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Abstract The degeneration of lump-type localized waves in the (2+1)-dimen-
sional Ito equation is investigated through the parallel relationship of wave
numbers. These lump-type localized waves can degenerate into three different
kinds of localized wave solutions: singular lump-type localized wave, periodic
variable amplitude localized wave, rogue wave. In the process of propagation,
the lump-type localized waves keep the same waveform structure and ampli-
tude. However, the periodic variable amplitude localized wave demonstrates
three different kinds of waveform structures, which presents an interesting
emit-absorb interaction phenomenon. By an emitting and absorbing interac-
tion, the localized wave realizes the energy exchange from one localized wave
to another, and keeps the original waveform structure. Rogue wave is a ratio-
nal growing-and-decaying localized wave which is localized in both space and
time.

Keywords (2+1)-dimensional Ito equation, lump-type localized wave, de-
generation, rogue wave.
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1. Introduction

In the study describing the evolution of shallow gravity waves, Ito equation [1, 10,
24,31]

xr
Ut + Ugzat + 3(Utgt + 2uzpuy) + 3tgy / updx’ =0, (1.1)
— 00
plays a crucial role in different fields of nonlinear wave, which can be used to describe
all kinds of nonlinear wave phenomena, for instance internal gravity waves in fluid
mechanics, rogue waves in condensed matter physics, nonlinear ion acoustic waves
in quantum plasmas and so on. Through the recursion operator [7], Ito model was
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also derived by Drinfeld and Sokolov in the following form

Ut = Vg,
' (1.2)
v + 3(uv) g + Vpgew = 0,

which is referred to as Drinfeld-Sokolov system [2,14,32]. In order to investigate
the evolution of high-dimensional nonlinear shallow waves, Ito [10] also derived the
(241)-dimensional Ito equation [6,8,15-22, 25,26, 30, 33]

€T

Ut + Uggpat + S(Ulgr + 2uzuy) + Sz / udx’ + oy + Buge =0, (1.3)
— 00

where v = wu(x,y,t) is a real differentiable function, x and y denote the spatial
variables, the variable ¢ denotes time. « and § are two real parameters. The (241)-
dimensional Ito equation can be used to describe nonlinear rolling of a ship, and
also investigate the collision and interaction between two internal long waves. On
the basis of the logarithmic transformation v = 2(In F'),,, (1.3) can be converted
into the Hirota differential equation

(D? + D3D; + aDyD; + D, D;)F - F =0, (1.4)

where the Hirota derivative D [9] is defined by

D" DDy f-g = (9i=0y)"™ (0o =0,0)" 0y =0, ) [ (w9 )9y )| :

(z"y" 1) =(z,y,1)
and m, n and [ are some nonnegative integers. Through the Hirota differential
equation (1.4), many authors constructed multiple solitary wave solutions, breather
wave solutions, lump solution and investigated their interactions [6,8,15,16, 18-20,
25,30]. Wang shown the transition mechanism of breather wave [26]. Tan and Zha
discussed mixing localized wave solutions [21,22]. In [34], the authors investigated
the high-order lump-type localized waves and their interactions. But despite all
that, studying the degeneration of lump-type localized waves has not been reported
in the (2+1)-dimensional Ito equation. Hence the main goal of this paper is to
investigate the degeneration mechanism of lump-type localized waves.

The paper is arranged as follows. In section 2, we will present the linear repre-
sentation and localized wave solutions of the (2+1)-dimensional Ito equation. Next,
through analysis for the parallel relationship of wave numbers, we discuss the degen-
eration of lump-type localized wave chain. Three different kinds of localized wave
solutions, including singular lump-type localized wave, periodic variable amplitude
localized wave and rogue wave, are displayed. Finally conclusions will be given.

