 0.1617. By the analysis in Section 3 , it is obtained that at (2.9105, 6.6782),
Re{XN (720)} = 0.0098 > 0, Re{ko1(0)} = —7.7077e+02 < 0, us = 7.8954e+04 > 0,
and vy = —1.5415¢ + 03 < 0, Therefore, it is known that at the point (2.9105,
6.6782), when (71, 7o) increases crossing 7', the bifurcation is supercritical, E, loses

its stability, a stabile periodic solution bifurcate from positive equilibrium. (see
Fig.5).
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Figure 4. When 71 = 3.51, 75 = 3.44, E, is unstable, and there is a stable periodic solution surrounding

E..
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Figure 5. When 71 = 2.91, 70 = 6.68, E, is unstable and there is a stable periodic solution surrounding

E,.

5. Conclusions

In this paper, the method of stability switching curves is applied to a two delayed
three species food chain system. By analyzing the distribution of the delays, the
stability of positive equilibrium is determined in an area surrounding by coordinate
axis and stability switching curves. The conditions of Hopf bifurcation is obtained.
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By using Hassard’s method, the direction and stability of the Hopf bifurcation
periodic solution are determined. Numerical simulations are employed to show the
switching curve, explain the analytical results.
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