2. Linear representation and exponential type lo-
calized waves

In order to investigate the degeneration mechanism of lump-type localized waves
for the (241)-dimensional Ito equation, we introduce a new dependent variable
v =v(z,y,t) and an auxiliary parameter v in (1.3)

ur = (VU +7) s (2.1)
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then the (2+1)-dimensional Ito equation can be translated into the system

Ut = Uy,
(2.2)
vy + avy + Bz + 3yug + 3(uv) g + Vaze = 0.
Further, by using the dependent variable transformation
u=2(InF),q,
(2.3)
v = 2(111 1’7’):1;t7

one can convert the system (2.2) into the Hirota differential equation
P(D)F -F = (D3D; +aD,D; + 8D,D; + 3yD? + D))F - F =0,  (2.4)

where F = F(z,y,t) is an auxiliary function to be determined later. Obviously,
when v = 0, the Hirota differential equation (2.4) reduces to (1.4). Therefore,
the system (2.2) is a generalization of the (2+1)-dimensional Ito equation. In the
discussion below, one mainly investigates the degeneration mechanism of lump-type
localized waves under the parameter v control in (2.2).

In order to solve the Hirota differential equation, we expand the auxiliary func-
tion F(z,y,t) as the power series

F = i e* fr, (2.5)
k=0

where fo = 1, fr = fr(z,y,t) and € is an arbitrary parameter. Substituting (2.5)
into (2.4), and collecting terms in the resulting equation at each order of &, one can
derive the following linear equations

n

> PD)foi-fi=0,n=0,1,23--. (2.6)
i=0

Based on the characteristics of the linear equations (2.6), we can derive the expo-
nential function solution

n n
> &+ Y minoi
Fo(z,y,t) = Z e =t < v & =P+ Gy Gt
ni=0,1

(2.7)

where the wave number (p;,q;), the frequency ¢;, and the phase d;; are defined as
follows

¢ + (P} + ag; + Bpi)ei + 3yp; =0,
5 — 1o YWics = ep;)* = cicipip; (pi — py) (i — ¢;)
Y Y(picj — cipj)? — cicipipi(pi + pj)(ci +¢;5)

Through the dependent variable transformation (2.3), one can obtain the exponen-
tial type localized wave solutions of the system (2.2). This kind of localized wave
solution has been discussed in Ref. [34]. In the section that follow, we mainly de-
rive the lump-type localized wave chain through (2.7) and discuss their dynamic
behaviors.
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3. Lump-type localized wave chain and its degen-
eration

This section mainly derive the lump-type localized wave chain and investigate its
degeneration. In order to construct the lump-type localized wave chain, choosing
the following parameters in (2.7)

n=2,p1=p2 =a1 +ibi,q1 = Go =m1 +iny,c; = =di +ily,

2

“—=

where i* = —1, ay,b1, m1,n1,d1,l; are some real parameters, the symbol ¢
denotes complex conjugation, then we can derive the following solution

u = 2021n(y/ A2 cosh(n + In/A12) + cosT), (3.1)

where the variable n, 7 and the wave velocity (v,,v,) are defined by

N =a1(z —vgt) + mai(y — vyt), 7 = bi(z — v.t) + n1(y — vyt),
1 (3.2)

o Uy) = —————(ding — lyma, arly — bidy),
(v Uy) b1m1—a1n1( 1n1 1mi,aity 1 1)

the wave numbers (a1, mq), (b1,n1), the frequency di,l;, and the phase A5 satisfy
the following relationships

A _ (a111 — b1d1)2’}/ — blll(d% + l%)(a% + b%)
T (@l — bidy)2y + arda (2 + 13)(aF + b3)
(d% + l%)(a? — 3a1b% + amy + Bay + dl) + 3((@% — b%)dl + 2a1b111)7 =0,

(d% + l%)(?)alb% — b11’> + any + by + 11) — 3((0,% — b%)ll — 2a1b1d1)’y =0.

The solution (3.1) is made up of the cosh and cos functions, and the cosh function

Figure 1. (a) The spatial localized structure and periodic features of the lump-type localized wave
chain. (b) Sectional view in period unit showing peak and two troughs. The parameter values are
(a, 8,7, a1,b1,d1,11) = (1,1,1,1,1,1.5, =3).

controls the localized structure, the periodic oscillation characteristic is governed
by the cos function. Hence the solution (3.1) is a periodic oscillation localized wave
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solution, which is also known as breather. If A5 > 1, that is (a1dy + b1l1)((a1l; —
bidy1)?y+aydy (d3+13)(a?+b%)) < 0, then the solution (3.1) is a nonsingular localized
wave solution. For a fixed time ¢, the solution (3.1) is localized near the straight

line L := n+1Inv/Aj2 = 0 in the (z,y)-plane. In (3.1), when the wave numbers
a
(a1, m1), (b1,n1) satisfy the condition b—l —L the solution (3.1) represents a
1 ni
travelling wave with the wave velocity (vg,vy). This travelling wave solution is
composed of a sequence of lump-type localized waves, which is called a lump-type
localized wave chain. Figure la shows the spatial localized structure and periodic
feature of the lump-type localized wave chain. As can be seen from Figure 1, this
travelling wave solution is periodic along the straight line L, and made up of a series

of lump-type localized waves. The period of lump-type localized wave chain along

the straight line L is
2 /2 2
T = L“”g (3.3)
lainy — bymy|

which is the distance of two adjacent lump-type localized waves. The amplitude is

2(aivA12 + b)

————"——" and independent of the time variable ¢. Hence the solution (3.1)

keeps the same waveform and amplitude with time evolution. The amplitude can
be govern by the parameter . In each period unit, the singular lump-type localized
wave has one peak and two troughs, see Figure 1b. When the period 7; tends to
infinity, the lump-type localized wave chain degenerates into an individual lump-
type localized wave which is a spatially localized travelling wave in all directions in
the (z,y)-plane.

3.1. Singular lump-type localized wave

In order to derive the individual lump-type localized wave, setting the following
parameters in (3.1)

(a1,b1,mi,n1,di, 1) = e(ar, by, my,na,dy, ), n — n+im,

where € is a small parameter. Then when € tends to zero, that is, the period T; — oo,
the solution (3.1) degenerates into the following rational solution

(af +b1)(° + 72 + R) — 2(a1n + bi7)?

=4
’ (P + 7+ R |

(3.4)

where the variable 7,7 and the wave velocity (vs,v,) are given by (3.2), and the
parameters aq, by, m1,n1,dy, 1, R satisfy the following relationships

(dt +13)(af +b%)(ards + bila)
y(aily — bydy)? ’
(d% + l%)(aml + ﬂal + dl) + 3(a%d1 + 2@1()111 — b%dl)'y = 07

(d% + l%)(anl + Bby + l1> — 3(a%l1 —2a1b1dy — b%ll)'y =0.

R=—

The solution (3.4) is a rational polynomial function which is rationally decaying in

all directions in the (x,y)-plane. When R > 0 and % # %, the solution (3.4) rep-
1 1

resents a nonsingular rational travelling wave with the wave velocity (v, v,), and is
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called a lump-type localized wave [3,4,11-13,23,27]. This lump-type localized wave

V3R

—— =, U,t), see Figure 2a.

has one peak at (vyt,v,t) and two troughs at (v,t £

—4dry(ayly — bydy)? —(a1ly — bydy)?
(d% +l%)(a1d1 +blll) 2(d%+l%)(a1d1 +b111)
Evidently, the amplitude of lump-type localized wave doesn’t depend on the time
variable t and can be govern by the parameter . So in the process of propa-
gating, lump-type localized wave always keeps the same wave structure and am-
plitude moving forward. Besides, for a fixed moment of time ¢, the inclination
direction of lump-type localized wave in the (z,y)-plane is determined by the line

2 | 12 “1y02 oy 3Y(ardy + baly) _

(ardy +b1l1)t+ (a7 + b))z —a” " ((a] + b1)<dQ—+l2 + ) +aidi +bili)y =0.
The propagation path is given by the line mvly — %gva: = 0. Specifically, when

_ (B(af +b) +ardy +bily)(dE + 1)
= 3(&% + b%)(aldl + blll)
localized wave, see Figure 2b.

The maximum is

, and the minimum

, one can obtain the symmetric lump-type

Figure 2. (a) The spatial structure structure of the singular lump-type localized wave. (b) Contour

plot showing its symmetry. The parameter values are («, 8,7, a1,b1,d1,01) = (1,1, %, 1,1,1.5,-3).

3.2. Periodic variable amplitude localized wave

In the discussion above, one obtained the lump-type localized wave chain and dis-
m
played its degeneration properties under the condition b—l #* —L The results show

1 n
that when the period 7; of lump-type localized wave chain tends to infinity, it will
a m
degenerate into an individual lump-type localized wave. Indeed, when Lo —1, a
1 ni

more interesting degeneration phenomenon will be shown.

a m
Considering again the solution (3.1), if b—l = —1, that is,
1 n

_ (d% + l%)(?albl(a% -+ b%) -+ a1l1 — bldl) (3 5)
i 3(0,% + b%)(alll - bldl) ’ '

then the solution (3.1) degenerates into the following form

u = 282 ln(\/ Bis COSh(CLlX + dit + In / Blg) + COS(b1X + llt)), (36)
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where
_ B (a3 +b3)(aily +bidi)  2(ardy + bily)
X=a (a + (a1ly — bydy)a + (a? + b3 )Y; (3.7)
By — (a111 — bldl)(2a1b1(a% + b%) +aily — bldl) — 3b111(a% + b%)Q ’

o (alll — bldl)(2a1b1 (CL% + b%) + a111 — bldl) + 3(11d1 (CL% + b%)2 '

The structure form of solution (3.6) is similar to that of lump-type localized wave
chain (3.1), but it has completely different dynamics characteristics. When By > 1,
it is nonsingular. The amplitude is controlled by

wa(p) - 2Bl ) cos((AGEVER) 4 Bt - b))
A - ) .
(COS( (a1li—bid1)t—b1 In \/3712) v @)2

ai

and depends on the time variable . Obviously, the amplitude function is a periodic
oscillation function with the period

2may

Ty=———
aily — bidy

because of the cos function. Therefore, the solution (3.6) is a periodic variable
amplitude localized wave which is quite distinct from the lump-type localized wave

2(\/ 312CL% + b%)

chain (3.1). The amplitude function reaches the maximum at
(3.1) B 1
= 72(2]6 + 1)71'(11 — bl In Blg
2(a1ly — bidy) ’
where k = 0,4+1,£2,- - .. What is even more interesting is that the solution (3.6)

will present different types of waveform structures with time evolution and different
parameter conditions:

(1) When |a1| > |b1] > 0 and

5 = ((a? 4 3b3)% — 8b})\/B1a — 2(aiBia + b}) <0,

the localized wave solution (3.6) will demonstrate the energy dispersal and con-
centration phenomena with time evolution. Figure 3 shows the evolution of wave
structure in one period. When ¢t = —1, the solution (3.6) represents a large ampli-
tude W-type localized wave. Subsequently, the amplitude reduces, and the energy
spreads towards two sides of the wave which causes the width of wave to increase. In
particular, the amplitude achieves a minimum value at ¢ = —0.1. At this point, the
W-type localized wave degenerates into a small amplitude W-type localized wave.
The solution (3.6) will exhibit an asymmetrical single peak localized wave between
t =—1and —0.1. When ¢ > —0.1, the amplitude increases, and the energy gathers
toward the center of the wave. When ¢ = 0.8, the amplitude reaches the maximum,
and the localized wave regains the original W-type structure. In the process of prop-
agating, through the dispersal and concentration of energy, the W-type localized
wave realizes the energy exchange from one W-type localized wave to another, and
keeps the original waveform structure. At the moment t*, the amplitude of localized
wave reaches the maximum value, the solution (3.6) represents a large amplitude
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W-type localized wave. The amplitude of localized wave reaches the minimum value
at

_4]{17'('(11 — b1 In Blg
2(a1l1 — bldl) ’

the solution (3.6) represents a small amplitude W-type localized wave. At other
times the solution (3.6) will exhibit an asymmetrical single peak localized wave.

te =

20+

GJ\/D\IK

x

Figure 3. The waveform structures of solution (3.6) at different points of time in one period. From
left to right, the point in time takes t = —1, —0.4, —0.1, 0.3, 0.8, respectively. The parameter values are
(a, 8,b1,d1,a1,11) =(1,1,1,1,2,-3).

(2) When |a1]| > |b1] > 0 and d > 0, the localized wave solution (3.6) will demon-
strate an interesting emit-absorb interaction phenomenon with time evolution. Fig-
ure 4 shows the evolution of wave structure in one period. As can be shown from
Figure 4, when ¢ = —0.8, the solution (3.6) represents a large amplitude W-type
localized wave. However, with the development of time, the amplitude of W-type
localized wave decreases rapidly, meanwhile a small amplitude localized wave is
emitted gradually from the right of W-type localized wave. Next, the amplitude of
the original W-type localized wave continuously decreases, but that of new localized
wave gradually increases. At this moment the solution (3.6) displays an asymmet-
rical double peaks localized wave structure. When ¢t = —0.07, two localized waves
have the same amplitude, the solution (3.6) demonstrates a M-type localized wave.
Subsequently, the original W-type localized wave is absorbed gradually by new lo-
calized wave. When ¢ = 0.63, the original W-type localized wave disappears, a
new W-type localized wave replaces it. Indeed, throughout the whole evolutionary
process, the W-type localized wave produces an interesting emit-absorb interaction
phenomenon. Through an emitting and absorbing interaction, the W-type localized
wave realizes the energy exchange from one W-type localized wave to another, and
keeps the original waveform structure.

(3) When 0 < |ai| < |b1], the structural properties of localized wave are similar to
the first two cases. However, the trigonometric function plays a crucial role in the
solution (3.6) which leads to the oscillation phenomena of localized wave. When
[b1] > |a1|, the wave oscillation strengthen evidently, the localized wave behavior
weakens, see Figure 5. Conversely, it will be reduced or absent.

(4) When a; # 0,b; = 0, the structural properties of localized wave are similar to
the first case. However, different from the first case, the solution (3.6) represents a
small amplitude bell-type localized wave at the moment ¢, because of § < 0.
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Figure 4. The waveform structures of solution (3.6) at different points of time in one period. From
right to left, the point in time takes t = —0.8, —0.2, —0.07, 0.1, 0.63, respectively. The parameter values
are (o, B, b1,d1,a1,01) = (1,1,1,1,1, =3).

@

o
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Figure 5. The oscillation phenomena of localized wave: (a) § < 0; (b) § > 0. The parameter
values are (a, 8,d1,a1,b1,01) = (1,1,1,0.2,2.5, —0.15) and (a, 8,d1,a1,b1,11) = (1,1,1,0.2,2.5, —0.3),
respectively.

(5) When a; = 0,b; # 0, the localized wave behavior disappears, the solution
(3.6) degenerates into a growing-and-decaying periodic wave because of the func-
tion cosh. When [t| — oo, the amplitude of periodic wave tends to zero; when

—In By £+ 2 arccosh—2— —InB
t Biz ,0<Oort— g,é > 0, the solution (3.6)
le 2d1
—In By —2 arccosh\ﬂ_fE

<t <

represents a periodic bell-shaped wave; when 54
1

—InBqs +2 arccosh\/;f12
2dy

wave. At other times, the solution (3.6) represents a small amplitude sine-like pe-

riodic wave.

(6) When a1 — 0,b; — 0, the solution (3.6) degenerates into a rational growing-

and-decaying localized wave, please see the below analysis.

,0 < 0, the solution (3.6) displays a periodic W-shaped
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3.3. Rogue wave

In the previous section, we have discussed the dynamical properties of lump-type
localized wave chain, and obtained two kinds of degeneration solutions: lump-type
localized wave and periodic variable amplitude localized wave. Now let’s further
consider the lump-type localized wave chain, we will derive another kind of localized
wave.

Considering again the solution (3.4), if % = @7 that is,
1 n
a2+ 12
v = @ (3.9)

3(at +b7)’
then the solution (3.4) degenerates into the following form

y— 4((@%—l—b%)((alz—i—dlt)Q+(b1z—|—l1t)2—H“) —2(a1(a1z+d1t)+b1 <b12+llt>)2>
((a12+d1t)2+(b12’+llt)2+1")2

(3.10)
where
2(ardy + b1ly) 3(a? + b3)%(ardy + bily)
(a? + ) == (a1l = brda)?
Indeed, the solution (3.10) is also derived by the solution (3.6) when the periodic

(3.11)

z=x—a B+

Figure 6. The time evolution plots of the maximum and minimum values: (&) Umaz (t) and (b) wmin (t).
The parameter values are (o, 8,a1,b1,d1,01) = (1,1,1,1,1.5, =3).

tends to infinity. Considering the following parameter and variable transformations
in (3.6)
(a1,b1,d1,01) — €(ai, b1, di,lh),a1x — arx + i,

where € is a small parameter. Then when e tends to zero, that is, the period
T, — oo, the solution (3.6) degenerates into the rational solution (3.10), which
can be regarded as a rational polynomial function of two variables z and ¢ and
is nonsingular under the condition » > 0. The maximum and minimum values
respectively are

4((arly — bldl)(a% + b%))Q
(arly — brdy) M2 — 3(a2 + b2)3(ardy + bily)’ .
Umin(t) = — ((a1ly — brdy)(a? +2))? (3.12)
o 2(enh — b1d1)4t2 - 3(a% + b%)g(auh + blll)).

Umazx (t) =
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Figure 7. The spatiotemporal evolution plots of the solution (3.10): (a) ¢t = —5, (b) t = 0 and (c)
t = 5. The parameter values are («, 8,a1,b1,d1,01) = (1,1,1,1,1.5, =3).

Obviously, the maximum and minimum values depend on the time variable ¢, and
decrease quickly with time evolution, as shown in Figure 6. Hence this solution
4(&111 — bldl)z
3(&% + b%)(aldl —+ blll)
time and disappears quickly. It can not keep the same wave shape and amplitude
moving forward, which is completely different from the previous lump-type localized
wave. Figure 7 shows the spatiotemporal evolution of the solution (3.10). As can
be seen from Figure 7, the solution (3.10) shows a W-type localized wave [28] near
the line y = —2x at ¢t = 0 and reaches the maximum amplitude. When [t| — oo,
the solution (3.10) approaches to the constant background u = 0 rapidly, see Figure
7a and 7c. Hence the solution (3.10) is a rational growing-and-decaying localized
wave which is localized in both space and time. This property is similar to that
of rogue wave [5,29]. Hence we can call the solution (3.10) rogue wave of the

(241)-dimensional Tto equation.

can reach the maximum amplitude —

within a very short

4. Conclusion

This paper investigates the degeneration of lump-type localized waves in the (2+1)-
dimensional Ito equation. Firstly, we construct the lump-type localized wave chain
by using the Hirota bilinear method and discuss its dynamical feature. Secondly,
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through the parallel relationship of wave numbers, we demonstrate the degenera-
tion of lump-type localized waves. The results show that the lump-type localized
wave chain can degenerate into three different kinds of localized wave solutions: sin-
gular lump-type localized wave, periodic variable amplitude localized wave, rogue
wave. During the process of propagating of localized waves, the lump-type localized
waves keep the same waveform structure and amplitude. However, the periodic
variable amplitude localized wave demonstrates three different kinds of waveform
structures, which presents actually presents an interesting emit-absorb interaction
phenomenon. By an emitting and absorbing interaction, the localized wave realizes
the energy exchange from one localized wave to another, and keeps the original
waveform structure. Rogue wave is a rational growing-and-decaying localized wave
which is localized in both space and time.
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